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ABSTRACT
Tidal current energy resources have the potential to provide a sizable proportion of
our future energy requirements. However, significant questions still exist on the
impacts of tidal turbines on the hydrodynamic environment. This thesis is
concerned with the development of a 3D nested hydrodynamic model capable of
simulating energy extraction from coastal waters via tidal turbines. Of particular
interest was the ability of the model to simulate the hydrodynamic impacts of tidal
turbine devices and the interactions between adjacent devices in an array. Due to
high computational costs, most hydrodynamic models of coastal waters are resolved
at scales much larger than the typical size of tidal turbine rotor diameters. As a
result, they cannot be used to accurately simulate turbine impacts and interactions.
Nested models allow high resolution in an area of interest only, without the cost of
high resolution across the full model domain. The 3D Nested Turbine Model
(3DNTM) was developed to facilitate selective high resolution around a turbine
array, at similar scales to the turbine rotor diameters, in an effort to better capture
turbine interactions.
To 3DNTM was developed and validated in two stages. First, a 3D tidal turbine
extraction model was developed and the model results were compared to those from
a previously published one-dimensional (1D) model study. This model was also
applied to the Severn Estuary to demonstrate its ability to capture the change in
vertical velocity profile due to turbine rotors and support structures and to
incorporate a thrust coefficient that changes in response to a turbines defined cut-in
and rated speeds. Second, one-way and two-way nesting functionality was added to
the model and the model results were compared to a high resolution single grid
model solution to assess the model accuracy. The final 3DNTM was then used to
reproduce scaled turbine experiments and the model results were compared with
experimental data.
The results show that the 3DNTM is capable of simulating the interaction between
individual tidal turbines in an array, and hence the hydrodynamic impacts of these
turbines, at a similar accuracy to a single grid high resolution model of the same
domain. The model also provides significant computational savings when compared
to a single grid high resolution model of the same domain.
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Introduction

1.1

Tidal Energy

There is a growing realisation of the enormous resource potential of marine
renewable energy, primarily ocean wave and tidal currents. Based on the utilisation
of current technologies, Ireland’s theoretical tidal resource is estimated at 230
TWh/yr (terra-watt hours of electricity per year) while its accessible tidal resource
is estimated at 2.63 TWh/yr (Sustainable Energy Ireland, 2004). To put these
figures in context, Ireland annual electrical energy consumption in 2013 was of the
order of 24 TWh (Howley et al., 2014). Our marine energy resource therefore has
the potential to provide a sizable proportion of our future energy requirements. This
would reduce our over-reliance on imported, carbon-emitting fossil fuels, replacing
them with an indigenous, non-carbon-emitting energy source. There is similar
potential worldwide for tidal energy to replace some of our fossil fuel dependence
with a renewable source of energy.
Tidal current energy has advantages over other forms of renewable energy
technologies, such as wind energy, due to its predictable nature. As tidal
movements are well-understood, the availability of tidal energy and thus the quantity of
electricity produced from it can be relatively accurately predicted into the future.
Tidal steam devices can be used to harvest the kinetic energy found in marine tidal
currents but to do so these devices must be placed in regions of high hydrodynamic
activity. The strongest marine currents occur in coastal waters. Estuaries, in
particular have complex topographies which can result in the generation of high
velocity currents. The ideal locations for the deployment of tidal stream devices are
those with peak current velocities in the range of 2 – 3 m s-1 (O’Doherty et al.,
2009).
Due to the early stage of development of the tidal energy industry, there have been
relatively few deployments of commercial-scale tidal turbines to date, but largescale deployments are imminent. Examples of full-scale single device deployments
include the 1.2MW SeaGen turbine in 2008 at Strangford Lough, Northern Ireland
developed by Marine Current Turbines (Marine Current Turbines, 2015) and the
OpenHydro 1MW turbine deployed in 2009 in the Bay of Fundy, Canada
(OpenHydro, 2009). The only multiple device array deployment, Verdant Power’s
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Roosevelt Island Tidal Energy (RITE) project, began generating power in 2012 and
it continues to be developed in New York City’s East River. This development will
eventually comprise of up to thirty tidal turbine devices (Verdant Power, 2012).
Another proposed deployment is MeyGen Limited’s planned array of 386 1MW
turbines in the Pentland Firth, Scotland (MeyGen, 2013). The leading tidal turbine
technology at this time is the horizontal axis turbine; this type of turbine has been
used in the majority of the deployments and is the technology of choice for many of
the deployments proposed for the future.
1.2

Environmental Implications

A major challenge today for all maritime nations is the management of the coastal
zone to minimise potentially negative environmental impacts due to human
interaction. Although the tidal energy industry is on the brink of commercial
deployments of tidal turbines, significant questions still exist on the impacts of the
turbines on the ambient hydrodynamic environment into which they are placed and
hence their potential hydro-environmental effects. Turbines placed into a waterbody
produce a wake, i.e. a region of reduced velocity downstream, and also induce
accelerated flows around the device itself due to blockage, i.e. by-pass flows. These
types of hydrodynamic changes may cause environmental impacts, e.g. increased
deposition of suspended solids due to reduced downstream velocities, or increased
erosion of sea beds or coastal areas due to increased bypass velocities. Changes to
currents velocities by a turbine also have the potential to impact on neighbouring
turbines in an array, e.g. a turbine place in the downstream wake of another turbine
in an array will have lower power output than expected due to the reduced wake
velocity, and hence reduced available power which is a function of the velocity.
This could have a significant impact on the overall power production of the array.
Maintenance of the coastal environment and its functions are necessary to ensure
that future generations may avail of its benefits. To implement an effective coastal
zone management plan it is necessary to understand in detail coastal systems and
processes and how those process respond to changes in their environment, such as
the introduction of tidal turbines. There are two main techniques to achieve a better
understanding of a natural system, such as the coastal zone: (i) data measurement
and (ii) modelling (numerical and/or physical). Although separate processes, these
techniques should not be taken as independent of one another. Data measurement is
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a costly exercise and only provides information at the location from where the
sample is taken. This makes it difficult to build up a complete assessment of the
system without generating large costs. Numerical models are able to generate
information on a system-wide scale at a lower cost but can be unreliable unless
provided with sufficient input data and suitably calibrated. However, when both of
these methods are used in combination with one another the accuracy of the model
can be improved by the quality of the input data and tested to verify the solution.
The model outputs can then be used to provide data measurements throughout the
system domain thereby reducing the cost. This combined approach is therefore
necessary to achieve a complete understanding of the system at an acceptable level
of cost.
1.3

Numerical Modelling of Tidal Energy

Numerical modelling enables the simulation of complex dynamic systems and
provides the means to predict the potentially negative impacts caused by additions
to the environment, e.g. tidal turbine deployments. Due to limited deployments of
commercial-scale tidal turbines, field data relating to hydro-environmental impacts
of tidal turbines is severely lacking. It is necessary therefore, to utilise numerical
models, validated against laboratory data, to determine the likely impacts of
deployments of turbine arrays on the surrounding environment. Numerical models
can also play an important role in the assessment of the potential power output of
turbine arrays as the effects of energy extraction on the hydrodynamics within an
array and surrounding environment must be taken into account in order to
accurately estimate total power output of an array.
This research has involved the development of a three-dimensional (3D)
hydrodynamic model for simulating the effects of energy extraction via horizontal
axis tidal turbines. When modelling the effects of tidal turbine energy extraction,
there are significant advantages to be gained by using a 3D model compared with
the more typically utilised two-dimensional (2D) models. The 3D model simulates
variations in current velocities over the depth of the water column. Therefore, the
velocity at the turbines deployed depth can be more accurately simulated. Hence, a
3D model should enable more accurate quantification of the tidal resources and
potential power output than a similar 2D model.
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Computational cost is an important and often limiting parameter in coastal and
ocean numerical modelling. Optimisation of cost is necessary to ensure that a model
is economically viable. Due to high computational costs, most hydrodynamic
models of coastal waters are resolved at scales much larger than the typical size of
tidal turbine rotor diameters. As a result, they cannot be used to accurately simulate
turbine energy extraction.

Nested models allow high resolution in an area of interest only, without the cost of
high resolution across the full model domain. This research has therefore also
involved the development of a nesting capability in the 3D hydrodynamic model.
The nesting facilitates spatial resolution at device-scales, which in turn enables the
simulation of interactions between individual turbines and hence velocity variations
across an array. This capability should therefore allow a more accurate assessment
of turbine yields and impacts. In the context of this research, simulation time is the
main indicator of computational cost. By minimising the simulation time,
efficiencies have made in terms of computational costs. This is particularly
important in the context of this research which utilise 3D modelling techniques. 3D
models are more computationally expensive than the more commonly used 2D
models. It is hoped that the model produced during this research will prove a useful
desktop tool to the growing tidal turbine industry in the planning and management
of tidal turbine deployments without incurring large computational costs.
1.4

Aims and Objectives

The overall aim of this research was the development of a 3D nested numerical
model capable of simulating energy extraction from coastal waters via tidal turbines
and, in particular, the hydrodynamic impacts and interactions of individual devices
in an array. This model was called the 3D Nested Turbine Model (3DNTM). This
aim was achieved in two stages:
1. Incorporation of functionality for modelling energy extraction by tidal
turbines in an existing 3D tidal circulation model
2. Incorporation of a nesting functionality into the 3D tidal circulation/energy
extraction model.
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The 3D finite difference numerical model TRIVAST (ThRee-dimensional layer
Integrated Velocities And Solute Transport) was the basis of the model developed
by the author. TRIVAST is a three-dimensional version of the 2D numerical model
DIVAST (Depth Integrated Velocity and Solute Transport). DIVAST has been used
in many studies of coastal and estuarine regions (Hartnett & Nash, 2004; Nash et
al., 2011; O’Brien, 2014) and has been adapted to model the effects of in-stream
tidal turbines in coastal regions (Ahmadian et al., 2012; Fallon et al., 2014).
TRIVAST has been used to model the hydrodynamic conditions in coastal waters,
such as the Humber estuary in the north-east of England (Lin & Falconer, 1995).
However, this is the first time that it has been adapted to model the effects of
energy extraction via in-stream tidal turbines. To validate the tidal turbine
extraction model developed during the course of this research (Stage I of the
research), the model results were compared to those from a previously published
one-dimensional (1D) study. To validate the 3D nested energy extraction model
(Stage II of the research), the models results were compared to previously publish
experimental data.
The objectives of this research can be summarised as follows:


Development of a 2D energy extraction model



Development of the 3D energy extraction model



Testing of the 2D and 3D energy extraction models in an idealised channel
domain and validation against published data



Application of the 3D energy extraction model to Severn Estuary



Development of the 3D nested energy extraction model (for both one-way
and two-way nesting)



Testing of the nesting functionalities of the 3D nested energy extraction
model in an idealised harbour domain



Testing of the 3DNTM by modelling scaled-turbine experiments in a
recirculating flume and validation against experimental data

1.5

Thesis Layout and Content

The layout and content of this thesis are as follows:
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Chapter 2 presents a literature review of tidal turbine modelling and nested
modelling approaches. The different types of approaches used to simulate the
effects of energy extraction via in-stream tidal turbines and arrays are outlined. This
involves a discussion of the difference between near-field and far-field models in
relation to energy extraction simulation and the benefits of turbine-scale model
resolution for simulation of turbine interactions and improved prediction of far-field
impacts. The computational cost of the different methods is discussed, as is the
relationship between model resolution and computational cost. In relation to nested
models, an overview of nesting methods and their relative advantages and
disadvantages is presented and a summary of the sources of error in nested models
is included. The novel qualities of this research are then outlined based on the
findings of the literature review.

Chapter 3 presents the relevant theory for the TRIVAST numerical model and the
one-way and two-way nesting procedures. The governing differential equations and
their finite difference and model formulations are presented and the model solution
scheme is described in detail. Regarding the nesting procedures, the general nesting
approach is outlined for both one-way and two-way modes. Important details
relating to the grid structure, boundary specifications and interpolations schemes
are also included. An outline of the development plan for the 3DNTM is also
presented.

Chapter 4 details the development of 2D and 3D energy extraction models to
simulate the effects of horizontal axis tidal turbines. The tidal turbine representation
in the model is detailed and work involved in incorporating the turbine
representation into the hydrodynamic numerical model is described. The testing of
the energy extraction models by their application to an idealised channel domain
and the application of the 3D extraction model to a natural system, the Severn
Estuary, are also presented.

Chapter 5 details the development and testing of the 3D nested model, for both oneway and two-way modes of operation. The means of assessing the model's nesting
performance is described and the tests of nesting performance through application
of the nested model to an idealised harbour are presented.
6

Chapter 6 presents the results from the application of the final 3DNTM to an
experimental flume study of scaled model turbines. The model results are analysed
and interpreted.
Finally, Chapter 7 presents a summary of the research, along with the author’s final
conclusions and recommendations for potential future progressions of the research.
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2
2.1

Literature Review
Introduction

Tidal energy is a promising potential source of renewable energy. Tidal energy's
main advantage over other forms of renewable energy resources is that it is very
predictable in its availability. The gravitational forces that drive the movement of
the tides are well understood, making it possible to forecast potential power
generation years into the future. There are two categories of tidal energy convertors
(TECs). Tidal potential energy convertors, such as barrages and coastal or offshore
lagoons, harness the potential energy of the tides to generate electricity by using a
potential head difference between two bodies of water to drive a low-head
hydroelectric turbine. Tidal stream energy convertors extract the kinetic energy in
moving water, i.e. tidal currents, and operate similarly to wind energy technology
(O'Rourke et al., 2010).
The hydrodynamic, and consequential environmental, impacts of a tidal stream
energy convertors should be significantly less than a tidal barrage; however, given
that the impacts of tidal stream energy convertors are relatively unknown and that
they will most likely be deployed in high density arrays, there is still potential for
their impacts to be quite significant. In addition, the hydrodynamic impacts of a
single tidal stream convertor in an array will affect the resource available to its
neighbours. Understanding, and being able to predict, the hydro-environmental
impacts of tidal stream convertors is therefore both environmentally and financially
important.
2.2

Tidal Stream Energy Convertors

Tidal stream energy conversion technology is still very much an emerging
technology. No single technology has yet established itself as a market leader;
designs for tidal energy converters (TECs) are therefore many and varied. For
example, the European Marine Energy Centre (EMEC) list 126 different tidal
energy concept devices on their web site (European Marine Energy Centre, 2015).
Many of these devices are still in the early stages of research and development;
some have progressed to down-scaled models but only a small number have
advanced to full-scale prototypes. Due to the abundance of devices currently in
development, there is much ambiguity in the classification of TECs. For example
8

O'Rourke et al. (2010) lists just two categories, horizontal axis and vertical axis
turbines, in their review of TECs. In contrast, Khan et al. (2009) use a classification
system based on ten different conceptual designs broadly categorised under turbine
and non-turbine designs. The classification system used in this overview is that
defined by the EMEC (European Marine Energy Centre, 2015); it includes the
following categories:
1. Horizontal axis turbines
2. Vertical axis turbines
3. Enclosed tip turbines
4. Oscillating hydrofoils
5. Archimedes’s screws
6. Tidal kites
7. Other designs
TECs aim to extract the kinetic energy contained in tidal currents in much the same
manner as wind turbines extract the kinetic energy of air currents. As a result, the
best-established TECs to date are turbine systems similar to those utilised by the
wind energy industry (Khan et al., 2009). Turbine systems consist of a number of
blades mounted on a hub (together known as the rotor) and attached to a support
structure which may be floating or fixed to the sea-bed. Water flows across the
turbine blades causing the rotor to rotate; the motion of the rotor is then used to
drive an electric generator, usually via a gear box (Ben Elghali et al., 2007).
Turbine-based TECs are classified as horizontal axis turbines (HATs) or vertical
axis turbines (VATs) depending on the orientation of the rotational axis of the rotor.
The axis of rotation of a HAT is horizontal and parallel to the direction of current
flow (see Figure 2.1a) while the axis of rotation of a VAT is vertical and
perpendicular to the current flow (see Figure 2.1b). Aly & El-Hawary (2011) make
a further distinction between HATs and cross-flow turbines where the axis of
rotation of a cross-flow turbine is horizontal and perpendicular to the direction of
current flow. HATs and VATs are the most common TEC device and represent
51% and 18% respectively, of all of the devices listed in the EMEC directory
(European Marine Energy Centre, 2015).
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(a)

(b)

Figure 2.1: Schematic of (a) horizontal axis turbine and (b) vertical axis turbine
TECs (Aqua-RET Project, 2012).

An 'enclosed tip' turbine (Figure 2.2a) is a variation of a HAT where the rotor is
enclosed in a duct (a tube of varying diameter). The purpose of the duct is to
accelerate the flow (via the Venturi effect) before it passes across the turbine,
thereby increasing the kinetic energy available for extraction. The oscillating
hydrofoil (Figure 2.2b) is the best-established example of a non-turbine design
accounting for 3% of designs in the EMEC database. Such devices consist of a
hydrofoil (similar to an aeroplane wing) attached to an oscillating arm. The flow of
water across the hydrofoil induces lift or drag forces on the hydrofoil due to
pressure differences on the upper and lower surfaces of the foil section (Khan et al.,
2009). These forces induce a resultant tangential force to the fixing arm that is used
to drive a hydraulic motor which in turn drives the electric generator. The hydrofoil
may be horizontal or vertical in the water column.

(a)

(b)

Figure 2.2: Schematic of (a) enclosed tip (venture) and (b) Oscillating Hydrofoil
TECs (Aqua-RET Project, 2012).
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The Archimedes’s screw is a cork screw or helically shaped device, as seen in
Figure 2.3a. As water moves forward and up, passing through the spiral, it turns the
turbine generating power from the tidal stream (European Marine Energy Centre,
2015). The speed of the outer edge of the helix is restricted by the speed of the
water passing through it (Flumill, 2013). The Tidal Kite consists of a wing with a
gearless turbine attached to the underside which is tethered to a fixed point, shown
in Figure 2.3b. The tidal current passing the wing causes lift to be generated and
moves it forwards. A rudder on the device then steers it in a figure of eight causing
the device to reach speeds of up to ten times the speed of the tidal current (Minesto,
2013). As the kite moves, water passes through the turbine thereby generating
energy. Other examples of non-turbine TECs are vortex induced vibration systems
which utilise the vortices-induced vertical motion of horizontal cylinders (Vortex
Hydro Energy, 2013).

(a)

(b)

Figure 2.3: Schematic of (a) Archimedes Screw and (b) Tidal Kite TECs (AquaRET Project, 2012).

Although there is no established commercial leader in the TEC industry, almost all
of the commercial-scale turbines deployed to date have been HAT designs. These
include SeaGen, the first commercial-scale TEC deployed in the world, developed
by Marine Current Turbines and deployed in Strangford Lough in Northern Ireland
in 2008, the open-centred HAT developed by OpenHydro and first deployed in the
Bay of Fundy in 2009 and Verdant Power’s HAT array deployed in New York
City’s East River in 2012 and will eventually comprise of up to thirty tidal turbine
devices (Verdant Power, 2012). In addition, many of the tidal arrays currently
awaiting planning across the world will comprise HATs; for example the proposed
Meygen Project will consist of 386 1MW HATs deployed in the Pentland Firth off
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the north coast of Scotland (MeyGen, 2013). Due to its predominance, the HAT
was the turbine chosen to model in this research and the rest of this literature review
is thus concerned only with HAT devices.
2.3

Hydro-environmental Impacts of Tidal Turbines

The basic theory of marine energy extraction by tidal turbines is explored in a
number of published works. A knowledge of this theory is important in
understanding the potential impacts of tidal turbines and how they might be
modelled. Notable theoretical models developed to describe tidal turbine energy
extraction include the 1D model by Garrett & Cummins (2004) and Blanchfield et
al. (2008) used to investigate the energy extracted from a channel connecting a
large basin or ocean to an enclosed bay. Another 1D theoretical model developed
by Garrett & Cummins (2005) was used to study the energy extracted from a
channel connecting two large bodies of water which differ in tidal phase and/or
amplitude. Vennell (2010; 2011) also used a theoretical model to investigate how
aspects of the internal configuration of a tidal array, such as turbine through-flow
tuning and the density of the array, interact with the flow in a channel and how this
influences the energy extracted from the channel.
The theory used to determine the limit of energy extraction in a fluid is Linear
Momentum Actuator Disc Theory (LMADT) first introduced by Lanchester (1915)
and Betz (1920). The application of this model in an infinite volume of air is used
in the design of wind turbines. Houlsby et al. (2008) have also extended LMADT to
constrained liquid flow in an open channel to more accurately model energy
extraction via in-stream tidal turbines. Figure 2.4 shows flow through a HAT,
simulated as an actuator disc, in open channel flow as described by Houlsby et al.
(2008). There are five positions identified:
1. Far upstream of the turbine
2. Immediately upstream of the turbine
3. Immediately downstream of the turbine
4. Sufficiently downstream from the turbine that the slower moving flows from
the turbines wake merges with the free stream by-pass flows
5. Sufficiently downstream from the turbine that the pressure again regains
uniformity
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Figure removed due to
copyright issues

Figure 2.4: Schematic of actuator disc in open channel flow (adapted from
Houlsby et al. (2008)).

In Figure 2.4, the flow that has passed through the turbine has had energy removed
from it and thus moves at a lower velocity. This region of reduced velocity
downstream of the turbine, i.e. the turbine wake, is assigned the subscript t. The
area of slow moving flow through the turbine presents a blockage and therefore
some flow by-passes the turbine. This flow is moving at a higher velocity than the
wake flow and is assigned the subscript b. In addition to these changes in velocity,
the presence of the turbine also results in a water surface water level change. The
undisturbed flow at station 1 (u) moves through the stream tube and passes through
the turbine. Here the stream tube exerts a force on the turbine (X). Therefore, the
turbine exerts an equal and opposite force (T), the thrust, on the flow. This thrust is
defined by Houlsby et al. (2008) as follows:

1
T  CT u 2 A
2

2.1

where:
T

= turbine thrust (N)

ρ

= fluid density (kg m-3)

u

= velocity (m s-1)

A

= area of the turbine defined as an actuator disc (m2)

CT

= dimensionless coefficient of thrust
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The hydrodynamic impacts described above can be categorised as follows:
1. Near-field impacts are those hydrodynamic effects that manifest in the
immediate vicinity of a turbine (0 – 2 rotor diameters). They primarily
comprise the changes in flow through and around the turbine, and are
typically of interest when determining the performance of a turbine and/or
to attempting to improve its design.
2. Far-field impacts: are the hydrodynamic impacts of a device that occur
further afield or the impacts of a turbine array at a scale much larger than
that of the array. They usually comprise the hydrodynamic impacts and the
consequential environmental impacts.
Changes to ambient, or the undisturbed, hydrodynamics of a domain caused by the
deployment of a turbine array can cause environmental impacts. The main focus of
this research is on the hydrodynamic impacts of tidal turbine deployment and not
the environmental effects. However, it is also necessary to be able to identify these
potential environmental impacts from the point of view of maximising energy
capture from an array whilst minimising environmental impacts. For example, a
reduction in velocity in the vicinity of the turbine array has the potential to alter the
level of sedimentation in that region. The increase in velocity around the turbines
could also potentially generate currents that would erode the bed and shorelines of
an estuary. This in turn could further increase the suspended sediment in the flow
and could lead to greater sedimentation around the array and wider estuary. These
processes have the potential to change the benthic ecosystems, the bed morphology
and water quality of a bay or estuary.
The redistribution of sediment on the sea bed could cause the suppression of certain
species of flora. This could subsequently lead to further complications with
indigenous fauna. Increased tidal currents and subsequent increase bed erosion and
suspended solids could affect various species of fish and marine mammals. This
could potentially cause the migration of fauna thus further altering the marine
environment. Turbine arrays have been shown to impact on the overall tidal regime
of an estuary by reducing the tidal range (Fallon et al., 2014). The flushing
characteristics of the water body can also be affected, allowing pollutants to remain
in coastal regions longer then they would otherwise have been. Lower high water
levels could reduce flood risks to the surround regions in an estuary. However,
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higher low water levels could permanently flood areas of the inter-tidal zone which
are often areas of interest for environmental conservation (O’Brien, 2014).
Awareness of the hydrodynamic impacts of array deployments are highly important
as a change to the hydrodynamics of a region will also affect the available energy in
the flow and therefore the maximum convertible energy (Ramos et al., 2013). This
leads to the question of the optimum array configuration to maximise the energy
generated by a turbine array while minimising the hydrodynamic impacts. The
layout of a turbine array could potentially have a considerable impact on the power
output due to this change in hydrodynamics (Ahmadian & Falconer, 2012). The
individual placement of turbines within an array, as distinct from the overall shape
and turbine density within an array, can also alter the hydrodynamic effects within
the turbine array and hence the power output. Placing a turbine in the lower velocity
downstream wake of another turbine would reduce the power generated by the
turbine. However, it may be possible to position turbines in the accelerated by-pass
flows cause by the blockage effect of upstream turbines and thereby optimise the
power generation of the array (Divett et al., 2013; Nash et al., 2015). By altering the
position of the individual turbines within the array to optimise power output the
near-field hydrodynamic effects of the array are altered. The alteration within the
array then propagates out from the vicinity of the array and affects the far-field
hydrodynamics of the bay or estuary.
Due to the limited number of full-scale single turbine or turbine array deployments
to date and considering the difficulty and expense of collecting environmental field
data, access to the data that is collected is restricted and not widely available to
researchers. There is no published information on the hydrodynamic impacts of
full-scale turbine deployments, singular or array. In wind stream power generation
modelling, the closest body of research to tidal stream modelling, there was little
need to investigate far-field effects as it was perceived that wind turbine farms had
an insignificant impact on the overall movement of air in the atmosphere.
Incidentally, this is a view that in recent years has been challenged and has become
an interesting research topic (Baidya Roy et al., 2004). In the absence of this
information, researchers have endeavoured to identify the potential hydrodynamic
impacts of tidal turbine deployments through laboratory testing and numerical
modelling. These approaches are now reviewed.
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2.4

Experimental Studies of Tidal Turbines

Testing in a laboratory involves using either scale model turbines (Myers & Bahaj,
2009; Maganga et al., 2010; Stallard et al., 2013) or pseudo-turbines (e.g. porous
discs) (Bahaj et al., 2007; Myers & Bahaj, 2010; Myers & Bahaj, 2012). Due to the
size of test facilities they tend to focus on single turbines or, at most, small numbers
(<5) of turbines. Examples of scale model turbine studies include Myers & Bahaj
(2009) that measured the wake characteristics of a single 1:20th scale HAT. The
turbine rotor diameter was 0.8 m and was comprised of 3 blades. The turbine was
tested at mid depth in a 2 m deep and 4 m wide recirculating flume, the channel
flow speed was set to 0.8 m s-1. Velocity and turbulence were measured
downstream of the turbine. Another study which will be discussed again in a later
chapter Stallard et al. (2013) utilised a 0.27 m diameter rotor to investigate the
structure of the wake of a single turbine rotor and then compared these results to the
structure of a wake for a small group of rotors spaced equally apart. Testing was
conducted in a 0.45 m deep and 5 m wide recirculating flume with a flow speed of
0.47 m s-1. Many different variations of number, spacing and rows of turbine were
investigated. Results for velocity and turbulence intensities were measured at
intervals downstream of the turbine/turbines. Neither of these studies, nor any of the
others reviewed investigated changes in water level as a result of the turbines.
The results of Stallard et al. (2013) and Myers & Bahaj (2009) (Figure 2.5) show
that velocity deficits (1 – Udisturbed / Uundisturbed) in the wake, measured along the
centreline of the turbine, are highest near the turbine and decrease with distance
downstream. While the magnitudes of the deficits adjacent to the turbine differ
depending on experimental conditions, beyond a distance of 4 rotor diameters (4D)
the magnitudes and hence, the rate of wake recovery, are quite similar; for all of the
experiments shown, the deficit at 20 D downstream is in the range of 10-15%.
Lateral sections through the wake of the scaled rotor of Stallard et al. (2013)
(Figure 2.6(a)) show it has a symmetrical lateral distribution about the centreline of
the turbine and that its width expands with distance downstream. Vertical sections
through the wake of Bahaj et al. (2007) (Figure 2.6(b)) show its vertical profile is
also roughly symmetrical about the turbine centreline.
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Figure 2.5: Longitudinal velocity deficits downstream of (a) the single scaled
turbine of Stallard et al. (2013), and (b) the single porous disc of Myers & Bahaj
(2009).
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Figure 2.6: (a) Lateral velocity deficits 2RD (thick line) and 4RD (thin line)
downstream of the single scaled turbine of Stallard et al. (2013), and (b) vertical
velocity deficits downstream of the single porous disc of Bahaj et al. (2007) for
U0(Avg.) = 0.331 m/s.

2.5

Numerical Modelling of Tidal Turbines

To date, two types of numerical modelling approaches have typically been used to
examine the hydrodynamic impacts of tidal turbines: (1) near-field modelling and
(2) far-field modelling. More recently, some researchers have been focussed on
developing a new approach which is multi-scale modelling.
2.5.1

Near-field Modelling

Near-field studies examine the hydrodynamic changes that occur in the immediate
vicinity of the turbine. They attempt to predict the flow through and around
individual turbines. Therefore, they are highly resolved in three dimensions to
specify the moving turbine rotor blades as well as the support structure. This type of
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approach is often used for design optimisation of devices, (e.g. investigating the
optimum number, shape, pitch and tip immersion of turbine blades.) (Bahaj et al.,
2007; Batten et al., 2008). Near-field impacts that are examined in these studies
include changing flow speeds around the device and turbulence generation. There
are a number of different approaches that have been developed for modelling flow
through and around tidal turbines. These near-field modelling approaches have
typically been implemented using high resolution finite element/volume CFD
software packages such as Ansys FLUENT, Openfoam, Harp Opt and STREAM.
The approaches are listed below from most complex to least complex:


Sliding Mesh Model (SMM): a sliding mesh interface is used to simulate the
rotation of a turbine by allowing a region of grid cells to rotate within a
larger static grid. Although computationally expensive it allows for the
simulation of the motion of the turbine rotor and the associated complex
flows (Lawson et al., 2011; McNaughton et al., 2014).



Rotating Reference Frame Model (RRFM): allows the simulation of rotating
flows and utilises complex blade geometry to model the hydrodynamics
around the turbine rotor and in the downstream wake (O’Doherty et al.,
2009; Lawson et al., 2011; Javaherchi et al., 2014; Mozafari & Teymour,
2015).



Blade Element Method (BEM): simulates the time-averaged aerodynamic
effects of the rotating turbine blades but removes the necessity to model the
complex blade geometry. A momentum source term placed inside a rotor
disc fluid zone is used to model the effects of the blades (Batten et al., 2008;
Mozafari, 2010; Willis et al., 2010; Javaherchi et al., 2014; Masters et al.,
2015; Mozafari & Teymour, 2015)



Actuator Disc Model (ADM): represents the turbine using a porous disc of
the same diameter as the turbine rotor. The influence of energy extraction is
simulated by the inclusion of a momentum sink term in the momentum
equation. This approach can be used by both near-field and far-field models
(Sun et al., 2008; Nishino & Willden, 2013).

In the study by Sun et al. (2008) the finite volume model FLUENT was used to
investigate the effects of energy extraction on the near-field flow environment in
both 2D and 3D simulations. The 2D domain was meshed using quadrilateral cells
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and the 3D domain used hexahedral cells. The study investigates the general
impacts of energy extraction from the water column and subsequent changes in
flow velocity. The author states that although tidal energy extraction shares some
similarities with wind extraction, tidal energy comes from a constrained flow.
Therefore, the fluid environments reaction to tidal energy extraction may be a more
complicated problem due to extraction occurring relatively close to the upper
boundary, the free water surface. The ADM approach was used to represent a
turbine in the model. A semi-permeable membrane, an actuator disc, was set as an
absorption zone within the model domain with a diameter of 0.5 m. A laboratoryscale water flume, 1.5 m in width, 10 m long and 1m deep, was used as the model
domain. In the 2D simulation the actuator disc was positioned at the centre of the
flume, 5 m from the inlet. A substantial drop in surface elevation was observed
behind the absorptions zone and accompanied by a drop in water velocity. It was
also observed that water velocity accelerated above and under the absorption zone
due to the increased blockage. For the 3D simulation the absorption zone was
placed 2 m from the channel inlet to allow a downstream wake to fully develop.
Again a free surface drop and velocity reduction was observed downstream of the
absorption zone. In the immediate vicinity in front of the actuator disc water
velocity was again found to increase. The wake formed downstream of the
extraction zone was observed to gradually recover with downstream distance. The
study concludes that the distortion of the free water surface alters the wake flow and
influence the performance of the turbine. Therefore, using wind extraction
theoretical methods was not appropriate for tidal turbines energy extraction.
In a study by Batten et al. (2008) a numerical model based on BEM approach was
developed to predict the performance of tidal turbines and the spanwise distribution
of blade loadings. The aim of the study was to validate the model against
experimental data taken from studies on an 800 mm diameter HAT in a cavitation
tunnel and testing tank. The results produced by the numerical model were found to
provide adequate agreement with the experimental results. The model was then
used to assess the design of a 20 m diameter turbine. The study established that the
developed model was capable of accurately predicting the power and thrust curves
for large scale devices. It was also found that cavitation could be avoided if suitable
designs were used, but all situations must be considered to predict cavitation
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inception. The tidal velocity profile was found to cause significant fluctuations on
blade loadings and the study recommended that it should be taken into account in
structural fatigue assessments. An investigation into blade fouling established that
increasing the roughness of the turbine rotor blades had a significant impact in
power capture for high tip speed ratios. Finally, it was concluded that the validated
model would provide a useful design tool for developers of tidal turbines.
Near-field models are useful for studying the effects of turbines on the local
hydrodynamics and turbine performance. They have been successful in reproducing
the results of physical scale models of tidal turbines. However, near-field modelling
is generally computationally expensive and this often limits such studies to a single
or small numbers, of turbines. Therefore, they are not suitable for the study of
turbine arrays.
2.5.2

Far-field Modelling

Far-field modelling is used to examine the larger-scale hydrodynamics and hydroenvironmental effects of a tidal turbine, or more importantly of a turbine array.
They typically employ low spatial resolutions that are generally an order of
magnitude greater than the modelled turbine rotor diameter. The far-field methods
of modelling the turbine typically do not simulate the physical turbine or turbine
array; instead they approximate the effect of the turbine or turbine array on the
surrounding flow. As the resolutions are lower than in near-field studies, they are
less computationally expensive and thus more suited to modelling large arrays in
coastal waterbodies. Examples of far-field modelling approaches, from most to least
complex, include:


ADM: as described above, the turbine is represented as using a porous disc
and the influence of energy extraction is simulated by the inclusion of a
momentum sink in the momentum equation (e.g. (Draper et al., 2010).



Momentum Sink Model: the turbine thrust is included as a sink term in the
momentum equation. The thrust is distributed evenly over a grid cell (e.g.
(Ahmadian & Falconer, 2012; Plew & Stevens, 2013; Vogel et al., 2013;
Chen et al., 2014).



Increased Bottom Drag Model: this is the simplest approach for simulating
energy extraction in a model. The bed roughness parameter is increased to
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approximate the drag induced by flow through an array (e.g. (Bryden &
Couch, 2006; Sutherland et al., 2007; Karsten et al., 2008; Divett et al.,
2013; Funke et al., 2014).
Examples of far-field models in which some of the turbine modelling approaches
described above have been implemented include:


Delft3d-Flow (Chen et al., 2014)



Depth Integrated Velocity and Solute Transport (DIVAST) (Ahmadian et
al., 2012; Fallon et al., 2014)



Finite-volume coastal ocean model (FVCOM) (Karsten et al., 2008; Yang et
al., 2013)



Gerris (Divett et al., 2013)



OpenTidalFarm (Funke et al., 2014)



River and Coastal Ocean Model (RiCOM) (Plew & Stevens, 2013)



Princeton Ocean Model (POM) (Tang et al., 2009; Hasegawa et al., 2011)



TELEMAC-2D (Draper et al., 2010; Vogel et al., 2013)



TIDE2D (Sutherland et al., 2007)

In ADM, the turbine is modelled as an infinitely thin disc equal to the swept area of
the turbines rotor. This disc exerts an equal but opposite thrust on the moving fluid
at its location within the model domain. Draper et al. (2010) implemented ADM in
a far-field model to assess the power output from a fence of tidal turbine placed in
two simple straight channels connecting two large basins. Both channels were 4 km
wide and 70 m in depth with the first channel being 30 km long and the second 10
km long. The turbine thrust was incorporated as an external force into the shallow
water momentum equation of a 2D depth-averaged finite volume model. In the
study, LMADT as developed by Houlsby (Houlsby et al., 2008) is utilised for a
channel that is partially blocked in the region of the turbines, i.e. a tidal fence.
Results indicated that for a channel that includes turbines the friction and separation
losses decrease proportionally to the flow rate squared. It was also found that a
lower blockage ratio was required to reach the maximum extracted power for the
shorter channel compared to the longer channel. The study concluded that
increasing the number of turbines placed in series and increasing the blockage ratio
of tidal turbines improves power efficiency. However, to utilise LMADT in the
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study required a number of assumptions in the area of power extraction, such as the
requirement of constant channel width, uniform along channel bathymetry, uniform
upstream flow and steady state conditions. Quasi-steady flow through the tidal
fence used was also required. This was satisfied in the study by ensure the mixing
length of the turbine wake was small compared to the tidal wavelength. These
constraints may be difficult to implement in a realistic domain.
The momentum sink approach requires additional terms to be included in the
shallow water momentum equations. These terms relate to the axial thrust that the
turbine rotor induces and the drag force generated by the support structure pile.
Ahmadian & Falconer (2012) used this approach in combination with the 2D finite
difference model DIVAST to investigate the effects of turbine array layouts on
power production and the hydro-environmental effects in the Severn Estuary,
United Kingdom. Two difference grid resolutions were modelled, 600 m and 200m,
with the corresponding timesteps set to 105 s and 35 s, respectively. Three different
array configurations, of the same number of turbines, were modelled (Figure 2.7)
and the results compared. Each array consisted of 1000 10 m diameter tidal
turbines. Formations ‘a’ and ‘b’, shown in Figure 2.7, had the same density of
turbines in the array. However, formation ‘c’ occupied a much larger area and
hence had a lower density of turbines. The study found that the introduction of the
arrays had little impact on the water levels in the estuary. However, significant
change was observed in the current velocities within and around the array which in
turn affected the power output. The results showed that this method of power output
assessment which incorporated the effects of turbines on the hydrodynamics was
more accurate than analytical methods that calculated power output based on the
hydrodynamics of a domain without the impacts of tidal turbines.
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Figure 2.7: Array configurations investigated in study of the impacts of various
array formation on the Severn estuary by Ahmadian & Falconer (2012).

Plew & Stevens (2013) also used a momentum sink approach to simulate tidal
turbines in the Tory Channel, New Zealand and investigate the impact of various
array sizes on tidal currents. The Tory Channel is 16.8 km in length with and an
average width of 1.1 km. The average depth of the channel is 39.2 m. The 2D
depth-averaged finite element model RiCOM was used to simulate the channel. The
grid used for the study was comprised of triangular elements with the length of the
edges varying from approximately 25 m at the entrance to the channel and 4 km at
the open ocean boundary. Turbines were deployed in the channel in areas where the
depth exceeded 30 m and the maximum spring tide velocity, without the presence
of turbines, was greater than 2.0 m s-1 in order to only place turbines in realistic
positions, shown in Figure 2.8. Various numbers of turbines, of different rotor
diameters, were modelled in this region. It was found that the deployment of
turbines would significantly reduce current velocities upstream, downstream and
inside the array. It was also established that flow around the array was increased.
The study also concluded that by considering the effect of turbines on the
hydrodynamics inside the array it significantly altered the calculation of power
output from the array. In a previous analytical study, the peak extractable power
was estimated at 105 MW at spring tide. Results of the numerical model simulation
indicated that peak extractable power was 33 MW. In addition to the turbine
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impacts on the available resource, the reduction in peak extracted power was also
due to the minimum water depth and peak velocities not being considered in the
initial estimate. The study concludes that its approach of array distributed drag is an
intermediate step to modelling turbine arrays and suggests that detailed predictions
of both power production and localised hydrodynamic effects could be obtained
from modelling the individual turbines in an array.
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Figure 2.8: Contour plot from study by Plew & Stevens (2013) of simulated
maximum velocities at spring tide in the Tory Channel in the absence of turbines
(black outline indicates locations suitable for tidal turbine deployment).

The Increased Bottom Drag model involves increasing the drag force or shear stress
generated by the bed friction term in the governing equations of the model. By
altering this parameter the flow in the region of a tidal turbine deployment is
impeded in a manner akin to a tidal turbine array removing energy from the flow.
Bryden & Couch (2006) use this approach to investigate the effect of energy
extraction in a simple channel driven by a static head in a 1D model. The study
found that it was not possible to base predictions on energy extraction on the
undisturbed flow of a domain. The study found that removing 10% of the flux from
a channel which included energy extraction represented only 8.4% of the flux from
the undisturbed flow in the channel without turbines. A disadvantage of this
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approach is that it cannot take account of the orientation of a HAT relative to the
flow. However, in an idealised channel where the flow is predominately in one
direction perpendicular to the turbine rotor this approach represents the effects of
the turbines relatively well.
2.6

Multi-scale Modelling

In coastal hydrodynamic models an improvement in the horizontal spatial resolution
is the key point in the improvement of the realism of the solution (Debreu & Blayo,
2008). In single grid, finite difference models, to achieve a certain spatial resolution
in a complex hydrodynamic area of interest, e.g. a turbine array or a complex piece
of coastline geometry, requires the entire model domain to be of that spatial
resolution, even though a lower resolution may be sufficient for less complex
regions of the domain. This has the effect of significantly increasing the
computational cost of the model. In most numerical models the temporal resolution,
or timestep, is often linked directly to the spatial resolution, for example though the
Courant Condition. Thus a higher spatial resolution requires a higher temporal
resolution adding further to the computational cost. Considering the case of a
computational domain the size of a bay or estuary spanning tens of kilometres and a
potential simulation timescale of weeks to months, depending on the required
number of tidal cycles, the computational cost of numerical modelling can be
prohibitively high.
A balance must therefore be struck between spatial resolution and computational
cost. In far-field models of coastal waters, this means that the spatial resolution is
typically of the order of 100-500m. This means that a single grid may contain
multiple turbines. This leads to errors in simulating the power extracted by the
turbine array as the difference in flow velocity across the turbine array is not
modelled and the interactions between individual turbines are disregarded (Vogel et
al., 2013). A multi-scale modelling approach incorporates elements of both nearfield and far-field modelling. For structured meshes, multi-scale modelling usually
involves the use a numerical method called nesting to allow the spatial resolution in
a sub-set of the model domain, the nested region, to be increased. This is achieved
without incurring the computational expenses of this high resolution over the entire
domain. A nested model with a sub-domain of high resolution in the area of
interest, e.g. the turbine array, could therefore be used to reach a grid spacing of a
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similar size to the diameter of a turbine within that sub-domain. This would allow
the individual locations of turbines within an array to be specified and makes it
possible to examine how individual devices within an array interact with one
another. Nash et al. (2015) have used this approach to model the effect of turbine
interactions on power output of a 24 turbine array placed in an idealised channel.
They showed that the turbine interactions could significantly affect the total power
yield of the array. Nesting approaches can therefore be used to optimise arrays to
generate the maximum amount of power while having the least possible effect on
the surrounding environment.
A more recent multi-scale modelling technique for structured grids is adaptive
meshes where the resolution of grid cells can change with time. An example of this
kind of modelling approach is that by Divett et al. (2013) who used the 2D finitevolume flow solver Gerris to provide high resolution around the turbine to simulate
the interactions between individual turbines in an array. Four different array
configurations, consisting of 15 turbines, were investigated with the objective to
optimise the position of the turbines within the array. A single turbine is represented
by a 20 m wide and 5 m long rectangular box of increased depth-averaged friction.
An idealised channel was used with dimensions, 3 km long, 1 km wide and 50 m
deep. Power capture and changes to the hydrodynamics were investigated over a
tidal cycle. It was found that a staggered array extracted 54% more energy from the
flow than a non-staggered array and that an array placed to one side of the channel
removed comparable amounts of energy. It was also shown that wake recovery is
faster behind turbines generating greater turbulence.
Although not the focus of this research, multi-scale modelling can also be achieved
through the use of unstructured grids. Unstructured grids can have elements of
various shapes and sizes which can be chosen to best describe the detail of the
system in question, i.e. the wake flow of a turbine. There are many examples of the
use of unstructured meshes in the modelling of tidal turbine energy extraction using
finite element or finite volume models e.g. (Easton et al., 2012; Adcock et al., 2013;
Plew & Stevens, 2013; Walters et al., 2013; Draper et al., 2014). However,
structured meshes used in finite difference models offer computational savings over
unstructured finite element or finite volume grids (Nash, 2010).
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The work by Divett et al. (2013) shows that by representing individual turbines at
their own scale, their interactions can be investigated to show the effect on the
hydrodynamics and hence power capture. One of the major short-comings of most
far-field model studies to date is that the spatial resolution is too coarse and thus
cannot capture turbine interactions. For this reason a multi-scale modelling
approach was chosen for this research.
2.7

2D Vs 3D Far-field Modelling

Far-field models are typically 2D and are resolved at grid spacings generally an
order of magnitude larger than the diameter of a turbine (Nash et al., 2015). Low
resolutions allow these models to achieve high computational efficiency making
them useful tools for modelling large coastal systems. However, there are
significant advantages to be gained from using a three-dimensional (3D) far-field
model, compared with 2D models. The 3D model simulates variations in current
velocities over the depth of the water column. Due to the greater accuracy of the 3D
model in simulating the velocity of the flow at a turbines deployment depth, greater
accuracy can be achieved in the calculation of the amount of energy extracted from
a water body. This should in turn allow for the hydrodynamic impacts of the turbine
on neighbouring turbines in the array to be more accurately simulated.
3D models require greater computational resources than the corresponding 2D
model. This is due to their higher resolution (vertically) and their relatively high
complexity. Therefore, greater resources are required to compute a solution to their
governing equations. In the recent past 2D numerical models were commonly run
on IBM compatible desktop PCs but 3D models were typically confined to run on
supercomputer (Falconer & Lin, 1997). Due to advances in recent years in the
computing power available from a standard desktop PCs CPU this is no longer the
case. However, 3D models are still relatively computational expensive. Due to the
high computational costs 3D far-field models often use coarse grid spacings to
model large domains (Hasegawa et al., 2011). To use 3D models at the scale of a
turbine rotor diameter typically means that the domain must be relatively small
(Chen et al., 2014). Hence, the use of a multi-scale modelling approach for
simulating tidal turbine interaction is necessary.
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2.8

Nested Models and Techniques

Nested models allow finer spatial resolutions to be applied over a particular area of
interest by introducing an additional grid into the model simulation. Therefore, a
nested model involves a low resolution (coarse) grid which extends over the entire
model domain and at least one high resolution (fine) grid. A coarse grid that
contains a finer grid within its boundaries is referred to as a parent grid while the
finer grid is referred to as a child grid, or children in the case of multiple grids. This
terminology will be used in the following sections and chapters; thus parent grids
always refer to the coarser or lower resolution grids of a nested model while child
grids refer to finer or high resolution grids. The spatial and temporal refinements of
a child grid in relation to its parent are known as the spatial and temporal nesting
ratios, respectively. These are almost always integers and most often, but not
always, have the same value.
Typically, nested models are described as either: (i) one-way (also termed passive)
e.g. (Spall & Robinson, 1989; Nash, 2010) or (ii) two-way (also termed active) e.g.
(Phillips & Shukla, 1973; Zhang et al., 1986; Fox & Maskell, 1995; O’Brien, 2014).
Their names describe the types of interactions that take place between the parent
and child grids during the course of a nested model simulation. For both types of
model, the boundary conditions used for the child grid calculations are generated by
the parent grid model solution. The boundary data originate in the parent grid and
are passed to the child grid. If no data is passed back from the child grid to the
parent grid this method is called one-way nesting. However, if the child grid
solution is subsequently used in any way to modify the parent grid solution, then
the interaction is in two directions and this method is referred to as two-way
nesting.
2.8.1

One-way Nested Models

In the field of meteorology, nesting is a well-established numerical method for
reducing the computational resources required to run a numerical model. One of the
earliest documented uses of nesting was in the field of hurricane prediction and the
study of their movement patterns where the fine grid was used to calculate vortex
circulation at the centre of a storm (Birchfield, 1960). Due to this early application
of nested techniques to meteorological phenomenon much of the development work
on nested models was carried out within the meteorological modelling field
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(Ookochi, 1972; Harrison Jr, 1973; Phillips & Shukla, 1973; Miyakoda & Rosati,
1977; Kurihara et al., 1979). It was many years before the techniques were applied
to hydrodynamic modelling. The first example of this is the one-way nesting model
developed by Spall & Robinson (1989). Since then the use of nested models has
become quite common in both oceanographic and coastal modelling (Nash, 2010).
One-way nested models can be dynamically linked. If the parent and child grid
models are dynamically linked, they are referred to as coupled. If they are unlinked
they are referred to as uncoupled. In an uncoupled model, each model runs
independently. The parent grid model is run for the required length of time and the
boundary data for the child grid model is stored. The child grid model is then run at
a later time, e.g. (Zavatarelli & Pinardi, 2003). In a coupled model, the parent
model first is integrated over a timestep generating the boundary condition data for
the child model. The child model then runs for a number of timesteps, depending on
the temporal resolution, until it has reached the time level of the parent grid. Then
the cycle begins again. Pullen & Allen (2001) is an example of a coupled model
where the parent and child grid are interdependent in this way.
In hydrodynamic modelling the use of one-way nesting is an established technique
for studying coastal and ocean systems and has been used in many studies. For
example Tang et al. (2009) utilised a nested grid coastal circulation modelling
system to examine the hydrodynamic response of the Pearl River Estuary, located
in South China’s Guangdong Province, to the tides, meteorological forcing and the
buoyant forcing. The model itself was based on the POM and included an outer
parent grid model that had a horizontal spatial resolution of approximately 7km for
simulating tidal forces and wind-driven surface water elevations. The child grid
model had a spatial resolution of approximately 1.2km and simulated the 3D coastal
circulation and hydrography over the estuary and adjacent coastal waters. Another
example of a one-way nested modelling is the study of the central upwelling region
off California, around Monterey Bay by Penven et al. (2006). A one-way child grid
was integrated into the Regional Oceanic modelling System, a model with a domain
that spans the United States Pacific coast. A one-way model was chosen for the
study to achieve high resolution in the area of interest while preserving large-scale
circulation at an affordable cost of computational resources.
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In a one-way nested model, the child grid model obtains its boundary conditions by
interpolating the parent model grid solution. A one-way nested model sample grid
with a 3:1 spatial nesting ratio is shown in Figure 2.9. Nested models often utilise
an overlapping grid structure so that in the area of interest solutions are computed
from both the parent and child grids. An embedded grid structure can also be used
where the coarse and fine grids form a single seamless grid. In a coupled nested
model, the parent grid is first integrated in time and the boundary condition data for
the child grid is spatially and temporally interpolated from the adjacent parent grid
points. The child grid boundary cells are shown in Figure 2.9b as the shaded grey
cells. The child grid is then integrated in time using this boundary condition data to
force the solution. In this interaction, the parent grid influences the solution in the
child grid model. However, as there is no two-way interaction it is not possible for
the child grid solution to influence the solution in the parent grid.

Figure 2.9: Schematic of one-way nested model grids: (a) the parent and child
grids; (b) detail of the child grid interface (Nash, 2010).

2.8.2

Two-way Nested Models

In two-way models the parent and child grid model must be linked by their very
nature. Each model influences the other and therefore, neither can be run
independently. The interaction from the parent grid to the child grid remains the
same as the one-way nesting method. The parent grid model is first integrated in
time; the relevant data produced is then interpolated in space and time as necessary
to provide boundary conditions for the child grid. The child grid model is then
integrated in time up to the same time level as the parent grid. However, unlike the
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one-way nesting method, once this time level is reached the new solution calculated
inside the child grid domain is used to update the region of the parent grid in which
the child grid is located.
The first two-way model applied to hydrodynamic coastal or ocean modelling was
developed by Spall & Holland (1991) and utilised to model two test problems: a
barotropic modon and a baroclinic vortex. The model was found to perform well
particularly at 3:1 and 5:1 nesting ratios, while at a 7:1 ratio, although calculation
within the nested region were able to reproduce the analytic solution, the
phenomenon had difficultly propagating out of the child to the parent grid. Idealised
experiments like this continued to be used over the following year to test and
develop nesting techniques for two-way hydrodynamic models (Fox & Maskell,
1995; Ginis et al., 1998). Fox & Maskell (1995) developed a two-way nested 3D
primitive equation ocean model then compared these two-way nested results to that
of a fine resolution single grid model. The study found that using these two-way
nesting techniques the model produced comparable results over short periods of
time, approximately 16 days, to the equivalent fine resolution single grid model.
However, due to the non-conservative nature of the scheme the authors recommend
that it only be applied over relatively short-term integrations to provide forecasting
in a specific region or to obtain parameters for large scale models. Another
successful application of two-way nesting techniques to model idealised
experiments was accomplished by Ginis et al. (1998). The two-way nested model
developed showed significant improvement in the results for wind-induced currents
and temperature fields when compared to a coarse single grid model. These results
were comparable to a high resolution model of the whole domain. Real world
oceanic systems have since been studied by the application of two-way nested
models. For example, Fox & Maskell (1996) modelled the Iceland-Faeroes front,
Ginis et al. (1998) the tropical pacific ocean, Barth et al. (2005) utilised a triple
nested two-way model to simulate the Ligurian Sea and Zhang et al. (2007)
developed a tide surge model of the Taiwan Strait.
More recently, Hasegawa et al. (2011) applied a two-way nested 3D coastal ocean
circulation model, based on the POM, to investigate the effect of in-stream tidal
turbines in the Minas Passage in the Bay of Fundy and the Gulf of Maine. The
model consisted of a parent model grid of the Gulf of Maine, with a resolution of
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approximately 4.5km, and child model grid of the Bay Fundy, with a resolution of
approximately 1.5km. The effect of energy extraction via the in-stream tidal
turbines was approximated using a nonlinear Rayleigh friction term in the
momentum equation. The far-field effects caused by the turbines were investigated
for two scenarios: (1) extracting energy from the entire water column of the model
and (2) extracting energy from the lower water column within 20m of the bottom of
the Minas Passage. The 3D model results showed that extracting energy from the
lower water column had less impact on the tidal circulation and elevations of the
model domain than the corresponding case where energy was extracted from the
entire water column.
High resolution is often required in local regions but in many cases it is not the
region itself that is of interest but the process that is occurring in that region, e.g.
discharge from a water treatment plant, propagating wavefront or turbine array
wake. In these cases there are computational savings that can be made by a moving
nested grid. If a nested grid is capable of moving during the course of a simulation
it would be capable of tracking the movement of such a process. Therefore, the
dimensions of this moving nested domain would only need to enclose the region of
the model where the process is taking place and keep the size of the nested grid to a
minimum. This could achieve greater computational savings than a static nest.
Blayo & Debreu (1999) originally developed this type of moving mesh for ocean
modelling from the work introduced by Berger & Oliger (1984). This approach
allows the number, size and resolution of the nested grid to be change during the
course of a simulation according to pre-determined criteria. If the path followed by
the process is known then the movement of the nested grid can be stipulated at the
beginning of a simulation. The area of interest is contained within a fine grid that
overlaps the coarse grid, as shown in Figure 2.10 . If the accuracy criteria stipulated
for nesting is not met in the new nested sub-domain then the fine grid could itself be
overlapped by a finer nested domain. Such schemes have been implemented in a
limited number of oceanographic models, e.g. (Blayo & Debreu, 1999; Rowley &
Ginis, 1999; Nash, 2010).
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Figure removed due to
copyright issues

Figure 2.10: Schematic of an overlapping nested grid (O’Brien, 2014).

An adaptive nested grid can also determine the resolution required dynamically
during a simulation according to a pre-determined criteria. However, in this case the
new higher resolution grid is incorporated into the original coarse grid. In the study
by Divett et al. (2013), the 2D adaptive mesh finite-volume solver, Gerris, was used
to model the individual wakes within a turbine array. The grid spacing was
continuously adapted based on the vorticity level so that areas with higher vorticity
were resolved at a smaller cell size, down to a minimum size of 1m, as shown in
Figure 2.11. The time step also reduced when the total vorticity in the model was
high. Four different array configurations of 15 turbines were investigated and the
total power captured by each layout compared. Turbines were represented by
rectangular boxes of increased depth-averaged friction.
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Figure removed due to
copyright issues

Figure 2.11: Schematic of adaptive mesh of an array in an idealised channel
(Divett et al., 2013).

2.8.3

Sources of Error in Nested Models

Errors in nested models typically occur at or near the nested boundaries. There are
two types of error that occur at the interface of a parent and child grid: those that
are generated by the boundary operator (known as boundary formulation errors) and
those that are caused by incorrect data specification at the boundary (boundary
specification errors) (Koch & McQueen, 1987).
Boundary formulation errors are created by problems in combining or blending the
solution between two grids used in a one-way nested model and in defining the
feedback condition in the two-way nested model. In the one-way nested model
boundary formulation errors can be limited by the use of an appropriate boundary
operator. The blending of the parent and child solution may also be necessary as the
incompatibilities (spatial and temporal resolutions, bathymetries and model
physics) between the two grids can induce noise generation or wave reflection in
the child grid. Boundary specification errors are caused by utilising incorrect data in
the specification of the boundary. The incorrect data is a result of simulation errors
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in the parent grid near the child grid boundary. They are passed from the parent grid
into the child grid though boundary specification and are therefore an inherent error
in the nested model. Boundary specification errors can be minimised by prudent
choice of the nested boundary locations.
2.9

Summary

Tidal turbine deployments undoubtedly have the potential to change the
hydrodynamics into which they are placed, particularly as commercial deployments
will involve large numbers of devices in relatively small spatial areas. Research has
shown that the impacts on the hydrodynamics include changes to the flow velocity
and possibly to the tidal regime (i.e. water levels). Due to the limited number of
deployments, field data relating to hydro-environmental impacts of tidal turbines is
severely lacking. It is necessary therefore, to utilise physical and/or numerical
models to determine the likely impacts of deployments of turbine arrays on the
surrounding environment.
The literature review showed that the impacts of a single turbine are relatively well
understood from laboratory studies of scaled or proxy turbines (porous discs).
Velocities are reduced downstream of the turbine in the turbine wake and velocities
are increased to the sides of the turbine due to bypass flows resulting from blockage
by the turbine. The wake eventually recovers some distance downstream with
velocities returning to free-stream levels. While the impacts of a single turbine are
well understood, the impacts of large tidal turbine arrays are not. The limited size of
laboratory test tanks means one cannot study large arrays using physical models;
instead numerical models have been used.
Given the potential plan area of a turbine array (of the order of kilometres) and the
potential spatial extent of its impacts, low resolution far-field models have been
used to study hydrodynamic impacts. Most far-field model studies have also been
2D in nature to reduce computational times. While the low spatial resolution of
such models ensures manageable model run-times, it also means that a single model
grid cell may contain a number of turbines. The impacts of single turbines cannot
therefore be correctly captured, nor can the interactions between adjacent turbines.
This means that traditional far-field modelling approaches cannot accurately predict
the hydrodynamic impacts of an array or its likely energy capture.
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For this research, a multi-scale modelling approach was adopted for modelling the
hydrodynamic impacts of tidal turbines. Multi-scale modelling takes elements of
both near-field and far-field modelling methods and uses nesting techniques to
obtain a sub-domain of high resolution around the turbine array. This allows the
effects of individual turbines to be simulated. The impacts of turbines on the
hydrodynamics within the array can then be correctly assessed and hence the power
output can be more accurately predicted. The only example of this approach found
in the literature was the model developed by Divett et al. (2013) which uses an
adaptive mesh approach to automatically refine grid cells around individual turbines
based on levels of vorticity. The drawbacks of this approach is that the mesh may
be refined down to 1m which leads to prohibitive computation times and the model
is therefore limited to the study of small arrays.
During the course of this research a 3D nested model was developed capable of
simulation of the hydrodynamics within a tidal turbine array at a sufficiently high
resolution to capture the hydrodynamic interactions between adjacent turbines. This
is achieved by specifying a nested domain around the turbine array at a resolution
equal to or smaller than the turbine dimensions whilst using a coarse resolution
elsewhere in the model domain. Thus the model enables simultaneous investigation
of individual turbine interactions and hydrodynamic impacts of an array at the scale
of a bay or estuary. The model can be run in either one-way or two-way nested
mode. In the case of the two-way mode, by more accurately modelling the nearfield effects of the turbines in an array, i.e. the interactions between individual
turbines, the far-field effects are more accurately simulated.
To model the tidal turbines, the momentum sink approach was adopted based on a
review of methods. This method was selected due to its relative simplicity and its
capacity to include the parameters of a turbine, i.e. dimensions of rotor and support
structure, and orientation of the swept area to the flow. The use of the actuator disc
method would have involved extensive alteration to the solution scheme of the
model used in the research while the alternative increased bottom drag approach
does not allow one to specify the turbine parameters. An overlapping nested grid
approach is used to achieve the high resolution around the turbines. The nesting
approach from an existing two-way nested version of the 2D model, DIVAST, was
transported to the 3D model, TRIVAST, used for the research and the momentum
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sink approach was incorporated into the 3D model to enable simulation of the
effects of the tidal turbines.
While Hasegawa et al. (2011) have also developed a 3D nested model in order to
study the effects of in-stream tidal turbines, the resolution of the nested domain in
their study was on a scale of kilometres. In their model, the increased bottom drag
approach was used to approximate the effects of the turbine array by employing a
quadratic (nonlinear) Raleigh friction scheme within the child grid domain. This
method does not account for the physical characteristics of a turbine, i.e. the turbine
swept rotor area and support structure and the turbine orientation to the flow, and
the very coarse child grid spatial resolution means that the model cannot simulate
the effect of interactions between individual turbines within an array. It instead
approximates the density of the turbines present within the array to calculate the
appropriate bed drag coefficient. To the author’s knowledge, the present model is
the first application of turbine-scale modelling within a two-way 3D nested model
for the purposes of modelling the effects of in-stream tidal turbines energy
extraction.
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3

Numerical Model Theory

3.1

Introduction

The 'Three-dimensional layer Integrated Velocities And Solute Transport' model
(TRIVAST) was the basis of the 3D nested model developed in the present
research. TRIVAST is a finite difference model for simulating tidal circulation in
coastal waterbodies where flooding and drying takes place. It was developed by
Falconer et al. (1991) from the two-dimensional (2D) 'Depth Integrated Velocity
and Solute Transport' model (DIVAST) and later refined by Lin & Falconer (1995).
DIVAST itself was first developed by Falconer (1980; 1986) and has been used in
many studies of coastal and estuarine regions (Hartnett & Nash, 2004; Nash et al.,
2011; O’Brien, 2014). It has also been adapted to model the effects of in-stream
tidal turbines in coastal regions (Ahmadian et al., 2012; Fallon et al., 2014).
TRIVAST has been used to model the hydrodynamic conditions in coastal waters,
such as the Humber estuary in the north-east of England (Lin & Falconer, 1995),
however, to the authors knowledge, this is the first time that it has been adapted to
model the effects of energy extraction via in-stream tidal turbines.
3.2

Model Description

TRIVAST is a comprehensive and versatile model for computing the water
elevations and velocities (layer-averaged velocity components in the horizontal
plane as well as velocities in the vertical plane) in coastal waterbodies. The model
first solves the governing 2D, depth-integrated, differential continuity and
momentum equations using a finite difference technique which employs the
Alternating Direction Implicit (ADI) algorithm (Falconer, 1980). The 3D, layerintegrated continuity and momentum equations are then solved using the 2D
pressure gradient to calculate the 3D layer-integrated velocities. A corrected depthaveraged velocity is then calculated by integrating the layer-averaged velocities.
The model utilises a relatively simple two layer mixing turbulence model to
determine the value of the vertical eddy viscosity.
The 2D computations in the horizontal plane are carried out on a uniform rectilinear
grid with equal grid spacing in the x- and y-directions. The horizontal grid is
discretized on the I-J plane (see Figure 3.1), where I and J correspond to the x- and
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y- directions, respectively. The ADI formulation utilised in the 2D model involves
the sub-division of each timestep into two half-timesteps. This permits a 2D
implicit scheme to be applied while considering only one dimension implicitly for
each half-timestep, thus removing the need for the solution of a full 2D matrix
(Falconer et al., 2001). For the first half-timestep, the solution scheme computes the
water surface elevation (ζ) and the x-direction depth-averaged velocity (U) and
volumetric flow (Qx) components implicitly in the x-direction, whereas the other
variables are represented explicitly. Similarly, for the second half-timestep, the
water surface elevation and the y-direction depth-averaged velocity (V) and
volumetric flow (Qy) components are solved implicitly in the y-direction, with the
other variables represented explicitly. When the boundary conditions are
incorporated, the resulting finite difference equations for each half-timestep are
solved using the method of Gauss elimination and back substitution (Falconer et al.,
2001).

Figure 3.1: The space-staggered grid scheme and (I, J) coordinate system.

For the 3D computations the same uniform rectilinear grid used for the 2D depthaveraged model is utilised in the horizontal plane for each individual layer. The
ADI scheme is also utilised meaning that the timestep is again subdivided into two
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half-timesteps. The x-direction layer-averaged velocities (u) and volumetric flows
(qx) are calculated in the first half-timestep and the y-direction layer-averaged
velocities (v) and volumetric flows (qy) are calculated in the second half-timestep.
At the end of every half-timestep the layer-averaged z-direction (vertical) velocities
(w) are recalculated. The values for x- and y-direction depth (Hx and Hy) and layer
thickness (Δzx and Δzy) are also recalculated at the end of every half-timestep.
3D finite difference models typically have fixed z-coordinate grids or stretched σcoordinate grids in the vertical plane. In a z-coordinate grid, layer thickness remains
constant regardless of variations in water depth. In a sigma-coordinate grid the
thickness of each layer varies with water depth. Both schemes have advantages and
disadvantages. Due to the complex transformations of the governing equations in
the application of the σ-coordinate system, additional cross derivative terms are
required. This can add to the computational cost. In addition, as layer thickness is
proportional to the local water depth, layer thickness could potentially be too great
to accurately represent complex 3D hydrodynamic features, such as tidal turbines,
in deep water. Alternatively, a fixed grid can struggle to resolve complicated
topographical features in shallow water where vertical resolution can be limited. An
advantage of utilising the σ-coordinate system is that the grid follows the geometry
of the sea bed and the water surface. This achieves higher vertical resolution in
these shallow water regions. However, shallow water regions in bay and estuaries
are typically well mixed and therefore, fixed grids are potentially more suitable
when flooding and drying are widespread (Lin & Falconer, 1995). With regards to
the present research, the z-coordinate grid is more suitable as layer thickness does
not vary due to water depth, the thickness can be specified to ensure that turbines
throughout an array can be located inside of specific layers. This fixes the location
of the turbine rotor in the water column and allows the bypass flow and interaction
between individual turbines within an array to be modelled.
The TRIVAST model utilises an irregular fixed z-coordinate grid in the vertical
plane to improve the representation of the bed shear stresses and free surface
stresses. Water elevation changes, as well as grid cell flooding and drying
calculations, take place in the surface layer of the model. There are three different
types of layers defined in the 3D model: (1) surface, (2) bottom and (3) middle
layers. The surface layer is allowed to vary in thickness to account for all tidal
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elevation changes. The bottom layer thickness can also vary to take into account the
bathymetry of the domain, and the middle layers have equal and constant thickness.
A schematic of the layers and the relative position of the variables in the x-z plane,
where k corresponds to the z-direction, are shown in Figure 3.2.

Figure 3.2: Vertical grid notation for irregular fixed z-coordinate grid.

3.3

Model Governing Equations

The model uses the 3D Reynolds equations for incompressible and unsteady
turbulent flow. The model assumes a vertical hydrostatic pressure distribution;
hence, the vertical advection of the flow must be much smaller than the pressure
gradient and gravitational acceleration. The density of the water in the model
domain is also assumed to be constant. Applying these assumptions, the governing
3D differential equations of mass and momentum can be written as follows in their
conservative forms (Lin & Falconer, 1995):
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where:
t

=

x, y, z

=

u, v, w

=

ρ

=

time (s)
Cartesian coordinates in the horizontal (x, y) and the
vertical (z) planes, respectively
components of velocity in the x, y and z directions,
respectively
density of water (kg m-3)
pressure (N m2)

p
f

=

Coriolis parameter

g

=

acceleration due to gravity (m s-2)

σxx,τxy,τxz

=

components of stress and tensor in the x-z plane (N m-1)

τyx,σyy,τyz

=

components of stress and tensor in the y-z plane (N m-1)

The 3D governing equations (Equations 3.1- 3.4) are solved by the model using a
finite difference scheme on the horizontal regular square meshes (Figure 3.1) for
each layer on the vertical irregular mesh (Figure 3.2).
3.3.1

3D and 2D Differential Equations

Using the grid schemes shown in Figure 3.1 and Figure 3.2, the finite difference
forms of the governing continuity and momentum equations are now developed.
The governing equations are integrated over the kth layer, where k = 1, 2, 3, ... , K
(defined in Equation 3.5). K is defined as the maximum value of k. Letting:


k





k 1 2

k 1 2

 dz
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where:
ϕ=

any hydrodynamic variable

k ± ½ denotes layer interfaces between the k + 1 and k – 1 layers, respectively.
Defining the layer-averaged velocity in the x-direction ( u ) as:

1
u
z x

k 1 2

 ux, y, z, t dz
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k 1 2

where:
Δzx =

the layer thickness in the x-direction (m)
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And similarly for the layer-averaged velocity in the y-direction ( v ) as:

1
v
z y

k 1 2

 ux, y, z, t dz
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k 1 2

where:
Δzy =

the layer thickness in the y-direction (m)

The layer-integrated forms of the x- and y- velocity components, u and v , may
be further defined as follows:

u  q x  u z x , v  q y  v z y ,

3.8

The continuity equation (Equation 3.1) integrated over the layer k becomes:

 u v w 
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and yields the following:
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where using Leibnitz rule, interchanging the differential operators with the interval,
and accounting for the limits of integration, gives the vertical velocity component w
at the interface k - ½, as:

K
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3.11

43

This is the equation of continuity in differential form for the layer k. At the surface,
Equation 3.11 reduces to:
K
 u z x  v z y 
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Vertical integration of the momentum equations (Equation 3.2 and 3.3) for the kth
layer gives:
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3.14

Assuming the Boussinesq approximations (see Goldstein (1938)) the Reynolds
shear stresses in the x-direction (Equation 3.15), and similarly for the y-direction
(Equation 3.16), are defined as follows:
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 xx   h 

 yy   h 
where:
εh =

horizontal eddy viscosities (m2 s-1)

εv =

vertical eddy viscosities (m2 s-1)

A hydrostatic pressure distribution is also assumed where:
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Incorporating Equations 3.15-3.17 into Equations 3.13 and 3.14 we can rewrite
them as follows:

 u q x v q x 
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At the free surface (i.e. k = 1), the terms ( wu ) k 

1

2

and ( wv ) k  can be eliminated
1

2

using the kinematic free surface conditions and the Leibnitz rule. At the bed, the
terms ( wu ) k 

1

2

and ( wv ) k  become zero due to the no slip condition.
1

2

In applying these equations to large domains, the ratio of the vertical length scale to
the horizontal length scale is very small. The vertical eddy viscosity terms are
normally several orders of magnitude greater than the equivalent horizontal terms.
Therefore, it is important to prescribe the vertical eddy viscosity more accurately
than for the horizontal viscosity (Lin & Falconer, 1995). During development of the
current model, horizontal eddy viscosity was assumed to remain constant with
depth, and its value was calculated as the depth-averaged horizontal eddy viscosity.
The vertical eddy viscosity was represented using a two layer mixing length model
written in the following form:
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where:
l=

the mixing length, defined as:

l=

κ∙Δz

for κz ≤ 0.1H

l=

0.1∙H

for κz > 0.1H

κ=

von Karman’s constant (= 0.41)

If the number of layers is reduced to one, such as over a shallow flood plain, then
the 3D layer-integrated equations (Equations 3.12, 3.18 and 3.19) reduce to become
the 2D depth-integrated equations.
For the 2D depth-averaged equations it is assumed that the waterbody is well mixed
and that the vertical velocities (w) are small in comparison to the horizontal
velocities (u and v), see Figure 3.3. In these equations, the horizontal velocity is
integrated over the total water depth, i.e. surface elevation (ζ) plus depth below
mean water level (h), to give the depth-integrated velocities.

Figure 3.3: 2D grid notation (ζ = water surface elevation above or below mean
water level, h = depth to bed below mean water level).
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The 2D continuity and momentum equations take the following form:
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where:
total water depth, i.e. ζ + h (m)
depth-averaged velocity components in the x and y
directions, respectively (m s-1)
depth-averaged discharges per unit width (depthintegrated velocities UH, VH) in the x, y directions,
respectively (m3 s-1)

H=
U,V =
Qx, Qy =

Integrating the horizontal velocity components over the water depth gives the
depth-averaged velocities U and V such that:
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Figure 3.4 shows the distribution of the current velocity through the water column
for a 3D layer-averaged and 2D depth-averaged model. In the 3D model, which is
more representative of the natural world, layer velocities are highest near the
surface and decrease with depth due to the effect of seabed friction. By comparison,
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the 2D model assumes a constant velocity through the full water column, the
magnitude of which should be close to the average of the 3D velocity profile.

Figure 3.4: Comparison of the 3D layer-averaged and 2D depth-averaged models
current velocity distributions.

In the 3D model, it is important that when the number of layers is reduced to one,
then the layer-integrated equations reduce to the depth-integrated equations. This
ensures that the 2D and 3D models can be used together in the same domain, and is
particularly important in the cases where domain cells experience flooding and
drying effects. The thickness of the surface layer of the 3D model is chosen to be
greater than the total height of the tidal variation to allow all flooding and drying
effects to be confined to the top layer of the model. Due to the hydrostatic
approximations, the barotropic pressure gradients in the 3D layer-integrated
equations (3.18 and 3.19) are identical to the pressure gradients in the 2D depthintegrated equations (3.22 and 3.23). Thus, when solving the 3D layer-integrated
equations, the pressure gradient terms can be replaced directly by water surface
elevation slopes calculated by solving the 2D depth-integrated equations.
3.3.2

3D Finite Difference Formulations

The governing differential equations are solved using a finite difference scheme
where they are specified in an ADI form employing the central difference method.
The central difference method is a finite difference technique that can be used to
approximate the first derivative of a function. An example of the technique follows.
If the function U(x) corresponds to the velocity at a point x in a one-dimensional
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model domain, then the values of U(x + Δx) and U(x - Δx) within the domain can be
used to approximate the first derivative of the velocity with distance x as follows:
U x  U x  x   U x  x 

x
2x

3.26

The ADI method requires that each timestep be divided into two equal parts (halftimesteps). During the first half-timestep, from time (n) to time (n+½), the
derivatives and terms corresponding to the x-direction are expressed implicitly,
while those in the y-direction are expressed explicitly. For the second half-timestep,
time (n+½) to time (n+1), the y-direction derivatives and terms are expressed
implicitly and the corresponding terms in the x-direction are expressed explicitly.
All terms are fully centred in both space and time for each half-timestep. This is
achieved by carrying out two iterations of the solution at each half-timestep.
The first step in achieving the model solution is to express the differential equations
in their finite difference forms. The 3D equations (3.18 and 3.19) are developed as
follows:
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 x y  y
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 x
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(6)

The individual terms in the momentum equations, as numbered in Equations 3.27
and 3.28, correspond to the following processes: (1) local acceleration, (2) turbulent
induced vertical diffusion, (3) advective acceleration, (4) Coriolis force, (5)
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pressure gradient, (6) turbulent induced horizontal diffusion, (7) vertical
convection.
The turbulent vertical diffusion (term 2 in Equations 3.27 and 3.28) is further
developed using the Boussinesq approximations (3.15 and 3.16). However, at the
water surface wind stress is directly equated to a shear stress and defined as
follows:
 xz

  C * WWx

3.29

 yz    C * WWy

3.30



where:
C*

=

air-water interfacial resistance coefficient

ρα

=

density of air (kg m-3)

Wx, Wy =

wind velocity components in the x- and ydirections, respectively (m s-1)

At the sea bed, the bed friction is also represented as a shear stress. This is defined
as follows:

v

u  b
  (u*) 2
z 

3.31

where:
τb =

bed shear stress (N m-2)

u* =

bed shear velocity (m s-1)

Making the assumption of a logarithmic velocity profile within the bottom layer
(Lin & Falconer, 1995) the bed shear stress is expressed as the following equation:

 30d
 b u n1 2  u n1 2 u n1 2  u n1 2 

2.5 ln 

2
2
 2.72k s

where:
d=

thickness of the bottom layer (m)

ks =

roughness length (m)
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2

3.32

In shallow water regions where the number of vertical layers is just one, the bed
stress is represented in the form of Darcy’s equation where the friction term is
calculated using the Colebrook-White equation.
Term 2 on the left of the Equation 3.27 and 3.28 is solved implicitly using the
Crank-Nicolson finite difference scheme and the terms on the right of the equation
(terms 3 – 7) are solved explicitly using the leap-frog finite difference scheme
(Falconer et al., 1991). For brevity, only the x-direction equation is now further
developed into its finite difference formulation. Equation 3.27 is rewritten as
Equation 3.33, where the terms to be solved explicitly are incorporated into one
inclusive term (S0).
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where:
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Equation 3.33 may be expressed in finite difference form as follows:
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where:
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The finite difference representation of the partial differential expression for the
vertical velocity equation (3.11) is:
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From timestep n to timestep n + ½, i.e. the first half-timestep, Equation 3.34 is
solved to compute values of u . Using u , the variable qx is calculated (see Equation
3.8) and w is then calculated by utilising Equation 3.41. For the second halftimestep a similar finite difference formulation of the y-direction momentum
equation (Equation 3.28) is solved to compute the value of v and the variable qy is
then calculated (again see Equation 3.8). The value for w is then recalculated.
3.3.3

2D Finite difference equations

The governing depth-integrated equations for the 2D model, i.e. equations 3.21,
3.22, and 3.23, can be used to describe the layer-integrated equations in cases when
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the number of layers is reduced to unity. To solve the 2D equations we must first
rewrite them as follows:
Continuity Equation
Q y 
 Q

  x 

t
y 
 x
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X-direction Momentum Equation
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(7)

Y-direction Momentum Equation
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(7)

As for the 3D equations, the individual terms (1 – 7) in the 2D momentum
equations (3.43 and 3.44) represent various hydrodynamic processes: (1) Local
acceleration, (2) Advective acceleration, (3) Coriolis force, (4) Pressure gradient,
(5) Wind shear stress, (6) Bed shear stress, (7) turbulence induced diffusion.
Term 2 on the left of the equations is solved implicitly while the terms on the right
of the equations (3 – 7) are solved explicitly.
The finite difference forms of these equations can be expressed as follows:
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Continuity Equation
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X-direction Momentum Equation
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Where:
n=

timestep level
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From timestep n to timestep n + ½, i.e. the first half-timestep, Equation 3.46 is
solved implicitly to compute values of Qx, and ζ. During the first iteration of the
finite difference solution the terms written with prime in Equation 3.46 are
expressed implicitly at time n - ½. For the second iteration, these terms are
expressed at time n using an average of the value at n - ½ and the value calculated
at the end of the first iteration, i.e. at n + ½. Using the example of the x-direction
velocity (U), during the first iteration:

U ' i 1 2, j  U 'in11 22, j
n

3.47

and for the second iteration:
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U ' i 1 2, j 
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1 n1 2
n 1 2
U ' i 1 2, j  U ' i 1 2, j
2



3.48

For the second half-timestep a similar formulation of the y-direction momentum
equation (3.44) is solved to compute the values of Qy and ζ.
3.3.4

Model Code Formulation

The model developed for this research is written in the FORTRAN 90 programming
language. To develop the 3D nested energy extraction model a thorough
understanding of the FORTRAN90 representation of the finite difference forms of
the governing equations and the finite difference solution schemes was needed,
particularly to achieve full understanding of the computational relationships
between cells directly adjacent to one another. Table 3.1 lists the model
representations of the main variables used in the finite difference equations:
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Type

Finite Difference
 in, j

EU(I,J)

2

 i,n j

Water
Elevation

 in, j

2D Velocity

1

1

EM(I,J)
EL(I,J)

2

x-direction

y-direction

x-direction

y-direction

U in 12, j

Vi ,nj  12

UM(I,J)

VM(I,J)

x-direction

y-direction

x-direction

y-direction

LUM(I,J,K)

LVM(I,J,K)

u

n
i  12, j ,k

3D Velocity

v

n
i , j  12,k

z-direction

z-direction

n
i , j ,k  1 2

w

x-direction

Qx
2D Volumetric
Flux

3D Volumetric
Flux

Layer
Thickness
Timestep
Grid Spacing

n

Qx

i  12, j

qx

i  12, j ,k

qx

i  12, j ,k

2,

i  12, j

j

i  12, j

qy

n

qy

n  12

qy

2, j ,k

y-direction

QXU(I,J)

QYU(I,J)

QXM(I,J)

QYM(I,J)

QXL(I,J)

QYL(I,J)

LQXU(I,J,K)

LQYU(I,J,K)

LQXM(I,J,K)

LQYM(I,J,K)

LQXL(I,J,K)

LQYL(I,J,K)

n  12

Qy

n  12

x-direction

n

Qy

n  12

i 1

n  12

Qy

i  12, j
i 1

LWM(I,J,K)

y-direction

n  12

Qx

qx
Depth

Model Representation

i  12, j

n  12
i  12, j ,k

n
i  12, j ,k
n  12
i  12, j ,k

H in 12, j

H in, j  12

DEPX(I,J)

DEPY(I,J)

Z in 12, j ,k

Z in, j  12,k

THIKX(I,J,K)

THIKY(I,J,K)

Δt

DT

Δx

DELX

Table 3.1: Model representations of finite difference variables.

As an example of the notation used to define the governing equations within the
model code, the finite difference and associated model formulation of the advective
acceleration term of the 3D x-direction momentum equation (Equation 3.36) are
presented below. For demonstration purposes the p and q terms in Equation 3.36
were simplified to +½ and –½ respectively and the equation rewritten as:
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Equation 3.49 is represented in the model by the following variables:
ADV = -D2BETA*(DUUHDX+DUVHDY)
where:

3.50

DUUHDX =
 LUMIP1, J, K   LUMI, J, K  LQXMIP1, J, K  + LQXMI, J, K 


2
2
LUMI, J, K  + LUMIM 1,J, K   LQXMI, J, K  + LQXMIM 1,J, K 


2
2
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3.52

3.53

From Equation 3.49 to 3.53, it can be seen that the calculation of the advective
acceleration at grid cell (I, J, K) involves the values of variables from a number of
grid cells directly adjacent to it. This is the basic principle of any finite difference
method and the calculation of other terms in the governing equations at a particular
grid cell will also involve the values of variables in adjacent grid cells. It is
important to be fully aware of these interactions, both spatially and temporally, to
ensure that nested boundaries are correctly formulated so that mass and momentum
are conserved across the open boundaries of a nested domain (Nash, 2010).
3.4

Hydrodynamic Solution Scheme

The finite difference forms of the 3D and 2D momentum differential equations
(3.34 and 3.46, respectively) are solved using an ADI finite difference scheme with
a matrix structure. This scheme utilises Gaussian elimination and back substitution.
The general order of the solution procedure is as follows:
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1. The ADI scheme is used to solve the 2D depth-integrated equation for the xdirection (Equation 3.46). The water surface elevation gradient is computed
using the continuity equation (Equation 3.45).
2. If the number of layers at a grid cell is greater than one the 3D layerintegrated x-direction equation (Equation 3.34) is solved. The value of the
water surface elevation gradient computed in step (1) is used in these
calculations.
3. The 3D x-direction layer-integrated fluxes are summed over all layers to
calculate the 2D depth-averaged flux qx and the associated depth-averaged
velocity U. The 3D layer-integrated equations are used to calculate the
Reynolds stresses for the corresponding terms in the depth-integrated
equations.
4. Steps 1-3 are repeated in a second iteration.
5. The surface layer cells are now checked for flooding and drying effects
taking into account the new water surface elevation and water depths are
computed.
6. Equation 3.41 is used to compute the vertical velocity.
For the second half-timestep, the 2D y-direction depth-integrated equation (3.23)
and 3D y-direction layer-integrated equation (3.19) are solved using a similar
scheme. The solution scheme is presented in schematic form in Figure 3.5.
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Figure 3.5: Algorithm showing the implementation of the solution procedure for
the 2D (white boxes) and 3D models (grey shaded boxes).

It is important to note that the second iteration of the hydrodynamic solution
scheme is necessary to fully centre all terms temporally and spatially to guarantee
the stability of the solution. The solution algorithm presented in Figure 3.5
computes all unknown values of  in, j , Q x
1

2

n  12
i 1

timestep and all unknown values of  in, j 1 , Q y
half-timestep.
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2

and q x

n 1
i 1

2

n  12
i  12

and q y
,j

during the first halfn 1
i  12, j

during the second

3.4.1

2D Solution Scheme

In an explicit finite difference scheme, unknown variables are only presented in
terms of known values and can then be solved for. In an implicit finite difference
scheme, the solution calculated at any given grid cell is dependent on the solution
calculated at the adjoining grid cells at past and current time levels; i.e. it is
dependent on both known and unknown values. At a particular grid cell, the
unknown values are not only those of U, V and ζ at that grid cell at n+1 but also
values of U, V and ζ at adjacent grid cells at n+1. There are only three equations
available at each grid cell (continuity and x- and y-direction momentum). The
number of unknowns therefore exceeds the number of equations and the equations
cannot be solved directly and are instead solved simultaneously by forming a tridiagonal matrix and using Gaussian elimination and back substitution (Falconer,
1988).
From Equations 3.45 and 3.46 it can be seen that the calculation of  in, j

Qx

n  12
i  12, j

1

2

and

requires a combination of both known and unknown variable at adjoining

grid cells at time n and n+½ respectively. Rearranging Equations 3.45 and 3.46 we
can combine all the known variables on the right side of the equation and bring all
the unknowns to the left side. The momentum and continuity equations, in the xdirection, can then be written as follows:
X-direction momentum equation

 Ci  in, j 2  Di Qx
1

n  12

 Ei  in1, j2  Bin
1

i  12, j

3.54

Continuity equation

 Fi Qx

n  12
i  12, j

 Gi  in, j 2  H i Qx
1

n  12
i  12, j

 Ain

3.55

where Ci, Di, Ei, Fi, Gi, and Hi are recursion coefficients and Ai and Bi are known
variables combined into single values at time n. For the full derivation of the 2D
recursion coefficients and the known variables, Ai and Bi, see Appendix A.
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At the start of the model simulation, all the potentially wet grid cells, except the
open boundary cells, are divided into integration sections (IS) consisting of columns
in the x-direction (referred to by I-direction in the model) and rows in the ydirection (J-direction) of contiguous wet cells. Figure 3.6(a) illustrates how the Idirection integration sections are delineated on a sample finite difference gird. To
demonstrate the solution scheme, we will now take the example of the integration
section shown in Figure 3.6(b).

Figure 3.6: (a) Sample model grid showing x-direction integration sections and (b)
Individual section (land cells are grey, wet cells are white and open boundary cells
are blue (Nash, 2010).

In Figure 3.5b, the grid cells (2, 2) to (12, 2) are bordered by a lower open water
elevation at (1, 2) and an upper closed boundary at (13, 2). These boundary
conditions mean that the water elevation at (1, 2),  1n, 2
n 1

1

Qx 121 2, 2  0 . The solution scheme then progresses as follows.
2
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2

is known and that

Starting at i = 1 in the section of Figure 3.6b, and given that  in, j is known Equation
1

2

n 1

3.54 can be used to express unknown Q x 11 , 22 as follows:
2

n 1

Qx 11 , 22   R1 2n,2 2  S1
1

3.56

2

Where R1 and S1 are recursion equations containing only known terms. At i = 2,
n 1

Equation 3.56 can be substituted into Equation 3.55 to eliminate the flow Q x 11 , 22 and
2

therefore produce an equation for  2n,2 which is as follows:
1

 2n,2   P2 Qx
1

2

n 12
2 12, 2

2

 Q2

3.57

where P2 and Q2 are additional recursion equations, also only containing known
terms.
At i = 2, Equation 3.57 can now be substituted into Equation 3.54 to eliminate  2n,2

1

2

and the process continues for i = 1 to 12. This process of elimination is known as
Gaussian Elimination. At i = 12 the continuity equation, Equation 3.55, will be as
follows:
n  12

 12n, 2   P12Qx 12  Q12
1

2

1

3.58

2

n 1

The flow Qx 121 2, 2 is known as it is the upper boundary condition, this is a land cell
2

n 1

hence Qx 121 2, 2  0 . Therefore Equation 3.58 can be solved for  12n , 2 . This water
1

2

2

elevation can then be substituted back into the momentum equation for the grid cell
n 1

that directly precedes it, i = 11, to allow the calculation of Qx 111 2, 2 . This process of
2

back substitution can then be continued to determine all unknown values of  in, 2
and Qx

n  12
i  12, 2

at each value of i.

62

1

2

The general form of the recursion equations for the continuity and momentum
equations can be expressed, respectively, as follows:

 in, j   Pi Q x
1

Qx

2

n 12
i  12, j

n  12

 Qi

3.59

  R1 in1, j2  S i

3.60

i  12, j

1

The recursion terms Pi, Qi, Ri and Si are based on the recursion coefficients Ci, Di,
Ei, Fi, Gi, Hi and the terms Ai and Bi which have previously been defined. These
terms are presented in full in Appendix A. Similarly, recursion equations are
developed in the y-direction for the second half-timestep.
The Gaussian elimination and back substitution described above is executed on
each x-direction integration section according to the algorithm in Figure 3.7. This
schematic also shows where the 3D x-direction equations are broadly included in
the algorithm; the 3D solution scheme is explained in the next section. The
following terminology relating to Figure 3.6 is used in the schematic. The cell at the
lower limit of each integration section is referred to as IB (bottom cell in Idirection) and the upper cell is referred to as IT (top cell in I-direction). Each
section is bordered by a lower boundary cell IBM1 (I Bottom Minus 1) and an
upper boundary cell ITP1 (I Top Plus 1); these cells can either be open or closed
boundary depending on the circumstances of the simulation.
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Figure 3.7: Algorithm showing the implementation of the solution procedure for
the 2D continuity and momentum equations in the x-direction during the first
half-timestep.

3.4.2

3D Solution Scheme

The 3D layer-averaged governing equations (3.18 and 3.19) are solved using a
finite difference method which includes both implicit and explicit parts. The CrankNicholson scheme is utilised to implicitly solve the vertical diffusions terms, term
(2) in Equation 3.27 and3.28. All other terms in the equation are solved explicitly.
The following is a description of the solution procedure over the first half-timestep,
from time (n) to time (n+½), i.e. the x-direction momentum equation solution.
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Equation 3.34 is rearranged to bring all the known values to the right of the
equation and unknowns to the left; this is shown in Equation 3.61.
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This x-direction layer-averaged momentum equation, shown in Equation 3.61, can
now be written in the recursive form:
pk u kn1 2  qk u kn 2  rk u kn1 2  s k  S 0 k
1
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where:

pk 

t   v 
 
2  z  k  12

q k  z k 
rk  

t   v 
  
 v  
 
2  z  k  12  z  k  12 

t   v 
 
2  z  k  12

s k  z k u kn 


3.63

1

3.64

3.65

2


  v 
t 
1 
   1  
  v 
n 1
  v  u kn  2   v  u kn1 2 
  u k 1 2   
2  z  k  12
 z  k  12
 z  k  12  z  k  12 




S 0k  ADV  COR  PRE  DIF  VTC
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3.67

The finite difference equations (3.62 - 3.67) are solved using forward and back
substitution on a system of linear equations that are tridiagonal, i.e. only has non
zero elements on the diagonal cells and the cells immediately adjacent.
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The same basic finite difference ADI scheme and grid representation are utilised by
both the 2D depth-averaged and 3D layer-averaged equations which allows for the
consistent calculation of velocities from these two sets of equations. Figure 3.8
shows the vertical grid structure at a sample grid cell which has five vertical layers.

Figure 3.8: The space-staggered grid scheme in 3D cell and (i, j, k) coordinates
system.

Taking the example of grid cell (2, 2, 3) in Figure 3.8 the 3D solution scheme can
be explained as follows. Starting at k = 1, the elevation term (ζ) calculated in the 2D
governing equations is added to the layer thickness (ΔZ). For the finite difference
equation (3.62) at k = 1, p1 will be zero since k = 0 does not exist and therefore
u kn1 2 = 0. Similarly, at k = K (kmax), r1 = 0 as k + 1 is greater than K and therefore
1

outside the model domain. .
The forward substitution part of the solution calculation is as follows. At k = 1 the
values for q1, r1, s1 and S01 are computed and the values of β and u 2n,2,1 (simplified
1

in the following example to

u1n 

1

2

) are set as follows:

1  q1
u1n 

1

2



2

3.68
r1

3.69



66

From k = 2 to k = 5 we now calculate the values of β, γ and u kn  as follows:
1

k 

2

rk

3.70

 k 1

From k = 2 to k = K, β and ukn will be calculated as:
1

2

 k  qk  pk   k

3.71

s k  S 0 k  p k  u kn1 2
1

u

n  12
k



3.72

k

For back substitution the calculations now move from the grid cell (2, 2, K) i.e. the
bottom layer of the domain, back to grid cell (2, 2, 1), i.e. the surface layer.
We start at K – 1 (i.e. k = 4), and recalculate u4n 2 as follows:
1

ukn 2  ukn 2   k 1  ukn1 2
1

1

1

3.73

The 3D solution scheme described is executed on each x-direction (and similarly
for y-direction) integration section according to the algorithm in Figure 3.9.
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Figure 3.9: Algorithm showing the implementation of the solution procedure for
the 3D momentum equations in the x-direction during the first half-timestep.

3.5

Stability, Accuracy and Model Resolution

The finite difference method is used to approximate the derivatives of a function by
representing the derivative, a statement of condition at a specific point, as a
statement of condition over an integral range that includes this specific point.
Differential equations, such as the 2D and 3D governing equations for flow, can
therefore be substituted for finite difference equations that approximate them which
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can then be solved. The success of a finite difference scheme is measured based on
the following criteria:


Consistency/convergence



Stability



Accuracy

For a finite difference scheme to be acceptable it must be convergent, stable and
accurate. These properties are important as they can directly affect the choice of
model resolution.
Given the nature of approximation, the finite difference equations will contain some
error, called truncation error. For any finite difference scheme centred about a give
point and a timestep, say point (I, J, K) and timestep n+½, it is advantageous that as
the limit Δx, Δy, Δz, Δt → 0 the finite difference equation should reduce to the
original differential equation, i.e. the truncation error should reduce to zero. If this
condition is achieved the finite difference scheme is said to be consistent with (or
convergent to) the differential equations.
A notable limitation of a numerical model is that it cannot process all of the
calculations in a finite difference equation to an infinite number of decimal points.
In general all calculations are carried out to a specified, finite, number of decimal
points. As a result, a round-off error is incorporated into every calculation. This
means that the computed solution will differ slightly when compared to the exact
solution of the finite difference equations. A set of finite difference equations can
be said to be stable if the cumulative effect of all the round-off errors is
insignificant. Contrary to this, if the round-off errors are augmented by the
computational process, the solution can be described as unstable. In such cases, the
correct solution will be overwhelmed by the continuous growth of the errors. An
unstable solution scheme will usually end prematurely due to the errors generating
values too great to be processed by the scheme. The Courant condition often
governs the accuracy of a finite difference solution scheme in a computational
model (Nash, 2010).
A finite difference scheme may be consistent and stable but due to the accumulation
of truncation errors it may also be inaccurate. The Courant-Friedrichs-Lewy
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condition, or Courant condition for short, is a convergence condition for
numerically solving partial differential equations. This condition places an upper
limit on the timestep value used for particular grid spacing. The ADI scheme
utilised in the 2D model uses implicit solution techniques and is thus inherently
stable. The Courant criterion is only used to ensure a sufficient level of accuracy is
achieved. This is expressed as a Courant number (Cn). The Courant number
conceptually represents the segment of a grid cell a water particle will pass through
in one timestep. It is defined as follows:

Cn  cw

t
x

3.74

where:
cw =

celerity of the gravity wave

H=

water depth (m)

Δt =

full timestep (s)

Δx =

horizontal grid spacing (m)





gH (m s-1)

It has been observed with the 2D DIVAST model that accuracy starts to deteriorate
substantially for Cn > 8 (Falconer et al., 2001). By including this constraint on the
Courant number Equation 3.74 can be rewritten in terms of the timestep as follows:

t  8

x
3.75

gH

The solution scheme used to solve the governing differential equations is a
combined explicit (leapfrog) and implicit (Crank-Nicolson) scheme. The CrankNicolson, or central difference, implicit scheme is unconditionally stable with
round-off errors that neither grow nor decay over time (Falconer, 1988). The leapfrog, or central difference explicit, scheme used to represent the advective
accelerations and diffusion terms in the terms in the layer-averaged equations lead
to two weak stability constraints being placed on the model (Falconer et al., 1991):
u max t 1

x
2

3.76
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t h
1

x
4

3.77

where:

3.6

u max

= maximum layer-averaged velocity component (m s-1)

εh

= horizontal turbulent kinematic eddy viscosity (m2 s-1)

3D Nested Model

One of the main objectives of this research was the development of a 3D, two-way
nested model for the purpose of multi-scale modelling of tidal turbines. The nested
model is based on TRIVAST and the one-way and two-way nested versions of
DIVAST previously developed by Nash (2010) and O’Brien (2014). A nested
model allows an area of interest within the model domain to be specified at a higher
resolution while the rest of the domain remains at a lower resolution. This can be
useful as higher resolution is often required to obtain a more accurate solution for
complex hydrodynamic situations, such as flow around a turbine or complicated
coastal topography. For structured single grid models like DIVAST and TRIVAST,
higher resolution cannot be localised; the whole domain must be specified at a high
resolution. This can lead to large computational costs which may become
prohibitive, particularly in the case of a 3D model. To further compound the
problem, open boundaries must be positioned in locations such that their conditions
do not adversely affect the model solution in the area of interest. This means that
the area where high resolution is required may only constitute a small proportion of
the domain. The primary benefit of nesting is therefore a significant saving in
computational cost.
There are two main methods of nesting:
1. One-way (passive) method
2. Two-way (active) method
One-way nesting enables interaction between the low resolution (also termed
parent) model domain and the high resolution (also termed child) model domain by
allowing the low resolution model to provide boundary conditions for the high
resolution. Two-way models operate in the same way but also allow the high
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resolution model results to be used to update the low resolution model result. The
3D nested model developed for this research has both one-way and two-way nesting
capabilities.
The nested grid utilised in the model has the capability to be refined in both space
and time. The spatial refinement, also referred to as the spatial nesting ratio (rs), is
defined as follows:

rs 

x p

3.78

xc

where:
Δxp = grid cell width in the parent grid (m)
Δxc = grid cell width in the child grid (m)

The temporal refinement, also referred to as the temporal nesting ratio (rt), is
defined as follows:

rt 

t p

3.79

t c

where:
Δtp = parent grid timestep (s)
Δtc = child grid timestep (s)

The temporal refinement is often, but not always, defined as the same value as the
spatial refinement (Nash, 2010). In the model developed for this research, the
temporal nesting ratio can be set at any integer or turned off completely by setting
the parent timestep to be equal to the child timestep (Δtp = Δtc).
For this research, the grid resolution of the developed model is refined in the
horizontal direction only, with the vertical layer thickness remaining constant
across both the parent and child models. There are examples of vertical nesting of
the entire water column in numerical ocean models (Fox & Maskell, 1995).
However, for comparable reasons to the nondecomposition of the vertical axis in
parallel applications, i.e. use of implicit finite difference schemes, nesting in the
vertical direction introduces additional difficulties (Debreu & Blayo, 2008). Also,
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when applying the model to estuary/bay domain the ratio of vertical length scale to
the horizontal length scale is very small. There is therefore, less need to refine the
grid domain in the vertical direction. Nesting in this instance could be
uneconomical and increase the computational resource required to run the model
unnecessarily. If higher resolution in the vertical direction is required for either the
parent or the child model the layer thickness can be altered to achieve this.
3.6.1

One-way Nested Mode

The basic concept of a one-way nested model, as defined by Nash (2010), is that the
child grid domain (Ωc) is a high resolution sub-domain of a larger, lower resolution
parent domain (Ωp), shown in Figure 3.10. Hence the parent grid solution along the
boundary Γ can be used to force the child grid model.

Figure 3.10: Schematic view of a nested model of an estuary (Nash, 2010).

The mathematical formulation of the problem is as follows:
L p p  f p in  p  c  0, t 
then

Lcc  f c in c  0, t 

3.80

Bc  B p on   0, t 

The above formulation does not describe fully the method by which the one-way
nested model used for this research generated the nested boundary. Ghost cells,
directly adjacent to the nested boundary, are incorporated into the calculations for
the boundary conditions so that the boundary cells are formulated in a similar way
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to internal cells. Hence, the nested boundary is better described as internal model
boundary.
From Equation 3.80 is can be observed that the accuracy of the solution produced
by the child domain is reliant on the following:
1. The choice of boundary operator (B)
2. Accuracy of the parent solution (  p ) at the boundary (Γ)
Both of these factors are very significant in the context of developing an accurate
nested model. The boundary operator needs to enable variables to propagate into
the nested models domain with the least possible disturbance and in a way that mass
and momentum are conserved. It is also important that the open boundaries of the
nested domain be positioned in locations in the parent models domain where the
accuracy of the models solution is high.
The 3D one-way nested model essentially consists of two models, the parent grid
model and the child grid model. These models are dynamically linked, with the
parent grid providing boundary conditions for the child grid. Since the grid
resolutions are different in each model, the parent grid data must be interpolated in
space and in time to generate a complete set of boundary data to force the child
model. This data is then incorporated into the child model in the form of a boundary
condition and the child grid is then integrated forward in time. This is done for both
the 2D and 3D modes of the model.
The nesting procedure used in the 3D nested model is presented in Figure 3.11 and
can be summarised as follows:
1. Integrate 2D equations on the parent grid for one timestep (t + Δtp)
2. Integrate 3D equations on the parent grid for one timestep (t + Δtp)
3. Interpolate (time-wise) parent grid data along child grid boundary to next
timestep of child grid (t + Δtc) for both 2D and 3D models
4. Interpolate (spatially) parent gird boundary data at (t + Δtc) for both 2D and
3D models
5. Assign boundary data to child grid according to some boundary condition
6. Integrate 2D equations on the child grid one timestep (t + Δtc)
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7. Integrate 3D equations on the child grid one timestep (t + Δtc)
8. Repeat steps 3 → 7 so that child grid is synchronised to current timestep of
parent grid (t + Δtc)
9. Return to step 1 and continue
The order of time integration, as specified within the model, is also in shown Figure
3.11:

Figure 3.11: The 3D model nesting procedure (for clarity, the only variable shown
is water surface elevation (ζ)).

The integration of the parent grid is only permitted to continue when the child grid
(for both 2D and 3D variables) has been integrated up to the same time-level as the
parent grid. As previously mentioned, the ADI solution scheme means that each
timestep must be split into two. This has no impact on the order of the time
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integration as each parent grid is integrated by one whole timestep before the model
continues on to the child grid. It does however; affect the temporal interpolation
procedure as the child grid needs boundary data at every half-timestep, as can be
seen in Figure 3.11.
3.6.2

The Nested Boundary

Transfer of momentum from parent grid to child grid at the child grid boundary,
particularly the component of momentum normal to the boundary, has a significant
effect on the accuracy of the nested model solution inside the boundary (Barth et
al., 2005). Nash (2010) developed a ghost cell approach to the formulation of the
child grid governing equations along the nested boundary which helps to ensure
conservation of momentum across the child grid boundary.
The formulation of the governing equations for continuity and momentum at open
boundary grid cells differs from those at an interior cell. This is due to the use of the
central finite difference method on a space-staggered grid to develop the finite
difference formulations of the governing equations. Using the central finite
difference method it is necessary to alter the formulation of two terms in the
momentum equation at the open boundary: the advective acceleration and the
turbulent induced shear force, as their computation requires variable values from
adjacent grid cells that do not exist (i.e. from outside the model domain). These
terms are therefore simplified on an open boundary. The implication for a nested
domain is that momentum is lost from the parent to child grid. By introducing
‘ghost cells’ outside the nested boundary cells, the governing equations at the
boundary cells can be formulated in the same manner as interior grid cells and
momentum is fully conserved from parent to child.
Figure 3.12 shows the configuration of the child grid boundary using the ghost cell
approach. In the figure, the darker lines and the large arrows relate to the parent
model grid while the light lines and small symbols relate to the child model grid.
The variables for the child grid are only displayed at the nested boundary interface
(grey shaded area) for clarity. The interface at the boundary includes the internal
boundary cells (Γ) and the ghost cells (Γ*) directly adjacent to them. The required
boundary data was assigned to both sets of grid cells. However, in the ghost cells
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only boundary data (velocities and volumetric flows) normal to the boundary
needed to be provided as only this data is require for the boundary conditions.

Figure 3.12: Nested grid configuration for the 2D and 3D nested models showing
boundary interface of the child grid incorporating internal boundary Γ and
adjacent exterior ghost cells Γ*(adapted from Nash (2010)).

The boundary operator B of Equation 3.80 is used to merge the solution calculated
by the parent model grid at the child grid open boundary to the child grid and is
important to the accuracy of the nested model. The operator comprises a boundary
condition and an interpolation technique. Based on the work of Nash (2010) and
O’Brien (2014), a Dirichlet boundary condition is used in the 3D nested model as it
was found to best conserve momentum across the boundary. For the 2D nested
model the boundary condition is defined as follows:
c

n 12
i, j

 p

n 12

3.81

i, j

w here:
i, j = child model grid coordinates

For the 3D nested model the boundary condition is defined as follows:
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c

n  12

 p

i , j ,k

n  12

3.82

i , j ,k

where:
i, j, k = child model grid coordinate

To acquire  p

n  12
i, j

the parent model grid solution along the Γ boundary must be

interpolated, both temporally and spatially, to the child model grid resolution along
the nested boundary. This is a secondary task of the boundary operator. The spatial
interpolation technique used by the model is the Inverse Distance Weighted (IDW)
interpolation method. IDW schemes make the assumption that the interpolated
variable value of a specific grid point should be affected most by the grid points
nearest in proximity to it and less by those positioned further from the point. The
interpolated child cell value is a weighted average of the neighbouring parent model
grid cells. The weightings given to the parent grid cell values reduce as their
distance from the child grid cell increases. This method defines the variable  in a
child grid cell c located within the parent grid cell p as follows:
n

 c   w p p
i 1

n

w
i 1

p

for c = 1, ... ,m

3.83

Where n is the number of parent grid cells utilised in the interpolation process and
the weighting function applied to the parent grid cell value is w and m is the number
of child grid cells enclosed within a parent grid cell. For the 3D and 2D nested
model n was defined as nine; these nine grid cell included all of the eight
surrounding parent grid cells as well as the parent grid cell that encloses the child
grid cell. The weighting function used in the calculations was defined as follows:

wp 

1
d c , p 

3.84

2

where:
d(c,p) = distance between the parent grid point p and the child grid
point c (m)
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The variation of the weighting function goes from unity at the point of interest to a
value that approaches zero as the distance from the location of the child grid cell
increases.
In the case of temporal interpolation the model utilises a linear interpolation
procedure. If a temporal nesting ratio is set all the parent model variables along the
boundary must be appropriately interpolated according to that value. A linear
interpolation scheme makes the assumption of a linear relationship between the
scalar values adjoining grid cells in a specific direction. At a child grid cell located
within a parent grid cell a coefficient is used to determine the scalar value in
question. For a temporal nested ratio of rt, the parent grid variable  p can be
interpolated to any child grid cell c in any horizontal row that the parent grid
encloses as follows:

c   p 1    p   p1 

3.85

where:
ω = proportional interpolation coefficient

ω can itself be defined as follows:



3.6.3

2c  1  rt  1
,
2rt

for c = 1, ... ,rt

3.86

Two-way Nested Mode

Two-way nesting techniques allow the higher resolution child model results to
update the lower resolution parent model within the nested domain. Although twoway nesting techniques add to the number of computations that take place during a
simulation there can be an overall economy of computational resources. Figure 3.13
shows a basic schematic of a two-way nested model, where the higher resolution
child grid (Ωc) is a sub-domain of a lower resolution parent grid (Ωp). As in a oneway nested model the parent grid solution along the boundary (Γ), shown as dashed
black line in Figure 3.13, is incorporated into the child grid and used to force the
model. In the common area where the two domains overlap the computed values
from the higher resolution solution are fed back into the lower resolution domain.
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These update points, where computed variables for the two separate domains
overlap, these are shown as red dots in Figure 3.13.

Figure 3.13: Schematic of the parent and child model grids on an idealised bay
domain (red dots represent the two-way nested model update points).

The following equation defines the two-way nesting procedure employed for this
research:
in

 p  c  0, t 

Bc  B p

on

Γ  0, t 

Lcc  f c

in

c  0, t 

 p  Rc

in

c  0, t 

L p p  f p

3.87

then

The above equation (3.87) shows that the performance of the two-way updating
scheme is dependent on the following:
1. Parent grid solution (  p ) along the nested boundary (Γ)
2. The boundary operator (B)
3. Child grid solution (  c )
4. The feedback operator (R).
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The two-way nested model of the 3D nested model uses the same boundary
operator as the one-way mode but includes a feedback operator.
The two-way nesting procedure begins in the same way as the one-way nesting
procedure with boundary data passed from the parent grid to the child grid.
However, the two-way differs in that the computed child grid data is used to update
the parent grid within the nested domain. The two-way nesting procedure used in
the 3D nested model is summarised as follows:
1. Integrate 2D equations on the parent grid for one timestep (t + Δtp)
2. Integrate 3D equations on the parent grid for one timestep (t + Δtp)
3. Interpolate (time-wise) parent grid data along child grid boundary to next
timestep of child grid (t + Δtc) for both 2D and 3D models
4. Interpolate (spatially) parent gird boundary data at (t + Δtc) for both 2D and
3D models
5. Assign boundary data to child grid according to some boundary condition
6. Integrate 2D equations on the child grid one timestep (t + Δtc)
7. Integrate 3D equations on the child grid one timestep (t + Δtc)
8. Repeat steps 3 → 7 so that child grid is synchronised to current timestep of
parent grid (t + Δtc)
9. Interpolate (spatially) child grid boundary data at (t + Δtc) for both 2D and
3D models
10. Assign interpolated child grid data to parent grid according to a feedback
operator condition
11. Return to step 1 and continue
3.6.4

Updating Scheme – Feedback Operator

The feedback operator utilised in the two-way nested mode of the 3D nested model
is comprised of a Dirichlet feedback condition and an averaging interpolation
procedure. O’Brien (2014) found this to be the most suitable scheme in the
development of the 2D two-way nested model. The feedback operator directly
replaces the parent grid values (  p ) with an average of the child grid values ( c )
enclosed in the parent grid cell and can be described mathematically as:
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p 

1
N

N


i 1

3.88

c

where
N=

Number of child grid cells enclosed in one parent grid cell (the
spatial nesting ratio squared, rs2 )

During the development of the 2D two-way nested model the optimum feedback
prescriptions were identified and tested. These variables were the water surface
elevation (ζ) and the x- and y-direction depth-averaged velocities (U and V,
respectively). In the 3D nested model, the feedback variables are expanded to
include the x- and y-direction layer-averaged velocities ( u and v , respectively).
3.6.5

Sponge Layer

Nested grid boundaries are the primary source of errors in a nested solution. In twoway nested mode, to prevent boundary errors from being transmitted from the high
resolution child grid model to the low resolution parent grid model during parent
grid updating, a sponge layer was incorporated in the 3D nested model. As shown
in Figure 3.14, when the sponge layer is made active, the child grid model domain
(Ωc) is extended to include within it the sponge layer (Ωs) directly outside the
original child grid boundary (ΓOrig) of the domain. Although the child grid solution
is computed on the extended domain including the sponge layer, the sponge layer
solution is omitted from the updating procedure, i.e. the parent grid solution
overlapping the sponge layer is not updated. This prevents any reflection errors
generated adjacent to the nested boundary in the sponge layer from being passed to
the parent grid solution. For simplicity only one sponge layer is shown in Figure
3.14 but the model is capable of applying a sponge layer to any nested boundary.
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Figure 3.14: Schematic view of nested child showing incorporation of sponge layer
on upstream boundary (Nash, 2010).

3.7

Outline of Model Development

Chapter 2 and 3 have presented the background to tidal turbine modelling and
nested modelling as well as the relevant theory for the TRIVAST numerical model
and the one-way and two-way nesting procedures. The following chapters of this
thesis will deal with the development of the 3DNTM. The model was developed
and validated in three phases:
1. Development of the 3D Energy Extraction Model (3DEEM)
2. Development of the 3D Nested Model (3DNM)
3. Application of the 3D Nested Turbine Model (3DNTM) to an experimental
domain
Figure 3.15 outlines the plan to develop the model in these three phases and also
shows the required deliverables for each stage. These stages will be referenced in
the following chapters.
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Figure 3.15: Schematic of 3DNTM development and application.

Table 3.2 lists the models used during development and application of the 3DNTM.
Table 3.2 also links each model to the chapter and stage of development that they
were utilised in (as numbered in Figure 3.15).
Model Code

Chapter Stage

2D-1

4

2

2D-2

4

2

3D-1

4

2

3D-2

4

2

3D-3

4

2

No-EXT

4

3

Description
2D model without energy extraction in the
idealised channel domain
2D model with energy extraction in the
idealised channel domain
3D model without energy extraction in the
idealised channel domain
3D model with depth-averaged energy
extraction in the idealised channel domain
3D model with layer specific energy extraction
in the idealised channel domain
3D Severn estuary model with no energy
extraction
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EXT

4

3

EXT-CR

4

3

2DNM

5

3

3DM

5

3

3D1WN

5

3

3D2WN

5

3

3DLR

5

2

3DHR

5

3, 4, 5

2D1W-PG

6

2, 3

2D1W-CG

6

2, 3

3D1W-PG

6

2, 3

3D1W-CG

6

2, 3,4 ,5

3D1W-CG2

6

2, 3,4 ,5

3D2W-PG

6

2, 3,4 ,5

3D2W-CG

6

2, 3,4 ,5

3D2W-CG2

6

2, 3,4 ,5

3D1W-PG_E

6

2, 3, 4

3D1W-CG_E

6

2, 3, 4

3D2W-CG

6

2, 3, 4

3D Severn estuary model with energy
extraction where the coefficient of thrust is set
to a constant value of 1.0
3D Severn estuary model with energy
extraction where the cut-in velocity of the
turbine is 0.8 m s-1 and the rated velocity is
1.25m s-1
2D Nested Model of the idealised harbour
domain with one-way and two-way nesting
2DNM of the idealised harbour domain with
3D functionality but no 3D nesting capabilities
3D One-Way Nested Model of the idealised
harbour domain
3D Two-Way Nested Model of the idealised
harbour domain
Single grid 3D Low Resolution model of the
idealised harbour domain
Single grid 3D High Resolution model of the
idealised harbour domain
Results of the 2D One-Way nested models
Parent Grid for the experimental flume domain
Results of the 2D One-Way nested models
Child Grid for the experimental flume domain
Results of the 3D One-Way nested models
Parent Grid for the experimental flume domain
Results of the 3D One-Way nested models
Child Grid for the experimental flume domain
Results of the 3D One-Way nested models
Child Grid for the experimental flume domain
(with the extended child grid)
Results of the 3D Two-Way nested models
Parent Grid for the experimental flume domain
Results of the 3D Two-Way nested models
Child Grid for the experimental flume domain
Results of the 3D Two-Way nested models
Child Grid for the experimental flume domain
(with the extended child grid)
Results of the 3D One-Way nested models
Parent Grid for the experimental flume domain
(with the extended parent grid)
Results of the 3D One-Way nested models
Child Grid for the experimental flume domain
(with the extended parent grid)
Results of the 3D Two-Way nested models
Child Grid for the experimental flume domain
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3D2W-CG_E

6

3DHR

6

3DHR_E

6

(with the extended parent grid)
Results of the 3D Two-Way nested models
2, 3, 4 Child Grid for the experimental flume domain
(with the extended parent grid)
Single grid 3D high resolution model of
2, 3, 4, 5 the experimental flume domain
Single grid 3D high resolution model of
2, 3, 4, 5 the experimental flume domain (with the
extended parent grid)

Table 3.2: Models developed during research.
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4

Development of Three-dimensional Energy Extraction Model

4.1

Introduction

The aim of this research was to develop the 3DNTM for simulating the
hydrodynamic impacts of tidal turbines. The model was developed and validated in
three phases (as shown in Figure 3.15).This chapter presents the development and
validation of the 3D Energy Extraction Model (3DEEM) which involved the
modification of TRIVAST to include the mechanics of the process of energy
extraction via in-stream tidal turbines. The process by which energy extraction was
included in the model is discussed and the modifications made to the numerical
model source code are described. Finally the model is validated by comparing its
results to previously published one-dimensional (1D) results and applied to the
Severn Estuary domain to reproduce the results of a 2D model investigation by
Ahmadian et al. (2012) and to demonstrate the improved functionality of the
3DEEM. The development of the 3DEEM was thus carried out in the three stages
shown in the flow chart in Figure 4.1.

Figure 4.1: Stages of the 3DEEM development.

4.2

Mathematical Representation of Energy Extraction

There are two ways in which the mechanics of energy extraction have been
incorporated in far-field hydrodynamic models:
1.

Energy extraction can be treated as an additional bed shear stress term to
create extra frictional resistance (Sutherland et al., 2007; Karsten et al.,
2008)

2.

Extraction can be simulated as a momentum sink where the turbine
thrust is incorporated in the momentum equation as an additional drag

87

force acting on the fluid (Ahmadian & Falconer, 2012; Plew & Stevens,
2013; Fallon et al., 2014)
The second method was used in this research. Tidal turbines are incorporated into
the model by adding the axial thrust induced by the turbines as a retarding term to
the momentum equation. It was shown in Chapter 2 (Equation 2.1) that the turbine
axial thrust (T) can be expressed as:

1
T  CT u 2 A
2

4.1

where
CT

= coefficient of thrust

ρ

= density of the fluid (kg m-3)

u

= velocity (m s-1)

A

= area of the turbine rotor in the x-direction (m2)

This turbine thrust is included in the model governing equations as a retarding, or
drag, term. In a 2D depth-averaged model, such a drag force is necessarily
distributed over the full water depth. By contrast, the current 3D model was
developed so that the drag force could be incorporated into the specific layers of the
3D model where the turbine rotor is situated thus allowing flow to be diverted
around the turbine. This should allow more accurate simulation of the flow around
tidal turbines and allow the capture of the effects of energy extraction on the
vertical velocity profile of the flow; this being an obvious deficiency of a 2D energy
extraction model.
Energy will also be extracted from the flow by the frictional drag force (D) induced
by the turbine support structure. This is calculated in a similar way to the thrust
force as follows:

1
D  C D u 2 As
2

4.2

where:
CD

= coefficient of drag
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ρ

= density of the fluid (kg m-3)

u

= velocity (m s-1)

As

= cross-sectional area of the structure (m2)

The following sections develop these formulae further to show how they were
implemented in the model.
4.2.1

Turbine Thrust

Horizontal axis turbines can be designed to be fixed or to swivel around their
vertical axis so the turbine rotor plane can always be oriented perpendicular to the
direction of flow. The advantage of being able to re-orientate the turbine so that the
swept area always faces directly into the path of the incoming flow is that it allows
for the maximum amount of energy to be extracted from the flow at all times during
a tidal cycle. A fixed turbine is unable to adjust its orientation, therefore potentially
reducing the amount of energy it is possible to extract. However, if a turbine is
placed in rectilinear flow energy loss would be minimal.
In the model developed for this research, it is assumed that the turbine rotor is
always orientated perpendicular to the direction of flow. This approach was chosen
as it requires the projected area of the turbine rotor to be calculated based on the
direction of the flow. The angle that the turbine makes with the positive sense of the
horizontal axis, y axis is used to calculate this area. Were a fixed turbine to be
modelled, this angle could be set at the beginning of the simulation. This would
reduce the number of calculations required to simulate the turbine. The calculation
of the projected area of the turbine is illustrated in Figure 4.2, where the x- and ydirection reaction force components of the turbine thrust, T, are FTx and FTy.
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Figure 4.2: Schematic of the turbine.

In Figure 4.2, the angle the total velocity makes to the horizontal access (θ) is used
to calculate the angle the turbine rotor plane makes to the same axis (α) given the
assumption that the turbine swept area is orientated normal to the flow. From these
angles the projected areas of the turbine in the x- and y-directions are calculated as:

ATx  A  cos 

4.3

ATy  A  sin 

4.4

where

 = angle the turbine rotor plane makes with the horizontal axis

The x-direction reaction force component of the thrust induced by a turbine on the
tidal flow, FTx, is expressed per unit area of a grid cell as follows:

FTx 

Tx
1
1
u
 
 CT ATx u 2 
x  y 2 x  y
u

where:
Δx, Δy

=

grid spacing in the x- and y-direction, respectively (m)

CT

=

coefficient of turbine thrust

ATx

=

area of the turbine rotor in the x-direction (m2)

u
u

=

Function that assigns a value of +1 or –1 depending
on the direction of flow
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4.5

and similarly in the y-direction.
The numerical model was altered to include the x- and y-components of the turbine
thrust by including them in the momentum equations. To demonstrate using the
model equations, the x-direction momentum equation (Equation 3.2) was modified
as follows:
u uu uv uw
1 p 1



 fv 

t
x
y
z
 x 

  xx  xy  xz  FTx




y
z  
 x

4.6

where:
FTx = x-direction component of the axial thrust induced by the
turbines (N m-1)

and similarly in the y-direction equation (Equation 3.3).
4.2.2

Layers specific turbine thrust force

For the case of a turbine that occupies more than one vertical layer in the 3D model,
it was necessary to accurately determine the proportion of the turbine rotor area
present in a layer and thus to compute the thrust generated. For a turbine rotor
whose diameter is split equally between two layers, this simply required halving the
total swept area. However, when the area of a rotor is divided between three or
more layers, calculating the turbines rotor area becomes a far more complex
operation. For example for the case of a turbine rotor divided over three layers,
illustrated in Figure 4.3, layer 3 would contain significantly more than one third of
the turbine’s rotor area. Similarly, the area contained in layer 2 and layer 4 would
also be significantly less than one third of the turbine rotor area. This problem
becomes a more significant issue when the turbine is divided over a larger number
of layers. The model allows for all eventualities but for clarity only the procedure
for a turbine divided over three layers is explained here.
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Figure 4.3: Schematic turbine rotor split of over multiple layers.

The model places one stipulation on its method of computing the layer-specific
areas of a turbine rotor: if the turbine is present in a layer it must occupy the entire
thickness of the layer. It is not possible for a layer to be partially occupied by a
turbine i.e. the turbine area can only be divided by an integer value. This stipulation
must be considered when the model layer thickness is being chosen for a
simulation. This simplification allows the angle θ, from Figure 4.3, to be calculated
as follows:

x
  2  cos 1  
R

4.7

where:
R = Turbine rotor radius (m)
y = Layer thickness (m)
x=R–y

Subsequently, Area 1 and Area 3 (see Figure 4.3), both being equal to one another,
are calculated as follows:
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Area _ 1  Area _ 3 

R2
2

 

  sin  

 180


4.8

Area 2 is then calculated by subtracting the summation of Area 1 and Area 3 from
the total area of the turbine rotor:

 

Area _ 2  R 2  R 2 
  sin  
 180


4.9

In the case of a turbine that occupies more than three layers it is necessary to
calculate the area of multiple segments in each half of the turbine rotor. The same
formula, Equation 4.8 , is used to calculate these segment areas. The value y is first
set to the thickness of the top layer occupied by the turbine, this yields the rotor
area present in this top turbine layer. The value y is then set to the thickness of two
layers and the top layer turbine area is then subtracted from this to give the area of
the turbine in the second layer. Equation 4.9 is then used to calculate the central
turbine rotor area. The bottom two layers are again equal in value to the top two
layers. Using this method the model is capable of calculating the layer-specific
areas of a turbine that occupies multiple vertical layers.
4.2.3

Structural Drag Force

Similar to the turbine thrust, Equation 4.10 is used to calculate the x-component
reaction force of the drag force (and similarly in the y-direction) generated by a
turbine support structure in the 2D and 3D models. Once again, the component
forces are expressed per unit grid cell area.

FD x 

Dx
1
1
 
 C D ASxu 2
x  y 2 x  y

where:
Δx, Δy = grid spacing in the x- and y-direction, respectively (m)
ASx

= area of turbine support structure in the x-direction (m2)

CD

= coefficient of turbine structural drag
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4.10

In this research, the turbine support structure was assumed to consist of a
cylindrical pile. This means that the surface area of the structure perpendicular to
the flow is constant, regardless of direction of flow. In the 3D model, the effects of
the turbine support structure are only computed in the layers below the turbine
rotor. The top of the turbine swept area is assumed to sit some permanent depth
(PD) below the low tide level; a schematic of these values is shown in Figure
4.4.The model calculates the support structure height (SSH) as:

SSH  h    PD  Ø

4.11

where h is the mean water depth, ζ is the tidal amplitude and Ø is the turbine rotor
diameter dimension. This SSH of the turbine support structure is multiplied by the
diameter of the structure to give the area (AD).

Figure 4.4: Schematic support structure height dimensions.

By distinguishing between the drag force induced by the turbine structure and the
thrust induced by the turbine rotor it is possible to model the effects of both at
different water depths, i.e. in different layers within the model. Therefore the
amount of energy extracted can vary with depth.
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4.2.4

Cut-in and Rated Turbine Speeds

Turbines operating in a tidally dynamic environment have practical concerns which
limit their operations. Turbines can be designed to allow the blade pitch angle and
orientation of the swept area (the yaw) to vary, thus allowing the turbine to operate
efficiently at a larger range of flow velocities, or they can have a fixed setup with
less moving parts to lower the potential cost of maintenance. The thrust induced by
the turbine changes depending on the efficiency of power extraction by the turbine,
which in turn changes for different flow speeds depending on the turbine set-up. In
addition, most turbines have a minimum operating (cut-in) velocity and a maximum
(rated) design velocity above which the turbine either shuts down or power output
is limited (Plew & Stevens, 2013).
The power produced by a turbine, in the x-direction (and similarly in the ydirection), can be expressed as follows:

1
Px  C P ATx u 3
2

4.12

where:
CP =

power coefficient of the turbine

In Equation 4.12 we see that the power extraction is equal to the cube of the
velocity. At lower velocities, there is insufficient torque to turn the turbine and it is
common for turbines to have a minimum velocity below which no power is
produced. Turbines can also have a maximum operational velocity associated with
its maximum designed power output (PR) to protect the moving parts of the turbine
from excessive forces and wear. The range for cut-in speeds from published data is
between 0.5 – 1.5 m s-1 and rated speeds are typically 2.1 – 3.1 m s-1 (Bedard et al.,
2005).
For this research, it is was assumed that the pitch of the turbines blades was fixed
and the tip speed ratio was constant between the cut-in velocity (uC) and the rated
velocity (uR) and that the values of these parameters maximised the power output of
the turbine. Thus the values for the coefficients of thrust and power would remain
constant between the cut-in and rated velocities. These constant values are
95

identified as CT0 for the thrust coefficient and CP0 for the power coefficient. Below
uC we assume that no power is produced by the turbine and thus that the turbine
rotor does not exert a thrust force on the flow. If the velocity increases beyond uR it
is assumed that the turbines pitch is increased to lower the power output of the
device to the rated power. The variation of the power coefficient with u is defined
as follows:

CP  0

u < uC

4.13

C P  C P0

uC < u < uR

4.14

u > uR

4.15

CP 

2 PR
ATx u 3

where:
PR =

power produced at the turbines rated speed (W)

It is possible to develop a relationship between the CP and CT (Bahaj et al., 2007),
but for this research is was assumed that the ratio between these two coefficients
was constant. The thrust coefficient can therefore be defined for all velocity
conditions as follows:

CT  0

u < uC

4.16

CT  CT 0

uC < u < uR

4.17

u > uR

4.18

CT 

CT 0 2 PR

C P 0 ATx u 3

Figure 4.5 shows the variation of the coefficients of power and thrust with velocity.
The values of CT0 and CP0 are set as 1.0 and 0.4 respectively. The values for the cutin and rated velocities in this plot are 1 ms-1 and 2 ms-1, respectively. For
comparison the power curve of the turbine is also included.
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Figure 4.5: Variation of the coefficients of power (CP) and thrust (CT) with
velocity.

The value of PR is described as follows in Equation 4.19:

1
PR  C P 0 ATx u R3
2

4.19

Therefore, by combining Equations 4.18 and 4.19 the value for CT for u > uR can be
rewritten as follows:
CT  CT 0 

4.3

u R3
u3

u > uR

4.20

Development of Energy Extraction Model

As a first step towards developing a 3D extraction model, the extraction process
was incorporated into the 2D model momentum equations utilised by the TRIVAST
model. This allowed the author to develop an effective method of implementing
energy extraction in the model domain under the relatively simpler 2D model
conditions. The energy extraction model developed for this research is comprised of
a number of new subroutines and altered subroutines which previously existed in
the TRIVAST model. Figure 4.6 shows a flow chart of the subroutines that are
called in the main hydrodynamic programme. The functions of the first eleven
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subroutines (FILINP to MARTURBINIT) are to read the model input data, identify
the integration sections in the domain and initialise the relevant variables. The
functions of subroutines twelve to twenty nine (HYDBND to LVVELAV) are to
compute the hydrodynamic equations in the x- and y-directions. The final four
subroutines are used to recalculate chezy and eddy viscosity values and, finally, to
output data in the required format.

Figure 4.6: TRIVAST subroutine flowchart (subroutines involved in the energy
extraction process are highlighted in red).

To incorporate energy extraction into the model it was necessary to add four new
subroutines into the models structure. The first two of these subroutines
MARTURBINIT and MARTURBLINIT are used to identify the grid cells where
extraction takes place and work out the projected swept area(s) of the turbine(s)
present in these grid cell in the x- and y-directions (as shown in Figure 4.2). The
third and forth subroutines, MARTURB and MARTURBL, calculate the turbine
thrust and structural drag force components at each model timestep for inclusion in
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the 2D and 3D hydrodynamic equations. The 2D thrust and drag force components
were included in the 2D hydrodynamic equations by altering the FORTRAN code
which represents the x- and y-direction momentum equation in subroutines
HYDMODX and HYDMODY. Similarly, the 3D thrust and drag force components
were included in the 3D hydrodynamic equation by altering the FORTRAN code
which represents the x- and y-direction momentum equation in subroutines
LAYDMODX and LAYMODY. A new section of code was also added to the main
programme which checked the velocity in the cells representing the turbine array
against the cut-in and rated velocities for the simulation and applied the appropriate
value of CT.
The thrust and drag forces of equations 4.5 and 4.10 were included as momentum
sinks in the 2D momentum equations as follows:
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The FORTRAN code was altered to include these thrust and drag force terms, under
the name 2DTURB, as follows:
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COEFTHRUST * TURBARXL ( I , J )  

 
* VELMAG / DEPX ( I , J ) * *2 * 4 
2DTURB = D3

 COEFDRAG * TURBSTARX ( I , J )  
 * VELMAG / DEPX ( I , J ) * *2 * 4 



4.22

where:
COEFTHRUST

= coefficient of turbine thrust

TURBARX

=

area of the turbine rotor in the x-direction (m2)

VELMAG

=

absolute value of QXM (m3 s-1)

QXM

=

depth-averaged discharge in the x-direction (m3 s-1)

DEPX

=

the cell depth (m)

COEFDRAG =

coefficient of turbine structural drag

TURBSTARX =

turbine support structure area in the x-direction (m2)

The 2DTURB term is included in the recursion term Bi, shown in Equation 4.23
(see Equation 3.54), which contains known variables combined into single values at
time n.

 Ci  in, j 2  Di Qx
1

n  12
i  12, j

 Ei in1, j2  Bin
1

4.23

The thrust and drag force term added to the 3D x-direction momentum equation,
and similarly for the y-direction, is shown in Equation 4.24 (adapting Equation 3.34
and 3.35). The term was included as the variable 3DTURB in the finite difference
equation as follows:
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4.31

where:
ATx = area of the turbine rotor in the x-direction
ASx = area of the turbine support structure in the x-direction

In FORTRAN code this was written as follows:
3DTURB =

COEFTHRUST * TURBARXL ( I , J , K ) 



VELMAGL * LQXM ( I , J , K ) / LTHICKX ( I , J , K ) * *2 * 4 


D3

 COEFDRAG * TURBSTARXL ( I , J , K ) 



VELMAGL * LQXM ( I , J , K ) / LTHICKX ( I , J , K ) * *2 * 4 

4.32

where:
COEFTHRUST

= coefficient of turbine thrust

TURBARXL

= area of the turbine rotor in the x-direction (m2)

LQXM

= the layer-averaged discharge in the x-direction (m3 s-1)
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VELMAGL

= absolute value of LQXM (m3 s-1)

LTHICKX

= the layer thickness (m)

COEFDRAG

= coefficient of turbine structural drag

TURBSTARXL = area of the turbine support structure in the x-direction (m2)

This term is included in the 3D solution scheme recursion formula under the S0k
term. S0k contains known variables combined into single values at time n. This
value is shown in the recursion formula in Equation 4.32 (see Equation 3.63 in
Chapter 3).
pk u kn1 2  qk u kn 2  rk u kn1 2  s k  S 0 k
1

4.4

1

1

4.33

Model Validation: Idealised Channel

To validate the energy extraction model, it was applied to the idealised channel
domain of Bryden & Couch (2006) which modelled the impacts of extraction of
energy by a fence of tidal turbines in one dimension (1D). The domain (Figure 4.7)
consists of a simple rectangular channel, 4km long and 1km wide, with a water
elevation of 40m at the upper boundary and 39.6m at the lower boundary giving a
head difference of 0.4m to drive flow through the channel. The tidal fence, or
extraction zone, was located at a grid cell (100 m wide) halfway along the channel
(2000m from the channel entrance). As the domain is a straight channel, the
velocities generated are predominantly in one direction. Energy was extracted from
the channel across the entire width of the domain thereby preventing the generation
of cross-flows around the tidal turbines. This allows comparison of 2D and 3D
extraction model results to the published 1D datasets.
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Figure 4.7: Schematic of idealised channel used in study by Bryden & Couch
(2006), extraction zone represented by grey shaded area.

Bryden & Couch (2006) modelled the idealised channel domain using the follow
1D open channel flow equation:


Q 2  h b Q 2
1
1  3 2  

Per 0
2 3
gbh
 h b g  x x gh b

4.34

where:
Q

= discharge rate (m3 s-1)

g

= acceleration due to gravity (m s-2)

h

= depth of flow (m)

b

= channel width (m)

ρ

= density of water (kgm-3)

Per

= wetted perimeter (m)

τ0

= bed shear stress (N m-2)

Power was extracted from the water flow, as it passed through a defined cross
section, by including an additional shear stress (τadd) to the original bed shear stress
τ0. τ0 was initially defined as follows:

0  

g
u
C2

4.35

where:
u

= x-direction velocity (m s-1)

C

= Chezy friction coefficient
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The additional stress term was given as:

 add 

Px R
u

4.36

where:
Px = rate of power extraction per cubic meter (W m-3)
R = hydraulic radius (m)

In the extraction zone, the additional bed stress, τadd, was applied in order to extract
approximately 10% of the cross channel kinetic energy flux. The author’s extraction
model removed energy from the fluid flow in a similar tidal fence setup; where
energy was extracted from the flow across the entire width of the channel ensuring
there was no bypass flow in the horizontal plane. In this way it was possible to
mimic the 1D energy extraction setup.
4.4.1

Model Set Up

To achieve the head difference of 0.6m between the upper and lower boundaries,
the water depth across the domain and at each boundary was first set to 39.8m. The
water elevations at the lower and upper boundaries were then ramped up and down,
respectively, until the required depths of 40m at the upper boundary and 39.6m at
the lower boundary were achieved. Each simulation was run until after the ramping
procedure was completed and a steady flow state was established. The grid cell
spacings in the horizontal plane were defined as 100m in both the x- and ydirections. In the vertical plane the domain was divided into twenty layers. The bed,
or bottom, layer of the domain had a constant depth of 1.6m and the surface layer
varied in depth from 2.5m at the lower boundary to 1.9m at the upper boundary. All
the other internal layers had a depth of 2m. The timestep used was 3 seconds which
satisfies the stability criteria discussed chapter 3 and shown in Equation 3.76 and
3.77. In the study of the idealised channel u max = 3.73 m s-1 (located in surface
layer of the model), Δx = 100m and ε = 6.52 m2 s-1.
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For all simulation CT was set equal to 1. The bed roughness value was used as a
calibration parameter to match flow velocities for the undisturbed flow case, i.e. no
energy extraction, to those published by Bryden & Couch (2006). In the original 1D
study of the idealised channel a Manning’s number (n) of 0.035 was employed. For
the 2D model of the idealised channel n was set to a value of 0.030. For the 3D
model, a value of n = 0.026 was utilised. The input parameter used to vary the
Manning’s number (n) in the model was roughness length (RUFFMM). This value
was set to 189 mm and 63 mm in the 2D and 3D simulations, respectively. The 2D
and 3D model setups are summarised in Table 4.1.
Name
Grid cell dimensions
Δx
Δt
RUFFMM

2D
(40 ,12)
100 m
3s
189 mm

3D
(40 ,12, 20)
100 m
3s
63 mm

Table 4.1: Summary of 2D and 3D model setup.

Five different model simulations were run for this study. The 2D model was run
without and with energy extraction; these simulations are called 2D-1 and 2D-2,
respectively. The 3D model was run without energy extraction case and is referred
to as 3D-1. The 3D model was also run for two different cases of energy extraction:
3D-2 and 3D-3. In 3D-2, the extraction zone was considered to extend through the
full water depth and energy was extracted from all 20 layers of the model. This
depth-averaged approach was used to mimic the 2D extraction case. In the second
case, the extraction zone was considered to be located in the middle of the water
column and energy was thus extracted from the ten central layers of the model. This
case better approximates the position of a turbine rotor in the water column and
allows any bypass flow to travel over and/or under the extraction zone. In all cases,
the model results were compared to the published 1D results of Bryden & Couch
(2006) termed B&C-1 and B&C-2 for the no extraction and extraction cases,
respectively. The details of the model simulations and their acronyms are
summarised in Table 4.2.
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Model results for water elevations and current velocities were compared between
models. To facilitate comparison with the 1D results, the 2D and 3D velocities and
depths were averaged across the width of the channel.
Name

Description

2D-1

2D model without energy extraction

2D-2

2D model with energy extraction

3D-1

3D model without energy extraction

3D-2

3D model with depth-averaged energy extraction

3D-3

3D model with layer specific energy extraction

B&C-1 Published 1D results without energy extraction from Bryden & Couch (2006)
B&C-2 Published 1D results with energy extraction from Bryden & Couch (2006)
Table 4.2 Definitions of abbreviated names of all idealised channel models

4.4.2

2D Model Results

Figure 4.8 compares current velocities from 2D-1 to B&C-1 for the scenario
without any tidal turbines. Figure 4.9 compares the water level results for the same
models. Performing a Root Mean Squared Error (RMSE) analysis on the data
shown in Figure 4.8 and Figure 4.9 gives values of 0.001 m s-1 and 0.003 m for
velocity and water level, respectively which indicates a high level of correlation
between the two datasets shown in each plot. Figure 4.9 shows the gradual drop in
elevation head from 40 m at the entrance of the channel to 39.6 m at the exit. This
gradual change in head reduces the cross sectional area of the flow along the
channel and therefore induces the increase in the velocity observed along the
channel in Figure 4.8.
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Figure 4.8: Comparison of 1D published velocity results (B&C-1) to 2D predicted
results (2D-1) for no energy extraction case.

Figure 4.9: Comparison of 1D published depth results (B&C-1) to 2D predicted
results (2D-1) for no energy extraction case.

Figure 4.10 and Figure 4.11 compares the 2D-2 and B&C-2 results for velocity and
depth, respectively. Performing an RMSE analysis on the datasets in Figure 4.10
and Figure 4.11 gives values of 0.001 m s-1 and 0.012 m, respectively for current
velocities and water levels. This again confirms a very high level of correlation
between the two data sets. Figure 4.10 shows that downstream of the energy
extraction zone the velocity, and therefore the kinetic energy flux, is greater than
that upstream. This is counter intuitive as one would expect that the energy
extraction process would remove kinetic energy from the flow giving lower
107

velocities downstream of the extraction zone. However, comparing Figure 4.9 with
Figure 4.7 it can be seen that the velocities for the extraction case are lower
everywhere in the channel, confirming that kinetic energy has indeed been
removed. Figure 4.11 shows that in the region of the extraction zone a significant
drop in elevation head occurred due to the inclusion of the tidal fence. The drop in
elevation reduces the cross sectional area of the flow downstream of the extraction
zone and induces the increase in downstream velocity relative to that upstream.

Figure 4.10: Comparison of 1D published velocity results (B&C-2) to 2D
predicted results (2D-2) for energy extraction case.

Figure 4.11: Comparison of 1D published depth results (B&C-2) to 2D predicted
results (2D-2) for no energy extraction case.
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As mentioned previously, Bryden and Couch used the additional bed friction
approach to simulate the extraction of energy by the tidal fence which is
independent of the swept areas of the turbines comprising the fence. By contrast,
the author's model uses the momentum sink approach which relies on the
calculation/specification of the turbine swept area. The combined swept area of the
tidal fence was considered to be distributed evenly across the grid cells in the
extraction zone and a value for the swept area within each grid cell was specified to
the model. To achieve good agreement between the 2D-2 and B&C-2, the grid cell
swept area (ATx in Equation 4.5) was used as a calibration parameter. The best
agreement was achieved for ATx = 4.25m2. This was found to result in removal of
11% of the kinetic energy flux from the channel. By comparison, the kinetic energy
flux removed from the channel in B&C-1 was also calculated as 11%.
The RMSE analysis performed on the 2D-2 results, summarised in Table 4.3, show
that the 2D extraction model accurately reproduced the results of the 1D study.
There was a high level of correlation between the model results confirming that the
energy extraction method was integrated correctly into the model and was
performing appropriately.
Name
2D Velocity
2D Water Level
2D Velocity
2D Water Level

Figure No.
Figure 4.8
Figure 4.9
Figure 4.10
Figure 4.11

- No Extraction
- No Extraction
- Extraction
- Extraction

RMSE
0.001 m s-1
0.003 m
0.001 m s-1
0.012 m

Table 4.3: RMSE analysis for 2D idealised channel results.

4.4.3

3D Model Results

Figure 4.12 and Figure 4.13 present the velocity and water level results,
respectively, for the 3D and the 1D no extraction scenarios. To allow direct
comparison with the 3D 1D and 2D results the 3D layer velocities were depthaveraged. The 3D model accurately reproduced the gradual drop in elevation head
from 40 m at the entrance of the channel to 39.6 m at the exit (Figure 4.11) and the
resulting gradual increase in velocity (Figure 4.12). RMSE analyses on the datasets
in Figure 4.12 and Figure 4.13 give values of 0.001 m s-1 and 0.003 m, respectively.
This shows that there is a very high level of correlation between the two sets of
results.
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Figure 4.12: Comparison of 1D published velocity results (B&C-1) to 3D
predicted results (3D-1) for no energy extraction case.

Figure 4.13: Comparison of 1D published depth results (B&C-1) to 3D predicted
results (3D-1) for no energy extraction case.

4.4.3.1

Depth-Averaged Extraction Results

Figure 4.14 and Figure 4.15 compare the velocity and water level results,
respectively, for the 3D depth-averaged energy extraction case (3D-2) and the 1D
extraction results (B&C-2). For the 3D model, the turbine swept area was again
used as a calibration factor. Similar to the 2D model, the total fence swept area in
the 3D model was considered to be distributed evenly across all grid cells in the
extraction zone and in the case of 3D-2, the individual grid cell swept area was
divided evenly across all 20 layers of the grid cell. The best agreement with B&C-1
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results was achieved when the swept area in each layer was specified as 26.8 m2
giving a total grid cell swept area, ATx = 536 m2; this resulted in the removal of
12% of the kinetic energy flux from the channel. RMSE analyses on the datasets in
Figure 4.14 and Figure 4.15 gives values of 0.003 m s-1and 0.012 m for water levels
and current velocities, respectively. This indicates a very high level of correlation
between the two sets of results and confirms that the extraction process in the 3D
model is functioning correctly.
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Figure 4.14: Comparison of 1D published velocity results (B&C-1) to 3D
predicted results (3D-2) for energy extraction case.
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Figure 4.15: Comparison of 1D published depth results (B&C-1) to 3D predicted
results (3D-2) for energy extraction case.
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The 3D model reproduced the same impacts of energy extraction as the 1D and 2D
models, i.e. an overall decrease in velocity along the channel, a drop in elevation
head across the extraction zone and a higher velocity immediately downstream of
the extraction zone than that upstream. However, in Figure 4.14, we see that the
results of the 3D-2 model differ slightly from the B&C-2 results in the area of the
extraction zone where a small but sharp reduction and subsequent increase in
velocity occurs. While the magnitude of the velocity change is small,
(approximately 0.02 m s-1 or less than 1% of the depth-averaged velocity) it is
notable. The most likely explanation is that it is a result of the sharp elevation
gradient caused by the tidal fence. The 3D model utilises an explicit central
difference scheme in its solution procedure. In the presence of a discontinuity, such
as a sharp elevation gradient, numerical models using such schemes are prone to
generate spurious numerical oscillations in the region of sharp gradients (Kvočka et
al., 2015). The thrust term included in the momentum equation at the extraction
zone is not present in the adjacent cells. Therefore, significantly different values for
elevation are calculated by solving the momentum equation at both of these cells.
While solving the governing equations, a numerical scheme tries to fit a solution
with a function. In the presence of a discontinuity this function approximation leads
to the discontinuous solutions. Thus the value for velocity calculated at this grid cell
is discontinuous.
The occurrence of discontinuities in finite difference model solutions can
sometimes be resolved by the use of a higher resolution, thus the 3D-2 model case
was rerun using higher spatial resolution to investigate the phenomenon further. In
Figure 4.18 and Figure 4.19 the results of a model with a spatial resolution of half
that of the initial 3D-2 model i.e. 50m, are shown for velocity and water level,
respectively. This model is referred to as ‘3D-2 (HR1)’. The specifications for this
model are summarised in Table 4.4:
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Variable name
Δx
Δt
x-direction cells
y-directions cells
RUFFMM
Turbine Area per grid cell

Value
50 m
1.5 s
22
80
63 mm
12.95 m2

Table 4.4: High resolution model setup information.

In the work of Bryden & Couch, the extraction zone was 100m in length along the
channel. In the 2D and 3D models, where the spatial resolution was 100 m, this
constituted a single grid cell. In 3D-2(HR1), the grid cell spacing was 50 m which
meant the extraction zone was two cells wide. Therefore the extraction was split
between these two cells. The single grid cell swept area of 536 m2 in 3D-2 was
therefore split evenly over two grid cells in the 3D-2(HR1) extraction zone. Due to
the lower magnitude of the thrust term computed in each of these two cells, the
change in elevation gradient at the entrance to the extraction zone (Figure 4.16) is
not as sharp as in the 3D-2 model (Figure 4.15). This smoother change in elevation
gradient results in a smaller discontinuity in velocity confirming that the source of
the discontinuity is indeed related to the model solution scheme.
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Figure 4.16: Comparison of 1D published velocity results (B&C-1) to the high
resolution 3D results for energy extraction case (3D-2(HR1)).
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Figure 4.17: Comparison of 1D published depth results (B&C-1) to the high
resolution 3D results for energy extraction case (3D-2(HR1)).

An additional case of the higher resolution 3D model was run, 3D-2(HR2) where
the extraction zone was reduced to one grid cell in length or 50m. The velocity and
depth plots for this run are shown in Figure 4.18 and Figure 4.19, respectively. In
this case the magnitude of the discontinuity is also reduced over that of the lower
resolution 3D-2 and is confined to a single cell. This further confirms the source of
the error is related to the solution scheme and may be resolved by using a higher
spatial resolution, thereby providing another justification for development of a
nested energy extraction model.
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Figure 4.18: Comparison of 1D published velocity results (B&C-1) to the high
resolution 3D results for energy extraction case (3D-2(HR2)).

114

40.2
3D-2 (HR2)
40.1

B&C-2
40

Depth (m)

39.9
39.8
39.7
39.6
39.5
39.4
0

500

1000

1500
2000
2500
Distance Along Channel (m)

3000

3500

4000

Figure 4.19: Comparison of 1D published depth results (B&C-1) to the high
resolution 3D results for energy extraction case (3D-2(HR2)).

4.4.3.2

Layer Specific Extraction Results

The 3D-3 model extracts energy from the central 10 layers of the model and
therefore more accurately represents how turbines might be deployed in a channel.
By not extracting energy from the top or bottom five layers the model is capable of
simulating how water might be deflected over and under a turbine rotor due to
blockage. Once again the grid cell swept area, ATx, was used as a calibration
parameter. The best agreement was achieved when a swept area of 57.5m2 was
specified to each extraction layer giving a total grid cell swept area of 575 m 2. This
was consistent with the grid cell swept area of 536 m2 used in 3D-2. This swept
area resulted in the removal of 12.2% of the kinetic energy flux from the channel.
The velocity and water level plots for 3D-3 are shown in Figure 4.20 and Figure
4.21, respectively. RMSE analyses on the datasets in Figure 4.20 and Figure 4.21
gives values of 0.003 m s-1and 0.012 m for velocities and water levels, respectively.
This shows that there is again a very high level of correlation between the 3D and
1D models, confirming that the layer-specific extraction model is performing
correctly.
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Figure 4.20: Comparison of 1D published velocity results (B&C-2) to 3D
predicted results (3D-3) for energy extraction case.
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Figure 4.21: Comparison of 1D published depth results (B&C-2) to 3D predicted
results (3D-3) for energy extraction case.

The RMSE analysis performed on the 3D model results are summarised in Table
4.5. They show that the 3D extraction model accurately reproduced the results of
the 1D study. There was high level of correlation between the predicted and
published results showing that the energy extraction method was integrated into the
model appropriately.
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Name
3D-1 - Velocity
3D-1 - Water Level
3D-2 - Velocity
3D-2 - Water Level
3D-3 - Velocity
3D-3 - Water Level

Figure No.
Figure 4.12
Figure 4.13
Figure 4.14
Figure 4.15
Figure 4.20
Figure 4.21

RMSE
0.001 m s-1
0.003 m
0.003 m s-1
0.012 m
0.003 m s-1
0.012 m

Table 4.5: RMSE analysis for 3D idealised channel results.

4.4.4

Velocity Profiles

A 3D model allows the examination of the vertical velocity profile of a flow, i.e. the
variation in current velocity with depth through the water column. Figure 4.22
shows the depth profiles computed by all of the 2D and 3D models at the extraction
zone. As the 2D models (2D-1 and 2D-2) are depth-averaged their computed
velocities are constant with depth. The 3D models (3D-1, 3D-2 and 3D-3) compute
velocity values for all 20 layers. 3D models provide greater detail on how velocity
varies throughout the water column. This is useful when investigating energy
extraction via tidal turbines as the impacts of extraction will be greatest in the
portion of the water column in which the turbine sits.
The 3D-2 profile shows the effect of the uniformly distributed energy extraction on
the water column. This is analogous to the depth-averaged energy extraction that
occurs within the 2D models. In Figure 4.22 3D-2 has velocities that are
consistently lower for every layer than the no energy extraction model (3D-1). This
is due to energy being extracted from all layers and thus the reduction in velocity
being evenly distributed though all layers. The 3D-2 profile generally follows the
trend of the 3D-1 profile but the attenuation of velocity due to energy extraction
reduces from the top of the water column to the bottom. This is due to the lower
velocities present in the bottom layers of the water column and the thrust force (see
Equation 4.5) being a function of the velocity squared. Therefore, in layers of lower
velocity the thrust induced will be less than that in layers with higher velocity.
The layer specific energy extraction model (3D-3) removes energy from only the 10
central layers of the domain, layers 6 to 15. This extraction zone layout is a more
realistic representation of the deployment of a turbine rotor in the water column. It
is observed that the velocity reduction in the 10 extraction layers is significantly
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greater than that in the same layers in the depth-averaged energy extraction model
(3D-2). This is due to the larger swept area and thus the greater amount of energy
being removed from these layers. Evidence of bypass flow can also be observed in
increased velocities computed in layers 17 to 20 relative to the no extraction case
(3D-1); this is due to flow being deflected under the turbine as a result of blockage.
The simulation of these kinds of velocity effects is only possible using the 3D layer
specific extraction model.

Figure 4.22: Comparison depth profile velocity results.

4.5

Model Application: Severn Estuary

To test the energy extraction model for a real world application, the 2D and 3D
models were set up to simulate the effects of a hypothetical tidal turbine array
deployment in the Severn estuary. This hypothetical deployment was the subject of
a 2D model investigation by Ahmadian et al. (2012). The 2D model is used to
attempt to reproduce the work of Ahmadian et al. (2012) and the 3D model is then
used to demonstrate the improved features of the 3D model versus the 2D model
that better enable it to simulate the effects of turbines on hydrodynamic
environments, e.g. vertical profiles, cut-in and rated speeds of turbines and effects
of structural drag.
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4.5.1

Model Setup

The extent of the domain for the Severn Estuary model is illustrated in Figure 4.23.
The domain was divided into 242 x 168 grid squares with a spatial resolution of
600m. There were two open boundaries specified to the domain. The downstream,
western sea boundary extended from Hartland Point to Milford Haven and was
specified as a water elevation boundary. The elevation data were obtained from the
Proudman Oceanographic Laboratory Irish Sea Model (Ahmadian et al., 2012). The
upstream eastern, boundary was located at the Severn Road Bridge, or M48 bridge,
and was a flow boundary. The values for flow at this boundary were set to zero for
the duration of the simulation. In the Ahmadian et al. (2012) study values for this
flow boundary condition was obtained from a 1D model. This 1D model was
located from Gloucester to the Severn Bridge, shown in Figure 4.23. However,
results from this 1D model were unavailable for the current study and the flow at
this boundary was set to zero. The absence of this riverine forcing meant that it was
not possible to exactly reproduce the published model results. The model simulation
time was set for a period of 90 hours to compare it to results produced over this
time range by Ahmadian et al. (2012).

Figure removed due to
copyright issues

Figure 4.23: Severn Estuary model domain (Ahmadian et al., 2012) .

The stability criteria indicated that the value of the timestep should be less than 70
s. The value used for the study was Δt = 20 s. Other parameters used in the set-up of
119

the model were taken from published data on the 2D model (Ahmadian et al.,
2010). This included a value of roughness length (RUFFMM) to generate the bed
roughness values, set to 0.035 m. As the model also includes flooding and drying of
inter-tidal area, a minimum depth was included for a cell to be considered wet, this
value was set as 0.2m. To investigate the far-field impacts of energy extraction
Ahmadian et al. (2012) included in their simulation an array of 2000 10m diameter
single rotor turbines within an area of 7.2 km2. This is the equivalent of 10 grid
cells within the model domain where energy extraction takes place and in these
cells the turbines are spaced 50m apart. The array is positioned in the centre of the
channel as illustrated in Figure 4.24. For the purpose of comparing the author’s
model results with the published results, the point P1 within the turbine array was
used.

Figure 4.24: Severn Estuary model turbine array and comparison location P1.

In the case of the Severn Estuary study by Ahmadian et al. (2012) the turbine was
assumed to have a rotor of 10m. This is relatively small when compared to the scale
of commercially available horizontal axis turbines, e.g. the 16 m diameter SeaGen
(MacEnri et al., 2011). However, the 10 m diameter was used to satisfy the
minimum depth requirement for a submerged turbine in the Severn Estuary of 11m
(Willis et al., 2010). The dimension of the turbines support pile in this study was set
as 2m in diameter, which is comparable to that of the SeaGen turbine. The values
120

for CT and CD were specified as 1.0, the values used in the study by Ahmadian &
Falconer (2012). The specifications for the 2D Severn model are summarised in
Table 4.6:
Variable name
Grid Cell Dimensions
Δx
Δt
RUFFMM
Turbine Diameter
Turbine Spacing
CT
CD

Value
(242, 168, 5)
600 m
20 s
35 mm
10 m
50 m
1.0
1.0

Table 4.6: Severn Estuary model setup information.

4.5.2

2D Results

The 2D model was first used to test the set up of the model by comparing the results
at point P1, shown in Figure 4.24, to the published 2D results. This was first done
for a model without energy extraction included in the simulation. Figure 4.25
illustrate a comparison between the predicted 2D velocities and the published
results by Ahmadian et al. (2012). Figure 4.26 is from the same simulation and
compares the predicted 2D results to the published results for water elevation. For
both velocities and water levels the level of agreement between the author's model
and the published study is high. This is confirmed by RMSE analyses on Figure
4.24 and Figure 4.25 which gives values of 0.064 m s-1 and 0.205 m, respectively. It
can therefore be concluded that the 2D model reproduces the published results to an
acceptable degree of accuracy.
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Figure 4.25: Comparison of predicted to published 2D velocity results for the no
energy extraction case at point P1 in Severn Estuary model.
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Figure 4.26: Comparison of predicted to published 2D water elevation results for
the no energy extraction case at point P1 in Severn Estuary model.

Figure 4.27 shows a comparison between the predicted and published 2D velocities
for a simulation that includes energy extraction. Once again there is good
agreement between the model results with the RMSE being 0.1 m s-1. Comparing
Figure 4.27 with Figure 4.25, it can be seen that the inclusion of the array results in
significant reductions in velocity at P1 with peak velocities reduced from
approximately 2 m s-1 to 1.5 m s-1. Figure 4.28 compares the predicted 2D results to
the corresponding published results for water elevation. This plot is very similar to
the elevation plot for the no extraction case, shown in Figure 4.26. This shows that
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the turbine array has little effect on the water levels at P1. Conducting an RMSE
analysis on the plots shown in Figure 4.27 and Figure 4.28 gives values of 0.101 m
s-1 and 0.213 m for velocities and water levels respectively. These RMSEs show
that satisfactory correlation was achieved between the predicted and the published
results and that the developed energy extraction model performs as expected.
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Figure 4.27: Comparison of predicted to published 2D velocity results for the
energy extraction case at point P1 in Severn Estuary model.
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Figure 4.28: Comparison of predicted to published 2D water elevation results for
the energy extraction case at point P1 in Severn Estuary model.

To demonstrate the far-field impacts of the turbine array, Figure 4.29 shows a
spatial distribution plot of the absolute difference in velocities computed with and
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without energy extraction at the time of mid-ebb (as measured on the P1 velocity
timeseries, i.e. 78.75 hr into the simulation). The plot shows that the greatest change
in velocity is observed within the array (marked by the black outline) where
reductions in velocity of more than 0.7 m s-1 can be observed. Velocities are also
reduced downstream of the array; the array wake is clearly visible to the left of the
array. In addition to these velocity reductions which are a result of energy
extraction by the array, there are also areas of velocity changes in the region of 0.1 0.2 m s-1 above and below the array; these are localised increases in velocity due the
bypass flow diverted around the array as a result of blockage. Similar flow patterns
were recorded at mid-flood but with the array wake occurring on the riverine side of
the array as would be expected.

Region of
decreased
velocity
Region of
increased
velocity

Figure 4.29: Severn Estuary absolute velocity difference plot at mean ebb
(measurements in m s-1).

Figure 4.30 presents the absolute difference in water levels with and without energy
extraction within the domain at the time of mid-ebb. The impacts on water level are
less significant, with the greatest differences being in the region of 0.075 – 0.1 m.
The mean water depths in the centre of the channel are greater than 20 m; thus the
change in total water depth caused by the presence of the turbines is negligible. The
changes in water level are experienced not only in the vicinity of the array but also
far upstream of the array. There are also smaller changes in water level downstream
of the array. Similar changes in water level were recorded at mid-flood.
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Figure 4.30: Severn Estuary absolute water level difference plot at mean ebb
(measurements in m).

4.5.3

Severn Estuary Model - 3D Results

The purpose of applying the 3DEEM model to the Severn estuary was to assess its
functionality with respect to simulating the hydrodynamic effects of tidal turbines.
The functionality included:


its ability to simulate the energy extraction process



its ability to simulate the changes in vertical velocity profile



its ability to allow a temporally varying thrust coefficient

A standard layer depth of 5m was chosen for the domain. This resulted in a five
layer vertical configuration, as shown in Figure 4.31, which allowed investigation
of tidal turbine energy extraction with varying levels of energy extraction in
different layers,. The layer-specific energy extraction model was used. The top
layer of the model contained all tidal variation and had a maximum thickness of
15m and a minimum thickness of approximately 5.5m. The boundary forcing data
for the model was the same as the 2D model setup.
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Figure 4.31: Schematic of Severn turbine and support structure layer
distribution.

The tidal turbine array remained in the same location for the 3D model simulations.
However, energy extraction due to the turbine rotor was confined to layer 2 and
layer 3. As both of these layer were 5m thick, the 10m diameter turbines, were
completely contained within these layers (Figure 4.31). In the layers below the
rotor, layer 4 and 5, the turbine rotor did not extract any energy from the flow but
energy was extracted from these layers due to drag forces induced by the presence
of the turbine support structure. No energy extraction occurred in the top layer.
Figure 4.32(a) compares the depth-averaged velocities of the 3D model for
simulations with and without energy extraction at P1. It is observed that there is a
significant drop in velocity at P1 due to the presence of turbines in the array. Figure
4.32(b) compares the water level results again with and without energy extraction.
It is observed that there is a slight decrease in tidal range due to the presence of the
turbine array in the domain. The change in water level is approximately 15cm at P1.
However, the mean water depth in this region of the model domain is greater than
20 m, making the change in water level insignificant.
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Figure 4.32: Comparison of 3D depth-averaged results for (a) velocity and (b)
water level at point P1 in Severn Estuary model.

The layer-averaged velocity results are now examined. These results show how the
quantity of energy extraction differs from layer to layer. Energy extraction is
dependent on whether the turbine rotor or the support structure is present in a layer.
The effects of incorporating the cut-in and rated velocity of a turbine are also
demonstrated. The models that are used to demonstrate these features are listed in
Table 4.7 along with their abbreviated names. For the EXT simulation, a constant
thrust of 1.0 was used. For EXT-CR, the cut-in speed is set to 0.8 m s-1 and the
rated speed is set to 1.25 m s-1. Cut-in speeds are typically in the range of 0.5 – 1.5
m s-1 and rated speeds are typically 2.1 – 3.1 m s-1 (Bedard et al., 2005). The cutin speed is within the typical range; however, the rated speed was set outside the
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typical range as the maximum velocities at P1 are less than 2 m s-1. The rated speed
would therefore have had very little impact on the simulation if set between the
usual range and the atypically lower value was therefore chosen.
Name
No-EXT
EXT

Description
Severn estuary model with no energy extraction
Severn estuary model with energy extraction where the coefficient of
thrust is set to a constant value of 1.0
EXT-CR Severn estuary model with energy extraction where the cut-in
velocity of the turbine is 0.8 m s-1 and the rated velocity is 1.25m s-1
Table 4.7: Definitions of abbreviated names of all idealised channel models.

Figure 4.33 shows a comparison between the 3D model with no energy extraction
(No-EXT) and the 3D model with energy extraction (EXT) for each of the five
layers of the model domain at point P1 (point shown in Figure 4.24). The
magnitude of the velocity in each layer has been reduced due to the presence of the
turbine rotor or turbine support structure via the thrust/drag momentum sink terms
included in the models governing equations. It can be seen that the magnitudes of
the velocity reductions are greatest in Layers 2, 3 and 4 where the rotor and
structure are located. Reductions in velocity are smallest in Layer 1 as no part of the
turbine is located in that layer.
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Figure 4.33: Comparison between the No-EXT and EXT 3D models at point P1 in
Severn Estuary model for layers (1) – (5).

Figure 4.34 presents a comparison between the EXT and EXT-CR models. For the
‘EXT’ model no cut-in or rated speeds were specified and the rate of energy
extraction by the turbine is therefore constant. However, for the EXT-CR model the
cut-in speed of 0.8m s-1 means no energy is removed by the turbine rotor until that
velocity is reached. The setting of the rated speed to 1.25m s-1 for the EXT-CR
model means that the thrust force will begin to reduce when this rated velocity is
reached. This effects a reduction in the rate of energy extraction by the turbine
when current velocities exceed the rated speed (as shown in Equation 4.18 and
4.20). The inclusion of the cut-in and rated speed should therefore have an effect on
the change in velocity. This is observed in Figure 4.34, where the peak velocities in
the EXT-CR model are higher than those in the EXT model; this is due to less
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energy being extracted by the turbine in the EXT-CR model due to the inclusion of
the rated speed. It is also observed, particularly in layer 2 and 3 (Figure 4.34 (2) and
(3), respectively), that the EXT-CR velocities below 0.8 m s-1, i.e. the cut-in-speed,
are higher than the corresponding EXT velocities. This is due to the fact that no
energy is extracted by the turbine in the EXT-CR model below the cut-in speed
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Figure 4.34: Comparison between the EXT and EXT-CR 3D models layer
velocities at point P1 in Severn Estuary model for layers (1) – (5).

Figure 4.35 shows the layer velocities recorded at point P1 in the form of a vertical
profile at the time of mid-flood. The reduction in velocity from the surfaces layer to
the bottom layer is easily seen for the energy extraction models compared to the no
extraction case. The effect of the rated speed in the EXT-CR model compared to the
EXT model can also be seen. The rated speed means the thrust force applied to the
EXT-CR at the time shown is reduced from that in the EXT model. Therefore, less
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retardation of the velocity is observed throughout the water column in the EXT-CR
model.
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Figure 4.35: 3D vertical velocity profiles from point P1 at 72.5 hours (mid-flood).

To fully understand the effect of the cut-in and rated speeds it is helpful to look at
the thrust and drag forces being computed at grid cell P1 which are shown in Figure
4.36. It is observed from Figure 4.36 (1) that there is no thrust or drag force
generated in the surface layer of the model as no part of the turbine sits there. The
turbine rotor sits in layers 2 and 3 and the thrust forces acting in these layers is
observed in Figure 4.36 (2) and (3). For the EXT model, the graph follows a similar
pattern to the velocity as the thrust is a function of the velocity squared. For the
EXT-CR model, the graph is quite different as the thrust goes to zero at time when
the current speed is less than the cut-in speed and is also reduced during times when
the current speed is greater than the rated speed. Below the rotor in layer 4 and 5 the
support structure of the turbine is present so values for drag force are computed,
shown in Figure 4.36 (4) and (5). These forces are significantly less than the thrust
forces given the much smaller area of the support structure compared to the rotor
swept area. As the drag on the support structure is not affected by the cut-in and
rated operations, the forces are quite similar in both models.
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Figure 4.36: Comparison between the EXT and EXT-CR 3D models layer thrust
forces at point P1 in Severn Estuary model for layers (1) – (5).

4.6

Summary

A 3D model has been developed that can simulate the effects of energy extraction
via in-steam tidal turbines. The model has been validated against published 1D data
showing the impacts of a tidal fence on current velocities and water levels in an
idealised channel domain. The validation confirms that the model functions
correctly and to an acceptable degree of accuracy. The model has been applied to
the Severn Estuary to demonstrate some of its features which include the ability to
model both thrust and drag of a turbine, the ability to capture the change in vertical
velocity profile due to turbines and the ability to incorporate a thrust coefficient that
changes in response to a turbines defined cut-in and rated speeds. The model is
capable of linking the quantity of energy extraction to the physical attributes of a
tidal turbine design, i.e. turbine rotor diameter, coefficient of thrust and dimensions
of a turbines support structure.
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5
5.1

Development of Three-dimensional Nested Model
Introduction

Following the development of the 3DEEM, the second objective of the research
was the development of a 3D Nested Model (3DNM). This was the second stage in
the development of the 3DNTM. A nested model allows an area of interest within
the model domain to be specified at a higher spatial resolution while the rest of the
domain remains at a lower resolution. This can be useful as it is often not necessary
to model the entire coastal domain at the very high resolution that might be required
to compute an accurate solution to the complex flow patterns near complicated
coastal topography or, as in the present research, the complex flows around a tidal
turbine. Nesting allows additional accuracy to be achieved without exorbitant
increases in computational cost. The significance of this fact is increased by the
higher computational cost of 3D numerical modelling compared to 2D.
There are two main methods of nesting:
3. One-way (passive) method
4. Two-way (active) method
One-way nesting enables interaction between a low resolution (also termed parent
grid (PG) or coarse grid) model domain and a high resolution (also termed child
grid (CG) or fine grid) model domain by allowing the low resolution model to
provide boundary conditions for the high resolution nested domain. A two-way
model initially operates in the same fashion. It also includes the capability for the
high resolution model solution to feedback to, and improve, the low resolution
model solution with high resolution results used to update the low resolution model.
The model developed for this research has both one-way and two-way nesting
capabilities.
This chapter details the development of the 3D nested model (3DNM) which was
achieved by developing the two-way nested version of the 2D model DIVAST
developed by Nash (2010) and O’Brien (2014), to incorporate 3D modelling and
3D nesting capabilities. The following sections describe the structure of the existing
2D nested model (2DNM), the changes made to the 2DNM source code to develop
3DNM and testing of the 3DNM. Chapter 6 then describes the application of the
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3DNM with incorporated 3D energy extraction to an experimental study of scaled
tidal turbines in a recirculating flume.
5.2

Overview of Model Development

The 3D nested model could have been developed in two different ways:
1. The nesting capability of 2DNM could have been transported to TRIVAST
and extended for 3D.
2. The 3D functionality of TRIVAST could have been transported to 2DNM
and the nesting extended to 3D.
Due to the author’s greater understanding of the architecture of TRIVAST, gained
during development of the 3D energy extraction model, it was decided to use the
second method.
The 3D model operates by using a mode splitting strategy where the 2D depthintegrated equations are first solved for the depth-averaged velocities and the water
surface elevation. The 3D layer-integrated equations are then solved using the
pressure gradient computed from the 2D water surface elevations to compute layeraveraged velocities. The layer-averaged velocities are then integrated over the depth
to give new depth-averaged velocities to feed back to the 2D model. It was
therefore possible to transport the 3D model into the 2DNM code without
disrupting the functions of the pre-existing 2D subroutines which would then allow
the 2D nesting capability to be extended to the 3D mode. The development of the
3DNM was thus carried out in the five stages shown in the flow chart in Figure 5.1.

Figure 5.1: Stages of the 3DNM development.
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The first stage of the development of the 3DNM was the implementation of the 3D
code in the 2DNM. This meant the transport and integration of all of the 3D
subroutines from TRIVAST into the 2DNM to create 3DM, i.e. the 2DNM with 3D
functionality. The second stage of development was the testing of 3DM to ensure
that the 3D functionality was performing correctly. Testing involved the application
of both 3DM and the original TRIVAST to the same domain and comparison of the
3D solutions. The third stage in development was the extension of the nesting
capability into the 3D model, i.e. enabling the generation of nested 3D domains and
interaction between low and high resolution 3D grids. Stages 4 and 5 of
development involved the testing of the nesting in both one-way and two-way
modes. Here, the 3D parent and child grid hydrodynamic results were compared
results from single grid TRIVAST models of the same coarse and fine resolutions.
Figure 5.2 shows a schematic of the interconnecting sub-models that are included in
the 3DNM. The 3DM requires interaction between the 2D and 3D parent grids and
so they are contained in the same box in the schematic. The 2DNM requires
interaction between the 2D parent and child grids so they are also connected by a
box. For the one-way version of the 2DNM model, data is passed from the 2D
parent grid to the 2D child grid, this is signified by the black arrow. For the twoway mode of the 2DNM, data is also passed back from child grid to the parent grid,
this is signified by the white ‘update’ arrow. In the 3DNM, that combines both the
3DM and the 2DNM, a similar interaction occurs between the 3D parent and child
grids: in one-way mode data is passed from the 3D parent grid to the 3D child grid
and in two-way mode data is also passed back from the child grid to the parent grid.

135

Figure 5.2: Schematic of the interconnecting modes of the 3DNM.

Many different models were created during the various stages of development and
yet more used to validate the new model’s performance. For clarity, all of the
models used are listed in Table 5.1.
Name
2DNM
3DM
3D1WN
3D2WN
3DLR
3DHR

Description
2D nested model with one-way and two-way nesting
2DNM with 3D functionality but no 3D nesting capabilities
3D one-way nested model
3D two-way nested model
Single grid 3D low resolution model
Single grid 3D high resolution model

Table 5.1: Model code names and descriptions.

5.3

Study Domain

The idealised harbour domain shown in Figure 5.3 was used as the study area with
which to develop the 3DNM. To simplify development and testing, the domain was
designed with relatively simple geometry, a rectangular channel with a gently
sloping bed, and water depths chosen so that no flooding or drying of grid cells
occurred. It was expected that the addition of the 3D code to the 2DNM would
significantly increase the time needed to run a simulation. Therefore, simulating a
domain of a smaller scale than an estuary would keep the model runtime down to a
manageable length of time. This allowed for quicker development of the model.
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Figure 5.3: Schematic of the Idealised Harbour domain and nested region.

The domain dimensions were 12 km x 6 km with a water depth of 10m at the open
water boundary which reduced to a depth of 4.12 m at the back wall of the harbour.
For development of the one-way and two-way nested models a spatial nesting ratio
of 3:1 was employed. The parent and child grid spacings for all nested models were
therefore set at 120 m and 40 m, respectively. The 3D model was setup to have a
maximum of 5 layers. The top layer of the model was set to a thickness of 3.5m and
all other layers were set to a thickness of 2 m. In keeping with the spatial nesting
ratio, a temporal nesting ratio of 3:1 was also employed and the parent and child
timesteps were thus set to 6 s and 2 s, respectively. The same physical
hydrodynamic model parameters, such as bed roughness and eddy viscosity, were
used for both the parent and child grids. Coriolis effects on the hydrodynamics were
eliminated during development by setting the degree of latitude in all development
models to zero. This simplified the model simulations as it meant that all flow
patterns were symmetric about the longitudinal axis of the model. This allowed for
the quicker identification of incorrect computations within the models outputs.
As shown in Figure 5.3, the nested domain for the development models comprised
of the inner half of the harbour domain. This child grid extended across the full
width of the harbour and its open boundary was located halfway along the
longitudinal axis of the domain. The exterior forcing function for the parent grid
open water level boundary in all development models was a repeating tide of period
12.5 hours and range 3 m. All model simulations were run for a period of 50 hours,
i.e. four tidal cycles, and started at the time of high water. Only model outputs
generated for the fourth and final tidal cycle of the simulation, i.e. starting at 38
hours into the simulation and ending at 50 hours, were used in analyses of results.
The model setup is summarised in Table 5.2:
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Description
Grid dimensions
Δx
Δz
Δt
Simulation time

Parent Grid Value
(100,50,5)
120 m
3.5m; 2 m
6s
50 hr

Child Grid Value
(150,150,5)
40 m
3.5m; 2 m
2s
50 hr

Table 5.2: Summary of model setup.

5.4

Model Performance Assessment

To assess the performance of the nested model it was necessary to use an approach
that accounted for both spatial and temporal variation within the model. The two
most common approaches found in literature were timeseries analyses at discrete
locations or visual comparison of flow fields. Neither of these methods allows
assessment of the accuracy of a model over the entire domain at all stages of the
simulation. An approach was taken to error quantification that enabled the analysis
of both the spatial and temporal errors in a model's solution.
A high resolution single grid model of the full model domain was used to assess the
performance of the nested model. This single grid solution was considered to be the
correct model solution and was used to compare the other solutions to. The single
grid solution was first compared to the parent grid results to assess the loss in
accuracy resulting from the lower resolution. The single grid model was then
compared to the child grid to determine the accuracy of the nested model.
Values for multiple model variables, such as velocity in the x- and y-direction and
water elevation, were output for all grid points of the domain at a particular instance
in time. These datasets, referred to as snapshots, allowed analysis of the spatial
variation of the model variables and were used to calculate the spatial variation of
the error between variable values computed by two different models e.g. parent grid
versus high resolution single grid. Looking at a set of variables for the parent grid (

 ti , j ,k ) and the single grid ( it, j ,k ) models at time (t) the absolute error (AE) and the
relative error (RE) between these modelled variables were calculated as follows:
AE it, j ,k   ti , j ,k  it, j ,k , for i = 1 ... imax; j = 1 ... jmax; k = 1 ... kmax
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5.1
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 ti , j ,k  it, j ,k

it, j ,k

 100 , for i = 1... imax; j = 1 ... jmax; k = 1 ...kmax 5.2

The error data computed from Equations 5.1 and 5.2 could then be presented
graphically as spatial distributions of error for each layer of the 3D model domain.
However, to efficiently analyse the data it was decided to combine snapshot dataset
by computing tidally averaged errors, i.e. the average error per tidal cycle at each
grid point. The tidally-averaged layer specific absolute error (AET-L) and the
tidally-averaged layer specific relative error (RET-L) at a grid point was calculated
as follows:
N

AET  L
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n 1
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n 1
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5.3

5.4

n
i , j ,k

where:
N=

total number of snapshots output at regular intervals during
one complete tidal cycle.

The subscript T utilised in the naming of AET-L and RET-L refers to the tidallyaveraged nature of the error. The subscript L refers to the plotted distribution of this
error being confined to a single layer of the model domain (layer specific error
distribution). This is due to both the large amount of data that is produced by each
simulation and that the number of layers varies depending on the position in the
model domain. It may not be correct to directly compare a grid point that has two
layers to one that has five. Therefore, each layer is first examined individually. To
compute the exact error between solutions would require snapshots of variable
values at each timestep during the tidal cycle. This was not possible due to
computer memory storage limits. Therefore, an approximation of the error was
made. Nash (2010) showed that for a tidal period of 12.5 hours, a minimum of
N=25 was required to compute an accurate approximation of the tidally-averaged
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error. N = 25 was thus used for this research which required that snapshots be
output every 30 minutes during the tidal cycle.
Although it was possible to determine the level of improvement between versions
of the nested models by comparing the tidally-averaged and layer specific error
distribution plots (AET-L and RET-L) visually, this is a subjective manner of
comparison. A mathematical approach was therefore developed where the values
for AET-L and RET-L for each wet cell in each layer are summed to give the total
tidally-averaged absolute layer specific error (AET-L-Tot) and total tidally-averaged
relative layer specific error (RET-L-Tot). A summation calculation across the entire
model domain, i.e. summed error from all layers, gives the total tidally-averaged
absolute domain error (AET-D-Tot) and total tidally-averaged relative domain error
(RET-D-Tot). These terms are defined mathematically as follows:
i max j max

AET  L Tot k   AET  L i , j , k for k = 1..kmax

5.5

i 1 j 1

imax j max

RET  L Tot k   RET  L i , j , k for k = 1..kmax

5.6

i 1 j 1

i max j max k max

AET  D Tot   AET  L i , j , k

5.7

i 1 j 1 k 1

i max j max k max

RET  D Tot   RET  L i , j , k

5.8

i 1 j 1 k 1

The values of AET-L-Tot and RET-L-Tot are next averaged by dividing by the number
of wet cells per layer. This gives the layer and tidally-averaged absolute error
(AEL) and the layer and tidally-averaged relative error (REL), i.e. the average
absolute and relative error per grid cell per tidal cycle over a specific layer. The
values of AET-D-Tot and RET-D-Tot are also averaged by dividing the number of wet
cells in the domain. This gives the domain and tidally-averaged absolute error
(AED) and domain- and tidally-averaged relative error (RED), i.e. the average
absolute and relative error per grid cell per tidal cycle over the entire domain. These
terms are defined mathematically as follows:
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5.9
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5.10
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AE D 
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wD

5.11

RE D 

RET  D Tot
wD

5.12

where:
wk

= the total number of wet cells in layer k

wD

= the total number of wet cells in the domain

The advantage of using these error parameters was that they allowed all of the
spatial and temporal errors in a specific layer or an entire domain to be quantified in
a single figure. This allows the different model accuracies to be quickly determined
and compared. A summary of all the error parameters used is given in Table 5.3
below.
Name
AE
RE
AET-L
RET-L
AET-L-Tot
RET-L-Tot
AET-D-Tot
RET-D-Tot
AEL
REL
AED
RED

Description
Absolute errors at time t and grid point (i, j, k)
Relative errors at time t and grid point (i, j, k)
Tidally-averaged, layer specific absolute error distribution
Tidally-averaged, layer specific relative error distribution
Total tidally-averaged, layer specific absolute error over all the wet
grid cells in a layer
Total tidally-averaged, layer specific relative error over all the wet
grid cells in a layer
Sum of the tidally-averaged absolute error over all the wet grid cells
of the domain
Sum of the tidally-averaged relative errors over all the wet grid
cells of the domain
Layer- and tidally-averaged absolute error, i.e. average error per
tidal cycle per wet grid cell in a specific layer
Layer- and tidally-averaged relative error, i.e. average error per
tidal cycle per wet grid cell in a specific layer
Domain- and tidally-averaged absolute error, i.e. average error per
tidal cycle per wet grid cell for the total domain
Domain- and tidally-averaged relative error, i.e. average error per
tidal cycle per wet grid cell for the total domain

Table 5.3: Error parameters used in the analysis of the model results.
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5.4.1

Error Filtering

When comparing model solutions, a small absolute error in regions of low
velocities can represent a large relative error but such errors may be of no
significance to the overall system dynamics. During model development it was
found that these large relative errors misrepresented the magnitude of the errors
within a layer or the domain. They also increased the layer or domain-averaged
relative error (REL and RED, respectively). To remove such errors from
consideration an error filter was created. This ensured that the RET-L distribution
plots gave a clearer indication of the quantity of the significant errors in the parent
grid and child grid solutions.
The AET-L is the magnitude of the difference between a particular model solution
and the high resolution single grid solution, over an entire tidal cycle at any grid
point in the layer. However, when viewed in isolation it gives no indication of how
the magnitude of the absolute error relates to the magnitude of the value. The
relative error provides a measure of how the magnitude of the error relates to the
magnitude of the value but gives no indication of the magnitude of the value itself.
It is therefore, necessary to look at these two parameters together in combination
with the magnitude of the variable itself in order to understand if the error is a
significant one.
The following example is taken from Nash (2010) and details a situation where an
unfiltered result would give an inaccurate representation of the error present within
a domain. Presented in Figure 5.4 are two fictitious current velocity measurements
and their corresponding numerical approximations. At X1 the absolute error is
significantly higher than for the second dataset at X2. While the relative error is
significantly higher at X2 compared to X1. If only the relative error were analysed
then the error at X2 would be considered far more significant than the error at X1.
Alternatively, if the absolute errors were taken without context the error at X1
would be considered more significant than the error at X2. A small absolute error in
a region of low current velocity can thus generate a large relative error which can
misrepresent the actual significance of the error. The significance of an error can
only be judged by examining both the absolute and relative errors in combination
with the particular value of the variable in question.
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Figure 5.4: Demonstration of absolute and relative errors (Nash, 2010).

To ensure that the errors presented were of hydrodynamic significance in the RE L-T
and RED-T plots an error filter was developed. This error filter was included in code
designed to analyse the error between the correct hydrodynamic solution and the
solution provided by the various development models in the form of snapshot
datasets. This code was used to determine the relative error in the velocities based
on the magnitude of those velocities, the absolute values of the associated errors
and the relationship between the magnitude of both the errors and their
corresponding velocities. An appropriate error filter would produce a tidallyaveraged relative error distribution plot of only the significant errors in a layer.
The most crucial aspects in the development of the error filter were what parameter
to use to examine the error and the cut-off level at which errors would be deemed
insignificant. The magnitude of the absolute error was chosen to judge the
significance of the error. Basing the filter on this parameter meant that the value of
the absolute error selected as a cut-off value had to be related to the actual velocity
magnitudes within the area of interest. It was decided to use the value of the
maximum velocity to describe the levels of hydrodynamic activity within the nested
domain. The dataset of maximum velocities, computed for each cell, was averaged
across each layer during the course of a tidal cycle, VL-max,avg. In the original
application of this filtering method by Nash (2010) a value of 3% of the average
maximum velocity of the domain was used to define the cut-off absolute error. This
value was appropriate for the high levels of hydrodynamic activity present in the
domain used in the study. However, in the current domain the difference in variable
magnitudes computed by models of different resolution is small due to the simple
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hydrodynamic regime for the model domain. To account for this a smaller
percentage value of VL-max,avg was utilised. The value used to define the cut-off
absolute error (AEL-C) was reduced to 0.05% of VL-max,avg. The error filter cut-off
value is formulated as follows:
AE L C

k

 0.0005  VL C ,max,avg

5.13

k

The following rule was then used to apply the filter to the tidally and layer-averaged
error data:
 AE LC

If:

AET  L

Then:

RET L i , j ,k  0 , AET  L i , j ,k  0

i , j ,k

for i=1...imax;

k

j=1...jmax; k=1...kmax

5.14

Figure 5.5 shows the distributions of RET-L and AET-L for the surface layer of the
parent grid of the 3D1WN model. It is observed in Figure 5.5(a) that the highest
relative errors occur near the back of the harbour with values exceeding 100%. In
Figure 5.5(b) it is shown that in the region where these high relative errors are
found, the corresponding absolute errors are in the range of 0.001 - 0.0015 m s-1.
Figure 5.6 presents similar plots for the surface layer of the child grid of the
3D1WN. In Figure 5.6(a) it is again shown that the highest relative errors occur
near the back of the harbour. However, the corresponding absolute errors for the
same region in the child grid shown in Figure 5.6(b) are less than 0.0005 m s-1.
Therefore, the RE in the child grid plot are less significant than in the parent grid as
they correspond to much lower values of absolute error. The only way for low
values of absolute error in this region to correspond to high relative error values is
if the values for velocity were similarly low in this region. [It should be noted that
the spatial scales appearing on figures of model output are specified in terms of
model grid points in the x- and y- directions.]
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Figure 5.5: (a) RET-L and (b) AET-L for layer 1 of the parent grid current velocities
for the 3D1WN.
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Figure 5.6: (a) RET-L and (b) AET-L for layer 1 of the child grid current velocities
for the 3D1WN.

Figure 5.7 shows the maximum velocities computed at each grid cell in the single
grid 3DHR model over a full tidal cycle inside the nested domain. It shows that the
maximum value for velocity in the region of high relative errors at the back of the
harbour is less than 0.01 m s-1. This is less than 5% of the layer maximum which is
approximately 0.21 m s-1. Therefore, the hydrodynamic activity in the back region
of the harbour is far lower than in the rest of the harbour and less significant in its
contribution to water circulation within the nested domain. The high relative errors
recorded in the back region of the harbour are therefore insignificant as they occur
in an area of low current velocity and correspond to low magnitude absolute errors.
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Figure 5.7: Maximum velocities computed by the high resolution single grid
model for layer 1.

Applying the error filter to the RE results for the parent grid and child grid, again
shown in Figure 5.8(a) and Figure 5.9(a), produced the plots shown in Figure 5.8(b)
and Figure 5.9(b), respectively. No change is observed in the parent grid RE plot
due to this error corresponding to a significant value of absolute error. However, in
the filter child grid plot Figure 5.9(b) the RE previously observed at the back of the
harbour is no longer present. This is due to the insignificant values of AE
corresponding to this RE.
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Figure 5.8: (a) Unfiltered RET-L and (b) filtered RET-L for layer 1 of the parent
grid current velocities for the 3D1WN.

146

100%
90%
80%
70%
60%
50%
40%
30%
20%
10%
0%

150

150

(b)

(a)

100

100

50

50

150

200

250

300

150

200

250

300

100%
90%
80%
70%
60%
50%
40%
30%
20%
10%
0%

Figure 5.9: (a) Unfiltered RET-L and (b) filtered RET-L for layer 1 of the child grid
current velocities for the 3D1WN.

From Figure 5.8 and Figure 5.9 it is concluded that the filtering method removes
insignificant RE, i.e. RE corresponding to insignificant AE magnitudes, from
regions of low hydrodynamic activity, whilst not inhibiting the computing of error
that were of significance.
5.5
5.5.1

Development of 3D Functionality in 2DNM
Structure of Existing 2DNMl

The existing 2DNM was initially developed by Nash (2010) by implementing oneway nesting in the DIVAST model. This model was subsequently further developed
by O’Brien (2014) to incorporate two-way nesting. Much of the structure of 2DNM
is therefore common with DIVAST. Since 2DNM was the starting point for the
development of 3DNM, its structure is first presented here. 2DNM comprises of a
number of source code and input data files, the names and descriptions of which are
listed in Table 5.4.
File Name

Description
ASSIGN.f90
Source file for the models code
RECTANGLE.dat
Main input file
HARBOUR.cmn
Common file containing 2D parent matrices & values
HARBOUR_FINE.cmn Common file containing 2D child matrices & values
TURBINE.dat
Input file for the energy extraction parameters
TWNM.dat
Input file for the Two-way nested model parameters
Table 5.4: Summary of 2DNM files names and their general functions.
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The 2DNM FORTRAN source code file, ASSIGN.f90, comprises a main
programme and multiple subroutines. The main programme is used to call the
subroutines which carry out various tasks such as assigning the open and nested
boundary conditions, solving the governing equations and generating model result
files. In this way the 2DNM solves its governing equations. The flowchart
presented in Figure 5.10 shows the general structure of 2DNM, i.e. the subroutines
called by the main programme and the sequence in which they are called. Table 5.5
provides a description of the function of each subroutine illustrated in Figure 5.10.

Figure 5.10: Flowchart of the 2D Nested Model.
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Subroutine Name
FILINP
FILOUT
ASSIGN

Description
Opens files for data input
Opens files for data output
Assigns unique identifying number to each child cell to
link it to its owner
Reads the stored values for the open boundaries
BOUND
Reads in the computational domain
FIELD
Reads nested land-sea mask
FIELD_F
Establishes integration sections
FIND
Establishes open boundaries for each child grid
FIND_F
Reads in water depths
DEPTH
Initialises depths, elevations, concentrations and chezy
INITL
values
Sets initial conditions for child grids
INITL_F
Assigns hydrodynamic data to the open boundaries
HYDBND
Solves depth-averaged hydrodynamic equations in the xHYDMODX
direction
Recalculates water depths
SIDEH
Checks for flooding and drying of cells
FLDRY
Solves depth-averaged hydrodynamic equations in the yHYDMODY
direction
Main DO loop for first level of nested child cells
NEST_NL1
Extracts, interpolates and assigns boundary data from
FINEBND
parent grid
Solves depth-averaged hydrodynamic equations in the xHYDMODX_F
direction for the child grid
Recalculates water depths for child grid
SIDEH_F
Checks for flooding and drying in child grid cells
FLDRY_F
Solves depth-averaged hydrodynamic equations in the yHYDMODY_F
direction for the child grid
Recalculates chezy values
CHEZY
Recalculates chezy values for child grid
CHEZY_F
Recalculates eddy viscosity
EDDY
Recalculates eddy viscosity for child grid
EDDY_F
INTERPOLATION Governs Two-way model feed back
Outputs time series and snapshots
PRINT
Table 5.5: Descriptions of subroutines in 2D Nested Model.

2DNM is essentially composed of two integrated models – (1) the parent grid
model and (2) the child grid model. The solution to the parent grid model governing
equations is computed by the subroutines in the left-hand column of Figure 5.10,
excluding those subroutines that end with ‘_F’. Subroutines 1 – 11 are used to read
input data, setup the output files, establish the integration sections of the domain
and initialise the variables used in the solutions scheme for both the parent and
child grids. Subroutines 12 – 29 are executed at every timestep during a model
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simulation. For the first half-timestep, 12 – 15 are utilised to compute the
hydrodynamic solution for the parent grid in the x-direction. For the second halftimestep 16, 17, 18 and 29 are utilised to compute the hydrodynamic solution for
the parent grid in the y-direction. During a simulation, subroutines 30 and 33 are
called at frequent time intervals, at the end of a full timestep, to recalculate chezy
and eddy viscosity values.
The subroutines in the left hand column ending in ‘_F’ (numbered 6, 8, 11, 19, 31,
33 and 34) are associated with the child grid model and are used to solve the child
grid governing equations. The child model also includes all the subroutines in the
right-hand column (number 20 – 28). Subroutines 6, 8 and 11 are used to read input
data, initialise values and set up the integration sections specifically for the child
grid solution. Subroutine 19 (NEST_F1) is the main programme for the child grid
model. NEST_F1 calls the subroutines required to compute the child grid solution
for a child grid timestep and repeats this process until the child grid cells have been
integrated up to the parent grid timestep. For the first child grid half-timestep,
subroutines 20 – 24 are used to compute the hydrodynamic solution for the child
grid in the x-direction. For the second child grid half-timestep, subroutines 25 – 28
are used to compute the hydrodynamic solution for the child grid in the y-direction.
5.5.2

Stage 1: Implementing 3D Code in 2D Nested Model

The first stage in the development of the 3DNM was the addition of the code from
the TRIVAST main programme and the subroutines that solved the 3D governing
equations. The structure of the new 3D nested model, 3DM, is illustrated in the
flowchart in Figure 5.11. The subroutines shaded grey are the 3D subroutines that
were added to 2DNM to create 3DM. The functions of the subroutines added to
2DNM are listed in Table 5.6.
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Figure 5.11: Flowchart of 3D nested model - subroutines added to 2DMN to
create 3DM are shaded grey.

Subroutine Name
LDEPTH
LINITL
LAYMODX
SIDEL
UVELAV
LUVELAV
LAYMODY
VVELAV
LVVELAV
VTEDDY

Description
Sets the initial depth of vertical layers
Reads the limits of the computational domain for the
maximum possible wetted plan-form area
Solves layer-averaged hydrodynamic equations in the xdirection
Calculates thickness at the centre of the surface grid cells
and sets negative depths to zero
Evaluates the U-velocities at the V-position
Evaluates the U-velocities at the V-position for each layer
Solves layer-averaged hydrodynamic equations in the ydirection
Evaluates the V-velocities at the U-position
Evaluates the V-velocities at the U-position for each layer
Calculates the vertical and horizontal eddy viscosity for
each layer

Table 5.6: Description of additional subroutines in 3DM.
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The main programme required alteration to facilitate calling of the new subroutines
and integration of the 3D solution scheme. The 2D governing equations are used to
calculate the water elevations which are then used to solve the 3D governing
equations. As both sets of equations are linked in the solution procedure it is
necessary for them to be connected inside of the same iterative loop in that solution
procedure. This involved altering the 2D subroutines HYDMODX and
HYDMODY as the iteration loops for the solutions to the governing equation in the
x- and y-directions, respectively, were contained within these subroutines for the
2DNM. Once these iterative loops were placed outside of the 2D subroutines in the
main programme, the 3D subroutines LAYMODX and LAYMODY were added to
the x- and y-direction solution scheme, respectively.
Two new subroutines, UVELAV and VVELAV, were added to remove the
computation for the x-direction depth-averaged velocities at y-direction grid
locations and the y-direction depth-averaged velocities at x-direction grid locations
from HYDMODX and HYDMODY, respectively. This allowed placement of these
terms outside of the iterative loop meaning so that they are only recalculated once
every half-timestep. Subroutines LUVELAV and LVVELAV were also added to
compute the layer-averaged x-direction velocities at y-direction grid locations and
the layer-average y-direction velocities at x-direction grid locations. These were
also placed outside of the iterative solution scheme loop and are calculated one
half-timestep after the x- and y-direction governing equations have been solved.
The subroutine SIDEL was also added to recalculate the thickness of each layer
throughout the parent grid domain at every half-timestep.
The matrices that the 3D model would require to compute the 3D hydrodynamic
solution were included in the pre-existing common file ‘HARBOUR.cmn’. Input
data was also added to the input file, ‘RECTANGLE.dat’, to specify the setup of
the 3D model, such as the thickness of the standard layers (DELZ) and thickness of
the surface layer (DELZ1). A schematic of how the two models, 2DNM and 3DM
have been integrated together is included in Figure 5.12.
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Figure 5.12: 3DM schematic showing individual sub-models.

5.5.3

Stage 2: Testing 3DM

To ensure that the 3D code integrated into the 2DNM was working correctly, results
produced by the newly developed 3DM were compared to results produced by the
original single grid low resolution 3D model TRIVAST (3DLR). The 3DM was
setup to run at the low parent grid resolution of 120 m. The same setup data was
used for both models. The variables utilised in the error assessment of the model
were total horizontal velocity, calculated in Equation 5.15, and the water surface
elevation as quantified by the surface layer thickness, calculated in Equation 5.16.
The surface layer was the only layer considered in error analysis as it was the only
layer that varied in magnitude. All subsequent results presented in this chapter have
been filtered.
TOT _ V i, j, k  

LUM i, j, k   LVM i, j, k 
2

2

TOT _ THKi, j   LTHIKX i, j,1  LTHIKYi, j,1 2

5.15
5.16

Figure 5.13 and Figure 5.14 show the RET-L and AET-L distribution plots for
velocity from the 3DM model. The RET-L plots show error between 0 – 0.01%
between the 3DM and 3DLR result everywhere in the domain. The AET-L plots
show error between 0 – 0.0005 m s-1 between the 3DM and the 3DLR result
everywhere in the domain.

153

50

50
40

(a)

40

(b)

30

30

20

20

0.1%

10

10

0.09%

10

20

30

40

50

60

70

80

90

20

30

40

50

60

70

80

90

100

(c)

40

0.08%
0.07%

50

50
40

10

100

(d)

0.06%

30

30

0.05%

20

20

0.04%

10

10

0.03%

10

20

30

40

50

60

70

80

90

100

10

20

30

40

50

60

70

80

90

100

0.01%

50
40

0.02%

(e)

0%

30
20
10

10

20

30

40

50

60

70

80

90

100

Figure 5.13: RET-L in horizontal current velocity for the 3DM for (a) layer 1, (b)
layer 2, (c) layer3, (d) layer 4 and (e) layer 5.
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Figure 5.14: AET-L in surface layer thickness for the 3DM for (a) layer 1, (b) layer
2, (c) layer3, (d) layer 4 and (e) layer 5.

Figure 5.15 and Figure 5.16 shows the RET-L and AET-L distribution plot for surface
layer thickness from the 3DM model. The RET-L plots again show error between 0 –
0.01% between the 3DM and the 3DLR result everywhere in the domain. Similarly
he AET-L plots show error between 0 – 0.0005m s-1 between the 3DM and the 3DLR
result everywhere in the domain.
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Figure 5.15: RET-L in surface layer thickness for the 3DM.
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Figure 5.16: AET-L in surface layer thickness for the 3DM.
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For both velocity and surface layer thickness values of REL for all layers and RED
are 0.00%. The values of absolute error for each layer, AEL, and for the entire
domain, AED, were calculated as less than 0.00001 m s-1 per cell for velocity and
less than 0.00001 m for surface layer thickness.
The error distribution plots, shown above, and the values for REL, AEL, RED and
AED show that there was excellent agreement between the developed 3DM and the
original TRIVAST model (3DLR). This agreement confirmed the 3D functionality
of the model was operating correctly.
5.6
5.6.1

Stage 3: Development of 3D Nesting Capability in 3DM
Development of 3D Nested Model

The third stage in the development of the 3DNM was the extension of the nesting
capability into the 3D model. This required the addition of 3D functionality to the
child grid model and enabled the generation of a nested 3D domain and the
interaction between 3D parent and child grids. This process was implemented in a
similar manner to the integration of the 3D model into the 2D parent grid model and
necessitated the writing of extensive amounts of new code. This new code added
the ability to compute a solution to a 3D child grid model. The additional
subroutines used in the child grid model were based on the 3D subroutines used in
the parent grid model. New code was also written to expand the two-way nested
updating procedures to the 3D parent and child grid results to mirror the updating
process that existed between the 2D parent and child grid solutions.
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The 3DNM has two distinct modes; the one-way nested mode and the two-way
nested mode. It is possible to run the model with no updating operations between
the child and parent grid; this is the one-way nested mode of the 3DNM and is
referred to as 3D1WN. If the updating, two-way functions of the model are
activated than the model becomes a two-way nested model and is referred to as
3D2WN. The flowchart illustrated in Figure 5.17 shows the subroutines (shaded in
grey) added to the original 2DNM. The functions of the subroutines added to the
pre-existing 2DNM to develop the 3DNM are listed in Table 5.7.

Figure 5.17: Flowchart of subroutines added to the 2DNM (shaded grey) to
develop the 3D1WN and 3D2WN models.
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Subroutine Name
LDEPTH_F
LINITL_F

LAYMODX_F
SIDEL_F
UVELAV_F
LUVELAV_F
LAYMODY_F
VVELAV_F
LVVELAV_F
VTEDDY_F

Description
Sets the initial depth of vertical layers for child grid
Reads the limits of the computational domain for the
maximum possible wetted plan-form area for the child
grid
Solves layer-averaged hydrodynamic equations in the xdirection for the child grid
Calculates depths at the centre of cells and sets negative
depths to zero for child grid
Evaluates the U-velocities at the V-position for child grid
Evaluates the U-velocities at the V-position for each layer
for child grid
Solves layer-averaged hydrodynamic equations in the ydirection for the child grid
Evaluates the V-velocities at the U-position for child grid
Evaluates the V-velocities at the U-position for each layer
for child grid
Calculates the vertical and horizontal eddy viscosity for
each layer for child grid

Table 5.7: Description of additional subroutines in 3D Nested Model.

The subroutines previously added to develop the 3DM are now supplemented by
additional subroutines for the 3D child grid computations. Firstly subroutine
LDEPTH_F and LINITL_F were added to set up 3D child grid domain and
initialises the matrices used in the 3D child grid solution scheme.
The subroutine FINEBND was altered to include the 3D variables which must be
interpolated to provide boundary data for the 3D nested domain. Linear
interpolation was used to produce these new child grid variables in the same way
that the 2D variables are interpolated for the nested boundary. The 3D variables
interpolated on the boundary are included in Table 5.8:
Variable Name
LUM_F; LVM_F
LUL_F; LVL_F
LTHIKX_F;LTHIKY_F
LQXL_F; LQYL_F
LQXM_F; LQYM_F
LQXU_F; LQYU_F

Description
x- and y direction layer-averaged velocity at time n
x- and y-direction layer-averaged velocity at time n-½
x- and y direction layer thickness
x- and y direction layer-averaged flow at time n-½
x- and y direction layer-averaged velocity at time n
x- and y direction layer-averaged velocity at time n+½

Table 5.8: Description 3D variables interpolated for nested boundary.
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Similar to the alterations made to the parent grid subroutines HYDMODX and
HYDMODY, the iteration loops utilised in the 2D child grid solution scheme are
moved outside of the subroutine HYDMODX_F and HYDMODY_F. Once these
iterative loops were placed outside of these subroutines the subroutines
LAYMODX_F and LAYMODY_F were added to the x- and y-direction solution
scheme, respectively. Just as for the parent grid model the subroutines, UVELAV_F
and VVELAV_F, were also setup to remove the computation of the x-direction
depth-averaged velocities at y-direction grid locations and the y-direction depthaveraged velocities at x-direction grid locations from HYDMODX _F and
HYDMODY_F, respectively. This also places these terms outside of the iterative
loop meaning they are only recalculated once every half-timestep. Subroutines
LUVELAV_F and LVVELAV_F were also added to compute the layer-averaged xdirection velocities at y-direction grid locations and the layer-average y-direction
velocities at x-direction grid locations for the child grid calculations. The subroutine
SIDEL_F was added to recalculate the thickness of the layers throughout the child
grid domain every half-timestep. The subroutine INTERPOLATION was also
altered to include the capacity to interpolate the 3D child grid variables and update
the parent grid with the child grid solution. This alteration expanded the variables
being updated, i.e. UM, VM and EU, to include the 3D layer-averaged velocities
LUM and LVM for all layers of the model. Illustrated in Figure 5.18 is a schematic
of how the 2DNM, 3DM and the 3DNM link together:
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Figure 5.18: 3D Nested Model schematic showing individual sub-models (original
model shaded grey).

Figure 5.18 shows that the original 2DNM (shaded grey), upon which the
developed 3DNM was based, has been significantly augmented. However, each of
the three models shown in Figure 5.18 (2DNM, 3DM and 3DNM), can be selected
to run for a particular simulation without activating the other models. The input data
files associated with the model contain flags allowing the necessary subroutines
within the source code file to be activated at the beginning of a simulation allowing
the model to be adapted to the requirements of the user.
5.6.2

Assessment of 3DNM Parent Grid Accuracy

Since the aim of a nested model is to improve on the parent grid accuracy, the
results of the low resolution parent grid for the 3D1WN model were compared to
the results of the high resolution single grid model (3DHR) to first determine the
level of error in the parent grid due to its lower resolution. Taking into account that
the parent grid error results would later be compared to the child grid results, only
the inner half of the harbour, i.e. the nested domain, was used for the error analysis.
This provided a direct comparison between the parent and child grid models and
allowed for a better understanding of the effect of the nesting operations. In the
child grid domain the model had three layers, not the maximum of five which
occurs closer to the open boundary of the model domain.
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5.6.2.1

3DNM Parent Grid Velocity Error Analysis

The RET-L for current velocity for the parent grid model is shown in Figure 5.19.
[Spatial scales in the following figures are again specified in terms of model grid
points in the x- and y- directions.]
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Figure 5.19: RET-L in horizontal current velocity for the parent grid for (a) layer
1, (b) 2 and (c) 3.

It can be seen from the RET-L distribution plot in Figure 5.19 that for each of the
three layers, significant error exists between the parent grid result of the 3D1WN
and the 3DHR model. The errors reach their greatest magnitude at the back wall of
the harbour where values for error reach over 100%, shown in Figure 5.19(a) and
(b). There is also a region of error across the width of the domain at y = 75 in layer
1, 2 and 3. This region corresponds to the end of the layer 3 domain. These errors at
the end of each layer are due to the different resolutions of the parent grid and the
3DHR domain. In Figure 5.19 (a) and (b) the RE at column y = 75 is between 5 –
10% and therefore relatively low. Looking at the error analysis for each layer
individually, it is observed that for layer 1 8.16% of cells have errors greater than
10% with an average error per cell (REL) of 4.83%. For layer 2, 6.16% of cells have
errors greater than 10% with an average error per cell of 4.87%. In layer 3, the
lowest values for error are observed with no cell having an error of greater than
10% and the average error per cell being 1.36%. However, it should be noted that
layer 3 is the bottom layer and due to the sloped bottom of the domain only extends
as far as y = 75. It therefore does not contain an area close to the harbour wall
where the largest errors occur in the other two layers. Looking at the combined
domain-averaged results for the error of the parent grid over the nested region it is
observed that 5.71% of cells have errors that exceed 10%. The value of the average
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error per cell for the parent grid (RED) was 4.14%. This confirms the presence of
inaccuracies in the parent grid velocities due to its lower resolution.
Figure 5.20 show the distribution plots for AEL for velocities. The largest errors are
recorded at y=75 in the centre of the domain in plots (a), (b) and (c). As mentioned
this region of error is due to the different resolutions of the parent grid and the
3DHR model at the interface between the end of Layer 3 and Layer 2 above it.
Significant error is also observed at x = 2 for each plot in Figure 5.20. This extends
along the side wall of the domain to the back wall of the harbour. AEL in layer 1
was calculated as 0.00122 m s-1, in layer 2 as 0.00107 m s-1 and in layer 3 as
0.00089 m s-1.Taking the domain as a whole AED was calculated as 0.00109 m s-1.
This demonstrates that there is AE between the parent grid and the high resolution
velocities.
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Figure 5.20: AET-L in horizontal current velocity for the parent grid for (a) layer
1, (b) 2 and (c) 3.

5.6.2.2

3DNM Parent Grid Water Level Error Analysis

To compare the variation in surface layer thickness of the parent grid model to the
3DHR results timetraces were utilised as the errors were so small that they were not
visible in the RE/AE error plots. The locations of the timetrace points in the domain
are shown in Figure 5.21. The variation of the surface layer thickness for the oneway parent grid and the 3DHR model is shown in Figure 5.22.
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Figure 5.21: Position of timetrace points in domain.
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Figure 5.22: One-way child grid (3D1W-CG) and high resolution single grid
(3DHR) timetraces at points (a) A, (b) B, (c) C, (d) D and (e) E.
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It is observed in the timetraces presented in Figure 5.22 that there is a high level of
correlation between the results of both models. A RMSE analysis on the above plots
further demonstrates this. The RMSE results are presented in Table 5.9.
Timetrace Location
A
B
C
D
E

RMSE (m)
0.0001
0.0002
0.0002
0.0002
0.0002

Table 5.9: One-way parent grid (3D1W-PG) RMSE results.

For Layer 1, the value of REL is less than 0.01% and the value of AEL is 0.00015 m.
If the variation in layer thickness is analysed across the entire domain the following
values are calculated; RED is less than 0.01% and the value of AED is 0.00006 m.
Water level accuracy is usually more easily achievable by a numerical model than
accuracy in current velocities and as a result spatial resolution has a more
significant impact on current velocities than water levels. This explains the lower
level of inaccuracy in the parent grid model for water levels versus velocities.
5.6.3

Stage 4: Testing of One-way Mode

5.6.3.1

3D1W Child Grid Velocity Error Analysis

After it was established that the parent grid results for velocities, in particular, were
less accurate than the high resolution 3DHR models results, the child grid results
for the 3D1WN model were then analysed. Figure 5.23 shows the results for RET-L
for velocity for layer 1 (a), 2 (b) and 3 (c).
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Figure 5.23: RET-L in horizontal current velocity for the child grid for (a) layer 1,
(b) 2 and (c) 3.
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Figure 5.23 shows that all RE that was previously observed in layer 1 and layer 3 in
the parent grid, Figure 5.19(a) and (c) respectively, does not exist in the child grid
results. The error that was previously observed at the back wall of the harbour in
layer 2 of the parent grid is now greatly diminished in Figure 5.23(b). These plots
demonstrate that the accuracy of the child grid model is much higher than that of
the parent grid results.
In layers 1 and 3, no child grid cells had RET-L greater than 10%, while for layer 2
this figure was just 0.26%. This compares with 8.16%, 6.16% and 0.00% for layers
1, 2 and 3 respectively, in the parent grid. Further analysis of the errors showed that
REL in layer 1 was just 0.29%, in layer 2 it was 0.73% and in layer 3 it was 0.86%.
When these errors were averaged over the domain, the value of RED was calculated
as 0.58%. These extremely low error levels demonstrate that the child grid results
are much more accurate than the corresponding parent grid results.
5.6.3.2

3D1W Parent Grid Surface layer Thickness Error Analysis

Figure 5.24 shows timetraces for the variation of the surface layer thickness for the
one-way child grid (3D1W-CG) and 3DHR models at the location specified in
Figure 5.21. The timetrace results for 3D1W-PG are included for visual reference.
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Figure 5.24: One-way parent grid (3D1W-PG), one-way child grid (3D1W-CG)
and high resolution single grid (3DHR) timetraces at points (a) A, (b) B, (c) C, (d)
D and (e) E.

All plots presented in Figure 5.24 show that there is a high level of correlation
between the results of the 3D1W-CG and the 3DHR results at each timetrace
location. This is to be expected as the parent grid water level results were already
highly accurate. A RMSE analysis again on the above plots further demonstrates
this. RMSE results are shown in Table 5.10.
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Timetrace Locations
A
B
C
D
E

RMSE (m)
0.0017
0.0018
0.0018
0.0018
0.0019

Table 5.10: One-way child grid (3D1W-CG) RMSE Results.

For surface layer thickness the value for REL in layer 1 was 0.04%. AEL for layer 1
was calculated as 0.00155 m. Although these errors are slightly greater than those
recorded for the parent grid they are not consider significant as the difference
between both solutions and the 3DHR result is so small. Averaged across the entire
domain the value for RED is 0.02%. Similarly the value for AED is calculated as
0.00061 m. A loss in accuracy for water level of less than 1 mm is not considered
significant, especially given the improvements in the accuracy of child grid
velocities compared to the parent grid.
Having determined that the 3D1WN model was indeed capable of achieving
improved accuracy in a nested domain, work then began on the testing of the twoway nesting mode of the model.
5.6.4

Stage 5: Testing of Two-way Mode

The two-way functionality of the 3D2WN allows the child grid to update the parent
grid with its more accurate solution. Therefore, the accuracy of the child grid must
first be assessed followed by an assessment of parent grid accuracy to determine the
effect of the updating process on the parent grid solution.
5.6.4.1

3D2W Child Grid Velocity Error Analysis

Shown in Figure 5.25 are RET-L distribution plots for the child grid velocity of the
3D2WN model. These RET-L distribution plots closely resemble the plots for the
3D1WN, as shown in Figure 5.23, with the only notable error located at the back
wall of the harbour in layer 2, Figure 5.25(b).
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Figure 5.25: RET-L for velocity in the 3D2WN for the child grid for (a) layer 1, (b)
2 and (c) 3.

Further analysis of the 3D2WN RET-L showed that for layer 1 no cells had errors
greater than 10%, for layer 2 just 0.24% of cells have this level of error or greater
and in layer 3 again no cells had errors greater than 10%. The value of REL
calculated for layer 1 was 0.28%, 0.72% for layer 2 and 0.85% for layer 3. It is
noteworthy that in each of these layers the RET-L computed for the 3D2WN model
was between 0.01 - 0.02% less per cell than the 3D1WN model equivalent.
Therefore, the two-way updating scheme has improved the accuracy of the child
grid. By updating the parent grid with the more accurate child grid solution the
parent grid is able to provide the child grid with more accurate boundary conditions
which reduces the levels of any boundary specification errors being passed to the
child grid and the improves the two-way child grid accuracy over the on-way.
5.6.4.2

3D2W Child Grid Surface Layer Thickness Error Analysis

Timetraces were used to compare surface layer variation between different models
(for locations of these timetraces in the domain see Figure 5.21). Figure 5.26
compares the variation in surface layer thickness over time of the 3D2WN child
grid solution (3D2W-CG) with the 3DHR solution. The timetrace results for the
one-way child grid (3D1W-CG) are include for visual reference.
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Figure 5.26: Two-way child grid surface layer thickness timetrace points (a) A, (b)
B, (c) C, (d) D and (e) E.

All plots presented in Figure 5.26 show that there is a high level of correlation
between the results of the 3D2W-CG and the 3DHR results at each timetrace
location. A RMSE analysis again on the above plots further demonstrates this.
RMSE for the series shown in Figure 5.26 are shown in Table 5.11.
Timetrace Point
A
B
C
D
E

RMSE (m)
0.0015
0.0016
0.0016
0.0016
0.0018

Table 5.11: 3D2W-CG RMSE Results.

169

Further analysis of the error from the 3D2WN child grid shows that REL for surface
layer thickness of layer 1 is 0.04%. Averaging across the domain RED calculated as
0.02%. These are the same as the values calculate for the 3D1WN. AE L for layer 1
is calculated as 0.00137 m. Averaging across the domain AED is calculated as
0.00055 m these values AE for the 3D2WN child grid are lower than the
corresponding errors for the 3D1WN child grid. This again confirms that the twoway updating scheme improves the accuracy of the child grid, albeit only
marginally, when compared to the 3D1WN child grid solution.
5.6.4.3

3D2W Parent Grid Velocity Error Analysis

The RET-L distribution plots in velocity for the 3D2WN are shown in Figure 5.27:
Significant reduction in the error is observed in each layer of the 3D2WN when
compared to the 3D1WN equivalent, shown in Figure 5.19.
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Figure 5.27: RET-L in horizontal current velocity for the parent grid for (a) layer
1, (b) 2 and (c) 3 of the 3D2WN model.

The largest errors previously observed at the back of the harbour in layers 1 and 2
of the 3D1WN parent grid, shown in Figure 5.19(a) and (b) respectively, have been
significantly diminished and the errors that existed along the centre of the domain,
at y = 75, in layer 2 and 3 have been reduced to less than 5% error category and do
not show up on the plots.
These results represent a significant improvement in parent grid accuracy. Further
error analysis of each layer reveals that for layer 1, no cells had errors greater than
10%, for layer 2 this was calculated as 2.04% and for layer 3 again no cells. This
compares with 8.16%, 6.16% and 0.00% for layers 1, 2 and 3 respectively, in the
parent grid without the two-way updating. Averaged over the entire nested region,
0.81% of cells have errors that exceed 10%. This compares with 5.71% for the
170

parent grid without the two-way updating. REL was calculated for layer 1 as 0.45%,
for layer 2 as 1.19% and for layer 3 as 1.02%. This compares with 4.83%, 4.87%
and 1.36% for layers 1, 2 and 3 respectively, in the parent grid without the two-way
updating. Averaging over the entire domain RED is calculated as 0.86%. This
compares with 4.14% in the parent grid without the two-way updating. All of these
results represent significant improvement of the results produced by the parent grid
from the 3D1WN model and confirm that the 3D2WN updating function improves
the accuracy of the parent grid solution.
Figure 5.28 shows the AET-L distribution plots for each layer for velocity in the
parent grid. It is observed again that the largest errors occur along the centre of the
harbour. Comparing these results to the 3D1WN parent grid AET-L distribution
values for velocity, Figure 5.20, while the locations of errors are similar there
magnitudes are much reduced and there is a significant and obvious increase in
parent grid model accuracy. This is particularly noticeable in layer 1 and 2, Figure
5.28(a) and (b), respectively.
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Figure 5.28: AET-L in horizontal current velocity for the parent grid for (a) layer
1, (b) 2 and (c) 3.

The value of AEL calculated was layer 1 as 0.00030 m s-1, in layer 2 as 0.00038 m s1

and in layer 3 as 0.00070m s-1. This compares to 0.00122 m s-1 in layer 1, 0.00107

m s-1 in layer 2 and 0.00089 m s-1 in layer 3 in the parent grid without the two-way
updating. Taking the domain as a whole, AED was calculated as 0.00001 m s-1
compared to 0.00109 m s-1 in the parent grid without the two-way updating. All of
these values represent a significant increase in accuracy from the 3D1WN model
results. This again demonstrates that the parent grid solution has been improved by
the 3D2WN.
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5.6.4.4

3D2W Parent Grid Surface Layer Thickness Error Analysis

Figure 5.29 shows the variation surface layer thickness with time of the 3D2WN
parent grid solution (3D2W-PG) with the 3DHR solution. The timetrace results for
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Figure 5.29: Two-way parent grid surface layer thickness timetrace points (a) A,
(b) B, (c) C, (d) D and (e) E.

Again all plots presented in Figure 5.29 show that there is a high level of correlation
between the results of the 3D2W-CG and the 3DHR results at each timetrace
location. A RMSE analysis again on the above plots further demonstrates this.
RMSE for the series shown in Figure 5.29 are shown in Table 5.12.
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Timetrace Point
A
B
C
D
E

Layer 1
0.0001
0.0002
0.0002
0.0002
0.0002

Table 5.12: 3D2W-PG RMSE Results.

For the 3D2WN the REL for layer 1 for surface layer thickness is less than 0.01%.
RED remains at a value of less than 0.01%. The value of AEL for layer 1 is
calculated as 0.00015 m. Averaging the AE across the entire domain AED is
calculated as 0.00006 m. These values are identical to those calculated for the
parent grid of the 3D1WN. Again, although there is a slight loss in accuracy
between the parent and child grid in the 3D2WN, at less than 1 mm across a full
tidal cycle it is considered insignificant.
5.7

Summary and Conclusions

A 3D nested model has been developed with both one- and two-way nesting
capabilities. A rigorous method to analyse errors between model solutions was
developed that allowed spatial distributed outputs to be tidally-averaged and the
errors between models compared. Two error formulations were used; absolute and
relative error. Error distribution plots where utilised to examine the error within
each layer of the domain over a full tidal cycle. These results were further
condensed into layer and/or domain-averaged result. This produced tidallyaveraged relative or absolute difference values for each grid cell over a layer or the
entire domain (REL, RED, AEL and AED). This allowed for efficient, objective
comparison between model solutions.
The 2D two-way nested model was first adapted to include the functionality of a 3D
layer-averaged model. This model (3DM) was then tested against the original 3D
model, TRIVAST, of the same spatial and temporal resolution using the error
comparison methods developed. The 3DM was found to achieve a similar degree of
accuracy as the original TRIVAST model.
A 3D nested model was then developed with both one-way and two-way nesting
modes. Both the parent and child grid outputs of these models were compared to a
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high resolution single grid model solution, i.e. the same resolution as the child grid
domain, which was used as a reference solution. The results of the error analyses of
these models is summarised in Table 5.13:
Result
3D1WN
TOT_VEL:
Percentage of cell with error >10%
RED
AED
TOT_THK:
Percentage of cell with error >1%
RED
AED
3D2WN
TOT_VEL:
Percentage of cell with error >10%
RED
AED
TOT_THK:
Percentage of cell with error >1%
RED
AED

Parent Grid

Child Grid

5.71
4.14
0.00109

%
0.10
%
0.58
m s-1 0.00035

%
%
m s-1

0.00
0.00
0.00006

%
%
m

%
%
m

0.81
0.86
0.00041

%
0.10
%
0.57
m s-1 0.00035

%
%
m s-1

0.00
0.00
0.00006

%
%
m

%
%
m

0.00
0.02
0.00061

0.00
0.02
0.00055

Table 5.13: Domain-averaged results comparison between the 3D1WN and 3D2WN
models.

The 3D1WN model parent grid outputs were shown to differ significantly from the
correct 3DHR result. This was to be expected due to the lower resolution of the
parent grid. By comparison, the 3D1WN model child grid showed a much higher
level of accuracy than the parent grid (as shown in Table 5.13) and achieved a
similar degree of accuracy to the single grid high resolution model.
For the 3D2WN model, first the child grid outputs produced by the 3D2WN model
were analysed and found to be even more accurate than the 3D1WN model child
grid results. It is assumed that this is due to the updating process improving the
accuracy of the parent grid solution of the 3D2WN model which in turn means the
parent grid provides more accurate boundary data for the child. This would
therefore, improve the accuracy of the child grid model. The error analysis of the
parent grid of the 3D2WN showed that its accuracy was indeed significantly
improved by the two-way updating functionality. The results produced by the
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parent grid were much closer to the accuracy achieved by the 3D2WN child grid
which was being used to update it.
It was concluded that the 3D1WN and 3D2WN models performed to a sufficient
level of accuracy. Development now moved on to the application of the model to an
experimental flume domain.
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6
6.1

Model Application to an Experimental Domain
Introduction

Due to their lower computational costs, most far-field hydrodynamic models for
studying the impacts of tidal turbines are resolved in two dimensions only and
employ spatial scales much larger than the typical size of tidal turbine rotor
diameters. As a result, they cannot be used to accurately simulate turbine impacts
and energy yields as they are unable to capture the interactions between adjacent
turbines. The 3DNTM was developed to facilitate selective high resolution around a
turbine array at similar scales to the turbine rotor diameters in an effort to better
capture turbine interactions thus enabling more accurate assessment of the
hydrodynamic impacts.
Following validation of the nesting capability of 3DNTM, it was necessary to test
the 3DNTM by using it to simulate the impacts of a turbine array. Given the lack of
field deployments of turbine arrays to date, the model was used to simulate a
laboratory study conducted by Stallard et al. (2013) of a small number of scaled
horizontal axis turbines placed in a recirculating flume. The performance of the
model was assessed by comparing its results to those recorded in the physical scale
model. This chapter details the application of the 3DNTM to the laboratory flume
and the comparison of the predicted model outputs to the published measured data.
The aim of any nested model is to achieve computational savings while still
providing a grid spacing of sufficient resolution to achieve an accurate solution
within the domain’s primary area of interest. This requires that the accuracy of the
child grid solution not only be of a higher accuracy than that of the parent grid
domain but also to be within an acceptable range of accuracy to that of a high
resolution single grid model. It was therefore necessary to test that the developed
3DNTM was capable of achieving both of these two goals, i.e. improvement in
accuracy and saving in computational time. The application of the 3DNTM to the
chosen experimental domain was thus assessed in five stages, shown in the flow
chart in Figure 6.1
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Figure 6.1: Stages assessing the application of the 3DNTM to an experimental
domain.

6.2

Laboratory Study Setup

The laboratory study by Stallard et al. (2013) was conducted in the ‘wide flume’ at
the University of Manchester in the United Kingdom. It should be recognised that
the choice of the experimental flume as the domain for the application of the
3DNTM presents a very challenging test case for a coastal hydrodynamic model.
Since flow is one-way, any errors generated in the nested domain may build-up
over time. The errors observed within the test case domain would therefore likely
be greater than those observed in a realistic coastal application of the model with
two-way flow. The objective of the work was to gain a better understanding of the
hydrodynamic impacts of a small tidal turbine array comprising 3 turbines; in
particular, the extent of the turbine wakes, rate of wake recovery, and downstream
wake expansion. The study was selected as an appropriate test case for the 3DNTM
as the published work contains an extensive set of current velocity measurements
downstream of the three scaled rotors. The flume used for the study (shown in
Figure 6.2) was 12m in length, 5m wide and had a water depth of 0.45 m
throughout. The mean velocity of the flow in the flume was 0.47ms-1.The rotors,
0.27 m in diameter, were located half-way along the length of the flume and at middepth with the rotor centres being 0.225 m below the water surface.
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Figure 6.2: Flume schematic showing dimensions, rotor positions and velocity
measurement points.

6.3

Analysis of Results

To show how the authors developments have improved the 3D model’s ability to
simulate the characteristics of a turbine wake, the 3D nested model was compared
to a 2D nested model and high resolution single grid 2D and 3D models. The
experimental flume was simulated by each model both with and without the turbine
rotors present. Using the results produced by each model, velocity deficits at each
laboratory measurement point were calculated using Equation 6.1 and compared to
the published experimental data which used the same measure of turbine impact.

U
Velocity _ Deficit  1   X
 U0

Ux

=

U0

=





6.1

the measured velocity at a specific location within
the domain that includes turbine extraction (m s-1)
the measured velocity at a specific location within
the domain that does not include turbine extraction (m s-1)
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In the laboratory study, velocities were measured at various distances downstream
of the rotors along their centrelines (i.e. 0.225 m below the water surface) to
determine the longitudinal variation in wake velocities (Figure 6.3(a)). At selected
downstream distances measured in rotor diameters, D, (2D, 4D, 6D, 8D and 12D
shown in Figure 6.2) velocities were also measured at specific locations across the
width of the flume to determine the lateral variation in wake velocities (Figure
6.3(b)) and, for the centre turbine, at various depths through the water column to
determine the velocity profile above, below and within the wake (see Figure 6.3(c)).

(a)

(b)
Figure removed due to
copyright issues

Figure removed due to

(c)

copyright issues

Figure removed
due to copyright
issues

Figure 6.3: Results of Stallard et al. (2013) experimental study for (a)
longitudinal wake recovery, (b) lateral wake recovery at 2D downstream of
rotor and (c) velocity depth profile at 2D downstream of rotor.

The results sections of this chapter examine modelled velocity deficits at various
distances downstream of the turbine rotors using the same systematic approach
taken in the laboratory study and in the same order. These processes of results
assessment are classified under the following categories:
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1. Wake Recovery – longitudinal (x-direction) velocity deficit variation
2. Wake Merging – lateral (y-direction) velocity deficit variation
3. Depth Profile – vertical (z-direction) velocity deficit variation
In all cases, it is the along-stream (x-direction) velocity that is assessed. For the
wake recovery and depth profile outputs, three separate sets of results are shown for
each model. These are for each of the three turbines present in the array. The
turbines are located along the centreline of the domain (T1), at +1.5D from the
centre line (T2) and at -1.5D from the centre line (T3) as shown in Figure 6.4. For
clarity, each set of results for wake recovery and depth profiles will be referred to
by the turbine rotor to which they relate, i.e. T1, T2 or T3.

Figure 6.4: Turbine rotor positions and code names.

Although it is possible to determine the level of improvement between the parent
and child grid by comparing the velocity deficit plots visually; this is quite a
subjective and qualitative manner of comparison. A more rigorous, quantitative
approach was also required and so Mean Squared Error (MSE) analysis was
conducted on the model outputs. The following equation was used to calculate the
MSE (Equation 6.2) for each plot:
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2

1 n
MSE    i  i 
n i 1

6.2



= variable value predicted by the nested model



= variable value measured in the laboratory study

n

= number of predicted/measured value in the data set

The Absolute Error (AE) was also used to analyse the error between the predicted
model results and the observed laboratory results. Longitudinal distribution plots
for AE were utilised and Equation 6.3 was also used to calculate the average
absolute error (AEAvg) between modelled and measured variable values:
AE Avg 

1 n
 i  i
n i1

6.3

For the purposes of comparison, the 2D depth-averaged velocity outputs produced
by the 2D module of the 3DNTM are included in selected plots for wake merging
and vertical profiles as a reference. This is to highlight the improved functionality
of a 3D model over a more simplistic 2D depth-averaged model. The acronyms in
Table 6.1 were assigned to various model outputs used in the results analyses.
Name
Lab Results
2D1W-PG
2D1W-CG
3D1W-PG
3D1W-CG
3D2W-PG
3D2W-CG

Description
Laboratory results measured by Stallard et al. (2013)
Results of the 2D One-Way nested models Parent Grid
Results of the 2D One-Way nested models Child Grid
Results of the 3D One-Way nested models Parent Grid
Results of the 3D One-Way nested models Child Grid
Results of the 3D Two-Way nested models Parent Grid
Results of the 3D Two-Way nested models Child Grid

Table 6.1: Model outputs names and descriptions.

Analysis of the performance of the 3DNTM is conducted in the following
systematic manner:
1.

The one-way parent grid solution is first assessed to facilitate subsequent
comparisons with the 3DNTM child grid solutions.
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2.

The performance of the child grid one-way and two-way solutions is
assessed

3.
6.4

The two-way nested parent grid solution is compared to laboratory results.
Model Setup

The spatial resolution of the parent grid domain was selected at 0.135m, i.e. half the
scaled rotor diameter. Initially, it was the author’s intention to use a grid spacing
equivalent to the width of a turbine. However, the 1.5 rotor diameter spacing
between turbines in the experiments necessitated a spatial resolution of half a rotor
diameter. This made it possible to define the bypass region between the turbines
rotors as a single cell in the parent grid domain. The parent grid domain thus
measured 89 grid cells in the x-direction by 46 grid cells in the y-direction.
The nested model was developed using a spatial nesting ratio of 3:1. This infers that
the nested domain had a spatial resolution of 0.045m. A 3:1 temporal nesting ratio
was also employed meaning the model timesteps were 0.003 s and 0.001 s for the
parent grid and child grid domain, respectively. The timesteps are very small but
were necessary in order for the model to run stably. A layer thickness of 0.045 m
was used in both the parent and child grids giving ten vertical layers. The turbine
rotors were therefore located in layers 3-8.
All model simulations were run until a steady state of fluid flow was achieved. All
model results were output after a time of 90 s from the start of the simulation. The
boundary conditions used to drive flow within the model were two flow boundaries
located at each end of the flume. A velocity of 0.47 m s-1 in the x-direction was
input at both locations. The CT value was utilised as a calibration parameter during
the course of developing the model. It was found that a value of CT = 1.3 gave the
best agreement between experimental and modelled results. The details of the
nested model set up are summarised in Table 6.2.
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Description
Input Flow at Boundary
Model Domain dimensions
vertical layer thickness
i, j, k grid dimensions
Timestep
Turbine Rotor Diameter
Roughness Length

Value
0.47 m s-1
12 m x 5 m x 0.45 m
0.045 m
89, 46, 10
0.006 s
0.27 m
0.1 m

Table 6.2: Summary of parent grid Model Setup parameters.

6.5
6.5.1

Parent Grid Results
Wake Recovery

Presented in Figure 6.5 are the velocity deficits recorded downstream along the
centreline of each rotor in the turbine array.

Figure 6.5: Longitudinal variation of velocity deficit along the centreline of (a) T1,
(b) T2 and (c) T3 for the 3D1W-PG.

The 2D depth-averaged velocities (2D1W-PG) computed by the 2D module within
3DNTM are included in Figure 6.5 as a reference. The centreline results for all
longitudinal plots are calculated by averaging the results of layer 5 and 6 of the
model. Looking first at the experimental data, it can be seen that the maximum
velocity deficits occur immediately adjacent to the turbine and decrease with
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distance downstream due to wake recovery. The greatest deficits occur in the nearfield region from 0-6D. It is observed that for all 3 turbines, the model results show
poor degree of correlation within the near-field region but outside of this region the
correlation is much higher. Overall, the 3D model shows a higher degree of
correlation with the experimental results than the depth-averaged 2D results along
the channel to a distance of 20 rotor diameters, i.e. 20D, downstream.
Within six rotor diameters (6D) downstream of the turbine, all modelled results for
velocity deficits differ significantly from the published results. There are two
reasons for this. First, the effects of the turbine thrust is essentially averaged over
the water column depth or layer thickness, and the grid cell widths, in the 2D and
3D models which means that the velocity deficit will never achieve the maximum
value of a point measurement at the centre of the turbine. This is demonstrated in
Figure 6.6 for the 3D model. The improvement in near-field deficits from 2D to 3D
shown in Figure 6.5 is down to the fact that in the 2D the thrust effect is averaged
over full water column while in the 3D model it is only averaged over those layers
in which the turbine sits. Second, the mechanics of the model solution scheme mean
that it is unable to accurately capture the sharp change in velocity gradients
immediately adjacent to the turbine, i.e. the near-field impacts of the turbine on the
flow.

Figure removed due to
copyright issues

Figure 6.6: Depth/layer averaging source of error.
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An AE analysis of the velocities presented in Figure 6.5 produces the graph shown
in Figure 6.7. Figure 6.7 shows that the error in both 3D1W-PG and 2D1W-PG
velocity deficits is particularly high over the first 6D downstream of the turbine
rotor. Table 6.3 presents the MSE and AEAvg for these longitudinal velocity deficits
for all the available data points in Figure 6.5 (0 – 20 D) and separately for the data
points outside of the 0-6D near-field region (i.e. 6 – 20 D). This analysis shows that
outside of the near-field region the level of agreement between both the 2D and 3D
models and experiment data is high. When the near-field region is included, the
level of agreement is much greater for the 3D model than the 2D (MSE = 0.040 m sversus 0.088 m s-1).
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Figure 6.7: Longitudinal variation of AE for 3D1W-PG and 2D1W-PG at (a) T1,
(b) T2 and (c) T3.

Model Output
Location
3D1W-PG T1
3D1W-PG T2
3D1W-PG T3
2D1W-PG T1
2D1W-PG T2
2D1W-PG T3

MSE (m s-1)
0 – 20 D
6 – 20D
0.040
0.001
0.034
0.001
0.037
0.001
0.088
0.005
0.063
0.003
0.067
0.003

AEAvg(m s-1)
0 – 20 D
6 – 20D
0.122
0.019
0.112
0.020
0.120
0.019
0.213
0.056
0.163
0.039
0.173
0.042

Table 6.3: Summary of MSE and the AEAvg values for longitudinal variation
plots of velocity deficit for the 3D1W-PG.
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6.5.2

Depth Profile

The most notable advantage in using a 3D hydrodynamic model is its ability to
capture the variation in velocity throughout the depth of the flow. This allows the
velocity deficit generated by the presence of a tidal turbine rotor at various levels of
depth to be assessed. Figure 6.8, Figure 6.9, and Figure 6.10 present the plots for
velocity deficit depth profiles for T1, T2 and T3, respectively. As with the previous
longitudinal deficit results, at distances greater than 6D downstream of the turbines
the results for velocity deficit of the 3D1W-PG model converge with the measured
data. It is observed that the depth profiles at 2D and 4D differ significantly in
magnitude from the measured data. As already discussed this is due to the
averaging of the thrust effect over the layers and grid cell widths and the mechanics
of the model solution scheme. However, it should be noted that the shape of the
profiles at these locations are similar to the shapes of the measured profiles with the
maximum deficit occurring at the centre of the turbine and reducing toward the
water surface and flume bed in a symmetrical manner. MSEs were computed for
each set of the vertical profile data and are presented in Table 6.4.

Figure 6.8: Depth profiles of velocity deficit along the centreline of T1 for the
3D1W-PG at (a) 2D, (b) 4D, (c) 6D, (d) 8D, (e) 10D and (f) 12D downstream of the
turbine rotor plane.
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Figure 6.9: Depth profiles of velocity deficit for the turbine rotor at +1.5D for the
3D1W-PG at (a) 2D, (b) 4D, (c) 6D, (d) 8D, (e) 10D and (f) 12D downstream of the
turbine rotor plane.

Figure 6.10: Depth profiles of velocity deficit for the turbine rotor at -1.5D for the
3D1W-PG at (a) 2D, (b) 4D, (c) 6D, (d) 8D, (e) 10D and (f) 12D downstream of the
turbine rotor plane.
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Distance
Downstream
2D
4D
6D
8D
10D
12D

MSE (m)
T2
0.098
0.024
0.004
0.001
0.002
0.002

T1
0.128
0.025
0.005
0.003
0.003
0.004

T3
0.124
0.025
0.010
0.005
0.004
0.003

Table 6.4: Summary of Absolute Error values for depth profile plots of the
3D1W-PG.

6.5.3

Wake Merging

Figure 6.11 compares measured and modelled lateral velocity deficits at 2D, 4D,
6D, 8D, 10D and 12D downstream of the turbines. The laboratory results show that
the individual wakes seen at 2D gradually merge to become one single wake as
evidenced by 6D plot and the subsequent downstream plots. Looking at the outputs
of the 3D1W-PG, it is observed that a similar merging of wakes occurs. At
distances 2D and 4D downstream of the turbine the individual wakes can be seen,
although as noted already the deficit magnitudes are much lower than those
measured. At a distance of 6D downstream, merging has begun to occur and the
model outputs agree well with the laboratory results. Further downstream at 8D, the
modelled wakes are fully merged with a deficit of approximately 0.2 agreeing well
with the measured value. Similar agreement is observed at 10D and 12D
downstream. MSEs were computed for each set of lateral profile data in Figure 6.11
and are presented in Table 6.5.
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Figure 6.11: Lateral variation of velocity deficit along the turbine rotor plane for
the 3D1W-PG at (a) 2D, (b) 4D, (c) 6D, (d) 8D, (e) 10D and (f) 12D downstream of
the turbine rotor plane.

Distance from turbine
2D
4D
6D
8D
10D
12D

MSE (m s-1)
0.058
0.041
0.005
0.003
0.002
0.001

Table 6.5: Summary of MSE values for lateral variation of velocity deficit plots
for the 3D1W-PG.
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6.5.4

Nested Boundary Location

By examining the results of the 3D1W-PG model above it was observed that the
region where the model deviated most significantly from the laboratory results was
within 6D downstream of the turbine rotor. This suggested that to improve the
model outputs the region in the immediately vicinity of the turbine should be
chosen as the nested region. It was hypothesised that calculating a more accurate
solution in the vicinity of the turbine array using the child grid model would allow
the updating process of the two-way nested mode to improve the downstream
model solution in the parent grid. To investigate where to position the boundary of
the nested model, the velocity outputs from the parent grid model were compared to
the velocity outputs of a high resolution single grid model to determine the error in
the parent grid solution. Both RE and AE analyses, as used in Chapter 5 and
defined in Equations 5.3 and 5.4, were used to compare 3D1W-PG outputs to a high
resolution single grid result (3DHR) and investigate where to place the nested
boundary.
As the flume domain is a relatively simple one with no topographical variation it
was more informative to include the simulation of tidal turbine energy extraction in
the model to examine variation in the outputs between the high and low resolution
models, i.e. the 3D1W-PG and 3DHR model, respectively. For brevity, only the
relative error analysis of layers 5 and 6 are shown in Figure 6.12. Given that these
two layers are closest to the centreline of the turbine rotors one would expect them
to contain the largest errors.

190

(a)

40

30

20

10

(b)

10

20

30

40

50

60

70

80

10

20

30

40

50

60

70

80

40

30

20

10

20%
19%
18%
17%
16%
15%
14%
13%
12%
11%
10%
9%
8%
7%
6%
5%
4%
3%
2%
1%
0%

Figure 6.12: RE for 3D1W-PG velocities in (a) layer 5 and (b) layer 6 (the green
dashed lines represent the boundary locations for the AOI).

(a)

40

30

0.15m/s
0.14m/s
20

0.13m/s
0.12m/s

10

0.11m/s
0.1m/s
10

20

30

40

50

60

70

80

0.09m/s
0.08m/s

40

0.07m/s
0.06m/s

(b)

0.05m/s

30

0.04m/s
0.03m/s

20

0.02m/s
0.01m/s
10

0m/s

10

20

30

40

50

60

70

80

Figure 6.13: AE for 3D1W-PG velocities in (a) layer 5 and (b) layer 6 (the green
dashed lines represent the boundary locations for the AOI).
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In Figure 6.12 and Figure 6.13 it is observed that the highest RE and AE between
the 3D1W-PG and the high resolution model outputs occur in the immediate
vicinity of the turbine array, particularly upstream of the turbine rotor. The turbine
array is located along row y = 45 on the longitudinal axis of the domain. These high
relative errors are due to the lower resolution of the parent grid model being unable
to capture the complex hydrodynamics taking place as energy is extracted and fluid
is deflected around the turbines due to blockage. The highest errors were generated
upstream of the turbine rotor plane.
For this study, an area of interest (AOI) was defined with the objective to improve
the accuracy of this region through nesting. This AOI was defined as ±6D from the
turbine rotor plane and extended across the entire width of the domain. The extent
of this region is marked in Figure 6.12 and Figure 6.13 by the green dashed lines.
This region was chosen as it was the location of the largest amount of parent grid
error. It was hoped that nesting in this region would help improve the model's
simulation of turbine interactions, particularly when two-way nesting was
employed, which in turn would improve the accuracy of the downstream solution.
Ideally, a nested boundary should be located in area of low parent grid error since
any errors in boundary data supplied by the parent grid is passed into a child grid as
boundary specification errors. A second factor in selecting nested boundary
locations is to keep the nested domain as small as possible to minimise computation
time. However, it can be seen from Figure 6.12 and Figure 6.13 that parent grid
error occurs across most of the model domain. Thus it was impossible to satisfy
both criteria. Due to the ability of a two-way nested model to improve the accuracy
of the parent grid solution, the size of the nested domain was deemed the most
important criteria for selection of the nested boundary locations and the child grid
was therefore selected as small as possible, i.e. to coincide with the AOI. The
extents of the nested child grid are shown in Figure 6.14 as the grey shaded region.
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Figure 6.14: Flume schematic showing location of nested region (shaded in grey).

6.6

3D Nested Model Results

The 3D2W-PG and 3D2W-CG models were run using the nested boundary
locations discussed above. In this section the wake recovery plots of both of the
nested model child grids are presented and compared to the previous 3D1W-PG
results. The outputs of the 3D2W-PG model are also compared to the 3D1W-PG
results.
6.6.1

3D1W-CG and 3D2W-CG Wake Recovery

The longitudinal plots of the variation of velocity deficit for the 3D1W-CG and
3D2W-CG are shown in Figure 6.15 for T1 (a), T2 (b) and T3 (c). Results for these
simulations only extend to 6D downstream since that was the downstream extents
of the child grid domain. It is observed that the velocity deficits for both child grid
models are consistently higher in magnitude than the 3D1W-PG equivalent. The
3D1W-CG and 3D2W-CG results are closer in magnitude to the laboratory results
in all cases.
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Figure 6.15: Longitudinal variation of velocity deficit along the centreline of the
T1 (a), T2 (b) and T3 (c) for the 3D1W-CG.

Figure 6.16 presents the absolute error between the laboratory results and the
predicted model outputs from Figure 6.15. In this plot we see that error for both the
child grid model outputs, 3D1W-CG and 3D2W-CG, are less than the
corresponding errors of the parent grid model, 3D1D-PG, downstream of each
turbine.
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Figure 6.16: AE of velocity deficit along the centreline of (a) T1, (b) T2 and (c) T3
for the 3D1W-CG.

Figure 6.16 shows that both child grid model results are closer to the laboratory
results than the parent grid results. The results of an MSE analysis on the plots
presented in Figure 6.15 are shown in Table 6.6. This table includes the MSE for
the 3D1W-PG for only the nested region, referred to as ‘*3D1W-PG’. By
comparing these values of MSE we again see that the output from the 3D1W-CG
and the 3D2W-CG are closer to the laboratory results than the result produced by
the 3D1W-PG. In addition, and as might be expected, the outputs of the 3D2W-CG
show better agreement with the lab results than those of the 3D1W-CG.
Model
Output
T1
T2
T3

MSE (m s-1)
3D2W-CG
0.069
0.061
0.065

3D1W-CG
0.072
0.067
0.071

*3D1W-PG
0.086
0.074
0.079

Table 6.6: Summary of MSE values for longitudinal variation plots of velocity
deficit for the 3D1W-CG , 3D2W-CG and 3D1W-PG.

6.6.2

3D2W-PG Wake Recovery

Figure 6.17 presents the longitudinal variation of velocity deficit for the 3D2W-PG.
This is shown along with the equivalent 3D1W-PG results for comparison. Due to
the updating function of the two-way model the results produced by the high
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resolution child grid are interpolated to the parent grid spacing and used to update
the low resolution parent grid model. It is observed in Figure 6.17 that velocity
deficits calculated, downstream of each turbines, in the parent grid region that
corresponds to the location of the child grid show better agreement to the laboratory
results than the outputs of the 3D1W-PG in the same region. Conducting a MSE
analysis between the outputs of the 3D2W-PG and the laboratory results produces
the values presented in Table 6.7 which also includes the MSEs computed for the
3D1W-PG results. It can be seen that the error is significantly less in the 3D2W-PG
results. Thus it was concluded that the updating function of two-way nested model
was performing correctly. This is further demonstrated by the fact that beyond 6D
which marks the child grid extents and thus the extents of the updating region the
3D2W-PG solution quickly converges to the 3D1W-PG solution.
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Figure 6.17: Longitudinal variation of velocity deficit along the centreline of (a)
T1, (b) T2 and (c) T3 for the 3D2W-PG.
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Model
Output
T1
T2
T3

MSE (m s-1)
3D2W-PG
0.037
0.034
0.036

3D1W-PG
0.040
0.034
0.037

Table 6.7: Summary of MSE values for longitudinal velocity deficit variation
along the centreline of each turbine in the 3D2W-PG and the 3D1W-PG.

6.6.3

3DNM vs. 3DHR Model Outputs

The accuracy of the child grid solution in a nested model should not only be of a
higher accuracy than that of the parent grid domain but also be within an acceptable
range of accuracy to a model of the same grid spacing. It therefore followed that the
results of the nested model child grid should be compared to those of a high
resolution single grid model of the same grid spacing. This high resolution solution
was given the name ‘3DHR’ in all following plots.
The T1 rotor, as defined above and shown in Figure 6.4, is the focus of the
following comparisons of 3D nested model results with those of the high resolution
model. In addition to longitudinal and depth profile plots, RE plots for velocity are
used to compare the model outputs.
6.6.3.1

Wake Recovery

Figure 6.18 compares longitudinal velocity deficit from the various different model
simulations and the measured data. Comparing first the 3D1W-PG longitudinal
velocity deficits with those of the 3DHR, it is observed that the 3DHR model
results follow the same trend as the 3D1W-PG solution but that the deficits are
consistently larger in magnitude. When the results of the one-way and two-way
child grid models, 3D1W-CG and 3D2W-CG are compared to the high resolution
results, it is observed that show velocity deficits that are greater in magnitude than
the 3DHR model. This should not be the case. The 3DHR model represents the
greatest improvement to the solution that is achievable using a child grid of
similarly high resolution. This finding suggested that the difference between the
child grid model outputs, 3D1W-CG and 3D2W-CG, and the 3DHR model must be
a result of errors that were being generated within the nested grids.
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Figure 6.18: Longitudinal variation of velocity deficit along the centreline of T1.

Presented in Figure 6.19 is the comparison of the results of the 3D2W-PG model to
the 3D1W-PG and the 3DHR model outputs. Here, again, it is observed that the
3D2W-PG model is improved beyond the 3DHR result. This shows that the errors
generated by the child grid and contributing to their overly-high velocity deficits are
transferred into the parent grid by the updating operations of the models two-way
mode.
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Figure 6.19: Longitudinal variation of velocity deficit along the centreline of T1.

6.7

Sources of Nested Model Error

To investigate the presence of the error in the nested model suggested by the
longitudinal deficit comparisons, a RE distribution plot for child grid velocities
relative to 3DHR velocities was computed. The RE analysis presented here is
confined to layers 5 and 6 as they were the layers found to contain the largest errors
due to their proximity to the centres of the turbine rotors.
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Figure 6.20 show the RE in 3D1W-CG velocities relative to the 3DHR for layer 5
and 6 of the models with the extents of the child grid domain which extended 6D
upstream and downstream of the turbine rotors. The plane of the turbine rotors is
located at y = 134. The child grid RE distribution plot is presented at the location
the child grid occupies in the parent grid flume domain. This is for the purpose of
comparing the child grid to the parent grid plots and is the case for all child grid RE
and AE plots. The upstream and downstream child grid boundaries, highlighted by
the red dashed lines, are located at y = 98 and y = 170 and correspond to y = 33 and
y = 57 on the parent gird domain. It is clear from the child grid RE plots, that there
were significant and widespread errors in the child grid model solution. The largest
errors were located along the centrelines of the turbine rotors, extending from the
upstream to the downstream boundary. There are also significant errors present on
both upstream and downstream boundaries.
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Figure 6.20: RE in 3D1W-CG velocity for (a) layer 5 and (b) layer 6 (the red
dashed lines represent the nested boundary locations).

Figure 6.21 presents both the RE plots for 3D1W-PG and 3D1W-CG side by side to
determine the source of the errors in the child grid. The red dashed line again
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represents the location of the nested boundaries in all plots. At the 3D1W-CG
upstream boundary in both layer 5 (Figure 6.21(a)) and layer 6 (Figure 6.21(b))
boundary specification errors are observed where errors from the parent grid data
are transferred into the child grid via the boundary data. The magnitude of the
errors along the child grid boundary locations in the 3D1W-PG for layer 5 (Figure
6.21(c)) and layer 6 (Figure 6.21(d)) is between 2 – 4%. This corresponds to the
level of error at the boundary of the 3D1W-CG for both layers. The distribution of
the errors along the upstream boundary is also the same in both grids. This confirms
that the upstream errors are boundary specification errors. Typically, boundary
errors in nested models will dissipate with distance from the boundary. However, in
this case the child grid domain is so small that the upstream specification errors are
unable to dissipate before reaching the location of the turbines.
The presence of errors at the location of the downstream child grid boundary in the
parent grid plots would suggest that at least some of the downstream errors present
in the child grid solutions are also specification errors. However, any such
specification errors are limited to the centre of the boundary. There are also areas of
error in the child grid along those parts of the boundary nearer the side walls of the
flume domain. Since there is no error present in the parent grid at these locations,
the child grid errors occurring there must be boundary formulation errors and are
most like as a result of wave reflection due to differences in the parent grid and
child grid solutions at the child grid boundary. One can see that the formulation
errors to the sides of the channel dissipate with distance from the boundary but the
errors at the centre of the boundary do not have sufficient distance to dissipate
before merging with the upstream errors in the middle of the domain.
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Figure 6.21: RE comparison between (a) 3D1W-CG layer 5, (b) 3D1W-CG layer
6, (c) 3D1W-PG layer 5 and (d) 3D1W-PG layer 6 (the red dashed lines represent
the nested boundary locations).

6.8

Effect of Moving the Child Grid Boundary on 3D1W-CG

To attempt to improve the child grid solution by reducing the boundary
specification error transferred into the child grid, the nested boundaries were moved
to regions of lower parent grid error further upstream and downstream of the
turbine array. The new nested boundary locations, 20D upstream and downstream
of the turbines, are shown in Figure 6.22 by the red dashed lines. The upstream and
downstream boundaries are located at columns y = 5 and y = 85, respectively. The
upstream boundary location is in a region of 0 – 1% error. The downstream
boundary is also located in a region of low error with the majority of the boundary
region having errors between 0 – 1%. Two small regions of the boundary in the
centre of the flume have errors between 1 – 2 %. The AOI extents, which are also
the original nested boundaries, are also included as the green dashed lines.
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Figure 6.22: New nested boundary location (red dashed lines) mark on the RE
plot for 3D1W-PG velocities in (a) layer 5 and (b) layer 6 (the green dashed lines
represent the boundary locations for the AOI and the red dashed lines represent
the nested boundary locations).

Figure 6.23 presents the RE distribution plots for the new extended child grid,
referred to 3D1W-CG2. The region of error upstream of the turbine rotor in the
parent grid, shown in Figure 6.22, is reduced to zero. This is due to the new
upstream boundary location. As the upstream boundary is located in an area of high
accuracy very little error is transferred into the child grid, i.e. boundary
specification errors at the upstream boundary are close to zero. However, the error
downstream of the turbine array still remains high. As there is very little error at the
downstream boundary location in the parent grid these errors cannot be boundary
specification errors and must therefore be boundary formulation errors. These errors
are due to the blending of the solution computed in the child grid with that
produced in the parent grid which is used as the boundary condition at the
downstream nested boundary. These two results are inconsistent with one another
and generate the errors that are observed at the downstream boundary of the 3D1WCG2.
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Figure 6.23: 3D1W-CG2 velocity RE in (a) layer 5 and (b) layer 6 (the green
dashed lines represent the boundary locations for the AOI and the red dashed
lines represent the nested boundary locations).

6.8.1

Error Filtering

In order to present only those errors that are of hydrodynamic significance in the
RE distribution plots an error filter is applied, similar to the one applied to results in
the previous chapter. Figure 6.24 presents the AE distribution plot for the 3D1WCG2. It is observed that in the AOI the magnitude of the AE outside of the
immediate vicinity of the turbine array is less than 0.01 m s-1. Only in the regions
immediately adjacent to the turbine array and the region downstream of the AOI are
the values for AE greater than 0.01 m s-1. Comparing Figure 6.24 to Figure 6.23 it is
clear that there are some cases where there are large regions of RE that do not
correspond to regions of high AE.
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Figure 6.24: 3D1W-CG2 velocity AE in (a) layer 5 and (b) layer 6 (the green
dashed lines represent the boundary locations for the AOI and the red dashed
lines represent the nested boundary locations).

The absolute error was again used to determine the cut-off value by relating it to the
velocity magnitudes within the domain. The average maximum velocity of each
layer, VL-max,avg, was calculated and the cut-off absolute error for that layer, AEL-C,
was then set to 3% of the average velocity, that is:

AE LC

k

 0.03  VLmax,avg

6.4

k

The following rule was then used to apply the filter to the tidally and layer-averaged
error data:
If:

AE L Tot

i , j ,k

 AE LC

Then:

RE L Tot

i , j ,k

 0 and AE L Tot

k

for i=1...imax; j=1...jmax; k=1...kmax
i , j ,k

6.5

0

In the previous chapter, a filter cut-off of 0.05% of the layer-averaged maximum
velocity was used instead of the value of 3% recommended by Nash (2010) due to
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the low hydrodynamic activity of the rectangular harbour domain. For this study the
recommended value of 3% of the layer-average maximum velocity was used. This
error filter has been applied to all further RE and AE plots presented in this chapter.
This ensures that only those errors that are of hydrodynamic significance are
considered.
6.8.2

Filtered results for 3D1W-PG and 3D1W-CG2

Applying the error filter to 3D1W-PG velocities produced the RE distribution plots
shown in Figure 6.25. It is observed that the most significant hydrodynamic errors
occur upstream of the turbine rotors in the array and in the by-pass flow between
the turbines downstream of the array.
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Figure 6.25: Filtered 3D1W-PG velocity RE in (a) layer 5 and (b) layer 6 (the
green dashed lines represent the boundary locations for the AOI and the red
dashed lines represent the nested boundary locations).

By applying the error filter to the RE in 3D1W-CG velocities, the RE distribution
plots in Figure 6.26 were produced. It is observed that for the entire domain
upstream of the turbine array and for the vast majority of the AOI the child grid
model result has close to zero error. The error filter has little impact on the
formulation errors located at the downstream boundary as these correspond to high
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values of AE and are hydrodynamically significant. To address the formation of
these errors it is recommended by the author that future development of the model
include a radiation boundary in the nested child grid. This should reduce the
boundary formulation errors observed at the downstream boundary in Figure 6.26
by allowing internal waves to exit the model domain without reflection. By
including a radiation boundary in the child grid, it may also be possible to reduce
the size of the nested domain required to achieve an accurate result in the AOI.
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Figure 6.26: Filtered 3D1W-CG2 velocity RE in (a) layer 5 and (b) layer 6 (the
green dashed lines represent the boundary locations for the AOI and the red
dashed lines represent the nested boundary locations).

6.8.3

Filtered RE Analysis of 3D2W-CG2 and 3D2W-PG

The filtered RE in 3D2W-CG velocities, shown in Figure 6.27, are quite similar to
those of the 3D1W-CG, both in the distribution and magnitudes of the errors. There
is a change in the layer 5 plot, Figure 6.27 (a), where the area of downstream errors
does not extend as far upstream toward the AOI. This shows that the accuracy of
this solution has been somewhat increased by the two-way nesting process. The
errors observed at the downstream boundary are again examples of the formulation
errors previously discussed.
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Figure 6.27: Filtered 3D2W-CG2 velocity RE in (a) layer 5 and (b) layer 6 (the
green dashed lines represent the boundary locations for the AOI, the red dashed
lines represent the nested boundary locations and the blue dashed lines represent
the update area boundary locations).

The filtered results for the 3D2W-PG RE distribution plot are shown in Figure 6.28.
The region updated by the two-way mode operation was set to extend from y = 20
to y = 70, shown as the dashed blue lines. Updating was not carried out across the
full child grid domain in order to prevent the large boundary formulation errors near
the child grid boundary from being passed to the parent grid. Comparing these to
Figure 6.25, it can be seen that although there are still errors present immediately
downstream of the turbine array, the errors upstream and around the array are
significantly reduced. The flow between the turbines within the array is more
accurately calculated by the 3D1W-CG2 model. Thus, the RE in the region between
2 – 10D downstream of the turbine has been improved by the two-way updating
process, with the by-pass flow between the turbines being better resolved. However,
downstream of the turbine array, close to the downstream boundary update region,
the updating process has transferred errors from the child grid to the parent grid.
These are the areas of boundary formulation errors originally generated in the
3D1W-CG2.
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Figure 6.28: Filtered 3D2W-PG velocity RE in (a) layer 5 and (b) layer 6 (the
green dashed lines represent the boundary locations for the AOI, the red dashed
lines represent the nested boundary locations and the blue dashed lines represent
the update area boundary locations).

6.9

Extended model domain (3D1W-PG_E)

To demonstrate that the model can update the AOI without passing error into this
region, the parent grid model domain was extended in length from 89 cells to 134
cells. The turbine array remained the same distance from the upstream boundary,
i.e. 45 cells from the boundary. This meant there was a longer length of channel
downstream of the turbine array which in turn meant that the downstream child grid
boundary could be moved further downstream in an effort to prevent boundary
formulation error from being passed to the parent grid during two-way updating.
All other model parameters remained constant. This model’s results are also used to
demonstrate that turbine interactions are better resolved by the child grid model and
that this result can be successfully transferred to the parent grid using the two-way
update procedure.
The 3D1W-PG model results for this extended parent grid domain will be referred
to as ‘3D1W-PG_E’ and similarly for all of other model simulations with the
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extended domain. The filtered 3D1W-PG_E RE distribution plots are shown in
Figure 6.29. The location of the rotor plane is again at y = 45 along the longitudinal
axis of the domain. As would be expected, the RE plots are identical to those of the
parent grid model with the shorter domain.
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Figure 6.29: Filter 3D1W-PG_E velocity RE in (a) layer 5and (b) layer 6 (the
green dashed lines represent the boundary locations for the AOI and the red
dashed lines represent the nested boundary locations).

Due to its effectiveness in the previous test, the position of the upstream nested
boundary was retained at 20D upstream of the turbines (identified by the dashed red
line in Figure 6.29). The downstream boundary was moved from 20D downstream
to 40D downstream of the turbine rotors (also identified by a dashed red line). It
was anticipated that this boundary location was far enough away from the updating
region that boundary formulation errors would have dissipated before reaching it.
The location of the upstream nested boundaries in the parent domain was at y = 5
and the downstream boundary was located at column y = 125.
6.9.1

Filtered results for the 3D1W-CG_E

The 3D1W-CG_E RE distribution plots are shown in Figure 6.30. In this child grid
domain the location of the turbine rotors is at y = 134. The upstream and
downstream boundaries of the child grid are denoted by the red dashed lines. It was
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not anticipated that moving the child grid boundary further downstream would have
any significant effect on the accuracy of the one-way child grid in the AOI. This
was indeed the case. The only expected impact of moving the boundary was that the
boundary formulation errors would no longer propagate as close to the AOI. In the
3D1W-CG2 RE distribution plot, shown in Figure 6.26, the formulation errors are
still present. However, they no longer interact with the wake flow of the turbines as
was previously observed in the 3D1W-CG2 plot. These errors now form three
separate areas of error which are clearly attributable to boundary formulation errors.
The inclusion of a radiation boundary in the nested child grid, as previously
proposed by the author for future development of the model, would likely reduce
the boundary formulation errors observed at the downstream boundary in the
3D1W-CG2 plot, shown in Figure 6.26.
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Figure 6.30: Filter 3D1W-CG_E velocity RE in (a) layer 5 and (b) layer 6 (the
green dashed lines represent the boundary locations for the AOI and the red
dashed lines represent the nested boundary locations).

6.9.2

RE distribution plots of 3D2W-CG_E and 3D2W-PG_E

Figure 6.31 presents the RE distribution for the 3D2W-CG_E. The plot closely
resembles the 3D1W-CG_E plot with no obvious difference between the two sets of
results. For the majority of the domain, excluding the formulation errors at the
downstream nested boundary, errors are less than 1 %. The error plots are almost
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identical to those of the 3D2W-CG_E, with just two small regions of error greater
than 1% in the AOI immediately downstream of the rotors and to either side of the
outside turbine wakes.
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Figure 6.31: Filtered 3D2W-CG_E RE in child grid velocities for (a) layer 5 and
(b) layer 6 (the green dashed lines represent the boundary locations for the AOI,
the red dashed lines represent the nested boundary locations and the blue dashed
lines represent the update area boundary locations).

The results for the 3D2W-PG_E model are shown in Figure 6.32. The update area
of the two-way mode was set between y = 20 and y = 80 as shown by the dashed
blue lines. The update region was 10 parent grid cells longer than in the previous
test for the shorter parent grid domain. The update region boundaries correspond to
13D upstream and 18D downstream of the turbine. The errors observed in 3D2WPG_E are similar to those in 3D2W-PG, shown in Figure 6.28. However, unlike
3D2W-PG due to the greater distance between the turbine array and the
downstream boundary no significant formulation errors are transferred from the
child grid solution into the parent grid solution by the updating operations of the
two-way mode. The only errors downstream of the turbine array are those in the
immediate vicinity of the array. The error in the downstream by-pass wake of the
turbines previously observed in the 3D2W-PG_E, Figure 6.29, has also been
removed from the solution by the two-way updating process.
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Figure 6.32: Filtered 3D2W-PG_E velocity RE in (a) layer 5 and (b) layer 6 (the
green dashed lines represent the boundary locations for the AOI and the red
dashed lines represent the nested boundary locations)..

It is clear from the above plots that the updated 3D2W-PG_E has been improved by
the two-way updating procedures when compared to the 3D1W-PG_E. The solution
in the region of the turbine array is now far closer to the accuracy achieved by a
high resolution single grid result.
6.9.3

Velocity Distribution Plots

To further understand the source of the errors in the child grid model, distribution
plots of the velocities within the nested region were examined. The extended
domain was the focus of this investigation due to the greater distance between the
downstream boundary and the turbine array. This allows the examination of the
results without including the formulation errors observed in the other two-way
models. The velocities for the 3D1W-PG_E, 3D1W-CG_E and the 3DHR_E were
compared. Figure 6.33 presents contour maps of velocities within 3D1W-PG_E (a),
3D1W-CG_E (b) and the 3DHR_E (c) turbine simulations.
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Figure 6.33: Nested region velocities in layer 5 for (a) 3D1W-PG_E, (b) 3D1WCG_E and (c) 3DHR outputs.

It is observed from the 3D1W-CG_E plot (Figure 6.33(b)) that in the wake behind
each turbine the flow takes a longer distance to regain the velocity lost to the
turbine array. This is in comparison to the wake recovery observed in the 3D1WPG_E or 3DHR velocity outputs, Figure 6.33(a) and Figure 6.33(c), respectively.
This is due to boundary formulation errors interacting with the wake flow of the
turbines. Adjacent to the turbine array wake in the 3D1W-CG_E there are regions
of higher velocity than are observed in the 3D1W-PG_E or the 3DHR outputs,
highlighted in Figure 6.33(b) by the red boxes. The by-pass flow around the turbine
array is greater in the 3D1W-CG_E than in the 3D1W-PG_E or the 3DHR_E. This
shows that the boundary formulation errors are also interacting with the by-pass
flow around the turbine array. The by-pass velocity in the 3D1W-CG_E reaches its
maximum values in close proximity to the downstream nested boundary. Also
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observed directly upstream of the turbine rotor plane in the 3D1W-PG_E plot,
highlighted in the blue box, is a region of oscillating velocity which will be shown
in the next section. This corresponds to the region of error in the 3D1W-PG_E RE
distribution plots, shown in Figure 6.29.
6.10

Turbine Interactions

Longitudinal velocity deficits plots are now presented to demonstrate the
improvement in the resolution of flows upstream and through the turbine array
provided by the nested models. Figure 6.34 presents longitudinal results located
along the centre of the two bypass channels that separate the turbine rotors in the
array. Upstream of the turbine, the 3D1W-PG_E velocity deficits oscillate
continually before reaching the turbine rotor. This oscillation is due to the coarse
resolution of the grid and the steep hydraulic gradient at the location of the turbine.
Spurious numerical oscillations like this can occur in models which use an explicit
central difference scheme (Kvočka et al., 2015). Downstream of the turbine, the
3D1W-PG_E deficits follow the same trend as the 3DHR_E but are of a lower
magnitude. The improvement in 3D1W-CG_E and the 3D2W-CG_E deficits over
the parent grid model can be clearly seen in Figure 6.34 where the results for
3D1W-CG_E and the 3D2W-CG_E show a very high level of agreement with the
3DHR_E deficit curve. Both sets of child grid deficits are quite similar.
By comparison with the 3D1W-PG_E, the 3D2W-PG_E plot in Figure 6.34 shows a
relatively high degree of correlation with the 3DHR_E plot, particularly upstream
of the turbine where it is seen the deficits no longer oscillate. This improvement is a
direct result of the two-way updating procedure. Immediately downstream of the
turbine, 0 – 6D, the velocity deficit does not reach the lower magnitudes observed
in the 3D1W-PG_E, 3D1W-CG_E and 3D2W-CG_E plots; however, beyond 6D
downstream the 3D2W-PG_E results converge with those of the 3D1W-CG_E and
the 3D2W-CG_E. Beyond 18D downstream, the 3D1W-PG_E deficit converges to
the 3D2W-PG_E deficit because the limit of the update area has been reached.
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Figure 6.34: Velocity Deficit for by-pass flow (a) between T2 and T1 and (b)
between T3 and T1.

Figure 6.35 presents the velocity deficits through the centreline of turbine T1.
Upstream of the turbine it is again observed that there are large oscillations in
velocity deficit for the 3D1W-PG_E outputs which account for the large errors
observed in the RE plots. However, the outputs for the 3D1W-CG_E and 3D2WCG_E models upstream of the turbine rotor plane follow the 3DHR_E outputs
closely. For the 3D2W-PG_E outputs it is observed that the oscillation of velocity
deficit is present but is significantly damped. This does not follow the trend of the
3DHR_E.
Downstream of the turbine rotor plane the 3D1W-PG_E outputs follow the same
trend as the 3DHR_E results but at a reduced magnitude. The outputs for the
3D1W-CG_E and 3D2W-CG_E models reach their peak magnitude approximately
one diameter further downstream of either the 3D1W-PG_E or 3DHR_E outputs.
At 4D downstream of the turbine the velocity deficits for 3D1W-CG_E and 3D2WCG_E exceed that of the corresponding 3DHR_E outputs and remain at a higher
magnitude while decreasing at approximately the same rate as the 3D1W-PG_D
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and 3DHR_E outputs. The 3D2W-PG_E outputs have significantly lower
magnitudes than other the outputs immediately downstream of the turbine, i.e. 0 –
4D downstream. At approximately 5D downstream these outputs exceed the
3D1W-PG_E and follow the general trend of the 3DHR_E results at approximately
similar magnitude. The results for both the 3DHR_E and the 3D2W-PG_E velocity
deficits converge with the laboratory results after a distance of 8D past the turbine
rotor plane.
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Figure 6.35: Velocity Deficit for flow along the centreline of T1.

To improve the simulation of the effects of tidal turbines immediately downstream
of the turbine rotors, it is suggested that future development of the 3DNTM
incorporate a function which allows spatial variation of the thrust coefficient across
the turbine swept area with greater thrust experienced near the hub (as shown in
Figure 6.36). This would allow the thrust coefficient to be of a higher magnitude
along the centreline of the turbine, the location where the laboratory results are
measured. This would also allow the average thrust coefficient across the area of
the turbine to be preserved at a similar value to the one current used by the
3DNTM. The calculation of thrust might also be further improved by the
development of functionality within the model which allows for the upstream value
of undisturbed flow to be calculated for each cell containing a turbine.
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Figure 6.36: Spatial variation of thrust coefficient.

Figure 6.37 presents the lateral variation of the velocity deficit at 4D downstream of
the turbine. It is firstly observed that the while the magnitudes of all of the models
differ significantly from the lab results due to the proximity of the location to the
turbine rotors, the trends are very similar with the three individual wakes clearly
represented. However, when comparing the child grid deficits to the 3DHR_E it is
observed that both the 3D1W-CG_E and 3D2W-CG_E show a high level of
correlation to 3DHR_E. This shows that the child grid solution is achieving a
similar level of accuracy as a high resolution single grid model. For the parent grid
results, it is observed across the entire plot that the 3D2W-PG_E deficits are closer
in magnitude to the 3DHR_E deficits than the corresponding 3D1W-PG_E deficits.
This demonstrates that the two-way nesting procedure is indeed improving the
accuracy of the parent grid result.
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Figure 6.37: Lateral variation in velocity deficit at 4D for all models in the
extended domain.

6.11

Simulation Times

The aim of any nested model is to achieve computational savings while still
providing a grid spacing of sufficient resolution to achieve an accurate solution
within the domain’s primary area of interest. Due to the lack of accuracy achieved
with the initial nested region, as shown in Figure 6.14 it became necessary to
expand the nested domain to attempt to achieve a more accurate solution. By
expanding the nested region it is to be expected that the simulation time would
increase therefore limiting the savings made. Table 6.8 presents a record of the
simulation times of the various models used to model the experimental flume
domain. The table also presents the savings of the various iterations of the nested
model versus the computation time of the single grid high resolution model.
Significant savings were achieved by all of the nested models.
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Model
3D1W-PG
3D1W-PG & -CG
3D2W-PG & -CG
3D1W-PG & -CG2
3D2W-PG & -CG2
3DHR

Sim. Time (mins)
72
506
572
1311
1431
2010

% Time Savings
96%
75%
72%
35%
29%
-

Table 6.8: Summary of simulation run times for models.

6.12

Discussion

The primary objectives of this part of the research was the assessment of the
performance of the 3D nested energy extraction model by its application to the
scaled turbine experiment conducted in the ‘Large Flume’ at Manchester University
by Stallard et al. (2013). An area of interest (AOI) was defined around the 3 model
turbines and the performance of the model in simulating changes to velocities in the
AOI was examined. The changes in velocity were a result of both energy extraction
and blockage effects of the turbine. Turbine interactions are especially important in
turbine arrays and it was hoped the nested model would better capture these
interactions which manifest as bypass flows.
To maximise computational savings, the extents of the AOI were initially chosen as
the child grid boundary locations. The initial comparison of the 3DNTM velocity
deficits to the measured laboratory results was promising. However, further
comparison to a high resolution single grid reference model (3DHR) highlighted the
presence of boundary specification and formulation errors in the child grid solution.
To improve the child grid model solution, the nested domain was extended up- and
downstream of the turbines. This placed the nested boundaries in regions of high
accuracy within the coarse grid. This alternative placement of the nested boundary
produced a more accurate child grid solution but significant boundary formulation
error was still present in the region downstream of the turbine array. It was shown
that using the outputs of the child grid solution to update the parent gird model
transferred these boundary formulation errors to the 3D2W-PG.
To demonstrate that the model could update the parent grid without passing error
into this region the parent grid domain was extended and the child grid boundary
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was moved further downstream from the turbines. This new setup further improved
the two-way child grid accuracy because 3D2W-PG_E is updated without
transferring formulation error to the parent grid. The accuracy of the 3D2W-PG_E
solution is therefore improved by the updating process.
The simulation of the interactions of the turbines has been greatly improved by the
nesting processes of the 3DNTM. These improvements are most obvious in the bypass flow. This is significant as the bypass flows between turbines in an array may
represent the flow that is available to a downstream turbine for energy extraction.
The boundary formulation error present in the model is likely caused by the fact
that the energy extraction was necessarily included in both the parent and child grid
models. Due to the different grid spacings of these models the effect of the
extraction process varies between the parent and child grids. The flow downstream
of the turbine array in the parent grid is used as the boundary conditions for the
child grid solution. This will differ from the flow calculated downstream of the
turbine array in the child grid. This inconsistency between solutions causes the
boundary formulation error shown at the downstream boundary of the model. It is
concluded that it is this refection error that causes the higher velocity by-pass flows
in the child grid model, shown in red boxes in Figure 6.33(b), compared to those in
3D1W-PG_E and 3DHR_E results, Figure 6.33(a) and (c). These increases in bypass flow velocity could prevent mixing between it and the wake flow of the
turbine. This is potential the cause of the errors located between the wake and bypass flow in 3D1W-CG_E and 3D2W-CG_E, shown in Figure 6.30 and Figure 6.31
respectively. It could also be the cause of the higher velocity deficits, when
compared to 3DHR, observed in 3D1W-CG_E and 3D2W-CG_E 4D downstream
of the turbine as mixing of the wake and by-pass flow is inhibited, shown in Figure
6.35. Further development is required to solve this issue, possibly through the
incorporation of a radiation boundary which would reduce the possibility of
reflection errors occurring. However, it should be recognised that the choice of the
experimental flume domain, and the scale of the experiment, present a very
challenging test case for a coastal hydrodynamic model. As a result, the errors
observed within this test case domain are likely to be larger than those observed in a
realistic coastal application of the model.
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Currently the 3DNM is capable of producing a child grid solution for both the
3D1WN and 3D2WN models with a higher level of accuracy than the
corresponding parent grid. This more accurate solution can be used to update the
parent grid of the 3D2WN. However, this can lead to the introduction of boundary
formulation error to the parent grid. The model also provides significant
computational savings when compared to a single grid high resolution model of the
same domain.
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7
7.1

Summary and Conclusions
Summary

This thesis is concerned with the development of the 3D Nested Turbine Model
(3DNTM), a 3D nested hydrodynamic model capable of simulating energy
extraction from coastal waters via tidal turbines. Of particular interest to this
research was the ability of the model to simulate the hydrodynamic impact of tidal
turbine devices and the interactions between adjacent devices in an array. Due to
high computational costs, most hydrodynamic models of coastal waters are resolved
at scales much larger than the typical size of tidal turbine rotor diameters. As a
result, they cannot be used to accurately simulate turbine energy extraction. Nested
models allow high resolution in an area of interest only, without the cost of high
resolution across the full model domain. The 3DNTM was developed to facilitate
selective high resolution around a turbine array, at similar scales to the turbine rotor
diameters, in an effort to better capture turbine interactions and thus enabling more
accurate assessment of the hydrodynamic impacts of such devices. This would
further facilitate more accurate assessments of the energy yields and impacts of
turbine arrays.
The 3D, finite difference numerical model TRIVAST (ThRee-dimensional layer
Integrated Velocities And Solute Transport) and the one-way and two-way nested
versions of DIVAST (Depth Integrated Velocity and Solute Transport) previously
developed by Nash (2010) and O’Brien (2014) were the basis of the model
developed by the author. The aims of the research were threefold: firstly, the
incorporation of functionality for modelling energy extraction by tidal turbines in
an existing 3D tidal circulation model, secondly, the incorporation of nesting
functionality into the 3D tidal circulation/energy extraction model and, finally the
application of the developed model to an experimental domain for validation. The
development of the 3DNTM was thus achieved in three phases, as shown in Figure
7.1.
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Figure 7.1: Schematic of 3DNTM development and application.

The 3DEEM was first developed to simulate the effects of tidal turbines and
subsequently the 3DNM was developed. As a first step towards developing a
3DEEM, the extraction process was incorporated into the 2D model momentum
equations utilised by TRIVAST. This allowed the development of an effective
method of implementing energy extraction in the model under the relatively simpler
2D model conditions. The 2D and 3D energy extraction models were tested for an
idealised domain by modelling the impacts of energy extraction by a fence of tidal
turbines and comparing the solution to previously published one dimensional (1D)
results. To test the energy extraction model for a real world application, the 2D and
3D models were set up to simulate the effects of a hypothetical tidal turbine array
deployment in the Severn estuary. The 2D model was used to attempt to reproduce
the work of Ahmadian et al. (2012) and the 3D model was then used to demonstrate
the improved features of the 3D model versus the 2D model that better enable it to
simulate the effects of turbines on hydrodynamic environments, e.g. vertical
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profiles, cut-in and rated speeds of turbines and effects of structural drag. The
development of the 3DEEM was thus carried out in the three stages shown in the
flow chart in Figure 7.2.

Figure 7.2: Stages of the 3DEEM development.

Development of the 3DNM was achieved by developing the two-way nested
version of the 2D model DIVAST to incorporate 3D modelling and 3D nesting
capabilities. The 3D functionality of TRIVAST was therefore transported to 2DNM
and the nesting extended to 3D. The development of the 3DNM was carried out in
the five stages, illustrated in the flow chart in Figure 7.3. The first stage of the
development of the 3DNM was the implementation of the 3D code in the 2DNM.
This meant the transport and integration of all of the 3D subroutines from
TRIVAST into the 2DNM to create 3DM, i.e. the 2DNM with 3D functionality.
The second stage of development was the testing of 3DM to ensure that the 3D
functionality was performing correctly. Testing involved the application of both
3DM and the original TRIVAST to the same domain and comparison of the 3D
solutions. The third stage in development was the extension of the nesting
capability into the 3D model, i.e. enabling the generation of nested 3D domains and
interactions between parent and child (i.e. low and high resolution) 3D grids. Stages
4 and 5 of development involved the testing of the nesting in both one-way and
two-way modes. Here, the 3D parent and child grid hydrodynamic results were
compared with results from single grid TRIVAST models of the same coarse and
fine resolutions. An idealised harbour domain was used as the study area with
which to develop the 3DNM. It was expected that the addition of the 3D code to the
2DNM would significantly increase the time needed to run a simulation. Therefore,
simulating a domain of a smaller scale than an estuary would keep the model
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runtime down to a manageable length of time. This allowed for quicker
development of the model.

Figure 7.3: Stages of the 3DNM development.

Following validation of the nesting capability of 3DNTM, it was necessary to test
the performance of 3DNTM by using it to simulate the impacts of a turbine array.
Given the lack of field deployments of turbine arrays to date, the model was used to
simulate a laboratory study conducted by Stallard et al. (2013) of a small number of
scaled horizontal axis turbines placed in a recirculating flume. The performance of
the model was assessed by comparing its results to those recorded in the physical
scale model. The aim of any nested model is to achieve computational savings
while still providing a grid spacing of sufficient resolution to achieve an accurate
solution within the domain’s primary area of interest. This requires that the
accuracy of the child grid solution not only be of a higher accuracy than that of the
parent grid domain but also to be within an acceptable range of accuracy to that of a
high resolution single grid model. It was therefore necessary to test that the
developed 3DNTM was capable of achieving both of these two goals, i.e.
improvement in accuracy and saving in computational time. The application of the
3DNTM was thus assessed in the five stages shown in the flow chart in Figure 7.4.
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Figure 7.4: Stages of the 3DNTM application.

To maximise computational savings a small nested domain, six rotor diameters
upstream and downstream of the array, were initially chosen. The initial
comparisons of the 3DNTM velocity deficits to the measured laboratory results
were promising. However, further comparison to a high resolution single grid
reference model (3DHR) highlighted the presence of boundary specification and
formulation errors in the child grid solution. To improve the child grid model
solution, the nested domain was extended up- and downstream of the turbines. This
placed the nested boundaries in regions of high accuracy within the coarse grid.
However, it also reduced the computational saving achieved by the nesting process.
This alternative placement of the nested boundary produced a more accurate child
grid solution but significant boundary formulation error was still present in the
region downstream of the turbine array. It was shown that using the outputs of the
child grid solution to update the parent gird model transferred these boundary
formulation errors to the 3D2W-PG. To demonstrate that the model could update
the parent grid without passing error into this region the parent grid domain was
extended and the child grid boundary was moved further downstream from the
turbines. This new setup further improved the two-way child grid accuracy because
3D2W-PG_E is updated without transferring formulation error to the parent grid.
The accuracy of the 3D2W-PG_E solution is therefore improved by the updating
process.
7.2

Conclusions

The work conducted during this research has led to the following conclusions
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The developed 3D nested model has the capability to more accurately
simulate the effects of tidal turbine on the hydrodynamic environment
compared to the equivalent 2D model, particularly in the attenuation of
velocity in vertical profiles due to energy extracted by the turbine rotor and
the effects of structural drag. The model also has the capability to simulate
the effects of turbine thrust variation on the surrounding hydrodynamics due
to the cut-in and rated speeds of turbines. Positive results from the
simulation of these effects on the Severn estuary demonstrate that the model
is applicable to real coastal environments.



A 2D two-way nested model was adapted to include the 3D functionality of
TRIVAST. This new 3D model (3DM) achieved excellent agreement with
the original TRIVAST model. This agreement confirmed the 3D
functionality of the model was operating correctly.



A 3D nest model (3DNM) has been developed with both one- and two-way
nesting capabilities from a 2D two-way nested model. This required the
addition of 3D functionality to the child grid model and enabled the
generation of a nested 3D domain and the interaction between 3D parent and
child grids. Both the 3D one-way nested model (3D1WN) and the 3D twoway nested model (3D2WN) child grids showed a much higher level of
accuracy than their respective parent grids and achieved a similar degree of
accuracy to the single grid high resolution model.



The child grid outputs produced by the 3D2WN model were found to be
even more accurate than the 3D1WN model child grid results. This is the
desired outcome of a two-way nested model and is due to the updating
process improving the accuracy of the parent grid solution of the 3D2WN
model which in turn means the parent grid provides more accurate boundary
data for the child. The error analysis of the parent grid of the 3D2WN
showed that its accuracy was indeed significantly improved by the two-way
updating functionality.



A 3D nested model has been developed capable of simulating the interaction
between individual tidal turbines in an array, and hence the hydrodynamic
impacts of these turbines, at a similar accuracy to a single grid high
resolution model of the same domain. To the author’s knowledge, the
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present model is the first application of turbine-scale modelling within a
two-way 3D nested model for the purposes of modelling the effects of instream tidal turbine energy extraction.


The results of the flume simulations show the 3DNTM is unable to
accurately model velocity deficits within six rotor diameters downstream of
the turbine, in the near-field region. All modelled results for velocity deficits
in this region differ significantly from the measured laboratory results. It is
concluded that there are two reasons for this. First, the momentum sink
approach means the effects of the turbine thrust are averaged over the grid
cell volume which means that the velocity deficit will never achieve the
maximum value of a point measurement at the centre of the turbine, unless
an extremely high spatial resolution is employed. The improvement in nearfield deficits from a 2D to 3D model is down to the fact that in the 2D the
thrust effect is averaged over the full water column while in the 3D model it
is only averaged over those layers in which the turbine sits. Second, the
mechanics of the model solution scheme mean that it is unable to accurately
capture the sharp change in velocity gradients immediately adjacent to the
turbine.



To minimise boundary specification error, the child grid boundary of the
3DNTM should be positioned to correspond with areas of high parent grid
accuracy. Child grid boundaries must also be positioned at an adequate
distance from the area of interest (AOI) to prevent boundary formulation
errors from negatively affecting the AOI. However, the boundary must also
be positioned as close as possible to minimise the computational
requirements. The two-way model will somewhat relax this restriction on
boundary placement as its purpose is to improve the accuracy of both the
child and parent grid models.



Formulation

errors

present

in

the

3DNTM

results

are

due

to

incompatibilities between the solution computed in the child grid and that
specified from the parent grid as the boundary condition. Formulation errors
are most problematic for outgoing flows, i.e. at the downstream nested
boundary in the case of the experimental flume. The incompatibilities
between the two sets of data at the boundary can induce noise generation or
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wave reflection in the child grid. In the case of the 3DTNM, reflection is
therefore generated at the downstream boundary. The literature suggests that
a radiation boundary could be incorporated into the model to minimise the
generation of reflection errors.


The 3D finite difference model used during the course of this research
utilises an explicit central difference scheme in its solution procedure. Such
schemes are prone to generate spurious numerical oscillations in the region
of sharp gradients or discontinuities. The thrust term included in the
momentum equation, to simulate the presence of a tidal turbine, creates such
a discontinuity. It was found that this source of error could be resolved by
using a higher spatial resolution in the vicinity of the turbine array in the
idealised channel model. This further justifies the use of multi-scale energy
extraction models.

7.3

Recommendations for Further Research

The 3DNTM, developed in this thesis, is an effective modelling system in its own
right; it provides an accurate multi-scale model solution and allows the interactions
between individual tidal turbines in an array to be simulated. The following are
recommendations for future research which would, in the author’s opinion, enhance
the functionality and usage of the nested modelling system:


The incorporation of a radiation boundary in the nested child grid model to
reduce the possibility of boundary formulation errors, and in particular
refection errors, from occurring. This would facilitate the use of smaller
nested domain and therefore greater computational savings.



The model currently uses a simple Prandtl mixing length turbulence model.
Accurately simulating turbulence is particularly important when modelling
tidal turbine as their performance may be affected if they generate
turbulence and mixing of the downstream wake is influenced by turbulence.
The model could therefore be improved by incorporating a more detailed
turbulence model such as the k-ε model.



The nesting functionality could allow the integration of near-field results
from high-resolution Computational Fluid Dynamic (CFD) models of tidal
turbines into the present far-field model. Effects such as the additional
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turbulence generated by the tidal turbines could be calculated by the CFD
model, parameterised and inserted into the 3D nested model as internal
boundary conditions instead of the far-field model attempting to calculate
such effects. By doing this the geometry of the turbine blades and mounting
will be taken into account.


The development of a nested model capable of utilising a 2D parent grid
with a 3D child grid. This could be useful in domain like the Shannon
estuary, shown in Figure 7.5, where the outer domain, could be adequately
modelled by a 2D model and an area of interest - say where a turbine array
were to be deployed could be modelled using a nested 3D grid. This could
reduce the overall computational cost of simulation.

Figure 7.5: Shannon estuary multiple nested layout.



Improve the simulation of effects of tidal turbines by incorporating a
function which allows a spatial variation of the thrust coefficient depending
on the proximity to the central hub of the turbine rotor, shown in Figure 7.6.
This might allow the model to better capture the high near-field velocity
deficits. The calculation of thrust might be further improved by developing a
function which calculates the upstream value for undisturbed flow.
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Figure 7.6: Spatial variation of thrust coefficient.
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2D Recursion Formulae
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A.1

Derivation of Continuity Equation Recursion Coefficients

Continuity Equation:
Partial difference form
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Rearranging Equation A.2 taking all unknowns to LHS gives:
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Multiplying out LHS:
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Replacing known terms in Equation A.4 gives:
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where di, ei and fi are recursion coefficients such that:
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and Ai is the combination of known variables:
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A.8

Derivation of x-direction Momentum Equation Recursion Coefficients

X-direction Momentum Equation:
Partial difference form
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Rearranging Equation A.10 taking all unknowns to LHS:
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Rewriting LHS of Equation A.11:
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Replacing known terms in Equation A.12 gives:
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where ai, bi and ci are recursion coefficients such that:
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A.3 Recursive Forms of Continuity and Momentum Equations:
Take equations Equation A.13 and A.5 in that order, unknown values of q x
n 12

and  i , j

n 12
i 12 , j

can now be evaluated by a process of elimination of the unknowns.
n 1

Starting at i=1 of an x-direction integration section and assuming that  1, j 2 is a
known boundary condition, the unknown qx

n  12
1 12 , j

in Equation A.13 can be written in

the form:
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A.17

At i=2, Equation A.17 can then be substituted into Equation A.5 to eliminate the
flux qx

n  12
1 12 , j

n 12

obtaining an equation for  2 , j

of the form:
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n  12
2 12 , j

 Q2

A.18

n 12

At i=3, Equation A.18 can then be substituted into Equation A.13 to eliminate  2 , j

and so on and so forth for i=1,…imax for the integration section. The elimination of
unknowns in this manner is known as Gaussian elimination.
Using Gaussian elimination, the general recursive forms of the continuity and xdirection momentum equations can be written respectively as:
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where Pi, Qi, Ri and Si are recursion formulae computed at i=2,…,imax as follows:
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If i=1 is an open water elevation boundary the recursion terms are computed as:

244

R1 

c1
b1

A.25

n 12

B1  a1 1, j
n

Si 

A.26

b1

However, if i=1 is an open flow boundary or a closed boundary then:
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The recursion terms Pi and Qi are not required at i=1.
A.4

Model Representation:
n 1

In the model the water elevation  i , j 2 is calculated first from (A.19). Using
backward substitution the flux at the preceding grid cell q x

n 12
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is then calculated

using Equation A.20. The general form of the recursion equations are therefore
represented in the model as follows:
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QXU(IM1,J)=-R(IM1)*EU(I,J)+S(IM1)
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The recursion terms Pi, Qi, Ri, Si are represented in the model as:
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From equations Equation A.31 – A.34 it can be seen that the model representations
of the recursive coefficients ai, bi, ci, di, ei, fi, Ai, Bi are as follows:
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and for the special case i=1, Ri and Si are represented as:
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