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Abstract
Bone is an exceptional material that is lightweight for efficient movement but also exhibits
excellent strength and stiffness imparted by a composite material of organic proteins and
mineral crystals that are intricately organised on many scales. Experimental and computational
studies have sought to understand the role of bone composition and organisation in regulating
the biomechanical behaviour of bone. However, due to the complex hierarchical arrangement
of the constituent materials, the reported experimental values for the elastic modulus of
trabecular and cortical tissue have conflicted greatly. Furthermore finite element studies of bone
have largely made the simplifying assumption that material behaviour was homogeneous or that
tissue variability only occurred at the microscale based on grey values from micro-CT scans.
Thus, it remains that the precise role of nanoscale tissue constituents and microscale tissue
organisation is not fully understood and more importantly that these have never been
incorporated together to predict bone fracture or implant outcome in a multiscale finite element
framework. In this paper, a three-scale finite element homogenisation scheme is presented
which enables the prediction of homogenised effective properties of tissue level bone from its
fundamental nanoscale constituents of hydroxyapatite mineral crystals and organic collagen
proteins. Two independent homogenisation steps are performed on representative volume
elements which describe the local morphological arrangement of both the nanostructural and
microstructural levels. This three-scale homogenisation scheme predicts differences in the
tissue level properties of bone as a function of mineral volume fraction, mineral aspect ratio and
lamellar orientation. These parameters were chosen to lie within normal tissue ranges derived
from experimental studies, and it was found that the predicted stiffness properties at the
lamellar level correlate well with experimental nanoindentation results from cortical and
trabecular bone. Furthermore these studies show variations in mineral volume fraction, mineral
crystal size and lamellar orientation could be responsible for previous discrepancies in
experimental reports of tissue moduli. We propose that this novel multiscale modelling
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approach can provide a more accurate description of bone tissue properties in continuum/organ
level finite element models by incorporating information regarding tissue structure and
composition from advanced imaging techniques. This approach could thereby provide a
preclinical tool to predict bone mechanics following prosthetic implantation or bone fracture
during disease.
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1.0

Introduction
Bone is a naturally occurring composite material whose internal architecture represents a

complex structural organisation of its constituent materials, which consist mainly of
hydroxyapatite mineral crystals and organic collagen proteins. These constituent phases are
hierarchically organised to provide a highly optimised structure which exhibits high stiffness
and excellent resistance to fracture, while also being lightweight for efficient movement. Bone
is assembled at various structural length scales from the nanoscale constituent level right up to
the macroscale organ level (Figure 1). At the nanostructural level (<100 nm), bone may be
considered to be a platelet-reinforced composite material, consisting of hydroxyapatite mineral
crystals (reinforcement phase) distributed within organic collagen fibrils and noncollagenous
proteins (compliant matrix phase), as shown in Figure 1 (a). At a sub-microstructural level (110 µm), bone is composed of many mineralised collagen fibrils which are unidirectionally
aligned into packets known as lamellae, as shown in Figure 1 (b), much like a traditional fibrereinforced composite ply. Bone is typically classified as either cortical or trabecular bone, based
on the microstructural organisation of these lamellae. In cortical bone, lamellae are
concentrically arranged around a central vascular channel (Haversian canal) and each
successive lamella has alternating fibre orientations, thereby forming osteons, as shown in
Figure 1 (c). In trabecular bone however, lamellae are organized almost parallel to their
longitudinal direction and do not contain a central vascular channel, as shown in Figure 1 (d).
Finally, at a macrostructural level, the combination of a cortical shell surrounding an internal
trabecular bone network forms the organ level bone structure (i.e. whole bone), as shown in
Figure 1 (e).
Bone is both an inhomogeneous and anisotropic material due the tissue composition, the
organisation of tissue lamellae, and internal micro-architectures, such as blood vessels and cell
pores, which vary considerably across anatomical locations (Bromage et al. 2003; Nazarian et
al. 2007). Mechanical testing of trabecular and cortical bone tissue has been carried out using
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3/4-point bending (Choi et al. 1990), buckling (Runkle and Pugh 1975; Townsend et al. 1975),
cantilever beam tests (Mente and Lewis 1989), micro-tensile testing (Ryan and Williams 1989;
Rho et al. 1993; Samelin et al. 1996; McNamara et al. 2005; McNamara et al. 2006a),
ultrasonic measurement (Rho et al. 1993) and nanoindentation (Rho et al. 1997; Rho et al.
1999; Zysset et al. 1999; Hoffler et al. 2000; Ferguson et al. 2003; Ozcivici et al. 2008).
Reported values for the elastic modulus of trabecular and cortical tissue from these studies have
conflicted, with values ranging from 0.75GPa to 30GPa (Runkle and Pugh 1975; Townsend et
al. 1975; Mente and Lewis 1989; Ryan and Williams 1989; Choi et al. 1990; Rho et al. 1993;
Samelin et al. 1996; Rho et al. 1997; Rho et al. 1998; Rho et al. 1999; Zysset et al. 1999;
Hoffler et al. 2000; Ferguson et al. 2003; McNamara et al. 2006a; Ozcivici et al. 2008;
McNamara 2011). There is much contention regarding whether cortical and trabecular bone are
fundamentally the same tissue, and that it is their tissue organisation that distinguishes their
mechanical behaviour, or whether the tissue composition and mechanical properties are
different between the two bone types.
While the variety of different mechanical test methods used may have contributed to the
large range of values reported, other factors such as tissue structure and composition are also
known to affect mechanical behaviour (Ascenzi and Bonucci 1976; Currey 1984; Hofmann et
al. 2006; Brennan et al. 2011b). Currey (1984) showed that the degree of mineralisation in
cortical bone correlated with its stiffness and load-bearing strength, while Ascenzi and Bonucci
(1976) found that the intricate arrangement of collagen provides tensile strength, elasticity and
toughness (capacity to absorb energy). Also, Hofmann et al (2006) showed that in secondary
osteons, the alternating orientations between lamellae gave rise to different stiffness values,
even though the degree of mineralisation was similar for all lamellae. Importantly, these studies
(Ascenzi and Bonucci 1976; Currey 1984; Hofmann et al. 2006; Brennan et al. 2011b) show
that observed stiffness values in bone are sensitive to both microstructural composition, i.e.
mineral/collagen content (Ascenzi and Bonucci 1976; Currey 1984), and also microstructural
5

organisation, i.e. lamellar orientation (Hofmann et al. 2006). Furthermore, significant
compositional (Dickenson et al. 1981; Li and Aspden 1997; Boyde et al. 1998; Gadeleta et al.
2000; Zioupos 2000; Brennan et al. 2011a) and structural (Augat and Schorlemmer 2006)
changes are known to arise during diseases such as osteoporosis. However, due to the complex
hierarchical arrangement of the constituent materials, precisely how small changes in
mineral/collagen composition can affect the mechanical behaviour at the level of the whole
bone is not clear.
Computational methods have been widely used to predict bone failure during disease and after
prosthetic implantation, but for many years these methods assumed that the material behaviour
was homogeneous (Ulrich et al. 1998; Homminga et al. 2002; Vilayphiou et al. 2010) or that
tissue variability occurred at the microscale based on grey values from micro-CT scans
(Jaecques et al. 2004). More recently, various analytical (Porter 2004; Ji and Gao 2006; Hamed
et al. 2010; Martínez-Reina et al. 2011) and computational (Ghanbari and Naghdabadi 2009;
De Micheli and Witzel 2011; Yuan et al. 2011) models have been proposed in order to fully
predict macroscopic behaviour based on the nanostructural constituents. Analytical approaches
have included an energy-sharing model by Porter (2004) and a tension-shear chain model by Ji
and Gao (2006). Multilevel step-by-step homogenisation schemes have been proposed by both
Hamed et al. (2010) and Martínez-Reina et al. (2011), who used classical continuum
micromechanics homogenisation schemes (e.g. Mori-Tanaka) at each analysis level to predict
the effective properties of bone. Also, a comprehensive numerical homogenisation model has
been developed, which predicts the mechanical behaviour of cortical bone as a function of a
multitude of compositional and architectural parameters (Racila and Crolet 2007; Predoi-Racila
and Crolet 2008). These analytical and numerical models have established microstructureproperty relationships for bone tissue, such as the effect of porosity (Racila and Crolet 2007;
Predoi-Racila and Crolet 2008; Martínez-Reina et al. 2011), mineral content (Porter 2004;
Racila and Crolet 2007; Predoi-Racila and Crolet 2008; Martínez-Reina et al. 2011) and
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mineral aspect ratio (Ji and Gao 2006) on mechanical behaviour. While such analytical
approaches provide a crucial insight into the contribution of composition and tissue
organisation, these studies are limited by the simplifications necessary to solve analytical
solutions, most notably that geometries must be idealised and the parameters within the system
are reduced to create a closed-form expression. More recently, finite element homogenisation
approaches have been used to analyse the hierarchical structural arrangement of bone.
Ghanbari and Naghdabadi (2009) consider a two-dimensional Representative Volume Element
(RVE) which represents the nanostructure as a platelet-reinforced composite material. Using
finite element homogenisation, they report similar mechanical properties of lamellar bone
tissue to both experimental values reported by Currey (2002) and the analytical results
presented by Porter (2004). Also, Yuan et al. (2011) considered two- and three-dimensional
representations of mineralised collagen fibrils to provide an insight into the role of phases and
morphology of the nanostructure on mechanical behaviour. At a microstructural level,
multiscale finite element models which analyse structural effects are limited to a small number
of investigations into the importance of lamellar arrangements, such as those by De Micheli
and Witzel (2011) and Nackenhorst (2006) or sub-lamellar arrangements, such as that carried
out on various fibrillar arrays by Reisinger et al. (2011), for dictating the mechanical behaviour
of bone.
While previous step-by-step analytical approaches have been used to analyse bone on three
or more different length scales (Hamed et al. 2010; Martínez-Reina et al. 2011), to date,
multiscale finite element investigations have been limited to predicting mechanical behaviour
between two independent length scales, i.e. they predict tissue properties based on mineral
content or variation in tissue organisation, but cannot account for both simultaneously
(Ghanbari and Naghdabadi 2009; De Micheli and Witzel 2011; Reisinger et al. 2011; Yuan et
al. 2011). However, both tissue composition and hierarchical organisation must be taken into
account to fully predict bone mechanical properties (Rho et al. 1998; McNamara 2011). There
7

is a distinct need for computational methods that simultaneously incorporate multiscale
variability in both tissue composition and organisation to fully predict bone mechanics during
disease or for implant design purposes. Hence, this paper outlines a three-scale finite element
homogenisation scheme, which enables the prediction of homogenised effective properties of
cortical and trabecular human bone from their fundamental nanoscale constituents of
hydroxyapatite mineral crystals and organic collagen proteins and also their organisation at the
microstructural level. In order to achieve this, two independent homogenisation steps are
carried out, firstly at the nanostructural level and subsequently at the microstructural level. By
performing these successive homogenisation steps, this integrated approach collectively
investigates the effects of both compositional (e.g. volume fraction of mineral phase) and
architectural factors (e.g. lamellar orientation and distribution of mineral crystals) on tissue
level mechanical behaviour.
2.0

Multiscale Analysis of Bone

2.1

Model Formulation
In this study, two levels of structural hierarchy are incorporated to represent the nanoscale

and microscale structural length scales.
(i) Nanostructural Level: One-step homogenisation
At the nanostructural level, we model bone as a platelet-reinforced composite material,
consisting of hydroxyapatite mineral crystals which are periodically distributed within organic
collagen fibrils, as shown in Figures 2 (a) and (b). From this periodic representation of the
nanostructural morphology, a representative volume element may be identified, as shown in
Figure 2 (c), from which global material properties may be determined through a periodic
homogenisation approach. In this RVE, the dimensions of the mineral crystals are initially
assumed to be 50×25×3 nm following TEM observations by Rubin et al. (2003). The spacing
between each mineral crystal in both the 1- and 3-directions (see Figure 2 (a)) is initially
assumed as 5nm (Porter 2004; Ghanbari and Naghdabadi 2009), while the distance between
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crystals in the 2-direction depends upon the mineral volume fraction (MVF). The model was
discretised using approximately 7500 six-noded wedge elements (C3D6) using a sweep
meshing algorithm. This produced periodic mesh characteristics on opposing faces of the RVE
(needed for implementation of periodic boundary conditions). It was assumed that the
nanoscale constituents were of sufficient dimension such that a continuum-based modelling
approach may be employed for each constituent, whereby both mineral and collagen phases
were taken to be homogeneous and isotropic. The mechanical properties of the constituent
materials (Katz 1971) are summarised in Table 1.
(ii) Microstructural Level: Two-step homogenisation
Cortical Bone:
At the microstructural level, it is assumed that osteons are composed of eight concentrically
arranged lamellae, as shown in Figure 2 (d). The osteon diameter of 200µm was chosen based
on Rho et al. (1998), while the size of the Haversian canal (80µm) and individual lamellar
thickness (7.5µm) was based on a similar osteon model which was previously developed by De
Micheli and Witzel (2011). This representation assumes that the osteon is periodic in the
longitudinal direction and has a repeating unit of (20 µm) thickness. The mesh characteristics
for this model were similar to those outlined for the nanostructural model. It was assumed that
the mineral content was uniformly distributed over the osteon, meaning that each lamella has
the same constitutive behaviour which is derived from the homogenised results from the
preceding length scale (nanostructural level). This behaviour was highly anisotropic which
meant that for each lamella, the principal lamellar orientation was defined with respect to its
inclination from the longitudinal axis of the osteon, as shown in Figure 2 (d). Here, a cross-ply
osteon is shown, where the principal lamellar orientation varies between +45°/-45° for each
successive lamella.
Trabecular Bone:
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In the trabecular arrangement, it is assumed that the lamellae are organised parallel to their
longitudinal direction but the model does not contain a central vascular channel, as shown in
Figure 2(e). This meant the outer diameter measured 120µm. Again, the mesh characteristics
are similar to those previously described and the constitutive behaviour is initially assumed to
be similar to cortical bone, whereby the mineral content is uniformly distributed over the crosssection of the trabeculae. However, due to the continuous remodelling process, it has been
reported that the mineral content in trabecular struts is non-uniformly distributed over their
cross-section (Fratzl et al. 2004; Brennan et al. 2011a; Brennan et al. 2011b). Fratzl et al.
(2004) showed that in some superficial regions of trabeculae, the degree of mineralisation was
almost half that of the centre region, due to the presence of newly formed tissue on the outer
surfaces. Hence, a non-uniform distribution of mineral is also analysed whereby the mineral
volume fraction is assumed to decrease linearly from the centre lamella (MVFcentre) to the outer
lamella (MVFouter), where MVFouter = (0.65)MVFcentre. For example, in the case that the centre
lamella has an MVFcentre = 40%, then the outer lamella has a MVFouter = 26% (Fratzl et al.
2004).
2.2

Periodic Homogenisation Approach
Periodic boundary conditions are applied to the RVE models to ensure a macroscopically

homogeneous stress/displacement field exists across the boundaries of each RVE (Vaughan and
McCarthy 2011a; Vaughan and McCarthy 2011b). These consist of a series of kinematic
boundary ties which ensure that in deformed configurations, there is both stress and
displacement continuity on opposing RVE boundaries which maintains spatial periodicity,
allowing the micro to macro transition. In three-dimensions, the periodic boundary conditions
may be expressed as,
u ( 0 , x 2 , x3 )  u ( l , x 2 , x3 )  u 1
u ( x1 ,0 , x3 )  u ( x1 , h , x3 )  u 2

(1)

u ( x1 , x 2 , 0 )  u ( x1 , x 2 , t )  u 3
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where u1, u2 and u3 are the displacement vectors which relate the displacements on opposite
faces of the RVE shown in Figure 2 (c), while l, h and t correspond to the RVE dimensions in
the 1-, 2- and 3-directions, respectively. These conditions are used to impose a range of
deformation modes on RVE models to characterise material behaviour. For example,
longitudinal tensile loading is applied to the RVE in Figure 2 (c) by applying a relative
displacement in the 1-direction (δt) such that u 1  ( t ,0,0 ) . This induces a uniaxial strain state
in the RVE from which macroscopic quantities may be found by determining volume averages
of resulting microscopic state variables, in this case the local stress and strain fields. In order to
evaluate the average stresses (  ij ) and strains (  ij ) over the RVE the following relations from
Vaughan and McCarthy (2010) were used,

 ij 
 ij 

1
VRVE
1
VRVE

 

V



(2)

V



(3)

n

k 1

 

ij k k

n

k 1

ij k k

where VRVE is the volume of the RVE, k is the element number, Vk is the volume of element k in
the finite element mesh, n is the total number of elements and  ij and  ij are the ij stresses and
strains, respectively, in the element k (for a uniaxial strain state applied to an RVE in the 1direction, as described above, it is the local stresses and strains acting in this loading direction
which are considered, i.e.  11 and 11 ). The effective properties can then determined using the
averaged stress and strain quantities (i.e.  ij and  ij ) and then determining the relevant stressstrain ratio for any given loading condition, i.e.,

Eij 

 ij
 ij

(4)

In a similar fashion, shear loading may be induced by applying a relative displacement in
the 1-direction (δs) such that u 2  ( s ,0,0 ) . Following a similar procedure to that described
above, the shear moduli (e.g. G12, G23 and G31) may be determined. Further information
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regarding the periodic homogenisation approach may be found in (Van der Sluis et al. 2000;
Segurado et al. 2003; Vaughan 2011).
At a nanostructural level, six loading cases are considered which fully characterised the
anisotropic mechanical properties of lamellar bone. These consist of axial tensile loading
applied to the RVE model in the 1-, 2- and 3-directions (Figure 2(c)) to determine the axial
moduli (e.g. E11, E22 and E33) and Poisson's ratios (e.g. υ12, υ23, υ31, υ21, υ32, and υ13). Also, a
simple shear load is applied to the RVE in the 1-, 2- and 3-directions (Figure 2(c)) to determine
the shear moduli (e.g. G12, G23 and G31). It should be noted that no assumption of material
symmetry is made prior to the analysis as each of these 12 material constants are determined
independently of one another. It may be shown however that the mineral-collagen structure
exhibits orthotropic behaviour and of the 12 material constants, only 9 are independent of one
another (see Table 2). At a microstructural level, only one loading case is considered which
consists of axial tensile loading to determine the longitudinal modulus of the osteon and
trabecular models, shown in Figure 2 (d) and (e), respectively. The longitudinal modulus is
calculated using the same homogenisation procedure described above (Equations 2-4) and for
the osteon model, the volume of the Haversian canal (which carries zero stress) is included in
the calculation. Thus, at the microstructural level, the modulus being determined could be
considered analogous to that determined by a micro-tensile test.
2.3

Parametric Analysis
To investigate the mechanical implications of variations in tissue mineralisation and

lamellar organisation, a number of parameter variation studies were performed. Specifically,
these included studies on mineral volume fraction and mineral aspect ratio at the nanostructural
level, while a study lamellar orientation was performed at the microstructural level.
(i) Nanostructural Level
The predicted effective properties of lamellar bone are considered as a function of mineral
volume fraction (MVF), as this parameter has been found to vary significantly across different
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anatomical locations (Nazarian et al. 2007) and with the onset of clinical diseases such as
osteoporosis (Brennan et al. 2011a). To investigate this parameter, the spacing between the
mineral crystals in the 2-direction (see Figure 2 (c)) was varied to predict the effective
properties for MVFs which ranged from 20% to 50%. The effect of mineral aspect ratio on the
homogenised effective properties was also investigated as the reported dimensions of the
mineral crystals obtained through transmission electron microscopy have varied significantly
(Robinson 1952; Weiner and Price 1986; Moradian-Oldak et al. 1991; Rubin et al. 2003). In
addition to the 50×25×3nm mineral crystal, this investigation considers both larger
(75×25×3nm) and smaller mineral crystals (25×25×3nm) to determine their effect on
mechanical behaviour.
Finally, the effect of spacing between each crystals in the 1-direction is examined. Initially,
the inter-crystal spacing in the 1-direction was assumed to be 5nm (Ghanbari and Naghdabadi
2009). However, to examine the effect of the inter-crystal spacing on the mechanical behaviour
of the mineral-collagen structure, two further distances of 11nm and 17nm are also considered.
In the case of the 17nm inter-crystal spacing, the model fulfils the axial periodicity of collagen
structures which is thought to be close to 67nm (Jäger and Fratzl 2000) (note that for all other
parameter studies, an inter-crystal spacing of 5nm was assumed based the similar behaviour of
the mineral-collagen structure at each inter-crystal spacing examined, see results section).
(ii) Microstructural Level
Cortical bone:
The predicted tissue level properties of cortical bone are considered as a function of
lamellar orientation as numerous different lamellar arrangements have been observed
experimentally within osteons using circularly polarized light (CPL) microscopy (Skedros et al.
1996; Bromage et al. 2003; Goldman et al. 2003). The lamellar organisation within osteons is
thought to be dependent on local loading characteristics (Skedros et al. 1996; Bromage et al.
2003; Goldman et al. 2003). Typically, in regions where tensile forces are dominant, the
13

preferred orientation of collagen fibres is in the longitudinal direction of the osteon, while a
transverse orientation of collagen fibres has been observed in lamellar regions where
compressive forces are prevalent (Skedros et al. 1996; Bromage et al. 2003; Goldman et al.
2003). In this investigation, in addition to the Cross-ply lamellar organisation, three further
lamellar organisations were analysed and these may be identified as Longitudinal, Transverse
and Alternating arrangements. These arrangements were originally proposed by Ascenzi and
Bonucci (Ascenzi and Bonucci 1967) and they have been observed subsequently in numerous
investigations (Skedros et al. 1996; Bromage et al. 2003; Goldman et al. 2003). The individual
lamellar orientations for each of these arrangements are summarised in Table 3. Furthermore, a
study has also been carried out which examines the effect of the ratio between the overall
osteon diameter and the Haversian canal diameter. Initially, the diameter of the Haversian
system was assumed to be 80µm and to examine the impact of this parameter on the mechanical
behaviour of the osteon, two further diameters of 60µm and 100µm are also considered. In this
study, the overall diameter of the osteon remains unchanged (200µm) while the thickness of the
eight individual lamellae are adjusted in order to accommodate the varying Haversian canal
diameters.
Trabecular bone:
This analysis examined the same lamellar arrangements as in the osteon model. Although
these distinct types of lamellar organisations have not yet been identified in trabecular bone,
Rinnerthaler et al. (1999) found using small angle x-ray scattering analysis (SAXS) that mineral
crystal orientations in trabeculae, although predominantly aligned along the longitudinal axis,
exhibit varying orientations which range from the longitudinal to the transverse directions.
These results (Rinnerthaler et al. 1999) would suggest that similar lamellar orientations could
exist in trabecular bone as appear in cortical bone (Skedros et al. 1996; Bromage et al. 2003;
Goldman et al. 2003) and thus warrant investigation.
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3.0

Results

3.1

Nanostructural Homogenisation Model
A multiscale finite element homogenisation approach was used to determine effective

properties for lamellar bone by assuming that the nanostructure is composed of hydroxyapatite
mineral crystals periodically distributed in a collagen protein, as shown in Figure 2 (c). The
predicted effective properties for lamellar bone were considered as a function of volume
fraction of the hydroxyapatite mineral crystals. The effect of mineral volume fraction (MVF) on
the resulting axial moduli (e.g. E11, E22 and E33) is shown in Figure 3 (a), where an increase in
axial modulus is observed with an increase in MVF. The magnitude of the axial modulus in
each material direction is clearly related to the dimensions of the mineral crystal in that
particular direction. Also plotted in Figure 3 (a) are the experimental results reported by
(Mulder et al. 2008) who used nanoindentation to analyse the tissue stiffness of trabecular bone
as a function of the degree of mineralisation in specimens taken from the mandibular
chondylars of newborn pigs. The predicted shear moduli values also show an increase with
MVF, as shown in Figure 3 (b). Here, at each MVF, the predicted properties for both G12 and
G23 are very similar and are both much lower than the prediction of G13, as shear loading in
these directions is dominated by the more compliant collagen phase. Meanwhile, the model's
prediction of G13 shows a stiffer response as the shear loading occurs perpendicular to the
length of the relatively stiff mineral crystal. Table 2 lists the effective properties determined for
the mineral-collagen nanostructure at 40% MVF , which are used to describe the behaviour of
lamellar bone at the microstructural level.
This study also examined the effect of mineral crystal size, by varying the aspect ratio to
examine larger (75×25×3nm) and smaller crystals (25×25×3nm), in addition to the 50×25×3nm
mineral crystal. The resulting effective properties are again expressed in terms of the MVF, as
shown in Figure 3(c). Here, it is apparent that a high aspect ratio leads to an increased
longitudinal modulus, as seen by the 75×25×3nm model, which is in agreement with the
15

analytical model presented by Ji and Gao (2006). By resolving local stress and strain field
within each unit cell analysed, it may be seen that the reason for this increase in modulus is that
the larger mineral crystals facilitate a more effective stress transfer through the length of the
crystal, allowing them to bear a much higher load, as shown by the longitudinal stress
distributions in Figure 4. Here, each model has the same MVF (40%) and it is only the
dimensions of the crystals which have been varied. The longitudinal stress carried by the
75×25×3nm crystal is almost 2.5 times greater than that carried by the 25×25×3nm crystal,
resulting in a much higher predicted stiffness at each MVF, as shown in Figure 3 (c). It was
found that the aspect ratio of crystals had a negligible effect on the stiffness in both the 2- and
3-directions (not shown). Also plotted in Figure 3 (c) are the experimental results reported by
Gupta et al. (2006) who used nanoindentation to analyse the stiffness of both lamellar bone and
interstitial bone in a human femoral mid-shaft as a function of its MVF. The results of Gupta et
al. (2006) are expressed in terms of the reduced modulus determined from nanoindentation
tests. However, these still show an appropriate relation in terms of the trends observed in the
model's prediction of stiffness for each of the crystal dimensions analysed.
Finally, the effect of inter-crystal spacing on mechanical behaviour was examined by
considering a number of different arrangements of the 50×25×3nm crystals. The distances
between crystals which were considered were 5nm, 11nm and 17nm and the resulting effective
properties in the longitudinal direction (1-direction) are shown in Figure 3 (d). Our results
predict that inter-crystal spacing has a minimal effect on the mechanical behaviour of mineralcollagen structure and may be attributed to the staggered arrangement of the mineral crystals.
The staggered arrangement means that the stress transfer between crystals is not significant, i.e.
in Region A in Figure 4 (b), under axial loading in the 1-direction as the majority of load is
carried through the adjacent crystal (i.e. above Region A). Thus, due to the relatively low stress
carried in the inter-crystal region, the distance between crystals has quite a small effect on the
mechanical properties in this particular mineral arrangement.
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3.2

Microstructural Homogenisation Model
At a microstructural level, a successive homogenisation step was carried out to predict

effective properties of various lamellar arrangements used to represent both an osteon and
trabecula, given by Figures 2 (d) and (e), respectively. This step of the analysis used the results
derived from the three-dimensional nano-composite model to define the anisotropic mechanical
properties of each lamella in the microstructure. Each model considered four different lamellar
configurations (Nackenhorst and Lenz 2005; Nackenhorst 2006; De Micheli and Witzel 2011)
(details given in Table 3). The resulting effective properties of each lamellar arrangement for
both the osteon and trabecular models are shown in Figures 5 (a) and (b) as a function of MVF.
For the osteon model, shown in Figure 5 (a), it is clear that the homogenised effective
properties are a function of lamellar orientation. The highest stiffness is obtained for the
longitudinal osteon model, where the lamellae are orientated at +15°/-15°, which represents the
scenario where the longitudinal axis of the mineral platelets would be most closely aligned with
the long axis of the osteon. Conversely, the lowest stiffness is found for the transverse osteon,
where the lamellae are orientated at +75°/-75°, which means the properties of the osteon are
more likely to be dominated by the more compliant collagen matrix phase. Meanwhile, the
cross-ply and alternating osteons exhibit similar properties which appear to be intermediate to
those of the longitudinal and transverse osteons, as shown in Figure 5 (a). Also shown in Figure
5 (a) are the experimental stiffness values for both longitudinal and transverse osteon
arrangements reported by Ascenzi and Bonnucci (1967) who performed micro-tensile testing of
wet, fully calcified osteon specimens from a young donor. It should be noted that these results
were evaluated through testing hemidiameteral osteon sections which would have a different
void/solid ratio than the osteon models presented here (the effect of the void/solid ratio on
osteon stiffness is discussed later). These appear here as horizontal lines, as details regarding
the mineral content was unavailable. It is interesting that the experimental values for both
osteon types intersect the model's predictions at ~30-35% MVF, which is close to the reported
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mineral content in of cortical bone (e.g. the range of MVF measured by Gupta et al. (2006), see
Figure 3 (c)). Also shown in Figure 5 (a) are the elastic properties predicted by the analytical
approach used by Hamed et al. (2010), which are similar to those predicted by a longitudinal
osteon arrangement.
The predicted effective properties from the trabecular model which had a uniform mineral
distribution show similar trends to those of the osteon model, as shown in Figure 5 (b). The
obtained stiffness values for each lamellar arrangement are slightly higher than their
corresponding osteon arrangement at each MVF analysed due to the absence of the Haversian
system. However, the trabecular model with a non-uniform mineral distribution, i.e. where
MVFouter = (0.65)MVFcentre, had lower tissue level stiffness values than that of cortical bone for
a longitudinal lamellar arrangement at each MVF examined, as shown in Figure 5 (c). As this
trabecular model had a non-uniform distribution of mineral content, the MVF values plotted in
Figure 5 (c) correspond to the MVF of the centre lamella (i.e. MVFcentre).
The effect of mineral aspect ratio on the predicted properties of both a longitudinal and
cross-ply osteon is shown in Figure 5 (d). The mineral aspect ratio has a pronounced effect on
the predicted properties of the longitudinal osteon, similar to its effect on lamellar bone from
the preceding length scale (see Figure 3 (c)), where, again, the 75x25x3nm crystal arrangement
exhibits the highest stiffness. Its effect on the cross-ply osteon is less pronounced due to the
off-axis alignment of the mineral crystals in this type of lamellar arrangement. It was found
that the mineral aspect ratio had a similar effect on the predicted properties of the trabecular
model for each lamellar arrangement discussed here (not shown). Meanwhile, it was found that
the mineral aspect ratio had a negligible effect on the transverse arrangement in both the osteon
and trabecular models (not shown), which is again due to the off-axis alignment of the mineral
crystals.
Finally, the effect of the ratio between the Haversian canal diameter and the overall osteon
diameter for a longitudinal osteon is shown in Figure 5 (e). The results of this study highlight
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that a larger Haversian system reduces the overall osteon stiffness, as in the case of the 100µm
diameter canal shown in Figure 5 (e). The opposite is true in the case of the 60µm diameter,
where the osteon stiffness is larger due to increased volume of lamellar tissue in this
arrangement. For all other osteon arrangements, a similar effect on the osteon stiffness was
observed when the Haversian canal diameter was varied (not shown).
4.0

Discussion
In this paper, a three-scale homogenisation scheme has been outlined which estimates the

effective properties of trabecular and cortical bone, based on finite element models defined at
the nanostructural and microstructural level. The multiscale framework accounts for the
combined contribution of both compositional (e.g. volume fraction of mineral phase) and
structural (e.g. lamellar orientation and aspect ratio of mineral crystals) factors affecting the
behaviour of bone tissue. Furthermore, by resolving local stress/strain fields at each material
length scale, the model provides an insight into the mechanisms which contribute to the tissue
level behaviour of bone. Collectively, the results predicted by this multiscale homogenisation
model are a function of MVF, lamellar orientation and mineral aspect ratio and they exhibit a
stiffness range which varies between 1.94-28.18 GPa. Interestingly, we see that the stiffness
values predicted are within the range reported for both cortical and trabecular bone determined
through various experimental testing methods. These results suggests that discrepancies
between the experimentally derived tissue properties can easily be explained by variations in
mineral volume fraction, mineral crystal size and lamellar orientation as the values for each of
these investigated parameters were chosen to be within normal tissue ranges.
Several assumptions have been made at each length scale, which have facilitated the
prediction of tissue level mechanical properties. At a nanostructural level, it was assumed that
the morphology is comprised of periodically distributed hydroxyapatite mineral crystals
embedded in an organic collagen phase. This represents a simplification of the actual
nanostructural arrangement which has been reported to also contain water (Weiner and Wagner
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1998) and non-collagenous proteins (NCPs) (Olszta et al. 2007). While some analytical
approaches have considered these phases in their models (Hamed et al. 2010; Martínez-Reina et
al. 2011), other finite element investigations (Ghanbari and Naghdabadi 2009; Yuan et al.
2011) assume a mineral-collagen morphology, similar to that presented here. Therefore it seems
reasonable to assume that the effects of these nanoscale constituents, i.e. water and NCPs, have
already been homogenised in the mechanical properties used to describe the behaviour of
organic collagen phase and would not impact greatly on the results obtained.
At a microstructural level, the model makes a simplifying assumption that lamellar bone is
composed of clearly aligned, parallel fibril layers, whose orientation alternates for each
successive lamella. There are however recent observations which suggest that lamellar bone is
composed of a series of sub-lamellar fibrillar layers, which exhibit various motifs, such as an
orthogonal plywood pattern (Giraud-Guille 1988) (a 90° orientation between sub-lamellar
fibrillar layers) or a twisted-plywood pattern (Giraud-Guille 1988) (a continuous rotation
between sub-lamellar fibrillar layers). Using nano-indentation testing, Gupta et al. (2006)
observed a rotational sub-lamellar fibril arrangement, which was mechanically characterised by
a periodic modulation of the indentation modulus in the intra-lamellar region. Furthermore, Ziv
et al. (1996) suggest a more complex intra-lamellar structural arrangement whereby varying
crystal orientations might exist within the rotating collagen fibril network of the intra-lamellar
region and would thus alter the transverse behaviour of the lamellar region. Reisinger et al.
(2011) carried out a finite element study on the effect of different rotating collagen fibril
arrangements on lamellar behaviour and concluded that a large variety of intra-lamellar patterns
must exist. Due to ambiguity surrounding lamellar patterns, the model here assumes more
classical behaviour where sub-lamellar fibrillar layers are aligned parallel to one another. Our
multiscale framework could be used in future to examine further sub-lamellar and mineral
crystal arrangements, but such analyses were beyond the scope of the current study.
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The models describing the osteon and trabecular arrangements represent simplifications of
typical in vivo geometries. In trabecular bone, the arrangement of lamellae is not ideally
concentric due the continuous remodelling process which results in scallop shaped lamellar
packets forming on the outer surfaces of trabeculae. Furthermore, the diameter of individual
trabeculae varies throughout their cross section and their profile is non-uniform due to the
presence of resorption cavities, which have been shown to lead to significant local stress
concentrations (McNamara et al. 2006b). Also, both osteons and trabeculae exhibit a certain
level of porosity due to the presence of lacunar and canalicular cavities which have not been
included in the current models. However, Mullins et al. (2007) showed that while lacunar
cavities (accounting for 3% porosity) could cause a local strain amplification of up to seven
times the applied global strain, their effect on the homogenised mechanical properties was less
than 5%. As the focus of this analysis was to determine homogenised stiffness values for the
tissue level, these simplifications were deemed acceptable in order to efficiently apply a
periodic homogenisation approach to the microstructural models.
The key findings of this paper have related the effects of both microstructural and
nanostructural morphology to the mechanical properties of bone tissue through a novel threescale finite element homogenisation approach. The model's predictions of the mechanical
properties at the lamellar level correlate well with experimental nanoindentation results from
cortical (Gupta et al. 2006) and trabecular (Mulder et al. 2008) bone. The predictions of our
model regarding mechanical behaviour at the tissue level are more difficult to validate as few
experimental studies on individual osteons or trabeculae have characterised tissue properties as
a function of either tissue mineralisation and/or collagen fibril orientation, with the exception of
Ascenzi and Bonucci (1967). For their investigation, the stiffness of hemidiameteral osteon
sections measuring approximately 50µm thick was evaluated as a function collagen fibril
orientation. While Ascenzi and Bonucci's (1967) experimental conditions are not the same as
the models presented here, as their specimens did not contain a Haversian canal, their study did
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show that a longitudinal osteon exhibited a higher stiffness than an osteon with a transverse
arrangement, which is also predicted by our model, as shown in Figure 5 (a). The predictions of
the model developed in the current study also show similar trends to the previous numerical
model of Predoi-Racila and Crolet (2008), whereby our model predicts a similar longitudinal
stiffness for each osteon type analysed. Furthermore the dependence of the homogenised
stiffness values with the volume percentage of the hydroxyapatite phase is in keeping with
Predoi-Racila and Crolet (2008). A distinct advantage of this current study over previous
analytical (Porter 2004; Ji and Gao 2006; Hamed et al. 2010; Martínez-Reina et al. 2011) and
numerical (Predoi-Racila and Crolet 2008) models is that we have developed a framework that
can be incorporated with the finite element method to predict tissue and whole bone behaviour
by solving boundary value problems of microscale unit cells using a fully coupled periodic
homogenisation approach. As each constituent is represented discretely, the approach allows
local stress/strain fields within each of the unit cells to be resolved, facilitating a better
understanding of certain microstructure-property relationships (e.g. details regarding stress
transfer between constituents in various mineral-collagen arrangements and its effect of
macroscopic behaviour), see Figures 3(c) and 4. We propose that the approach developed in
this study could be applied to further understand the large discrepancies in reports of
mechanical behaviour of bone tissue between different experimental test methods (Runkle and
Pugh 1975; Townsend et al. 1975; Mente and Lewis 1989; Ryan and Williams 1989; Choi et al.
1990; Rho et al. 1993; Samelin et al. 1996; Rho et al. 1997; Rho et al. 1998; Rho et al. 1999;
Zysset et al. 1999; Hoffler et al. 2000; Ferguson et al. 2003; McNamara et al. 2006a; Ozcivici
et al. 2008; McNamara 2011), but also to decipher the impact of changes in tissue composition
or structure during disease. From the results presented here, it is clear that a major contributor
to this large range of experimentally reported stiffness values is the MVF (Figures 3 and 5). The
mineral content of bone is known to vary with age (Augat and Schorlemmer 2006), anatomical
location (Nazarian et al. 2007) and the onset of osteoporosis (Brennan et al. 2011a) meaning

22

that tissue level mechanics must change accordingly. Moreover, the distribution of mineral in
trabecular bone is non-uniform, with superficial regions generally being less mineralised due to
the continuous remodelling of the outer surfaces of trabecular packets (Fratzl et al. 2004;
Brennan et al. 2011a; Brennan et al. 2011b). The results presented in Figure 5 highlight that it
is this non-uniform distribution of mineral which contributes to the lower stiffness of trabecular
bone compared to that of cortical bone. In fact, the model which assumed a uniform distribution
of mineral content predicted higher stiffness values in trabecular bone when compared to
cortical bone, which is generally not observed experimentally (McNamara 2011). It is also
interesting that a larger mineral aspect ratio (i.e. larger crystal size) resulted in higher stiffness
values predicted at the tissue level (Figures 5 (c) and (d)), due to a more effective stress transfer
through the length of the crystal (Figure 4). Given that experimental observations of mineral
crystal lengths have varied from between 10nm to 150nm (Robinson 1952; Weiner and Price
1986; Moradian-Oldak et al. 1991; Rubin et al. 2003), the findings here highlight that this
nanostructural parameter could be as much a contributor to the mechanical behaviour as the
mineral content (although by their very nature, the two factors are inextricably linked).
Furthermore, although there is disagreement as to whether osteoporosis affects the mineral
crystal size (Rubin et al. 2003), transmission electron microscopy (TEM) studies (Baud et al.
1976; Boskey 1990) and Fourier transform infrared micro-spectroscopy (FTRIM) (Gadeleta et
al. 2000) have reported that mineral crystal size increases with the onset of osteoporosis and the
results here suggest that the crystal dimensions would contribute to changes in the tissue level
response in osteoporotic bone.
These results have also shown that the tissue level properties are further affected by the
lamellar arrangement within the microstructure, with longitudinal arrangements leading to
higher predicted stiffness values than either alternating, cross-ply or transverse arrangements.
Given that both longitudinal and transverse osteons are found in the mid-shafts of long bones
(Bromage et al. 2003), the results here suggest that significant local stiffness variations would
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exist across the mid-shaft, as seen in Figures 5 (a) and (b) where stiffness values for transverse
arrangements are approximately half those of longitudinal arrangements. The results of our
study also show that the diameter of the Haversian canal of the osteon, is an important factor in
determining material behaviour, see Figure 5 (e), and in particular that the overall void to solid
ratio of the osteon governs the mechanical behaviour of the osteon.
These results have highlighted the collective contribution of tissue mineralisation and
lamellar arrangement on tissue level response. For example, if a micro-tensile test determined
that the tissue level stiffness of trabecular bone was 10 GPa and that cortical bone was 20GPa,
the results shown in Figure 5 demonstrate that there are a multitude of combinations of mineral
content, mineral size and lamellar arrangements which could explain these values. Furthermore,
these studies demonstrate that a wide range of bone tissue properties can indeed occur in both
trabecular and cortical bone tissue, and explain the discrepancies from previous studies. It is
therefore important to consider the each of these factors when evaluating tissue level mechanics
of both cortical and trabecular bone. Advanced imaging techniques, such as transmission
electron microscopy (TEM), circularly polarised light (CPL) microscopy and backscatter
electron imaging (BEI), can now provide quantitative information on details such as fibre
orientation patterns and mineral content within the tissue structure. The multiscale model
developed herein could prove useful in accurately predicting mechanical properties based on
results from these types of imaging characterisations at different anatomical locations.
Finite element methods have previously been employed to predict fracture risk in patient
specific cases (Orwoll et al. 2009). Current finite element approaches use empirical methods
(Morgan et al. 2003) to define isotropic mechanical behaviour based on observed bone mineral
density values derived from the grey values in µCT scans. The multiscale model developed
herein has shown that tissue behaviour is highly anisotropic and dependant on factors other than
bone mineral density. It could therefore prove useful in describing mechanical behaviour in
continuum level finite element models by providing quantitative stiffness values for different
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anatomical locations within the bone structure, based on the degree of mineralisation and
structural organisation at that particular location and thus overcome the limitations of analytical
methods. Such models could inform diagnosis and treatment of clinical diseases, such as
osteoporosis.
5.0

Conclusions
In this study we develop a three-scale finite element homogenisation scheme to predict

tissue level elastic properties of cortical and trabecular bone as a function of mineral volume
fraction, mineral aspect ratio and lamellar orientation. These parameters were chosen to lie
within normal tissue ranges derived from experimental studies, and it was found that the
predicted stiffness properties at the lamellar level correlate well with experimental
nanoindentation results from cortical (Gupta et al. 2006) and trabecular (Mulder et al. 2008)
bone. These findings highlight the wide ranging effect of tissue mineralisation and lamellar
orientation on tissue level behaviour and provide a suitable finite element framework that can
account for the combined contribution of these parameters. These studies also shed light on
previous discrepancies in experimental reports of tissue moduli and reveal that variations in
mineral volume fraction, mineral crystal size and lamellar orientation could explain these
differences. Given the dependence of tissue mineralisation and lamellar arrangement with age
(Augat and Schorlemmer 2006), anatomical location (Nazarian et al. 2007) and clinical disease
(Brennan et al. 2011a) it is clear that bone composition and organisation need to be considered
before meaningful predictions of the tissue level response can be determined. With the aid of
advanced imaging techniques, it is thought that this multiscale modelling approach could be
used to provide a more accurate description of mechanical properties in continuum/organ level
finite element models.
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Figures

Figure 1: Hierarchical structure of bone

Figure 2: Multiscale homogenisation procedure used to predict the tissue level elastic properties (a) mineralised
collagen fibril (b) periodic distribution of hydoxyapatite crystals in organic collagen matrix (c) representative
volume element of nanoscale constituents (d) periodic osteon model and (e)
(e periodic trabecular model.
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Figure 3: Results from one-step
step homogenisation which predicts the properties of lamellar bone as a function of
mineral volume fraction: (a) Axial modulus in each of the material
material directions (b) shear modulus in each material
direction (c) effect of the crystal aspect ratio on predicted elastic modulus in the 1-direction
1 direction and (d) effect of the
inter-crystal
crystal spacing on predicted elastic modulus in the 1-direction
1
(a second-order
er polynomial trendline has been
fit to each set of data points).

Figure 4:: Longitudinal stress distribution in representative volume elements which had a mineral volume fraction
of 40% for each of the crystal dimensions studied (a) 25×25×3nm (b) 50×25×3nm and (c) 75×25×3nm ((Note: A
macroscopic strain of 1% was applied in the 1-direction to each of these representative volume elements
elements).
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(e)
Figure 5: Results from two-step
step homogenisation which predicts the properties of bone as a function of mineral
volume fraction: (a) Longitudinal modulus of various osteon arrangements and (b) longitudinal modulus of various
trabecular arrangements (c) longitudinal modulus of cortical and trabecular tissue (non
on-uniform mineral
distribution) with a longitudinal lamellar arrangement (d) effect of mineral aspect ratio on stiffness of longitudinal
and cross-ply osteons and (e) effect of the Haversian canal diameter on the stiffness of lon
longitudinal osteons (a
second-order
order polynomial trendline has been fit to each set of data points)
points).
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Tables

Table 1: Constituent Material Properties
Materials

Elastic Constants

Hydroxyapatite Crystals (Katz 1971)

Eh = 114 GPa

υh = 0.28

Collagen Matrix (Katz 1971)

Ec = 1.2 GPa

υc = 0.35

Table 2: Effective properties following one-step homogenisation at 40 % MVF
E11

E22

E33

G12

G23

G13

18.71 GPa

3.2 GPa

9.696 GPa

0.824 GPa

0.824 GPa

4.05 GPa

υ12

υ23

υ31

υ21

υ32

υ13

0.352

0.13

0.0823

0.0604

0.3965

0.1605

Table 3: Lamellar Orientations
Arrangement

Relative Orientations

Cross-Ply

[+45°/-45°/+45°/-45°/+45°/-45°/+45°/-45°]

Longitudinal

[+15°/-15°/+15°/-15°/+15°/-15°/+15°/-15°]

Transverse

[+75°/-75°/+75°/-75°/+75°/-75°/+75°/-75°]

Alternating

[+15°/-75°/+75°/-15°/+15°/-75°/+75°/-15°]
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