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Abstract

Using classical density functional theory, the structure of a molecular fluid around a cylindrical

nanoparticle near a solid substrate is studied. The solvent mediated force between the nanopar-

ticle and the substrate is calculated in both the nematic and isotropic phases of the solvent. In

the nematic phase the force is short ranged and arises due to interaction between high density

regions near the substrate and nanoparticle. In the isotropic phase the formation of a nematic

bridge between the substrate and nanoparticle gives rise to an attractive force between them. The

potential between the nanoparticle and substrate as a function of separation calculated numerically

is compared to that calculated from the Derjaguin approximation. In the isotropic phase these

are found to be in reasonable agreement at low separations, while the agreement is poorer in the

nematic phase.
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I. INTRODUCTION

Dispersions of solid particles in liquid crystals (LC) comprise an interesting class of novel

materials [1, 2]. In the nematic phase formation of topological defects around solid parti-

cles leads to long range interactions between them. Above the isotropic-nematic transition

attractive interactions between the particles arise due to halos of ordered fluid adsorbed on

their surfaces. There are a wide range of applications of colloidal dispersions in LCs [3, 4],

with particular emphasis on dispersions of anisotropic particles such as clay platelets [5] and

magnetic nanowires in LCs [6]. In many instances the interactions between colloids and solid

interfaces is of particular importance, examples including LC biosensors [7] and alignment

of carbon nanotubes by LCs [8].

Solvent mediated forces, such as the depletion interaction, play an important role in

the interactions between colloidal particles and substrates. When the colloidal particles

are dispersed in a nematic LC, elastic forces due to the distortion of the director act on the

particle [9]. In the isotropic phase, capillary condensation between the particle and substrate

occurs near the isotropic-nematic transition [10, 11]. For colloidal particles significantly

larger than the size of LC molecules, where variation in the solvent density may be neglected,

phenomenological theories have been employed. When the size of the colloidal particles is

in the range of nanometres this density variation is likely to become significant [12] so must

be taken into account when studying such systems. It is also experimentally challenging to

study particles of this size range.

In a recent paper [13] density functional theory (DFT) at the level of the Onsager second

virial approximation [14] was used to study the structure of a liquid crystalline fluid around a

single cylindrical nanoparticle. This was found to give results consistent with both molecular

simulations and phenomenological theories, while being less computationally expensive than

the former and while accounting for the spatial variation of the molecular density. Here,

that work is extended to study such nanoparticles in the vicinity of solid substrates in both

the nematic and isotropic phases of the solvent. Experimental [15, 16] studies of similar

systems have shown a rich phenomenology. Considering the interaction between a colloid

and a substrate also offers insights into interactions between colloidal particles [17, 18].

This paper is organised as follows: the theory and computational method used in this

work is outlined in the next section. The results of this work are then presented, detailing the
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structure of fluid around nanoparticles in the vicinity of a planar substrate and the potential

as a function of nanoparticle-substrate separation. The effect of nematic bridging between

the nanoparticle and substrate is also discussed, and our numerical results are compared to

analytic approximations.

II. THEORY

The liquid crystal solvent is modelled as a fluid of hard ellipsoids of aspect ratio e =

a/b = 15 (in the rest of this paper b = 1 will be taken to be the unit of length). While a

gross simplification such hard body models show very similar behaviour to real LC systems

[19]. The grand potential of such a system may be written as [20]

βΩ [ρ(r,u)] = βFid [ρ(r,u)] + βFex [ρ(r,u)] + β

∫
drdu

(
Vext(r,u)− µ

)
ρ(r,u) , (1)

where ρ(r,u) is the position- and orientation-dependent single particle density, Vext(r,u)

is the external potential, µ is the chemical potential, and β = 1/kBT . Fid [ρ(r,u)] and

Fex [ρ(r,u)] are the ideal and excess free energies, respectively. r is the position vector and

u is the orientation vector. The ideal free energy is given by

βFid [ρ(r,u)] =

∫
drdu ρ(r,u)

{
log ρ(r,u)− 1

}
. (2)

The exact form of the excess free energy is generally unknown. Here we employ the Onsager

approximation [14]

βFex [ρ(r,u)] = −1

2

∫
dr1dr2du1du2 f(r12,u1,u2)ρ(r1,u1)ρ(r2,u2) , (3)

where r12 = r1 − r2 and f(r12,u1,u2) = exp
{
−βV (r12,u1,u2)

}
− 1 is the Mayer function.

V (r12,u1,u2) is the intermolecular potential, where V = ∞ (f = −1) when two molecules

overlap and V = 0 (f = 0) otherwise. Although eqn. (3) is only exact for infinite elongations,

previous studies [21] have shown that there is good agreement between Onsager theory and

simulation for the elongation used in this study (e = 15). In contrast for shorter elongations,

such as the e = 5 ellipsoids used in previous work [13] the isotropic-nematic transition

densities are greatly overestimated by Onsager theory. The external potential, representing
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a single cylindrical nanoparticle of radius R orientated along the y axis, is given by

Vext(r,u) = Vext(s,u) =


V0
[
tanh(b/w)

]
s−R < −b

1
2
V0

[
tanh

(R− s
w

)
+ tanh(b/w)

]
|s−R| < b

0 s−R > b

(4)

where s = (x, z), s = |s|, V0 = 50kBT and w = b/5. This represents a sharply varying

repulsive potential acting on the ellipsoid centres of mass; it excludes the molecules from

the cylinder and gives rise to homeotropic (normal) anchoring at the surface. In comparison

with the planar anchoring case, this gives rise to a more complex director configuration

around an isolated particle [22]. Nanoparticles with radii R = 15b and R = 30b have been

studied (1 and 2 molecular length respectively). The relative sizes of the solvent molecules

and nanoparticle are similar to those of typical LC (e.g. for 4-cyano-4’-n-pentylbiphenyl,

5CB, a ≈ 1.8 nm) and typical inorganic nanoparticles [4] or proteins and other biomolecules

[23] (3-20 nm). The substrate is modelled as step function acting on the centres of mass of

the ellipsoids, which again gives rise to homeotropic alignment.

Following previous work [13] the angularly dependent functions are expanded in a set of

spherical harmonics:

log ρ(r,u) =
∑
`,m

ρ̃`m(s)Y`m(u) (5a)

ρ(r,u) =
∑
`,m

ρ`m(s)Y ∗`m(u) (5b)

Vext(r,u) =
∑
`,m

V`m(s)Y`m(u) . (5c)

where translational invariance along y allows us to write the coefficients as functions of s.

Note the complex conjugate in the density expansion. The Mayer function is expanded as

[24]

f(r12,u1,u2) =
∑
`1,`2,`

f`1`2`(r12)Φ`1`2`(r̂12,u1,u2) , (6)

where r12 = |r12|, r̂12 = r12/r12, and Φ`1`2` is a rotational invariant [25]. Inserting these

expressions into eqn (1) and integrating over angles and the y direction gives the grand
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potential (per unit length along the y direction denoted as L)

βΩ[ρ(r,u)]

L
=

∫
ds
∑
`,m

ρ`m(s)
(
ρ̃`m(s)−

√
4π(1 + βµ)δl0 + βV`m(s)

)
+

∫
ds1ds2

∑
`1,m1
`2,m2

L`1m1`2m2(s12)ρ`1m1(s1)ρ`2m2(s2) . (7)

The quantities L`1m1`2m2(s12) come from integrating the Mayer function and are the spherical

harmonic coefficients of the excluded length (in the y direction) of two molecules with a

separation vector s12 = s1 − s2 in the xz-plane, treated as a function of the molecular

orientations. As the last term in eqn (7) is a convolution, it is most conveniently evaluated

in reciprocal space. If ρlm(k) is the two-dimensional Fourier transform of ρlm(s) then this

term may be written ∑
k

∑
`1,m1
`2,m2

L`1m1`2m2(k)ρ`1m1(k)ρ`2m2(k) (8)

where L`1m1`2m2(k) is the Fourier transform of L`1m1`2m2(s12).

In order to find the equilibrium density, the functions are tabulated on a regular grid in

the xz plane; the grid spacing is δx = δz = 0.5b, the molecular length corresponding to 30

grid points. The grand potential is then minimised with respect to the ρ̃`m(s) coefficients at

each grid point using the conjugate gradient method [26]. When required, the coefficients

ρ`m(s) are calculated through eqns (5), with angular integrations performed using Lebedev

quadrature [27, 28].

Once the equilibrium density coefficients ρ`m(s) have been determined, the number den-

sity ρ(s) and order tensor Qαβ(s) may be found from

ρ(s) =

∫
du ρ(s,u) =

√
4πρ00(s) (9)

Qαβ(s) = 3
2

∫
du ρ(s,u)uα(s)uβ(s)− 1

2
δαβ, α, β = x, y, z . (10)

The spatially varying order parameter S(s) is given by the largest eigenvalue of Qαβ(s) and

the director n(s) by the eigenvector associated with S(s).

III. RESULTS

Shown in Figs. 1 and 2 are the density and order parameter maps for single nanoparticles

in the nematic and isotropic phases. In both cases, the structure of the fluid around the
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cylinder is in accordance with previous work, both theoretical [10, 13, 29] and simulation

[30]. For the cylinder in the nematic phase, the structure of the fluid around the cylinder is

highly anisotropic. Two lobes of high order appear at the particle surface, centred around

z ≈ ±20b (above and below the particle with respect to the director far from the particle.

There are also two defects (around x ≈ ±20b) to the left and right of the nanoparticle. The

director at the particle surface lies parallel to the surface normal, indicating strong radial

anchoring. In the isotropic phase (Fig. 2) the structure of the fluid is rotationally invariant,

with a layer of orientationally ordered fluid adsorbed on the surface of the cylinder.

FIG. 1: (Color online) Density (left) and order parameter (right) maps for isolated cylinder in the

nematic phase (βµ = 1.4).

Figure 3 shows the structure of a nematic fluid around the nanoparticle near a solid

substrate at a number of separations. When the cylinder is far from the wall, the structure

around the cylinder is the same as for the isolated cylinder (Fig. 1). The fluid near the

substrate shows a distinct layer structure that is undisturbed by the distant cylinder. As

the cylinder approaches the substrate, the layer of fluid adsorbed on the surface of the

cylinder begins to overlap with the fluid adsorbed on the surface, disturbing the structure of

the fluid (Fig. 3(b)). When the cylinder is closer to the substrate (Fig. 3(c)) the structure

is further disturbed, with the defects moving closer to the substrate surface.

The structure around a cylinder near a substrate for the isotropic phase is shown in Fig.

4. As in the nematic phase, when the cylinder is far from the substrate, the structure of the
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FIG. 2: (Color online) Density (left) and order parameter (right) maps for isolated cylinder in the

isotropic phase (βµ = 1.2).

fluid at both the cylinder and the substrate is likewise undisturbed. When the separation

between the cylinder and the substrate decreases, a bridge of nematic fluid forms between

the substrate and the cylinder. Such capillary bridging has been seen experimentally [15, 16]

and has been studied for similar systems using phenomenological theories [11]. This gives

rise to an attractive interaction between the cylinder and substrate.

The grand potential as a function of zc (the distance between the nanoparticle centre

and substrate) is shown in Fig. 5. There is a marked difference between the variation in

the nematic and isotropic phases. In the nematic phase Ω(zc) shows little variation with

zc −R beyond 15b (1 cylinder diameter). There is a significant potential barrier (3kBT/L),

that arises due to the overlap between the high density fluid around the nanoparticle and

substrate, and a potential well at zc−R ≈ 3b (just over one nanoparticle radius). This is in

contrast to Landau-de Gennes (LDG) theory which predicts that at long range Ω(zc) ∝ z−4c

[9]. To test the effect of increasing cylinder radius Ω(zc) has been calculated for cylinder

R = 30b (Fig. 5). At short range the variation of Ω(zc) for this larger radius is similar to that

for R = 15b with a more pronounced tail. It may be expected that with increasing cylinder

radius (with R very much greater than the nematic coherence length) the z−4c dependence

predicted by LDG theory will be found.

When the solvent is in the isotropic phase (βµ = 1.0 to βµ = 1.3), there is also a potential
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(a)

(b)

(c)

(d)

FIG. 3: (Color online) Density (left) and order parameter (right) maps for nanoparticle near

substrate with nanoparticle-substrate separation (a) 90b, (b) 40b, (c) 20b, and (d) 15b in the

nematic phase (βµ = 1.4).
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(a)

(b)

(c)

(d)

FIG. 4: (Color online) Density (left) and order parameter (right) maps for nanoparticle near

substrate with nanoparticle-substrate separation (a) 90b, (b) 40b, (c) 20b, and (d) 15b in the

isotropic phase (βµ = 1.2).
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FIG. 5: (Color online) Grand potential (per unit length) as a function of cylinder-substrate separa-

tion for solvent chemical potentials (a) βµ = 1.0, (b) βµ = 1.2, and (c) βµ = 1.3 (all isotropic), and

(d) βµ = 1.4 (nematic). Open circles denote Onsager theory results, dashed line shows βΩ(zc)/L

calculated using the Derjaguin approximation. For βµ = 1.2 and βµ = 1.3 βΩ(zc)/L for the pulled

bridged state is shown by the filled circles. Inset in (c) shows the Ω(zc)/L for 90b < zc−R < 120b.

For βµ = 1.4 the squares show Ω(zc) for cylinder with R = 30b.
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FIG. 6: (Color online) Density (left) and order parameter (right) profiles between substrate and

nanoparticle (along the perpendicular from the nanoparticle centre) for solvent chemical potential

(a) βµ = 1.3, (b) βµ = 1.2, and (c) βµ = 1.0 for different zc. Solid line shows zc−R = 75b, dotted

line (online red) shows zc − R = 57b (a), 47b (b), and 45b (c), dashed line (online green) shows

zc − R = 56b (a), 45b (b) and 35b (c), and dash-dotted line (online blue) shows zc − R = 35b (a

and b) and 25b (c). Thin solid lines show position of nanoparticle surface (located at z = zc −R)

for different zc. Note that the abscissa denotes the solvent coordinate z.
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well at zc − R ≈ 3b and a potential barrier at zc − R ≈ 10b. The height of the potential

barrier increases and the depth of the well decreases as µ increases. On approaching the

isotropic-nematic transition the thickness and density of the adsorbed nematic film on both

the cylinder and substrate increases, leading to greater free energy cost when these overlap.

By considering Ω(zc) for larger separations, the effect of capillary bridging between the

nanoparticle and substrate can be clearly seen. The range of this attraction increases as µ

increases. At lower chemical potentials Ω(z) goes smoothly to zero at large separations. As

µ increases the change becomes more abrupt. This abrupt change in energy corresponds

to the change between the bridged and non-bridged states. Shown in Fig. 6 are density

and order parameter profiles between the substrate and nanoparticle in the solvent isotropic

phase for a number of different substrate-nanoparticle separations. For βµ = 1.3 there is a

jump in the order parameter between the substrate and nanoparticle when zc decreases from

zc−R = 57b to zc−R = 56b. At βµ = 1.2 the change occurs slightly more gradually between

zc −R = 47b and zc −R = 45b. Finally for βµ = 1.0 the change is completely smooth with

no perceptible jump in Ω(zc). AFM measurements of the force between a glass sphere and

substrate, in isotropic 5CB and 8CB [15, 31], show similar behaviour. It should be noted

that on increasing µ from βµ = 1.2 to βµ = 1.3 the slope in Ω(zc) (hence force) decreases,

which differs from the experimental results. The present behaviour may be understood as the

change in energy is proportional to the isotropic-nematic interfacial tension (due to changes

in the interfacial area between the nematic bridge and isotropic bulk), which will decrease

as the isotropic-nematic transition is approached. The experimental forces are also likely to

include effects such as fluctuations that are not accounted for in the present approach.

The nature of the transition between the bridged and non-bridged states has been in-

vestigated using LDG theory [11]. In agreement with the present results the transition is

abrupt for temperatures just above the isotropic-nematic transition temperature (high µ)

and smooth for higher temperatures (low µ). Also in agreement with the present results

LDG theory predicts that the separation at which the bridging transition occurs, zbc in-

creases as µ increases. Due to the abrupt nature of the bridging transition there is a degree

of hysteresis at µ close to the isotropic-nematic transition. By pulling a bridged nanoparticle

away from the substrate, Ω(zc) for the bridged configurations may be calculated. As may

be seen from Fig. 5, Ω(zc) shows a linear variation with zc, which is also related to the

increase in interfacial area between the nematic bridge and isotropic bulk. On pulling away
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from the wall the bridge remains stable for separations beyond zbc ; for βµ = 1.2 the bridge

persists approximately 10–15b beyond zbc on pulling, while for βµ = 1.3 it persists for several

molecular lengths beyond zbc . As shown by the inset in Fig. 5(c) shows that Ω(zc) for the

bridged state remains lower than the non-bridged state up to zc −R ≈ 104b.

The potential between the nanoparticle and substrate may also be calculated using the

Derjaguin approximation [32, 33] (DA). This relates the solvent mediated forces between

colloidal particles to the corresponding interactions between parallel planar walls. For the

present geometry the potential (per unit length in the y direction) may be written as [34]

βΩ(zc)

L
− βΩ(zc =∞)

L
= β

∫
ds
(
γ(`)− 2γ∞

)
, ` = zc −

√
R2
c − x2 (11)

where γ(`) is the interfacial energy for a planar slit of width `, γ∞ is the interfacial energy

of an isolated planar surface, and Ω(zc = ∞) is the grand potential of a nanoparticle at

infinite separation from the substrate. Lds is an area element of the nanoparticle surface.

In terms of the coordinates x and z (where x2 + z2 = R2
c) [34],

ds2 = dx2 + dz2 =
R2
c

z2
dx2. (12)

The geometry for this calculation is illustrated in Fig. 7. As shown in Fig. 5, at low chemical

potential βµ ≤ 1.2 eqn (11) gives reasonable agreement with the numerical results. At low

zc, DA predicts a repulsive interaction (in agreement with the numerical treatment). By con-

trast with previous work [35] for rod-shaped molecules, DA predicts a linear attractive force

at small separations. This is likely due to the difference in nanoparticle/substrate-molecule

interactions: in this work these act only on the centres of mass of the fluid molecules, while

in Ref. [35] the wall excludes the entire molecule, giving rise to planar alignment at the sur-

face. In the isotropic phase DA predicts a longer range decay of Ω(zc) than in the numerical

calculations, without an abrupt change at large zc in the isotropic phase. There is, however,

a break in the slope at large zc: for βµ = 1.2 this occurs at zc−R ≈ 68b, while for βµ = 1.3

it is at zc − R ≈ 96b. This is consistent with capillary condensation between two planar

walls, which occurs at separations ` = 67.5b (βµ = 1.2) and ` = 96b (βµ = 1.3). For all µ,

DA predicts a lower Ω(zc) at contact between the wall and nanoparticle. Also, apart from

βµ = 1.3, for all separations, Ω(zc) from DA is lower than in the numerical calculations.

This may arise from the neglect of changes in the molecular orientation at the nanoparticle

surface in the DA. In the nematic phase, DA predicts an attractive interaction at large zc

in contradiction to the numerical results, again due to the neglect of elastic distortions.
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Rc

x

z

ℓ

zc
ds

FIG. 7: Geometry for calculation of the depletion interaction using the Derjaguin approximation.

Rc is the nanoparticle radius, zc is the nanoparticle-substrate separation.

IV. CONCLUSIONS

Using DFT the structure of a molecular fluid around a cylindrical nanoparticle in the

vicinity of a solid substrate is studied in both the nematic and isotropic phases. When the

cylinder is far from the substrate, the structure of the fluid around both the cylinder and

the substrate is undisturbed. As the cylinder approaches the substrate, the structured fluid

around them begins to overlap, leading to solvent mediated interactions between the cylinder

and substrate. This interaction is qualitatively different in the nematic and isotropic phases

of the solvent.

In the nematic phase this force is largely repulsive and is due to elastic distortions in the

LC solvent and overlap between the adsorbed layers of fluid on the cylinder and substrate

surfaces. The range of this interaction increases with increasing cylinder radius. In the

isotropic phase an attractive force arises due to the formation of a nematic bridge between

the cylinder and substrate. This is similar to the force that causes flocculation of colloidal

particles in a LC above the IN transition. As the IN transition is approached there is a

discontinuous change in the free energy as the separation between the cylinder and substrate
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decreases. This is caused by the abrupt formation of the nematic bridge, which has been seen

experimentally [16] and studied using phenomenological theory [11]. At lower µ the nematic

bridge is formed continuously. On increasing separation there is a smooth variation in the

free energy. It may be expected that the strength of the interaction, in both the nematic

and isotropic phases, may be varied by changing the anchoring strength on the cylinder and

substrate surfaces. Alternatively the use of a structured substrate may be used to modify

the interaction, in particular to give an attractive interaction in the nematic phase [9].
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