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Abstract

We investigate the stability of the deformation modeled by the opening an-
gle method, often used to give a measuteyof residual stresses in arteries and
other biological soft tubular structures. Specifically, we study the influence of
stiffness contrast, dimensions and inner, pressure on the onset of wrinkles when
an open sector of a soft tube, coated with a stiffer film, is bent into a full
cylinder. The tube and its coating are made of isotropic, incompressible, hy-
perelastic materials. We provide a full analytical exposition of the governing
equations and the associated boundary value problem for the large deforma-
tion and for the superimpesed jsmall-amplitude wrinkles. For illustration, we
solve them numerically )with & robust algorithm in the case of Mooney-Rivlin
materials. We confromt the results to experimental data that we collected for
soft silicone sectors. We study the influence of axial stretch and inner pressure
on the stability of clesed-up coated tubes with material parameters comparable
with thosé,of soft biological tubes such as arteries and veins, although we do
not aceount for anisotropy. We find that the large deformation described in
the opening angle method does not always exist, as it can become unstable for
certain combinations of dimensions and material parameters.

Keywornds: opening angle method, large bending, nonlinear elasticity,
bifurcation, coated sector, soft tissue modeling.
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1. Introduction

One of the most effective ways to demonstrate the existence of residual
stresses in biological structures is to isolate a cylindrical shape and cut it axi-
ally. Invariably it will open up, revealing that the cylinder was under a large
circumferential stress, see Fig.1.

Figure 1: Cutting biological cylindrical structures radiallysreveals.that they were under cir-
cumferential residual stresses. Left: slice of an Irish Ash tree; Middle: a green chilli pepper;
Right: Equatorial slice of rat heart (taken from [10]).

In turn, one of the most successful advances of non-linear elasticity is the
modeling of this stress through the so=called opening angle method. By measur-
ing how much a tube opens up into a sector, one can reconstitute a backward sce-
nario whereby the structure was initially’an open circular sector, subsequently
bent into a complete tube by the action of what can now be identified as a
residual stress, see Fig.2./Hence the opening angle gives a measure of the level
of residual stress for an”assumed model of material behavior.

Of course many .questions,remain open at the end of the process and here
we address the following: /Is the bending deformation always possible, or is
it limited by loSs of stability with respect to small-amplitude static wrinkles?
Moreover, can the instability be overcome by pressurization of the reconstituted
tube? ThesSe issues are most relevant to Finite Element simulations of residually-
stressed*tubes, where buckling should be avoided as much as possible.

Hére we first formulate in Section 2 the equations governing the large defor-
mation of a goated circular sector into an intact tube, which is possibly subjected
to an internal hydrostatic pressure and a uniform axial stretch. We then spe-
clalize the analysis to the case when the coating and the substrate are made
of different Mooney-Rivlin materials, because the stress components can then
be computed analytically. We pay particular attention to writing the boundary
conditions properly (hydrostatic pressure on inner face, perfect contact at the
interface, traction-free on outer face).

In Section 3 we present the algorithm implemented to solve the incremental
problem of static wrinkles superimposed onto large bending, axial stretch, and
pressurizing. It relies on the Stroh formulation and the Surface Impedance
Matrix method, and is robust and unaffected by numerical stiffness.



Finally, Section 4 presents experimental and numerical results: first our
own, achieved by gluing a silicone coating on a urethane substrate; and second
those coming from the literature on soft biological tubes, although of course
those cannot be accurately modeled as isotropic. In our experiments, we show
that no wrinkles form when a sector of opening angle 120° is closed, while
wrinkles form before a sector of opening angle 240° is closed. Applying thé
aforementioned algorithm, we show numerically that the critical opening angle
at which wrinkles form is 209° and that four wrinkles should appearsalong
the circumference, which is consistent with the experimental results. Applying
the algorithm for dimensions and material parameters comparable” (with the
limitation that anisotropy is not accounted for) to those of a rabbitharteryy we
show that, in the absence of internal pressure, wrinkles form’ for an‘epening
angle of 320°, but that these wrinkles can be eliminated by applying an internal
pressure or can be delayed by the presence of an axial stretch. These'results are
in line with intuition and experiments made on biological tubes:

2. The opening angle method

Consider the sector of a soft cylindrical tube with 'geometry delimited in the
cylindrical coordinate system {R,©, Z} (and orthonormal basis {Eg, Eg,Ez})
in its natural state By by the region

A<R<C, —(2m—a)/2€0 <2 —ag)/2, 0<Z<L, (1)

where A, C' are the radii of the inner and outer faces of the sector, respectively, L
is its height, and ag € (0, 27)ds the opéning angle. The stress-free circular sector
consists of a stiff thin layer placed at the inner side (A < R < B), glued onto a
thicker and softer layer.located in the outer region B < R < (', where B is the
radius of the interface between two layers, as shown on Fig.2a. From now on,
the superscripts (¢ and (*)/refer to the coating and the substrate, respectively.

The sectords deformed into an intact (circular cylindrical) tube with respect
to a cylindrieal coordinate system {r, 6, z} (with orthonormal basis {e,,ep,e.})
by the following mapping [4]

r=r(R), 0= kO, z2=M\Z, (2)
where

2w

k= ——
21 —

>1 (3)

is/a measure of the opening angle and A, > 1 is the uniform axial stretch.
‘We denote this configuration by B, and refer to it as the residually-stressed
configuration. The geometry of the tube is now

a<r<ec, 0<6<2m, 0<2<Y, 4)

where a = r(A4), b =r(B), ¢ =r(C) and £ = A\, L is the current tube length as
shown on Fig.2.



NG TR

Figure 2: The opening angle method: (a) An initially stress-free coated sector is subject to
axial stretch and bent into (b) a residually-stressed full tube. Tfican also be subject to (c) an
internal pressure. But is that large deformation stable?

The associated deformation gradient Fis

dr k
F:éer@ER-i-*RKEQ@)E@—i—)\ZeZ@Ez. (5)
The incompressibility condition, det F = 1, and one of the geometric require-
ments, e.g. 7(A) = a, impese

R2 _ A2
_ 2
r(R) = Bw + a?. (6)

Taking inte account the diagonal form of deformation gradient, we introduce
the principal stretches

R _kr

A\ = Ny —
YT TR

AS = )\Z ) (7)

such that’A; AaA3 = 1 to satisfy incompressibility.

Wertake both coating and substrate to be made of isotropic hyperelastic ma-
terials with strain energy densities W(©, W) respectively, so that the Cauchy
stress o is diagonal in the e; ® e; basis, with components

ow ow @
—a® Y~ ) oy ,
Tt e O =T s

(8)
Here [ = ¢, s and ¢ are the Lagrange multipliers arising from the incompress-
ibility condition.

0
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In the absence of body forces the only non-trivial equation of equilibrium is

aarr ® 0_7(“11”) - Uég

o + . =0 (I=s,¢). (9)

For the boundary conditions, we assume that the inner (coated) face of the tube
at 7 = a is under internal pressure P, that there is perfect bonding between the
two layers at the interface r = b, and that the outer face at r = ¢ is free,of
traction:

(@) ==P, o) =00b), o(c)=0. (10)
By introducing the following quantities [4],

2 2 b2 2

r a ¢
— To = kX, — xbzkx\zﬁ7 e=k\, —=

xEk/\ZRza A25 027

(11)

we may rewrite the principal stretches in terms of z"as, \; =A/Vk .z, Ay =
\/m so that the energy density for fixed A3 =.A; may be seen as a function

of = only: W(l)(x) = WO /VENz,\/kx/\., XoNor h=4, c.

Noting that
afy — oW = 2Wd(x) W= s,0), (12)

integrating equilibrium equations (9) for each layer, and using boundary condi-
tions (10), we find that the inflating pressure P is

xy, 717(c) zs 117(8)
P = / de + le’zi(x)dx (I =s,0). (13)

o — T z — X

We can also determine the stress components throughout the wall, as

Te W(S) t Ty, W(C) t Te W(s) ¢
Uﬁf‘)(a}):_/ it ()dt, Ufaf«)(z):—/ ot ()dt—/ it ()dt,

1—¢ 1-1¢ 1-1¢

b

ow® ow®

oo =IRF2WO@), ol =ol) + 27—~y
' 3 1

(14)

Forid given geometry of an undeformed coated sector in By, the following
guantities are prescribed,

ep = B?/A% — 1, ec = C?JA* — 1. (15)

Then the physics of the stretched and pressurized closed-up cylinder in B, are
prescribed by the given strain energy densities W for coating and substrate,
the given axial stretch A, and the given inner pressure P. The new geometry
is entirely determined by solving the system of three equations for the three
unknowns z,, zp, . composed by Eq.(13) and the two relations

xp(ep +1) = ep + x4, z(ec +1) =€c + 4. (16)



Then the state of stress is entirely determined by Eqs.(14).
For illustration, in this paper we model the substrate and coating using the
Mooney-Rivlin energy density; it reads

w® = 1oW (tr(C) - 3) + ¢ (r(C™1) =3),  (I=s,0), (17)

where Cfl) > 0 and C’él) > 0 are material constants and C = FTF is the
right Cauchy-Green deformation tensor. This model is quite general because
it recovers, at the same level of approximation [3], the most general 1hodel of
isotropic, incompressible, third-order weakly non-linear elasticity,

W = ptr(E?) + S Atr(E?), (18)

where E = 2C 41 is the Green-Lagrange strain tensor, y issthe Lamé coefficient
of linear elasticity, and A is the Landau coefficient of third-order elasticity (The
connections between the constants are p = Cy 4+ Cy, A= —4C; — 8C,.) For the
Mooney-Rivlin material (17), we have

D N 7\¥r

W(l)(m) = %(Cy) + CQU)/\ﬁ) < > + constant, (19)

which provides explicit expressions for the Stress components in Eq.(14). Hence

161520 Vo NNG1 5 r 41 P 11
() = X1 72 T ~2 7z _ 1.2 _ il - =
ol - [(1 k)ln(x(:il) m(%)% } (20)

and so on for the other components.

For an example, assume thatithe coating is I" times stiffer than the substrate,
in the sense that C£c> = FC’F)7 C’éc) = FC’é‘g7 where I' > 1 is the stiffness
contrast factor. Then we consider how the stresses are distributed along the
radial axis for different stiffness factors I'. We take the case where there is
no inner pressare,(P =)0) and the opening angle is 139°. In the undeformed
geometry wettake Ay= 13mm, B = 14.5mm, C' = 18mm. Fig.3 illustrates the
distribution, of stresses along the thickness of the wall of closed-up cylinders,
for a wniformymaterial (I' = 1.0), and for two-layered solids with moderately
(I' =3:0)'and significantly (I' = 7.0) stiffer coatings compared to substrates. We
cléarly observe the jump in the circumferential stresses at the interface between
coating and substrate, as expected.

3./ Wrinkling of a coated sector

Here we study the stability of a coated sector closed into a pressurized cylin-
der. We signal the onset of instability by the existence of small-amplitude
wrinkles, solutions to the incremental equations of equilibrium. From experi-
mental observations, we know that they should be varying sinusoidally along
the circumference of the tube, with amplitude decay from the inner face to the
outer face. The analysis for the existence of such wrinkles can be put together
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and circumferential ogg stresses through two-layered wall
e) modeled as Mooney-Rivlin materials with corresponding
) related by C{ = TC (i =1,2, j = 0,1,2), where ' > 1
en the coating and the substrate.

from t s of the previous section and those of Destrade et al. [4] and we
omi tails to save space.

the wrinkles exist when the following boundary value problem is
lved forz) = z()(z), (I = s, ¢), the 2 x 2 Hermitian surface impedance matriz

i) Tnitial condition: z(*)(z.) = 0;

(i) Numerical integration of the differential Riccati matrix equation

d 1 ! O\ . 1 !
@Z(l) = m [Z(Z)Gé )Z(l) +1 (Gg )) Z(l) - IZ(l)Gg) + Gg) 5
(21)

in the substrate (I = s), from z. to xp;



(iii) Interfacial condition: z(®)(z,) = 2% (x3);

(iv) Numerical integration of the differential Riccati matrix equation (21) in
the coating (I = ¢), from z; to z,; and

(v) Target condition:

A I B

In Eq.(21), 1 denotes the Hermitian transpose and the Stroh stib-matrices
G; have components [4],

_ i —n _ 0 0 _ Ri1 i/ilg
Cr1= |1 -0) —i(1 - cr)] » o= [o 1/04} » Ga 7 [—im mm} > (29)

where the superscript “({)” is understood, n denotes the'wrinkling mode (num-
ber of wrinkles in the circumference), and

w11 = 26+ 2a(1 — o) + nfpmald — 0)?],

k12 = n(28+ 7+ a(l —o?),
v —a(l —0)? 4+ 20%BFa(l — o). (24)

K22

Here, in general,

QTWI(T) 2.2 2777 752
a="5as 1 1= Exfa, B =22"W 0(z) +2Woe(z) — o, o=o0p/a,
(25)
and in particular for the Moeongy-Rivlin model,
1
a = (CIA1 0N, ) v = (CLATH 4+ Cod )k, 8= %(a +7). (26)

ka’

Finally,thederivation of the target condition (22) is detailed in the appendix.

4. Experimental & numerical results

Here we implement the stability analysis described in the previous section
for two/cases: polymers and biological tissues. The algorithm is illustrated in
Fig.7(a). Essentially, we implement the steps (i)-(iv) and iterate over g until
the target condition (v) is reached. We denote by ae, = g the critical opening
angle at which wrinkles form when the sector is closed into an intact tube, i.e.,
the value of ag when the target condition is reached.



4.1. Results for polymers

For our first experiment, we used artificial materials, namely relatively stiff
silicone (red) for the coating, urethane (black) and very soft silicone (white)
for the substrate. We subjected each material to a tensile test using a MTS
electromechanical material characterization machine. We then determined the
Mooney-Rivlin constants by curve-fitting over a useable range of data, and
found that C{C) = 0.98, C’éc) = 0.021 (MPa) for the red silicone, and C’]ES) =

0.14, Cés) = 0.41 (MPa) for the black urethane, see Fig.4(a). We then)glued
a 1.6mm thick red silicone layer onto a 26.9mm thick black urethane sector
(B = 23.93mm, C' = 50.83mm) and produced two coated sectors, one with
opening angle 120°, the other with opening angle 240°, see Fig.4(b). and (c). We
produced similar sectors using white urethane as the substrate, see Figi4(d).

We found that, for the black urethane substrate, no wrinkles formed when
the former sector was closed (Fig.4(b)), while for the latter.sector six wrinkles
formed shortly before the sector became intact (Fig.4(e)). Thus we would expect
the critical opening angle at which wrinkles form wheén the sector becomes intact
to be somewhere between 120° and 240°. To check this assertion, we performed
the stability analysis described in the previous section for the same dimensions
and material parameters as in the experiments. We found that the critical
opening angle was 209° with corresponding mode number n = 4, which supports
our previous hypothesis.

urethane

Figure 4: (a) Tensile tests for red silicone and black urethane. The early part of the data
for' silicone was discarded as unreliable and the curve-fitting to the Mooney-Rivlin models
was done over the 1.5 < A < 5.0 range indicated by the dashed lines, yielding a relative
error of less than 5%. (b) Sector with opening angle 120°, black urethane substrate and red
silicone coating. No wrinkles form when the sector is closed into an intact tube. (c) Sector
with opening angle 240°, black urethane substrate and red silicone coating. Six wrinkles form
shortly before the sector is closed into an intact tube. (d), (e) Similar results for sectors
with white silicone substrate and red silicone coating, and opening angles 120° and 240°,
respectively.



4.2. Results for soft tissues

Here we perform the stability analysis using the dimensions and material
parameters which are of the same order of magnitude as those of a rabbit carotid
artery, as collected by Holzapfel et al. [8].

The artery consists of three layers: the intima, the media and the adventitia.
However, the intima is very thin and not very stiff (at least in healthy young
individuals), and so we can use our two-layer model with the dimensions [8]
B — A =0.26mm, C — B =0.12mm, A = 1.43mm, along with an axial stretch
A = 1.695.

For the material parameters, Holzapfel et al. [8] used an anisotrOpi¢ model.
Here we have only considered isotropic models, and so we set to.zeroyHolzapfel
et al.’s anisotropic parameters to make a (somewhat arbitrary) connection with
their measurements. Moreover, Holzapfel et al. [8] did not consider a depen-

dence of W on the second invariant of strain tr(C~!), so here we take C{” = 0,
CQ(S) = 0. For the other (neo-Hookean) parameters, ‘we have Cl(c) = 3kPa,

C’{S) = 0.3kPa, in line with Holzapfel et al.’s [8] values of the shear modulus for
the artery’s elastin matrix.

We perform the stability analysis over a physiological pressure range [5] of
0-170 mmHg. We plot the results in Fig.7(c) for the non-dimensional measure
of pressure P = P/C*).

Then the physiological pressure range corresponds to 0 < P <755

First we plot the curves giving theycritical opening angle a., against the
pressure P for increasing values6fithe mode number n = 2,3, 4, .... Each curve
is a bifurcation plot: at a given pressure P, a tube with opening angle larger
than a, will buckle when«itais bent into an intact closed tube; in order not
to buckle, a sector mustchave an opening angle which is less than the smallest
critical angle from all’curves. Here we find that all curves for mode numbers
n > 5 are all below(those for'n = 2,3,4 and are virtually indistinguishable one
from another, seé¢ Fig.5. Hénce our analysis does not allow us to determine the
mode number¢pregisely here, in contrast to the scenario of Section 4.1.

From theplots we’see that when there is no internal pressure (IAD = 0), only
sectors with,an opening angle greater than a., ~ 320° will buckle when closed
into an intact tube. This value is significantly above the recorded opening angle
for thexxabbip artery [8], which was 160°. Hence we would expect (provided the
cfudenessiof our modelling arteries here is overlooked) that the rabbit artery is
smooth when it is not subject to internal pressure.

We”also observe that as the internal pressure increases, the critical opening
angle increases, with asymptotic behaviour a., — 360° as P — oo. Hence
buickling can be eliminated by applying an internal pressure, which is in line
with our intuition and with, for example, experiments on a rat’s pulmonary
artery [6], see Fig.7(b).

For comparison, we also plot the curves obtained in the case of no axial
stretch, A\, = 1, see Fig.6. We find that the axial stretch makes the sector more
stable with respect to bending into an intact tube (the values of ag, are higher
when A, > 1 than when A\, = 1). To complete the picture, we also provide

10



360 0.6

cr — n=2 — n=5 — n=8
355 — n=3 — n=6 n=9

0.5 — n=4 n="T

350

A, =1.695

340

3354

330H

325

320

0.0
0 10 20 30 40 50 60 A 70 0 10 20 30 40 50 60 _~ 70

Figure 5: (a) Plots of the critical opening angle ac, for several mode numbers n versus the
non-dimensional pressure P using the material parameters and dimensions comparable with
those of a rabbit artery [8], when it is subject to an axial stretch . = 1.695. (b) Plots of the
critical circumferential stretch A, on the infier face’of the intact tube at buckling versus the
pressure P.

the plots of the variations of the critical circumferential stretch A, (contraction
stretch on the inner face of theyintact tube).

5. Discussion

Often it is/assumed that a stable deformation of a sector into an intact
tube exists. These “opening angle” deformations are then used to estimate the
residual stresses in the material [7]. Here we have shown that, depending on
the material properties and dimensions, wrinkling may occur before the sector
becomes intact, which would be followed by further buckling and creases when
the sector ig’closed. Our results have important implications for finite element
reconstructions of the opening angle method. First, a stiffer coating will lead to
ingtabilities in finite element simulations, earlier than for a homogeneous sector
[4,,7]. Second, if the wrinkles occur, then our analysis is a first step towards
providing meaningful precursors to creases (see Fig.1 and Fig.7(b)).

We also showed that wrinkles can be eliminated by applying an internal
pressure, as has been confirmed in experiments.

Our method could also be applied to other tissues such as the esophagus,
which is often modeled as a two-layered structured, and in which wrinkles and
creases have been observed [12]. However, it is important to consider the limi-
tations of our model. For example, in the iliac artery of an 81 year old human,

11
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Figure 6: (a) Plots of the critical opening angle ac, for several méde numbers n versus the
non-dimensional pressure P using the material parametersiand dimensions comparable with
those of a rabbit artery [8], when it is not subject to anvaxial stretch (A. = 1.0). (b) Plots of
the critical circumferential stretch A, on the inner face of vhe intact tube at buckling versus
the pressure P.

buckling of the intima in the zere-pressure state leading to delamination has
been observed [9]. As has been neted; the intima, one of the three layers of
the artery, becomes thicker=and stiffer with age. Evidently, there are residu-
als stresses present leading to buckling, but clearly a three-layer model would
be necessary to investigateisuch an occurrence. Furthermore, each layer of the
artery is highly aniSotropic due to the presence of collagen fibers [8], and so a
more realistic model would reflect this fact.
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Appendix: Derivation of the target condition (22)
At the coating/vacuum interface, the incremental nominal traction is [11]

s"e, = [0 + P(grad u)"] e,, (27)

12



(a) —’[ Iterate over a ] (b)

(Find z,, * and z. by)
solving the system (13)
_and (16) numerically |

Integrate numeri-
cally equation (21)
in the first layer

J

(Integrate numerically )
equation (21) in
the second layer,
imposing continuity
across the interface

o= )

Figure 7: (a) Flow chart illustrating the algorithm’ used to find the critical opening e, for
given P and n. (b) Rat pulmonary artery atthree different states: (A) Intact with low internal
pressure of 15 mmHg and smooth internal surface; (B) Intact with no pressure and buckled
internal face; (C) Cut open (image retrieved from [6]). (c) Plot of the critical opening angle

(for mode n = 4) versus the fion-dimensional pressure P using the material parameters and
dimensions of a rabbit artery [8]. Solid line: axial stretch A = 1.695, dashed line: A = 1.

where u is the incremental mechanical displacement, and o* is the Cauchy
incremental stfessyin the 0 < r < a region. But that space is under constant hy-
drostatic pressure Pland has no constitutive law to speak of, being the vacuum,
so that 6= 0. Also, the displacement gradient has components [4]

ou 1 (ou_
. or r\o0 " o8)
rad u = )
: oL, o
ar r o7}
in‘the e; ® e; basis.
For displacements of the form
{u,v} = {U(r)eing, V(r)eine}, (29)

describing prismatic wrinkles, the incremental nominal traction is also of a sim-
ilar form: ' '
{57‘7‘7 STG} = {Srr (Ir)elnev Sr€ (T)elne}v (30)

13
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where U, V, S,.,., Syg are functions of r only. Then (27) reads

Ser| rU’ B U —inV
’"[STJ _P[inU—V =Plww-v) (31)
at r = a, where for the second equality we used the incremental incompressibilit;

equation,

o
26

On the other hand, the traction is related to the displacemen
impedance matrix [2]:
(33)

S _ (C) U
"18,6 V

In particular, at the r = a interface, we have by (31

o[ -

1
divu:%—k—(u—k > (rU'—i—U—i—mV
or r

(34)

from which the target condition (22) follews (s
early, but not entirely correct, derivation

Ibi and Ciarletta [1] for an
arget condition).

14
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