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Summary

The phenomenon of seasonal migration has attracted a wealth of attention from biol-

ogists. However, the dynamics of migratory populations have been little considered.

In this thesis, we use differential equations to model the variation in abundance of

seasonally migrating populations.

Our contribution to the field begins with a representation of seasonal breeding.

We use piecewise-smooth differential equations to model the variation in the size of a

population that has a short interval each year during which successful reproduction

is possible. We first consider a one-species model which illustrates the dynamics of

a population of specialist feeders over the course of a single breeding season and use

it to examine how reproductive success depends on the population’s distribution of

breeding dates. We then introduce time-dependent switches to extend the model to

a broader class of species. This allows us to consider the effect of climate change on

populations that annually travel long distances.

We then shift focus to consider interactions between migrants and species at

higher levels in the food web. Predatory pressure influences almost all populations

to some extent. Here, however, interactions may occur for just a brief period each

year before the populations involved become spatially separated. The range of a

migrating population may overlap with that of a population of predators for a single

season. We outline a framework for examining how this kind of “transient” predation

influences the dynamics of the prey population. We are then able to examine how a

migratory population may be overwhelmed by the fleeting influence of members of

other species.

Finally, as an alternative to the aforementioned models, we outline a different

approach to modelling migration, namely using partial differential equations instead

of ordinary differential equations. In this way, we provide two distinct templates for

the future exploration of the dynamical features of such populations.
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Chapter 1

Introduction

Migration is an adaptive response to variation in resources (Gauthreaux et al., 1982).

A seasonal migration is one that is repeated annually. The seasonal migrations of

birds have attracted the most attention, inspiring one of the longest traditions of

scientific investigation in biology (Berthold, 2001). However, migration occurs in

all major branches of the animal kingdom, including insects, reptiles and mammals

(Alerstam et al., 2003). A distinguishing feature of migration is that it usually in-

volves traveling between different types of habitat (Aidley, 1981). To do so often

involves long-distance journeys between widely separated areas. For example, an

Arctic tern may cover up to 80000km in a year, breeding in the Arctic and winter-

ing in the Antarctic, seeing two summers in the process (Egevang et al., 2009). An

equally remarkable feat is achieved by bar-tailed godwits which undertake a direct

11000km nonstop flight from Alaska to New Zealand (Gill et al., 2009).

Though these examples are framed in terms of individual animals, it is often

the persistence of a collection of comparable individuals or a population that is of

practical concern. To be precise, a population may be defined as a group of organisms

of the same species occupying a particular space at a particular time (Krebs, 2008).

An important issue in natural science is to understand how the number of individuals

in such an ensemble changes in time. This area of study is commonly referred

to as population dynamics. A population of migrating animals can be described

as a set of subpopulations, each corresponding to a collection of individuals at a

particular location. In this case, the associated population dynamics include the

transfer of individuals between subpopulations as animals move from place to place.

Mathematical models are useful tools in understanding such dynamics.
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CHAPTER 1. INTRODUCTION

Aside from migration, it must be decided what other properties of the population

should be included in a mathematical model. It is important to note that these prop-

erties may apply to one location only. For example, reproduction is often localised

to a designated breeding habitat. Therefore, a separate treatment is needed for each

part of the population’s annual cycle before the individual parts are reassembled.

Nonetheless, many of the concepts employed in the representation of the dynamics

of stationary populations can be appropriated for seasonal migrants. Thus, it is in-

formative to take an overview of the state of the art in population dynamics before

delving into more specialised cases.

1.1 Concepts in population dynamics

There are two main philosophies within the field of population modelling. First, one

may explicitly consider each of the individuals in a population as well as all of the

interactions that potentially could exist between them. This is is known as agent-

based modelling (Grimm and Railsback, 2005). However, this approach is complex

and computationally expensive. Second, one may forego this exercise and instead

aggregate the biomass of each individual in the collective of interest. This leads to

a single measure of population abundance with an equation often used to represent

the variation in this quantity. This is the approach we will take in this thesis.

A population may represent the complete set of individuals on a habitat belonging

to a particular species. Alternatively, if the temporal evolution is expected to be in

some way heterogeneous one may wish to stratify the species into distinct subsets.

The unifying characteristic of such a grouping could, for example, be age, location or

diet. If one chooses to make a finite number of divisions n, the number of equations

required to describe the dynamics of the population is increased through the addition

of n time-dependent variables. If the number of divisions made is infinite a new

independent variable is introduced to represent the population characteristic.

A key distinction of population models arises from their representation of time.

The choice is intrinsically linked to the problem of interest. If one is only interested

in the state of the population at the end of some equally spaced intervals, difference

equations employing discrete time are appropriate. The seminal work of Leslie (1945)

on age-based models and May (1974) in examining the complex dynamics that may

arise from ostensibly simple difference equations helped to stimulate their use in

2



CHAPTER 1. INTRODUCTION

population modelling.

Conversely, if one wishes to be able to measure properties of the population at all

points in time, an approach based on differential equations is usually needed. Their

use in population dynamics can be dated as far back as the work of Verhulst (1838)

on self-limiting growth with interactions between populations later incorporated by

Lotka (1925) and Volterra (1931). In this thesis we will treat time as a continuum

with the inclusion of piecewise-smooth functions of time providing enhanced func-

tionality. More specifically, we employ differential equation based models that allow

for sudden changes in the behaviour of the population of interest (e.g., a switch from

migration to breeding or vice versa). When the only independent variable of interest

is time itself, ordinary differential equations (ODEs) are appropriate. If one wishes

to consider the dependence of population abundance on multiple variables, partial

differential equations (PDEs) are generally used instead.

The discrete–continuous dichotomy also applies to the other component in the

definition of a population – that of space. If the physical space on which the popu-

lation resides is broken into discrete parts a coupled-patch model is the result (Kot,

2001). A patch, in this context, is simply a homogeneous region of space (Forman,

1995) and a coupled-patch model is composed of a set of ODEs. Models based

on a spatial continuum generally lead to reaction-diffusion equations. In the time-

dependent case,these are PDEs containing at least one independent spatial variable

in addition to time. Reaction-diffusion systems allow for more detailed interactions

between spatial variation and growth but ordinary differential equations are usually

more tractable. Both approaches will be considered in this thesis. In either case, a

differential equation that represents the local dynamics of a population can usually

be written in the form

total rate of change = birth rate− death rate + net immigration rate. (1.1)

A significant component of population modelling is the choice of appropriate

representations for the birth rate, death rate and migration rates of a population.

The simplest possible form for each is one that is density independent, i.e., a linear

function of population abundance. However, such relationships are perhaps less

realistic when abundance is very low or very high. When population density is at a

particularly low level it may become difficult for an individual to find a mate. On

the other hand, when density is very high territory will become increasingly scarce.

3



CHAPTER 1. INTRODUCTION

Therefore, the birth rate of the population may be more accurately modelled as

density dependent, i.e., a nonlinear function of population abundance.

In much the same way, a death rate may vary disproportionately with abundance.

Survival may be reduced at low densities if group behaviour is a significant defence

mechanism. However, if a habitat becomes overpopulated intra-specific competition

may lead to a higher death rate than what would be predicted by a linear function.

Rather than compete for food and face starvation, some members of the population

may opt to leave the locality and move to an environment that is less inhabited.

Thus, it may be the case that the migration rate is density dependent instead of (or

in addition to) the death rate.

If a model is to make plausible predictions, a population should not be able to

continue growing indefinitely. Factors that prevent this from happening are called

regulating factors. Density dependence is a prerequisite for population regulation to

occur. To stop population growth the reproductive rate, mortality rate or movement

rate must be a nonlinear function of population density (Krebs, 2008). Other factors

may not contribute to regulation but condition population dynamics nonetheless.

These are known as limiting factors. Examples in nature include biotic agents, e.g.,

predation and diseases, as well as abiotic, e.g., temperature and rainfall.

With these ideas in mind, we will use the remainder of Chapter 1 to discuss the

composition of the terms on the right-hand side of Eq. (1.1). In Section 1.2, we con-

sider how to model reproduction with the assumption that the individual members

of the population are imbued with sufficient energy to do so. The consumption of

organisms on lower trophic levels is often necessary in order to acquire this energy.

However, populations placed at intermediate levels of a food web are themselves at

risk of succumbing to predators. Predation therefore is an important influence on

both birth and death rates. In Section 1.3, we address how energy flows through

a food web by considering an interaction between a population of predators and a

population of prey. Next, in Section 1.4, we focus on the representation of population

movement before concluding in Section 1.5 with a discussion of the significance of

steady states in ecology.

4



CHAPTER 1. INTRODUCTION

1.2 Reproduction and aging

The birth rate of a population is usually assumed to be an increasing function of

abundance. As discussed in the previous section, this relationship may not be linear.

For now, however, we ignore the effects of density dependence on birth and death

rates and assume that a population’s birth rate is proportional to the number of

breeding individuals. Note that even in the absence of density-dependent factors, a

population’s birth rate may vary with time. This phenomenon is usually incorporated

in continuous-time population models through sinusoidal forcing of the reproductive

rate. If the variation is due to seasonal change, maxima and minima of the rate

are typically reached during summer and winter respectively (Rinaldi et al., 1993).

An alternative approach is to model the reproductive rate as a piecewise-smooth

function of time. Rather than smoothly oscillating between two extrema, the birth

rate is set to zero during periods of inactivity before being reactivated at the start of

a breeding season. This is a useful way of dealing with populations that have clearly

defined breeding and non-breeding seasons and will appear throughout the thesis.

Some members of a population may not be included in the breeding group for a

particular season. One reason for this is that the individuals have not yet developed

the faculty to reproduce. In this case, an age structure of some kind is required to de-

marcate the breeding and nonbreeding subpopulations. As with time and space, the

age of a population can be treated as a continuous variable or instead be assigned

to one of a finite set of categories. The prototypical example of continuous age

variation is the McKendrick-von Foerster partial differential equation (McKendrick,

1926; Von Foerster, 1959). For simplicity, we will employ a discrete approach with

two overlapping generations – adults, A, and newborns, B. This yields a differential

equation for each class with Eq. (1.1) now referring to variation in the overall popu-

lation. For simplicity, we omit spatial variation here and arrive at a pair of ordinary

differential equations of the form

dA(t)

dt
= M(t)− cAA(t), (1.2)

dB(t)

dt
= r(t)A(t)− cBB(t)−M(t), (1.3)

where t is time, r(t) is the reproductive rate and cA and cB are mortality rates for

A = A(t) and B = B(t) respectively. The transition to adulthood or recruitment

5



CHAPTER 1. INTRODUCTION

is governed by the maturation rate M(t). Gurney and Nisbet (1998) proposed a

maturation rate of the form

M(t) = r(t− d)e−cBtA(t− d)
B(t− d)

B(t)
, (1.4)

where d > 0 is the fixed developmental time of newborns. The formulation is based

on the assumption of competition between newborns for a single limiting resource

and yields a system of delay differential equations. More simply, one could set a

constant maturation rate

M(t) = mB(t), (1.5)

where m > 0 is related to the mean period length (Hastings, 1983). A third option

involves taking advantage of the existence of distinct breeding seasons. If maturation

is modelled as an instantaneous event, the entire extant newborn population can

move into adulthood at a specified moment. Reflecting the discrete nature of the

transition, this kind of recruitment can be expressed by augmenting a system of

differential equations with a map that is activated at the end of each breeding season.

This is the approach we will take throughout the thesis. It is a natural complement

to a reproductive rate that is piecewise-smooth and this combination is embodied

most simply by the breeding model of Section 3.3.

Finally, note that in many cases, a population’s birth rate during its breeding

season will be influenced by interactions with species on lower trophic levels. The

energy needed for successful reproduction may only be attainable through interaction

with a particular prey population. We turn our attention to such interactions in the

next section.

1.3 Predation

The models considered so far have involved a single species. A next step is to consider

inter-specific interactions. A differential equation (or set of equations) is typically re-

quired for the interacting population. These equations include the intrinsic dynamics

of this auxiliary population and again should satisfy Eq. (1.1).

Predation is an essential mechanism for energy transfer through a food web. A

predator-prey relationship necessarily involves one population gaining at the expense

of the other. Using the shorthand notation of May (1976b), predation is a (+,−)

6



CHAPTER 1. INTRODUCTION

interaction where the first argument denotes a positive payoff to the predator pop-

ulation and the second a negative payoff to the prey population. It is therefore

unlike mutualism which is a (+,+) interaction and competition which is a (−,−)

interaction. The loss to the prey population depends on the consumption rate or

functional response associated with the interaction. The gain to the predator mean-

while depends on its numerical response to the presence of the prey. In addition

to the functional and numerical responses, a predator population may also exhibit

an aggregative response. This is an explicitly spatial process, operating via the final

term in Eq. (1.1), and will be considered in Section 1.4. In Section 1.3 however, we

will exclusively consider functional and numerical responses.

In some cases, the gains made by predators or losses incurred by prey may rep-

resent a minor part of the overall variation of that population. A useful approxima-

tion in those instances is to consider the size of one of the populations as static in

time. Models involving generalist predators provide examples of this approach. The

abundance of the population enters the existing single-species framework as a fixed

parameter of the system. A step up in complexity is to represent the density of a

particular population as a function of time only, effectively prescribing the dynamics

of the population a priori. This may be appropriate for a population at the base

of a food web for instance. There is then an underlying assumption that the pop-

ulation’s evolution is guided by abiotic factors such as temperature or tides rather

than interactions with other species. While simplifications of this kind will be made

in later chapters, for now we will consider interactions that are to be modelled in a

more complete way. In Sections 1.3.1 and 1.3.2, we take a more detailed look at the

kinds of functional responses and numerical responses that may be associated with

a predatory interaction.

1.3.1 Functional response

A functional response describes the relationship between the abundance of a popu-

lation and its losses to predation. Functional responses are commonly assumed to

possess a set of qualitative properties that falls into one of three categories.

First, a predator with a linear functional response can indefinitely increase its

consumption in response to growth in the prey population. The consumption rate

is identical to the prey encounter rate which is assumed to obey a mass-action law.

Second, a predator with a hyperbolic response behaves in much the same way

7
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when prey are scarce. However, if prey density is sufficiently high, predators are

unable to increase their rate of consumption to match it. The consumption rate

is constrained by the physiology of predators (e.g., digestive processes) or simply

by the time needed for a prey to be captured and killed. In either case, the prey

population’s death rate due to predation cannot exceed some maximum value. A

hyperbolic response is typical of a specialist predator, i.e., one that fixates on a single

species.

Third, a sigmoidal functional response is similarly constrained but has the addi-

tional feature of an increasing slope at low prey densities. If the prey population is

sufficiently small, it can benefit from a refuge effect and/or the failure of the preda-

tor population to develop the necessary skills to hunt for it. Generalist predators

(i.e., those that are capable of hunting a variety of prey types successfully) are often

characterised as having sigmoidal functional responses.

prey abundance

pr
ed

at
or
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m
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Figure 1.1: Proposed relationships between prey abundance and predator consump-
tion. Curves I, II and III represent functional responses that are linear, hyperbolic
and sigmoidal, respectively.

The linear, hyperbolic and sigmoidal responses (plotted in Figure 1.1) are some-

times referred to as Holling Type I, II and III, respectively. However, the Holling

Type I response as it was originally defined is actually piecewise linear and qualita-

tively similar to a hyperbolic function (Holling, 1959a). Therefore, to avoid confu-

sion and following Turchin (2003), we will refer to the three archetypal functional

responses as linear, hyperbolic and sigmoidal instead. Many other functional re-

sponses have since been proposed, either on a mechanistic or phenomenological basis

but will not be considered here (Kr̆ivan, 2011; Skalski and Gilliam, 2001).

Implicit in the previous discussion was the assumption that prey abundance can
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CHAPTER 1. INTRODUCTION

be captured in a single measurement or that the prey population is unstructured.

It is sometimes necessary to consider multiple prey types that are susceptible to a

common predator population. In these cases, one cannot consider the consumption

rate of each individual prey type in isolation as time spent subduing one prey item is

time that cannot be spent hunting another. Multi-species analogues of the hyperbolic

and sigmoidal functional responses can be derived using a time-utilisation approach

(Beddington, 1975; Holling, 1959b). Here, we consider the case of a single predator

population and two distinct prey types Q1 and Q2, which are assumed to belong to

the same species and to not interact in any meaningful way. We study a small period

of time in the life of an average predator. We denote this period ∆T and split it into

three parts, ∆Ts, ∆T1 and ∆T2, so that

∆T = ∆Ts +∆T1 +∆T2, (1.6)

where ∆Ts is time spent searching for food, ∆T1 is time spent interacting with species

Q1 and ∆T2 is time spent interacting with species Q2. In this context, an interaction

includes the killing, eating and digesting of prey. Next, we denote the number of

individuals of type Q1 and Q2 encountered during ∆T as ρ1 and ρ2, respectively. The

total time spent interacting with each species can then be written as ∆T1 = h1ρ1

and ∆T2 = h2ρ2, where h1 and h2 are the lengths of time needed to “handle” a single

member of Q1 and Q2, respectively. We denote the consumption rates of Q1 and

Q2 by an average predator as κ1 and κ2. These rates correspond to the number of

members of each prey type encountered per time period so that

(κ1, κ2) =
( ρ1
∆T

,
ρ2
∆T

)

=

(
ρ1

∆Ts + h1ρ1 + h2ρ2
,

ρ2
∆Ts + h1ρ1 + h2ρ2

)
. (1.7)

It remains to decide how the number of encounters during ∆T depends on prey

abundance. The functional forms assigned to ρ1 and ρ2 depends at least partly

on the skills of the predator and prey populations. For instance, if a predator is

specialised in hunting these prey items, it is reasonable to assume that a law of mass

action governs encounters during the searching period. We can then write

ρ1 = e1Q1∆Ts (1.8)

9



CHAPTER 1. INTRODUCTION

and

ρ2 = e2Q2∆Ts, (1.9)

where e1 and e2 are rate constants that would depend on the predator’s movement

rate while searching or its ability to detect prey in its vicinity. Equation (1.7) then

becomes

(κ1, κ2) =

(
e1Q1∆Ts

∆Ts + h1e1Q1∆Ts + h2e2Q2∆Ts

,
e2Q2∆Ts

∆Ts + h1e1Q1∆Ts + h2e2Q2∆Ts

)

=

(
e1Q1

1 + h1e1Q1 + h2e2Q2

,
e2Q2

1 + h1e1Q1 + h2e2Q2

)
. (1.10)

Alternatively, if the predator population needs a certain amount of exposure to a

particular prey type in order for a search image to form, the encounter rate may be

a superlinear function of prey abundance so that

ρ1 = i1Q1
2∆Ts (1.11)

and

ρ2 = i2Q2
2∆Ts, (1.12)

where i1 and i2 represent a measure of predator preference or suitability (Smout et al.,

2010). In this case, Eq. (1.7) becomes

(κ1, κ2) =

(
i1Q1

2∆Ts

∆Ts + h1i1Q1
2∆Ts + h2i2Q2

2∆Ts

,
i2Q2

2∆Ts

∆Ts + h1i1Q1
2∆Ts + h2i2Q2

2∆Ts

)

=

(
i1Q1

2

1 + h1i1Q1
2 + h2i2Q2

2 ,
i2Q2

2

1 + h1i1Q1
2 + h2i2Q2

2

)
. (1.13)

Equation (1.10) will be used in Chapter 4 to represent specialist predation on a

population with a discrete age structure. Equation (1.13) also appears in Chapter 4,

this time in a generalist predation setting. In addition, a single-prey linear functional

response appears implicitly in Chapter 3. More detail on the usage of functional

responses will be provided in those chapters.

1.3.2 Numerical response

The numerical response of a predator population represents its enhancement due to

interactions with a prey population. If the response is a function of consumption

10



CHAPTER 1. INTRODUCTION

rather than prey abundance per se, the modelled interaction is said to obey a con-

version rule (Ginzburg, 1998). With the fulfilment of this condition, the numerical

response then describes the relationship between consumption and the variation in

the biomass of the predator population. Beddington et al. (1976) identified three

types of numerical response from empirical evidence - changes in predator develop-

ment rates, changes in predator fecundity and changes in predator survival rates. In

each case, there is a non-negative relationship between consumption and predator

biomass.

In general, these relationships are likely to be nonlinear. An individual predator

cannot grow beyond what its frame can support. Similarly, an individual female

must have an upper limit on how large a brood it is capable of producing that is

independent of how well nourished it is. Survival rates tend to saturate at a level

determined by, for example, the rate at which deaths due to natural causes and

accidents occur. Despite these caveats, linear numerical responses are commonly

adopted in predation models (Abrams and Ginzburg, 2000; Ginzburg, 1998). This

approximation is partly motivated by the existence of a limiting value for the func-

tional response of the interaction in question. If consumption rates are constrained in

a realistic manner, extreme values should not be attained and a linear approximation

is reasonable.

We will not include an explicit mechanism for the development of individual

predators in the models presented here, focusing instead on changes in predator

fecundity and changes in predator survival rates. When a single equation is used

to represent the dynamics of a predator population, as in Chapters 4 and 5, these

two effects are essentially indistinguishable. However, in Chapter 3, we consider a

specific kind of interaction, in which the gains of consumption are largely realised in

the increased survival rate of newborn members of a predator population. Changes

in predator fecundity due to consumption are assumed not to be significant in this

case.

The situation described above is one example of a numerical response being in-

corporated implicitly. As mentioned in Section 1.3, it is common in generalist models

to omit variation in a predator population density entirely. This choice stems from

the idea that the numerical response of such predators to any one prey population is

negligible. Alternatively, one may wish to explicitly model an interaction between a

generalist predator and a single focal prey population. In that case, the predator’s

numerical responses to all other prey are typically compressed into a single birth or
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death rate.

1.4 Population movement

In Sections 1.2 and 1.3, we outlined broad approaches to dealing with birth and death

processes at a particular location. These processes may give rise to a pronounced

spatial pattern if, for instance, some locations are more hazardous than others. This

pattern may be modified further, though perhaps on a different time scale, by indi-

viduals moving or migrating between locations. In this section, we consider possible

mechanisms behind such movements, thereby completing our overview of the terms

on the right-hand side of Eq. (1.1).

We will assume that a population has been structured in such a way that the

behaviour of all members of a subpopulation is qualitatively similar. The movement

of this population may appear to have no favoured direction, exploring all locations

with equal probability. Each individual undergoes a random walk and a process

of diffusion manifests at the population level. In the simplest case, this leads to a

spatially homogeneous population density (Murray, 1989; Okubo, 1980). The rate

at which the population spreads may itself may be a function of density however.

This is known as density dependent diffusion and is a mechanism that can allevi-

ate overcrowding. For example, if the rate of diffusion is an increasing function

of density, individuals in highly inhabited locations will tend to disperse quicker

(Shigesada et al., 1979).

Populations may also exhibit correlated motion, preferentially seeking out par-

ticular locations. The associated direction may be thought of as an explicit function

of space (i.e., convection) or could depend on an external attractant (i.e., chemo-

taxis). In the case where this attractant is a particular type of food, the motion is

equivalent to the aggregative response referred to in Section 1.3. This is a distinct

type of inter-specific interaction. The presence of other populations may influence a

population’s rate of movement as well as shaping its birth and death rates.

Generally speaking, all of these processes may occur at the same time to varying

extents. Moreover, with a judicious choice of time scale, one may observe a real

population tending to exhibit one process to the exclusion of others. It is this

aspect, the temporal characteristics of the outlined movements, that we turn to next.

Naturally, any classification will be somewhat subjective. For our purposes, we take
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care to choose a spatial scale which is large enough that the effects of foraging, for

instance, are not discernible. In this way, macro-level trends, rather than micro-level

become the focus of attention. We refer to movements at this level as migrations

and will classify them as (i) continuous, (ii) irregular or (iii) seasonal.

The first two types share a number of characteristics. In both cases, one can

think of the overall range of a population as being in a permanent state of flux. Lo-

cations are inhabited by members of a population for a transient period before being

relinquished via extinction or dispersal. This typically necessitates models that con-

sider a large number of distinct patches. In the continuous case, dispersal is assumed

to occur at all densities and therefore is an ongoing process. Irregular migrations

involve large numbers of individuals sporadically undergoing mass movements which

are referred to as irruptions (Lack, 1954; Newton, 2006).

We consider continuous migration first and can identify two sub-cases. First,

if movement between habitats is assumed to occur on a much slower time scale

than population growth, a classical Levins-type metapopulation model is appropriate

(Levins, 1970). A metapopulation is a system of local populations connected by

dispersing individuals (Hanski and Gilpin, 1991). Second, if a population’s dispersal

is quick relative to its generation time, the system is able to recover from any site

losses that may occur, resulting in the formation of an extinction resistant “patchy

population” (Harrison, 1991; Hastings and Harrison, 1994).

Irregular migrations can be considered in a similar way with a population dy-

namically redistributing itself over a large set of patches. Here, however, movement

is continual rather than continuous. The trigger for an irruption is local and gen-

erally agreed to be overcrowding or resource depletion (Bock and Lepthien, 1976;

Lindén et al., 2011). It is therefore natural to think of an irruption as a density-

dependent migration that is discontinuous. Individuals tend to move to more sparsely

populated sites when the quality of conditions in their present environment fall below

a certain threshold (Csilling et al., 1994; Jánosi and Scheuring, 1997).

Finally, when a migration is seasonal, a population exhibits a regular pattern of

movement with respect to both time and location. Therefore, unlike in the previous

cases, each individual can be associated with a pair of “home” patches. A seasonal

migration event may include the entire population on a particular habitat with all

moving in approximately the same direction, i.e., seasonal migrations can be com-

plete as well as partial. A notable feature of complete seasonal migrations is that they

are usually triggered by photoperiod (day length) (Berthold, 1996; Gwinner, 1996)
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or temperature (MacMynowski and Root, 2007; Miller-Rushing et al., 2008) rather

than food shortages or overpopulation. This characteristic facilitates an alternative

modelling approach.

Both photoperiod and temperature are abiotic factors and vary seasonally. Thus,

a time dependence in the migration process is a more natural fit than a density

dependence. Furthermore, the site fidelity of individual migrants implies that the

essential features of seasonal migration can be captured by a model composed of just

two patches – a breeding patch and a non-breeding patch. These properties suggest

a template for the models considered in these thesis. The first incarnation of this

class of model is referred to as the switching model and is introduced in Section 3.4.

1.5 Steady-state hypothesis

Sections 1.2–1.4 were concerned with the design of population models. When un-

dertaking a study of some set of populations, the most important influences on their

dynamics should be identified and an appropriate mathematical representation de-

cided upon. The resultant system of equations could then be considered a reasonable

representation of the ecosystem of interest. An important question to consider next

is how to interpret the solutions to these systems. Given some “initial” configura-

tion, we can make a prediction about how an ecosystem will behave at all future

times.

No model should be expected to be complete however. The effects of extraneous

factors such as anthropogenic interference and climatic variation are unknown a

priori and difficult to explicitly account for. When such effects are temporary (i.e.,

one-off disturbances), we refer to them as perturbations. Predictive power may

be further compromised by parameter inaccuracies. For example, factors such as

climatic trends and individual variation are often not explicitly incorporated in the

differential equations. Instead, system properties are assumed to be fixed, usually

representing averages over the time interval of interest.

A useful theoretical construct which arises from deterministic models of nature

and can partly address these issues is that of the steady state. Broadly speaking,

a steady state represents a temporal pattern from which there is no tendency to

exit. An ecosystem in a steady state will recurrently assume each state in a fixed

collection to the exclusion of all others. If it is somehow “known” that an ecosystem is
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evolving toward a particular steady state, uncertainty about the current state of the

system is of no great concern. The system will eventually come to be characterised

by a well understood pattern of variation. An advantage of this property is that

current population sizes are irrelevant to future abundance and the structure of the

associated community. The pressing concern then is the management of disturbances

and parameter inaccuracies in order to ensure that convergence to the steady state

proceeds. Steady states that “attract” nearby states in this way are stable, i.e.,

robust to small perturbations. If a steady state instead repels nearby states, we refer

to it as unstable.

It is often implicitly assumed that steady-state behaviour in nature is stable

due to the ubiquity of perturbations that must be endured. However, unstable

steady states can also function as a class of observable dynamics. For example,

an equilibrium population size of zero may be unstable in the sense that recovery is

possible as long as a few extant individuals remain. However, a perturbation that can

shock the population out of this state once extinction has been realised is unlikely

to arise in practise. Furthermore, Hastings (2001) pointed out that a population

may persist over a significant number of generations even when the only attractor in

the system corresponds to extinction. If divergence away from an unstable nonzero

steady state is sufficiently slow, a transient solution can persist in ecological time.

Many different kinds of steady state are theoretically possible and will be con-

sidered in this thesis. At one point, nature had been conceptualised as an entity

moving toward an organised equilibrium state (Ehrlich and Birch, 1967). However,

it has since been suggested that ecosystems may pulse even while ostensibly at a nat-

ural limit (Odum et al., 1995). In fact, even if one was to study a single population

in a controlled setting, a nonzero equilibrium population size would often be unfea-

sible. For example, when breeding is seasonal, the implication that the population

is maintained at a fixed level throughout the breeding season and the non-breeding

season is unlikely to hold true. Therefore, in models of such populations, a regular

oscillation may be the simplest type of steady state one could expect to observe.

Earlier, we supposed that it could be determined that an ecological system was

in the process of evolving towards a particular steady state. If a single stable steady

state or attractor exists, a sufficient condition for this to hold is that perturbations

and the effects of neglected factors are relatively minor. If multiple attractors exist,

the situation is less clear. Such multi-stable systems may exhibit a tendency to

evolve towards one attractor for a period of time before a perturbation causes it to
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be attracted to an alternative stable state. These systems are therefore characterised

by sudden changes in state or tipping points (Scheffer et al., 2009) and may never

appear to be in a steady state.

We conclude by considering a wider class of systems that can be considered as

nonequilibrial (Chesson and Case, 1986). These are systems for which the effects of

external influences cannot be considered minor. As this thesis is focused on seasonal

migration, we inevitably consider mechanisms of population change that occur on

the time scale of a single year. Trends in environmental and/or climatic variation

that occur on longer time scales are therefore not explicitly included. If the effects

of these trends on the dynamics are not negligible, populations are constantly forced

to adjust to new conditions and cannot complete the adjustment before conditions

change again. Population sizes are therefore unlikely to ever reach a steady state

(Chesson and Case, 1986). These ideas will be addressed further in later chapters.

However, irrespective of their ecological significance, solutions to the equations as-

sociated with our models can only be obtained after we define certain mathematical

objects. This is the subject of Chapter 2.

1.6 Contribution of the thesis

This thesis is concerned with the construction of population models for seasonal

migrants. All of the models presented could be broadly categorised as seasonally

forced predator-prey models. However, to the best of our knowledge, the differential

equations outlined in this thesis are the first that include seasonal movement of

a population. Using piecewise-smooth functions of time, we are able to represent

recurrent migration between different habitats. As alluded to in Section 1.1, we

propose two different types of migration model. The first type, used in Chapter

3 and Chapter 4, is a compartment model. These are sets of ODEs that describe

the evolution of a finite set of population sizes, each corresponding to an aggregated

total for a habitat. The second type, used in Chapter 5, includes locations within the

larger habitats, leading to a population density defined on an infinite set of locations.

This approach is based on PDEs and will be referred to as spatial modelling.

The migratory population under consideration is just one component of a vast

time-dependent food web with connections continually activated and deactivated as

individuals move between widely separated regions. A first approach to dealing with
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such complexity is to consider a single short-lived interaction between the migrant

population and a species a level above or a level below it in the food web. The study

of predatory interactions of this kind is the driving force behind the thesis. The

role of the migrating population in this interaction shifts as the thesis progresses.

In Chapter 3, the migrants act as predators with survival of young members of the

population made possible through the exploitation of a brief, superabundant food

supply. Conversely, in Chapter 4 and Chapter 5, we consider how the consumption

of the migrating population by different kinds of predators informs the migrants’

dynamics.

To conclude, we note that the work contained in Chapter 3 has been published in

Elsevier’s Ecological Modelling journal with the exposition split between an article

proper and an online supplement (Donohue and Piiroinen, 2015a). A slight variant

of Chapter 4 has been submitted to Springer’s Theoretical Ecology journal and is

currently under review (Donohue and Piiroinen, 2015b). It is expected that the

model presented in Chapter 5 will be developed further with an article on the topic

submitted to an appropriate journal.
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Chapter 2

Mathematical preliminaries

In this chapter, we will introduce the mathematical concepts that underpin our

models of seasonally migrating populations. We will also detail how the analysis

of the associated systems of equations will be implemented, allowing later chapters

to focus on the ecological significance of solutions. Recall that the evolution of

a population in time can be represented by a set of differential equations. This

evolution occurs due to two distinct processes: population growth and population

movement. The representation of the latter aspect (i.e., how a population varies in

space) determines the nature of the associated equations. In particular, a discrete

space leads to systems of ordinary differential equations while a continuous space

leads to systems of partial differential equations. This chapter is split into two

distinct sections accordingly.

Section 2.1 is concerned with systems of ordinary differential equations. The

pertinent ideas from nonlinear systems theory are briefly summarised with particular

attention paid to the analysis of recurrent behaviour. While a broader treatment is

given by Glendinning (1994); Guckenheimer and Holmes (1983); Kuznetsov (2004)

and similar texts, we are primarily concerned with time-switching systems. In later

chapters, systems of this type will be employed to represent seasonality in population

models and therefore, we devote much of Section 2.1 to their study.

In Section 2.2, we divert our focus to partial differential equations. Instead of

studying the variation in a set of population abundances defined on a finite number of

sites, we consider a population density on a spatial continuum. This leads to reaction-

diffusion systems which are a keystone of spatial ecology (Cantrell and Cosner, 2003).

We derive a generic reaction-diffusion system before specifying growth and movement
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processes that are of relevance in population dynamics applications.

2.1 Ordinary differential equations

A dynamical system composed of first-order ordinary differential equations can usu-

ally be written as

ẏ = F (y), y ∈ R
n, (2.1)

where y is a collection of state variables and the derivative ẏ is with respect to time

t. As there are n state variables, the state space is R
n. We will generally opt not

to attach any special significance to the mathematical objects considered in this

section. However, if Eq. (2.1) is matched with Eq. (1.1), the state variables can

be thought of as population abundances with the vector field F representing the

temporal evolution of these abundances.

In any case, the evolution of the state variables does not explicitly depend on time

and so, the system given by Eq. (2.1) is said to be autonomous. Starting at time t0 in

an initial state y(t0) = y0, the system may be solved to produce a trajectory in state

space parameterised by time. In order to consider all such y0 and their evolution, we

can define a flow function Φ : Rn × R → R
n. After time t has elapsed, a trajectory

that originated at y0 at time t0 will now be in a state Φ(y0, t− t0). More precisely,

∂

∂t
Φ(y, t) = F (Φ(y, t)), (2.2)

Φ(y, 0) = y, (2.3)

for all y and t. As F can in general be a nonlinear function of y, it is usually not

possible to find an explicit representation for Φ. It is however guaranteed to exist

and to have the same smoothness as the vector field F . The flow function describes

the complete set of states that will be visited given a particular initial state. We

are often particularly interested in states which are visited in a recurrent fashion.

An equilibrium point y∗ ∈ R
n represents the simplest form of recurrent motion – a

trajectory consisting of a single point or set of points – and satisfies

Φ(y∗, t) = y∗, (2.4)

for all t. Perhaps the next most simple type is an isolated periodic solution or limit
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cycle. This contains at least one point y∗ ∈ R
n satisfying

Φ(y∗, η) = y∗, (2.5)

where η > 0 is the period of the limit cycle. Equilibria and limit cycles are examples

of steady-state solutions, i.e., sets of states that remain invariant under a system’s

dynamics. More complex examples include invariant tori and strange attractors.

In this thesis, we will be particularly interested in situations where time plays an

active role in shaping the dynamics of systems. Thus, in the remainder of Section 2.1,

we extend the concepts discussed thus far to allow for this possibility. We turn first to

time-dependent systems in general (Section 2.1.1) and then to time-switching systems

in particular (Section 2.1.2). We proceed to consider how the stability of steady

solutions to these systems may be determined (Section 2.1.3) before moving onto

the issue of limit-cycle detection (Section 2.1.4) and the application of bifurcation

theory (Section 2.1.5). The section concludes with an explanation of the techniques

used to analyse these systems over the course of this study (Section 2.1.6).

2.1.1 Time-dependent systems

The evolution of an autonomous dynamical system is given by Eq. (2.1). When the

evolution of a system’s state variables explicitly depends on time, the system is said

to be non-autonomous. A non-autonomous dynamical system can usually be written

as

ẏ = F (y, t), y ∈ R
n, t ∈ R. (2.6)

Crucially, it is always possible to reframe a non-autonomous system as an au-

tonomous one via the introduction of an extra dependent variable which will be

denoted by θ. Starting from initial states y(t0) = y0 and θ(t0) = θ0, Eq. (2.6) can be

rewritten as (
ẏ

θ̇

)
=

(
F (y, θ)

1

)
, y ∈ R

n, θ ∈ R, (2.7)

with the condition θ0 = t0 ensuring that θ and t are identical. The explicit separation

of state variables in Eq. (2.7) does not appear to have achieved much. The only

apparent change is that the state space is now R
n+1 and the corresponding flow
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function will be Ψ : Rn+1 × R → R
n+1 as defined by

Ψ

((
y

θ

)
, t

)
=

(
Φ(( y

θ ) , t)

θ + t

)
. (2.8)

Moreover, the unbounded nature of θ precludes the existence of a true steady state

solution. Thus, in this context, notions of equilibria and limit cycles must be revised.

Strictly speaking, a system satisfying Eq. (2.7) can never be in equilibrium. However,

if the remaining state variables have no tendency to change as time evolves, one can

choose an arbitrary θ̄ ∈ R and define an equilibrium point
(
y∗

θ̄

)
in the enlarged state

space as one that satisfies

Ψ

((
y∗

θ̄

)
, t

)
=

(
y∗

θ̄ + t

)
. (2.9)

for all t. Similarly, a limit cycle solution to a time-dependent system contains at

least one point
(
y∗

θ̄

)
satisfying

Ψ

((
y∗

θ̄

)
, η

)
=

(
y∗

θ̄ + η

)
, (2.10)

where, as before, η > 0 is the period.

2.1.2 Time-switching systems

Now that a formalism is in place to describe the time dependence of a dynamical

system, we can consider switches in the underlying dynamics of a system. This can

be achieved by allowing the right-hand side of Eq. (2.7) to be set-valued rather than

strictly a function. This differential inclusion is the key notion in the definition of a

nonsmooth system (Budd et al., 2008). Piecewise-smooth systems are a specific type

of nonsmooth system that rely on the partitioning of the state space into finitely

many regions in each of which the system is smooth. Di Bernardo et al. (2008)

identified three types of piecewise-smooth system: (i) piecewise-smooth ordinary dif-

ferential equations, (ii) Filippov systems and (iii) piecewise-smooth hybrid systems.

The systems we wish to consider fall into the third category as they incorporate both

continuous flows and discrete events. These events or discontinuous changes in state

are implemented using a jump function or reset map.
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As in the smooth case, the values of the state variables y and θ at some initial

time t0 are denoted y0 and θ0 respectively. With the additional constraint θ0 = t0,

the variable θ is set to co-evolve with t, at least for some non-empty set of times.

The system’s evolution is determined by a set of ordinary differential equations at

all but a countable number of points in time. These times are determined by the

evolution of θ. In particular, a reset map is applied when θ = θi for i = 1, 2, . . . , N .

The corresponding times are denoted ti = θ−1(θi) for i = 1, 2, . . . , N .

Now, assuming that the system is made up of a countable numberN > 1 temporal

regimes, a time-switching hybrid system defined for t ∈ [t0,∞), comprises a set of

ordinary differential equations

(
ẏ

θ̇

)
=

(
Fi(y, θ)

1

)
if t ∈ [ti−1, ti), i = 1, 2, . . . , N, (2.11)

plus a set of reset maps

y+(ti) = Ri(y
−(ti))

θ+(ti) = ri(θ
−(ti))

if t = ti, i = 1, 2, . . . , N, (2.12)

where the “−” and “+” super-scripts respectively indicate state values before and

after a mapping has been applied. Here, all Fi, Ri and ri are assumed to be smooth

functions of their arguments. Further, θN is chosen so that
⋃

i[θi−1, θi) = [θ0, θN )

contains the image of θ. If θ continues to increase monotonically, then θN = ∞ must

hold in order for a solution to exist for all t ∈ [t0,∞). Otherwise, we designate a

value for θN that ensures that the reset maps ri do not prescribe a value for θ at

which no vector field is defined. In practise, this may be chosen to be the maximum

value of θ that can be attained on the chosen time interval.

We refer to the n-dimensional manifold defined by θ = θi as the ith event sur-

face. When a trajectory intersects this surface, the reset map Ri alters the state

variables instantaneously and the value of θ may be modified by the ri mapping.

The evolution of the adjusted state variables is then governed by the vector field

Fi+1. We note in particular that in situations where θ is altered by one or more of

the ri maps, a trajectory may be forced to cross through a finite set of event surfaces

an infinite number of times. This leads to the notion of recurrent time-switching

hybrid systems. Systems that have a periodic dependence on θ form a sub-category

that are of particular significance in this thesis.
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As the flow induced by Eqs. (2.11)-(2.12) may, in general, be piecewise-smooth

and contain a countable number of discontinuities, it follows that steady state solu-

tions may share these properties. Irrespective of their smoothness, the stability of

these solutions (i.e., their resilience to perturbations) is typically of interest. The sta-

bility of an equilibrium point is usually determined by the eigenvalues of a Jacobian

that corresponds to a linearisation of the vector field of a system. When considering

more complex kinds of recurrent motion, a geometric approach is useful. By study-

ing the transversal intersections of a flow with a lower dimensional subspace, we can

treat periodic solutions as fixed points in a discrete-time system. A stable (unstable)

fixed point of the induced Poincaré map corresponds to a stable (unstable) periodic

solution in the underlying continuous system. In Section 2.1.3, we investigate how

the stability properties of these fixed points may be analysed.

Thesis notation

Note that, in the remainder of the thesis, we will express Eq. (2.12) in the alternative

form

y 7→ Ri(y)

θ 7→ ri(θ)
if θ = θi, i = 1, 2, . . . , N, (2.13)

where it is understood that the values of y and θ on the right hand side of Eq. (2.13)

refer to y− and θ− respectively and are obtained by solving one of the sets of differ-

ential equations specified by Eq. (2.11). Furthermore, the “+” notation is dropped

from the left hand side for convenience. Finally, we omit the inverse relation θ−1

from the expression so as to emphasize that switches are not dependent on time per

se.

2.1.3 Stability analysis of limit cycles

In this section, we will use a shooting method to implicitly compute a periodic orbit

and assess its stability. The discussion largely pertains to time-switching systems

though the basic ideas are more generally applicable. For convenience, we will intro-

duce a variable Λ = ( y
θ ) which represents a point in the enlarged state space R

n+1

of a time-dependent system.

The construction of a Poincaré map involves the introduction of a Poincaré section
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i.e., a codimension-one surface in state space that is transversal to the flow. In

practice, this is often described by the zero-level surface of a scalar function h such

that a point Λ lies on the section if

h(Λ) = 0. (2.14)

If θ is known to be a periodic variable, it is natural to consider

h(Λ) := θ − θ̄, (2.15)

for some θ̄ ∈ R. We will denote the Poincaré section given by its zero-level surface

as Σh and the period of θ as ηθ. It follows that a limit cycle that intersects Σh in

exactly k locations has a period of kηθ.

Now consider an intersection of a limit-cycle with Σh at a point Λ∗ =
(
y∗

θ̄

)
. A

Poincaré map, P , defined for points near Λ∗ maps a point on Σh to the subsequent

intersection of the corresponding trajectory with Σh near Λ∗. As h is assumed to be

of the form given by Eq. (2.15), the time of flight for any orbit through Λ ∈ Σh to

the next intersection with Σh is ηθ. Then the Poincaré map can be written

P (Λ) = Ψ(Λ, ηθ). (2.16)

We denote the period of the limit cycle as η. It holds that η = kηθ for some k ∈ N

so that Λ∗ is a period-k point of the Poincaré map. As a period-k point of P is a

fixed point of P (k), it is always possible to reformulate the problem so that the limit

cycle in the continuous-time system corresponds to a fixed point in a discrete-time

setting. Thus, without loss of generality, we will assume that k = 1 in the remainder

of the section.

The local stability of the fixed point Λ∗ is given by the eigenvalues of the matrix

∂ΛP (Λ∗). Now, it is possible to express this matrix as

∂ΛP (Λ∗) =

(
I −

∂tΨ(Λ∗, η)∂Λh(Λ
∗)

∂Λh(Λ∗)∂tΨ(Λ∗, η)

)
∂ΛΨ(Λ∗, η), (2.17)

where I is the (n+ 1)-by-(n+ 1) identity matrix and ∂ΛΨ(Λ∗, η), referred to as the

monodromy matrix, maps a perturbation off of the limit cycle to the system’s response

after a single period. This matrix is equivalent to a flow Jacobian evaluated along one

complete cycle of the periodic solution. It can be shown that one eigenvalue of the
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monodromy matrix will always be equal to 1, corresponding to perturbations along

the periodic orbit (Guckenheimer and Holmes, 1983). The remaining eigenvalues

are the eigenvalues of the linearised Poincaré map and are commonly referred to as

Floquet multipliers. If these multipliers all have a modulus less than one, the limit

cycle is stable. Otherwise, the limit cycle is unstable and nearby initial conditions

will diverge from the steady state as time evolves. In any case, the original problem,

that of deducing stability of a limit cycle, reduces to computing the monodromy

matrix.

We will assume, without loss of generality, that the limit cycle passes through at

least one event surface. A flow Jacobian along the limit cycle must take this feature

into account. Assume that the Poincaré section is chosen such that θ̄ ∈ [θi−1, θi)

for some i ∈ {1, 2, . . . , N}. The vector field at Λ∗ is then Fi and the next event

surface to be reached is θ = θi. A time lag of tL = θi − θ̄ occurs between the limit-

cycle’s crossing of the Poincaré section and its crossing of the event surface. The

monodromy matrix can then be decomposed as

∂ΛΨ(Λ∗, η) = ∂ΛΨ(Λo, η − tL) · S(Ψ(Λ∗, tL)) · ∂ΛΨ(Λ∗, tL) (2.18)

where S is a saltation matrix (Leine and Nijmeijer, 2004) and

Λo =

(
Ri(Φ(Λ

∗, tL))

ri(θ̄ + tL)

)
. (2.19)

In this way, the stability calculation for the limit cycle is broken into three parts:

a Jacobian for the flow leading into the event surface, a zero-time mapping at

the event surface and a Jacobian for the flow leading out of the event surface

(Dankowicz and Piiroinen, 2002; Nordmark, 1991). For a time-switching system,

the saltation matrix is given by

S(Ψ(Λ∗, tL)) = H +
(Vo −HVn)U

UVn

, (2.20)
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with

H =

(
∂yRi(Φ(Λ

∗, tL)) 0n×1

01×n ∂θri(θ̄ + tL)

)
, (2.21)

Vn =

(
Fi(Φ(Λ

∗, tL), θ̄ + tL)

1

)
, (2.22)

Vo =

(
Fi+1(Ri(Φ(Λ

∗, tL)), ri(θ̄ + tL))

1

)
, (2.23)

and

U = (0, 0, . . . , 0, 1) ∈ R
n+1 (2.24)

If a limit cycle intersects just one event surface (i.e., N = 2), the first and third term

in Eq. (2.18) arise from the evaluation of Jacobians along smooth pieces of flow. In

general, however, the limit cycle may intersect additional event surfaces, necessitating

further decompositions. This process continues until one has an expression for the

monodromy matrix that is a product of mappings along smooth sections of flow

interspersed with discontinuity mappings. A specification of flow Jacobians along

smooth pieces of flow is then needed to complete the computation. To do so, we

consider a point Λ on the limit cycle which is governed by a vector field F and has a

time of flight of π > 0 to the next event surface. Then the flow Jacobian ∂ΛΨ(Λ, s)

for s < π corresponds to the fundamental solution matrix up to time s of the linear

variational equation

Ẏ =

(
∂yF (Φ(Λ, t), θ + t) ∂θF (Φ(Λ, t), θ + t)

01×n 0

)
Y, Y (0) = I. (2.25)

In principle, one can now compute the monodromy matrix for a given limit cycle and

thereby determine its stability properties. However, this process relies on being able

to specify Λ∗, the position at which the limit cycle intersects the chosen Poincaré

section. The fulfilment of this preliminary step is the subject of the next section.
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2.1.4 Detection of limit cycles

Before we can use the ideas discussed in Section 2.1.3 to assess the stability of a limit-

cycle, we must have a method of detecting a point Λ∗ on the solution. Specifically,

we wish to solve

Ψ(Λ∗, η) = Λ∗, (2.26)

where Λ∗ ∈ R
n+1 is an unknown point and η ∈ R is the (known) period of the limit

cycle. In the unlikely event that a closed-form solution for the flow function Ψ is

known, it still may not be possible to find a solution to Eq. (2.26) analytically. A

multi-dimensional Newton-Raphson method can be used to approximate the point

Λ∗, giving us

Λk+1 = Λk − (∂ΛΨ(Λk, ηk)− I)−1(Ψ(Λk, ηk)− Λk), (2.27)

where I is again the (n+1)-by-(n+1) identity matrix. The flow Jacobian ∂ΛΨ(Λk, ηk)

may be computed as outlined in Section 2.1.3. If the flow is determined numerically,

as is often the case, the flow Jacobian will only be known approximately. In any case,

given a good initial “guess” for Λ∗, convergence to the true value at a rate quadratic

in the remaining error is guaranteed by a Newton method. In practise, the initial

guess often arises from numerical simulation of the system.

2.1.5 Bifurcations of limit cycles

A bifurcation may be defined as a qualitative change in the structural behaviour – the

number of solutions or their stability – of a dynamical system at a particular point in

parameter space. The corresponding point is referred to as a bifurcation point. We are

particularly interested in bifurcations of limit-cycles. Since the stability properties

of a limit-cycle are preserved by the corresponding fixed point of a Poincaré map,

we only need to consider bifurcations of fixed points.

If a limit cycle exists in a time-switching system, the induced Poincaré map is

smooth (Di Bernardo et al., 2008). The reason for this is that the variable θ is an

increasing function of time on each of the intervals [θi−1, θi) and therefore, trajectories

are guaranteed to cross all event surfaces transversally. The significance of this

property is that we do not need to take the smoothness of the flow into account.

In other words, the standard bifurcation theory applies to limit-cycle solutions of
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time-switching systems.

We will focus on bifurcations that can be detected by studying changes in the local

stability of a fixed point as parameters change. Such bifurcations are referred to as

local. Bifurcations that cannot be detected in this way are called global (e.g., torus

destruction, homoclinic and heteroclinic bifurcations) and will not be considered

in detail. Local bifurcations can be categorised in terms of their codimension i.e.,

the number of independent conditions that need to be satisfied for the bifurcation to

occur (Kuznetsov, 2004). We will restrict our attention to codimension-1 bifurcations

for now. A codimension-1 bifurcation of a limit cycle corresponds to one of the

Floquet multipliers crossing through the unit circle in the complex plane. The nature

of the bifurcation depends on how this crossing is achieved. In the remainder of this

section, we introduce the bifurcations that arise in this thesis and their significance

in population dynamics.

Saddle-node bifurcation

For a saddle-node bifurcation SN to occur, a single Floquet multiplier must cross

through +1. In this context, the bifurcation involves the collision and subsequent

annihilation of two limit-cycles – one stable and one unstable. Depending on the

direction of the parameter variation, two periodic solutions will either appear or

disappear in phase space. In ecological applications, saddle-node bifurcations usually

occur in systems containing multiple attractors. A population size that had been

moving towards one limit cycle may sharply adjust to an alternative steady state as

the original cycle no longer exists. The approach towards the bifurcation point is

accompanied by the onset of a phenomenon known as critical slowing down. As the

critical eigenvalue becomes closer to +1, the recovery time after a perturbation is

increased. Ecologically, this may constitute an early-warning signal that an abrupt

transition is about to occur (Scheffer et al., 2009).

Transcritical bifurcation

A transcritical bifurcation TC also involves a Floquet multiplier crossing through

+1. However, in this case, the number of steady-state solutions in a system is not

affected. At the bifurcation point, two branches of solutions cross transversally and

exchange stability properties. Locally, a single stable and unstable solution exist

on each side of the bifurcation point. This bifurcation could be thought to occur
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implicitly in the logistic map as a population’s growth rate is varied (May, 1976a).

The size of a population that is subject to external forces smoothly moves from one

attractor to another as the parameter moves through the bifurcation point.

Neimark-Sacker bifurcation

A pair of complex-conjugate multipliers cross through the unit circle in the complex

plane at a Neimark-Sacker bifurcation point NS. Typically, this phenomenon is

brought about by the introduction of a new frequency to a system. A limit-cycle

either gains or loses stability but is not destroyed. An invariant torus is created in

state space which allows for a more complex kind of recurrent motion. The interac-

tion of distinct pulses yields quasi-periodic motion or a phase-locked periodic solution

on the surface of the torus. Such long term oscillations have been investigated in an

ecological setting, particularly as a precursor to the appearance of chaotic motion

(Rohani et al., 1994).

Cusp bifurcation

The final bifurcation type we consider is of codimension-2. Unlike the previous three

cases, a cusp bifurcation C of limit cycles cannot be detected by looking only at the

Floquet multipliers of a fixed point. It represents a coalescence of two branches of

saddle-node bifurcation points. The crossing of one of these two branches leads to the

creation or destruction of limit cycles and hence, the possibility of sudden changes in

population size. The presence of the cusp implies that the region of parameter space

in which these changes can occur shrinks or expands if the two focal parameters are

co-varied in a particular way.

2.1.6 Numerical analysis and computation

We conclude Section 2.1 with a survey of the techniques employed to solve the

ordinary differential equations presented in Chapters 3 and 4. The systems we are

interested in, those of the generic form given by Eqs. (2.11)-(2.12), are nonlinear

and time-switching. To approximate their solution, numerical methods are typically

needed. For the equations considered in this thesis, numerical integration was carried

out using the MATLABr routine ode45. An advantage of using ode45 comes from its

event location capabilities which can be utilised to switch vector field and/or state
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variables at a desired time. The solver is based on an explicit Runge-Kutta formula

known as a Dormand-Prince method (Dormand and Prince, 1980). In most cases,

the relative error tolerance controls the number of correct digits in the state values

and therefore is a measure of the accuracy of the numerical solution. When a solution

approaches zero however, the absolute error tolerance is used to determine accuracy

instead. The error tolerance, both relative and absolute, for presented solutions was

typically 10−12.

Steady state solutions appear in later chapters as a means of illustrating typical

behaviour of a system. These solutions were often used to compile bifurcation di-

agrams which indicate how the number and stability of steady-state solutions vary

with a parameter value. Steady state solutions were found using two different meth-

ods:

1. Direct numerical integration: A “brute-force” approach used when one is pri-

marily interested in finding stable steady state solutions. If just one attractor

is associated with a region of parameter space, as is the case in Chapter 3, an

arbitrary initial state will tend toward it, given sufficient time. Thus, the only

remaining concern is quantifying the idea of “sufficient” time. We adjudged

a solution to be sufficiently close to a stable period-one limit cycle when the

difference between the population-size vector on two consecutive periods, as

measured by the infinity norm, was less than 10−6.

2. Numerical continuation: A “direct method” used to find both stable and un-

stable steady-state solutions. Specifically, in Chapter 4, we used a Newton

method to find the fixed point of a Poincaré map (see Section 2.1.4 for de-

tails). We deemed an approximation to have converged to the true point when

the difference between the estimates on the previous two iterations was less

than 10−10. The corresponding limit-cycle solution was then found by numer-

ical simulation.

Once a limit cycle has been located using either of these approaches, persistence

under small parameter variations is guaranteed until a bifurcation point is reached.

Thus, once one point on a solution branch was found, interpolation techniques were

used to predict the position of the “next” point on the branch. A further application

of direct numerical integration or numerical continuation was then used to achieve a

more accurate approximation.
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2.2 Reaction-diffusion systems

Section 2.1 was concerned with a finite set of state variables and their temporal

evolution. This corresponded to a set of ordinary differential equations. We will now

consider a more general class of system. Reaction-diffusion systems are examples

of infinite-dimensional dynamical systems, containing at least one spatial variable

in addition to time. They describe the evolution of spatial densities as opposed to

aggregated measures of abundance.

We will use a coordinate vector denoted by x to indicate position in some physical

space. A reaction-diffusion equation describing the spatiotemporal dynamics of a

population density q1 = q1(x, t) can then be derived as follows. We let S be an

arbitrary surface enclosing a volume V . The rate of change of the size of a population

in V is the sum of two components: the rate of flow of the population across S into

V and the population’s growth rate within V . We can therefore write

d

dt

∫

V

q1 dv = −

∫

S

J • ds+

∫

V

F dv, (2.28)

where J = J(q1(x, t),x, t) is the population flux and F = F (q1(x, t),x, t) describes

localised growth in the population. Applying the divergence theorem to the surface

integral term and assuming a continuous population size at all locations, Eq. (2.28)

becomes ∫

V

[
∂q1
∂t

+∇x
• J − F

]
dv = 0. (2.29)

where ∇x is the usual gradient operator. Since V is an arbitrarily chosen volume,

the integrand must always be zero and so the conservation equation for q1 is

∂q1
∂t

+∇x
• J = F. (2.30)

As in Section 2.1, it is instructive to compare this “master equation” with Eq. (1.1).

The function F in this case only pertains to birth and death effects with migration

modelled by the ∇x
• J term. Recall that potential mechanisms behind large-scale

movement of populations were introduced in Section 1.4. When space is assumed to

be a continuum, these behaviours can be captured by the following expressions:

1. Diffusion

J = −D∇xq1, (2.31)
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where D > 0 is a diffusivity constant that relates to an average individual’s

efficiency in moving from areas of high density to areas of low density. Note

that Eq. (2.31) is simply Fick’s first law of diffusion in a space of arbitrary

dimension (Fick, 1855). It can be derived by assuming that each individual in

the population is equally likely to move in any given direction at a particular

point in time (Cantrell and Cosner, 2003).

2. Convection

J = vq1, (2.32)

where v is a velocity.

3. Density-dependent diffusion

J = −Dd q1
α ∇xq1, α 6= 0, (2.33)

where Dd > 0 is a rate constant.

4. Chemotaxis

J = χ(q2)q1∇xq2, (2.34)

where q2 = q2(x, t) is an independent population density and χ(·) is a positively

valued chemotactic coefficient that in general may decrease with q2.

The choice of one of these flux terms or some combination thereof leads to a second-

order parabolic partial differential equation. The one exception is if the flux does not

involve a spatial derivative, as for instance in a pure convection problem. However,

we will not consider this case here.

In order to determine a unique solution to Eq. (2.30), an initial density is needed,

as are a set of boundary conditions. Boundary conditions are auxiliary collections

of equations that determine the behaviour of a population density at the extremes

of the physical space. Kot (2001) provides an overview of boundary conditions that

are ecologically meaningful. In this thesis, we will focus on no-flux conditions which

prevent members of a population from leaving a given space. As the name suggests,

they are expressed by setting the chosen flux term to be zero at all points on a

boundary. Note that if a reaction-diffusion problem is to be well defined, initial

conditions and boundary conditions cannot be considered independently of each
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other. A set of compatibility conditions are needed to ensure that a unique solution

exists.

2.2.1 Numerical analysis and computation

While analytical techniques exist to deal with the infinite-dimensional nature of

partial differential equations (e.g., separation of variables and integral transforms),

their usage typically demands that the equation be linear or at least quasi-linear. As

with ordinary differential equations, solution of nonlinear reaction-diffusion equations

generally requires numerical methods. Before these methods can be employed, it is

usually necessary to simplify (i.e., discretise) the spatial and/or temporal domain.

The spatial domains considered in this thesis are straightforward in a geometric sense

and thus, a finite difference method is appropriate (Smith, 1985). Such a method

involves the replacement of the derivatives in a partial differential equation with

finite differences.

A finite difference scheme may be classified as implicit or explicit. In the former

case, an algebraic system of equations must be solved at each time step in order to

yield an approximation for a spatial density. In the latter, an iterative formula ap-

proximates the system state at each point in space-time. An implicit finite difference

scheme is employed in Chapter 5.
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Chapter 3

Climate change applications

3.1 Introduction

Seasonal variation is one of the most fundamental driving forces in ecology. Recurrent

cycles in temperature create transient periods of time at which critical activities such

as flowering and breeding are possible. For many species, breeding success depends

on synchronisation of the food requirements of their offspring with a period of food

abundance (Visser et al., 2006). Migratory populations can mitigate unfavourable

aspects of seasonal variation by exploiting geographically distinct regions during

different parts of the year, effectively defining an annual existence infrastructure that

otherwise could not be employed. However, in a scenario of rapid climate change,

this strength can become a vulnerability. Migrants typically rely on environmental

cues and/or their own endogenous rhythms to determine the appropriate time to

depart a region (Gauthreaux, 1980). This dependence may become maladaptive if

these cues are no longer accurate indicators of conditions at their destination (Carey,

2009).

Long-term studies have shown that climate change has impacted the timing of

critical events for a variety of different taxa. While the impact on autumn phenology

is either of a low magnitude or heterogenous among species (MacMynowski and Root,

2007), trends in spring-time event shifts have been observed, particularly in the tim-

ing of arrival to breeding quarters and the timing of breeding itself (Walther et al.,

2002). These changes are typically a response to a change in the phenology of the

environment. An alteration in the timing or length of the period of maximum food

availability is of particular concern for a breeding population. For species who rely
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upon this brief window of food abundance to achieve successful recruitment, even

a slight mismatch in timing can lead to significant population declines. The trend

towards higher spring temperatures in recent decades has caused such windows to

advance (Walther et al., 2002). The efforts of affected species to adaptively alle-

viate the resulting mismatches has been the focus of intense study. A common

response, where possible, is for a population to advance its reproductive schedule in

an attempt to compensate for the earlier emergence of its prey (Brown et al., 1999;

Visser and Both, 2005).

In the case of migrating species, the earliest possible breeding date depends on

the date of their arrival to the breeding quarters. In general, long-distance migrants

tend to be less flexible than short-distance migrants in their ability to adjust the

timing of their arrival (Butler, 2003). One reason for this may be that the cue for

departure from the wintering area is independent of temperature, meaning that their

arrival time does not advance to make the earlier optimal breeding time feasible. Al-

though there is some evidence of long-distance migrants altering their migration cues

in order to circumvent this limitation (Jonzén et al., 2006), this appears to be the ex-

ception rather than the rule. The climate-change-driven decoupling of phenological

cues prevents many long-distance migrants from arriving in their breeding quarters

at the optimal time (Both and Visser, 2001), leading to pronounced population de-

clines (Both et al., 2006). Short-distance migrants appear to be less restricted in

their capacity to adjust the timing of key events (MacMynowski and Root, 2007;

Miller-Rushing et al., 2008). These species are able to arrive in the breeding quar-

ters early enough to use temperature as a predictor of the optimal breeding time.

However, climate change may affect different stages of a season non-uniformly. In

this case, the temperature at the beginning of the season may no longer provide a

reliable forecast of the timing of the food season, causing a mismatch (Buse et al.,

1999). Such temporal inconsistencies have, for instance, been linked with reproduc-

tive failure in a population of great tits (Visser et al., 1998). A dramatic rise in

temperatures after laying has been initiated by a pair will speed up the development

of their prey. However, their own reproductive cycle may remain relatively fixed,

with limited scope for bringing hatching forward after the first egg has been laid,

other than via a reduction in the size of the clutch (Both, 2010). A second hypothesis

proposed to explain these reproductive failures is that pairs may simply be unable to

advance their breeding schedule in step with the advancement in the food season if

the comparatively low temperatures earlier in the spring impose an energy constraint
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on reproduction which is unaffected by climate change (Stevenson and Bryant, 2000).

In the first part of this chapter, we describe a set of nonlinear differential equations

to represent the dynamics of a population of specialist feeders over the course of a

single breeding season. We refer to this set of equations as the breeding model and

use it to investigate the relationship between a population’s reproductive success

and a temperature-dependent window of food abundance. We focus on species that

breed in regions characterised by a highly profitable but short-lived interval of food

availability. Examples include passerines in temperate forests, geese in arctic tundras

and golden plovers in upland habitats. In such regions, an individual that does not

align the needs of its young with this interval will suffer reproductive failure for the

season (Both, 2010). One application of models of this type is in determining an

optimal breeding schedule for a population in a highly seasonal environment. By

taking a distribution viewpoint to this problem, we are able to gain insight into the

significance of the entire population’s timing decisions, instead of being restricted to

those of an average individual. In keeping with the optimal-timing theory developed

by Perrins (1970), we consider constraints on an adult’s breeding time which may

prevent the population from achieving its full reproductive potential. For a given

population, we can subsequently deduce the shape of the hatching distribution that

is best equipped to exploit the environmental conditions, represented here by a short-

lived food season.

Various mathematical models have been developed to help broaden understanding

of the role of the migration process and how it may be affected by the aforementioned

environmental changes (Jonzén et al., 2007; Sutherland, 1996; Taylor and Hall, 2012).

These models generally do not consider the annual cycle in its entirety, implicitly

ruling out the possibility of seasonal interactions influencing survival predictions. In

the second part of this chapter, we propose a population-based dynamical system

framework in which measured data can be synthesised, and the interplay of different

seasonal factors, both within and between years, can be analysed. As time is continu-

ous, the size of the population at any point in a cycle can be considered. The breeding

and survival stages are considered as separate recurrent regimes in a time-dependent

switching system. Systems of this type fall into the category of piecewise-smooth

dynamical systems and have found application in engineering and biological sciences

(Budd et al., 2008; Di Bernardo et al., 2008). To date however, they have been less

considered in an ecological context. We refer to this extended model as the switch-

ing model, where its name is derived from the sequence of switches that partitions
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each cycle into distinct stages. The model helps us to develop an understanding of

the relationship between increasing spring temperatures and the breeding success

of an affected population. We illustrate some of the effects of climate change and

assess how well populations with different adaptation constraints can compensate

for them. By employing some basic behavioural assumptions, we suggest possible

adaptive mechanisms that may underpin ecological systems susceptible to changes

in spring phenology.

We begin by describing the mechanisms which constitute our models of seasonal

breeding and migration in Section 3.2. These component parts are then assembled to

form the breeding model, as detailed in Section 3.3.1. We study typical solutions to

this system in Section 3.3.2. These solutions are then used to address an optimisation

problem in Section 3.3.3. Section 3.4.1 contains a mathematical description of the

switching model. We discuss the fitting of reasonable parameter values in Section

3.4.2 before presenting steady-state solutions in Section 3.4.3. This is followed by

an application of the model to a population which has been affected by heightened

springtime temperatures in Section 3.4.4. We conclude with Section 3.5, a discussion

on the assumptions underpinning our models and a variety of potential extensions.

3.2 Mathematical modelling and model assump-

tions

While efforts have been made to ensure that the mathematical framework we outline

is as general as possible, we specify insectivorous birds as examples due to the wealth

of studies on their seasonal behaviour. Therefore, in what follows, we consider a

population of birds in which at most one brood is produced by each female in a given

breeding season. The survival of this brood depends on the timing and quantity of

prey items procured by the parents. For simplicity, we further assume that each egg

in the brood is hatched synchronously (i.e., incubation by the parents does not begin

until the last egg in the clutch has been laid). This means that for a given clutch

size, there is a fixed lag between the time at which an individual’s reproductive

cycle begins (i.e., the time of mating) and the time at which its brood is hatched.

Difference equations have traditionally been used to describe reproduction which is

seasonal (Fulford et al., 1995). The discrete step length is usually chosen to be the

time elapsed between the start dates of successive breeding seasons which is typically
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one year. In the present case, fluctuations within annual cycles are inherent to the

problem of interest, so differential equations employing continuous time are more

suitable.

Ultimately, the dynamics of any real populations are determined by the relative

influences of mortality and reproduction. The interplay between these two forces

determines the level of recruitment in a breeding season i.e., the percentage of new-

borns that survive to first breeding age. In this section, we will consider appropriate

methods of representing each of these mechanisms in turn. These mechanisms form

the basis of population growth in both the breeding model and the switching model,

presented in Sections 3.3 and 3.4, respectively.

3.2.1 Food supply and mortality

In what follows, we assume that adults and nestlings are subject to density-independent

mortality at different rates. Furthermore, an adult member of the population is as-

sumed to be capable of surviving equally well at any point in a season which means

that the death rate for adults is constant. Conversely, nestlings rely on a plentiful

supply of food in order to survive the initial period after hatching. We consider an

environment with a fleeting interval of food abundance, individuals born outside of

which are unlikely to survive. We propose that the death rate for nestlings should

vary with time during the breeding season and remain constant during the rest of

the year. The seasonality of the environment creates an interval during which food

is abundant, resulting in a reduced likelihood of a nestling starving to death for the

duration. The death rate for newborns is therefore negatively related to food supply

during the food season.

We will denote the constant death rate for adults as c1, the baseline death rate for

newborns as cB and the variable food supply of the newborn population as g(t). We

consider a season of food abundance of duration ∆tF that commences at t = tF . As a

first approximation, we have chosen to define a quadratic relationship between food

supply and time during this interval. While g(t) could be replaced by any function

which fits observed behaviour, here we let g(t) be a piecewise-smooth function given
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by

g(t) :=





4γ(t− tF )(tF +∆tF − t)

(∆tF )2
, tF < t < tF +∆tF ,

0, otherwise,

(3.1)

where 0 ≤ γ ≤ 1 represents the magnitude of the variation. We further assume a

linear relationship between food supply and mortality. The effect of this assumption,

coupled with a food supply that is quadratic in time during the food season, is a

death rate that decreases to a minimum before returning toward its baseline level of

cB, where the minimum coincides with maximum food supply. The death rate for

newborns at a particular time is then given by

cB(1− g(t)) =





cB ((∆tF )
2 − 4γ(t− tF )(tF +∆tF − t))

(∆tF )2
, tF < t < tF +∆tF ,

cB, otherwise.

(3.2)

Note that the mortality rate for newborns decreases from cB to a minimum value of

cB(1 − γ) at t = tF + ∆tF /2 when the food supply is at a maximum, as shown in

Fig. 3.1(a).

3.2.2 Reproduction

In order for a fixed breeding season to be defined in a continuous-time setting, the

population’s rate of reproduction must tend to zero at some point in the cycle and

can therefore be thought of as an explicit function of time. A constant rate of

reproduction throughout the entire cycle, by contrast, would imply continuous rather

than seasonal reproduction. We denote the population’s rate of reproduction by

r(t). This function is nonzero during the breeding season and zero otherwise. Its

precise form during the breeding season is determined by the aggregated behaviour

of the individuals in the population. The rate of reproduction of the population at

a particular instant during the breeding season is influenced by the timing decisions

of the individual members. While the shape of the function is given by the timing

choices of the population, the height is proportional to the number of offspring

produced by an average female over the course of a breeding season.

We propose two distinct relationships between reproduction rate and time. First,

we consider a uniform distribution over the breeding season. This is given by the
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piecewise-constant function rU(t) and implies that the population as a whole is mak-

ing the same concerted effort to reproduce at each point in the hatching interval or

that there is no correlation between the timing of breeding pairs. In such a case, we

let

r(t) = rU(t) :=





r0

t̂E − tS
, tS < t < tE,

0, otherwise,
(3.3)

where tS and t̂E denote the start and end dates of the hatching interval, respectively,

tE is the hatching time of the last successfully recruited nestling and the constant

r0 > 0 is related to the typical clutch size.

If, on the other hand, the population has a tendency to focus its reproductive

efforts on a particular part of the breeding season, the rate at which the population

reproduces cannot be thought of as uniform. Therefore, as an alternative to rU(t),

we propose the piecewise-linear function rL(t), which increases to a local maximum

at a peak hatching date tP . This could be thought of as the result of the population,

acting on phenological cues, tending to hatch their eggs in an interval around t = tP .

It can be described by the function

r(t) = rL(t) :=





2r0

t̂E − tS

t− tS
tP − tS

, tS < t < tP , tP 6= tS,

2r0

t̂E − tS

t̂E − t

t̂E − tP
, tP ≤ t < tE, tP 6= t̂E ,

0, otherwise,

(3.4)

with the condition that t̂E 6= tS. We note that if the peak in hatching occurs at

the first or last possible hatching date, then rL(t) is a discontinuous function. In

particular, if tP = tS, there is an instantaneous switch from no activity to maximum

activity at t = tS with a linear decrease to zero thereafter. On the other hand, if

tP = t̂E, the function attains its maximum value at t = t̂E before switching back to

zero.

If the hatching time of the last successfully recruited nestling is also the latest

time at which a hatching could theoretically occur (i.e., tE = t̂E), the area under the

functions given by Eqs. (3.3) and (3.4) is equal to r0. This area can be interpreted

as the total reproductive effort made by the population during the breeding season.
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An increase in r0 could be thought of as an increase in the typical clutch size for the

population and would therefore lead to greater biomass production over the course

of the season. If tE < t̂E , on the other hand, not all of this reproductive effort

will be realised and late contributions will be discarded. The relationships between

growth and time given by Eqs. (3.3) and (3.4) are illustrated in Fig. 3.1(b). These

piecewise-smooth functions allow us to model a range of different behaviours simply

by varying the timing parameters tS, tP , tE and t̂E.

tF tF +∆tFt

(a)

cB(1− γ)

cB

cB(1− g(t))

2r0
t̂E−tS

r0
t̂E−tS

r(t)

t
tS tP tE t̂E

0

rU(t)

rL(t)

(b)

Figure 3.1: Schematic diagrams of (a) the functional relationship between the new-
born death rate cB(1 − g(t)) and time t given by Eq. (3.2) and (b) the functional
relationships between reproduction rate r(t) and time t given by Eqs. (3.3) and (3.4).

3.2.3 Recruitment

While the population’s reproduction and the survival of the resulting newborns can,

to an extent, be considered in isolation, it is only by considering the interaction

between these two factors that we can determine what proportion of the offspring

from a breeding season will survive to first breeding age. Nestlings that have been

provided with sufficient food to survive the critical early stages of their lives have a

strong likelihood of progressing to adulthood. Following a period of fledging and the

development of foraging skills, the young birds will be capable of surviving without

parental care. In order to facilitate this in our model, we introduce a recruitment

mechanism that converts viable offspring into new members of the adult population.
It is important to note that the mechanism outlined here is designed specifically

to fit the case of a population that relies upon an intense but short-lived season
of food abundance. In this case, a newborn individual must be in the nest during
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the food season if it is to be successfully recruited. We therefore choose the end of
the food season to be the sole time of recruitment to the adult population during a
given cycle. We further assume that the newly recruited individuals will themselves
reproduce during the next cycle and can therefore be assimilated directly into the
breeding population, so that

breeding population 7→ breeding population + newborn population,

newborn population 7→ 0,
at t = tF +∆tF . (3.5)

Implicit in (3.5) is the assumption that all surviving nestlings at the end of the food

season, regardless of their age, will be just as likely to survive to the following year

as their parents. As the end of the food season is assumed to signal the end of the

period of successful recruitment in our model, we explicitly cut the breeding season

short at t = tF +∆tF . Therefore, we initially choose

tE = tF +∆tF . (3.6)

as the hatching time of the last successfully recruited nestling. In order to position

the food season as a critical factor in determining the breeding success of the pop-

ulation during the season, we have coupled the nestling mortality and reproduction

functions via the parameter tE and thereby truncate the reproduction rate function

at the point at which recruitment would become impossible. Reproductive attempts

at any time after t = tE will not gain any benefit from the season of food abun-

dance and, in general, would need to be modelled independently. This is represented

by the shaded region in Fig. 3.1(b). In the case we are considering here, an adult

breeding after the end of the food season cannot be successful and such attempts

are simply discarded. Strictly speaking, to allow for the unlikely scenario of a food

season taking place too late in the breeding season for the population to avail of it,

we could let tE = min(t̂E , tF + ∆tF ) but, as we are primarily concerned with the

effect of increasingly early food seasons, we omit this mechanism from the models

presented in this chapter.
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3.3 The breeding model

3.3.1 Model description

Here we will consider an adult population whose biomass is represented by A1(t)

where t is the time elapsed (in days) since the beginning of the spring. The breed-

ing of the individuals contained in A1(t) generates a population of nestlings with

biomass B(t). We model the change in population size over a breeding season using

a set of time-dependent functions of the form discussed in Sections 3.2.1–3.2.3. The

contributions of these mechanisms are aggregated in the system

dA1(t)

dt
= −c1A1(t), (3.7)

dB(t)

dt
= r(t)A1(t)

(
1−

B(t)

K

)
− cB(1− g(t))B(t), (3.8)

with switches

A1(t) 7→ A1(t) +B(t) at t = tF +∆tF ,

B(t) 7→ 0 at t = tF +∆tF ,
(3.9)

and initial conditions of A1(0) = Ai
1, B(0) = 0 where t = 0 is the first day of

spring. The parameters c1 and cB are positive death rates as introduced in Section

3.2.1. The parameter Ai
1 is the biomass of the adult population at the beginning

of spring and K is the maximum nestling population size that can be supported by

the environment at any point in time. The growth of the population is proportional

to the size of the breeding population and limited by the availability of territory.

When the size of the adult population and/or the reproduction rate coefficient r0

is sufficiently high, competition for territory becomes a crucial limiting factor and

all individuals do not have the opportunity to reproduce. In this case, the
(
1− B

K

)

term in Eq. (3.8) acts to slow down growth. The rate of increase in the nestling

population eventually declines due to the failure of a subset of the population to find

territory in which to mate.

3.3.2 The effects of different reproduction rates

We will now present solutions to the breeding model with the intention of high-

lighting the contributions of its constituent parts and the interplay between them.
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At this point, we wish to illustrate typical dynamics of such a system over a single

breeding season, rather than make predictions about a particular population and our

parameter values are chosen accordingly. We first use the MATLAB
r package ode45

to numerically solve Eqs. (3.7) and (3.8), without any consideration of a food season

(i.e., γ = 0) and without recruitment. This enables us to isolate how the dynam-

ics of the population depend on the choice of reproduction rate r(t). The growth

curves labelled U and L in Fig. 3.2(a) are solutions corresponding to a piecewise-

constant and piecewise-linear reproduction rate, respectively, as discussed in Section

3.2.2. The parameter tE has no ecological meaning in this case and we therefore set

tE = t̂E . This means that all hatchings, regardless of their timing, are included. For

the parameters corresponding to key hatching dates, we designate values of tS = 0,

tP = 20 and t̂E = 60. We choose Ai
1 = 10, K = 50 and r0 = 1.5 for the reproduction

rate coefficient.

When the reproduction rate is uniform throughout the breeding season (i.e.,

r(t) = rU(t), as outlined in Eq. (3.3)), we see in Fig. 3.2(a) that the nestling popula-

tion will grow monotonically because the likelihood of an adult producing offspring

is equal at all times. However, as the growth rate of the nestling population is depen-

dent on the size of the adult population, mortalities in the breeding population will

slow down growth. If we instead use the piecewise-linear form of the reproduction

rate (i.e., r(t) = rL(t), as outlined in Eq. (3.4)), we observe that curve L increases

to a maximum at some point after the peak in the reproduction rate at t = tP . The

reduced breeding effort of the population, a large proportion of which is now pre-

occupied with raising broods, manifests itself in a rapid decrease beyond this point.

Adult mortalities once again contribute towards decreasing the rate of growth. As

we assume that there is no food season and no recruitment of offspring, nestlings

face a high risk of succumbing to starvation throughout the breeding season and

the growth curves eventually decrease regardless of the form of r(t). The hatching

of eggs is ultimately in vain because mortality will, beyond a certain point in time,

overwhelm the efforts of the adult population to increase the number of nestlings.

Nestlings die out without having their numbers replenished.

Next we will solve the full breeding model which incorporates a food season

and recruitment and is given by Eqs. (3.7) – (3.9). The time of last hatching tE

was prescribed a value in the scenario described above but with the inclusion of

recruitment is determined by the timing of the food season, as outlined in Eq. (3.6).

For the length of the food season, we assign the parameter value ∆tF = 20 and will
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Figure 3.2: Panel (a) shows the change in size of a nestling population given by
solving the system Eqs. (3.7) and (3.8) and normalising with respect to the initial
size of the adult population. Curves U and L correspond to a reproduction rate which
is piecewise constant (r(t) = rU(t)) and piecewise linear (r(t) = rL(t)), respectively.
There is no seasonal variation in food supply (γ = 0) and no recruitment mechanism
which means that both curves eventually tend to zero. As there is no coupling
between food supply and the reproduction rate, we must set a value for the last
hatching time and we choose tE = t̂E so that all hatchings, regardless of timing,
are included. Other parameter values are Ai

1 = 10, r0 = 1.5, K = 50, c1 = 0.002,
cB = 0.02, tS = 0, tP = 20 and t̂E = 60. Panel (b) shows the change in size of a
nestling population B(t) given by solving the full breeding model which is composed
of Eqs. (3.7)–(3.9). The time of last hatching tE is now set by Eq. (3.6) and nestlings
are added to the adult population at the end of a food season described by the
parameter values tF = 35, ∆tF = 20 and γ = 1. All other parameters are unchanged
from panel (a).

assume that its intensity is γ = 1. This means that the death rate for newborns

is instantaneously zero when the food supply is at a peak. The beginning of the

food season was chosen to be at tF = 35. All other parameter values are unchanged

from those assigned in Fig. 3.2(a). The growth of the nestling population B(t) is

presented graphically in Fig. 3.2(b) with U and L again corresponding to a piecewise-

constant and piecewise-linear reproduction rate, respectively. Prior to the onset of

the food season (0 ≤ t < 35), the growth curves are identical to those presented in

Fig. 3.2(a). Beyond this point, which appears as a kink in the growth curve, the

increase in food supply induces an increase in the survival rates of the nestlings. The

offspring hatched during this period are likely to be sufficiently well-fed during the

period they are most vulnerable and hence survive to the fledgling stage. At the end

of the food season, the size of the newborn population instantaneously switches to
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zero, as all offspring are assimilated into the adult population. Eggs hatched after

the expiration of this window are deemed less likely to survive and are disregarded

in our model.

3.3.3 Optimal timing of breeding

The breeding model can be used to locate the optimal time for a population to

concentrate its hatching activity in an environment characterised by a short food

season. This theoretical exercise may be undertaken for any family of non-uniform

hatching distributions. Here, we use the class of piecewise-linear functions defined by

Eq. (3.4) on the hatching interval [tS, t̂E ]. We can interpret the function r(t) = rL(t)

as a hatching distribution from which all contributions occurring too late to be

viable are instantly discarded from the population. Recall from Section 3.2.2 that

when the reproduction rate is assumed to be a piecewise-linear function of time, the

population’s first hatching at t = tS is followed by hatching efforts reaching a peak

at t = tP . The hatching season theoretically may continue until t = t̂E , but will

generally be cut short at the end of the food season at t = tF +∆tF as reproduction

after this point is not expected to lead to recruitment. We suppose that tS and t̂E are

determined exogenously and cannot be altered by the population. We then measure

the population gains associated with different values of tP , allowing us to establish

which distribution defined on [tS, t̂E] would maximise recruitment at the population

level.

Theoretically, birds should time their reproduction in such a way that the peak

demand of their nestlings coincides with the peak in food supply. This synchronisa-

tion results in maximal reproductive success for a pair (Lack, 1950, 1968). The rate

at which the food supply deteriorates following this peak differs significantly among

habitats (Both, 2010) but our primary interest here is in food seasons that are of

a much shorter time scale than the overall breeding season. It has been observed

in great tit populations that females hatching eggs earlier or later than the optimal

date will fledge fewer offspring and those fledged typically will have a lower average

weight (van Noordwijk et al., 1995; Verboven et al., 2001). We would expect this to

be a general characteristic of species for whom the synchronisation of food season

and breeding is the main selection pressure on laying date. As it is unlikely that all

females will be capable of hatching their eggs exactly on the optimal date, a distri-

bution which peaks on this date may be the best that can be hoped for. Without
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any restriction on first or last hatching date, the population may choose the hatching

distribution which is globally optimal. In the context of the breeding model, this

would correspond to simultaneously tuning all three timing parameters tS, tP and

t̂E relative to a given food supply g(t).

However, it is not necessarily the case that the time of peak hatching tP , corre-

sponding to this optimal distribution remains the optimal value when the time of

first hatching is inflexible. In some cases, this value of tP may not lie on the range

of possible hatching dates (i.e., the interval [tS, t̂E ] in our model). By fixing the first

hatching date tS, we are effectively imposing a constraint on the population’s ability

to optimise breeding. In particular, an inadequate food supply during the egg-laying

or incubation stages may force individuals to breed after this date (as reviewed by

van Noordwijk et al. (1995)) meaning that the population has to settle for a locally

optimal value of tP on the range of available hatching dates. Most members of such

populations therefore appear to behave sub-optimally by not advancing their laying

dates to the theoretical (global) optimum. This means that the timing of breeding is

such that the demands of nestlings are not synchronised with the food peak. In this

case, most of the population’s young will be in the nest after the food peak rather

than during it. Our model is based upon the assumption that there is an inadequate

food supply for nestlings for a significant proportion of the season. For an individual

breeding in such conditions, having its young in the nest after the food peak may

result in a recruitment failure for the season. In the context of the analysis to follow,

this scenario could unfold when the food season is early in relation to the start date

of the hatching interval.

We now determine the locally optimal value of tP for a selection of qualitatively

distinct values of tF and otherwise use parameter values consistent with the previous

figures. By choosing a sufficiently small adult population Ai
1 = 10, relative to the

maximum nestling population size K = 50, we ensure that there is enough territory

for all members of the population to breed. This allows us to isolate the effect of

choosing a particular breeding schedule with mortality and mistiming of breeding

the only obstacles to reproductive success for an individual. The time at which

hatching efforts reach a peak, tP , is bound between the extrema tS = 0 and t̂E = 60.

We normalise the recruited population at the end of the food season (i.e., B(tF +

∆tF )) with respect to the initial size of the adult population and plot this quantity

against tP . A value of 1, for example, implies that the initial adult population has

replicated itself once, a value of 2 represents the generation of two new members
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of the population by each existing adult and so on. For reference, we also plot the

food season g(t) corresponding to each of these recruitment curves, with g(t) as

given in Eq. (3.1). We begin by considering a newborn death rate cB = 0.02, which

corresponds to the solid lines in Fig. 3.3, and consider three cases in turn.
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Figure 3.3: Reproductive outputs are plotted against tP , the time at which the popu-
lation’s hatching effort reaches a maximum, and the associated food supplies g(t) are
plotted against time t. In each panel, the left vertical axis represents reproductive
output which is calculated at the close of the food season and is normalised with
respect to the size of the adult population at the beginning of spring. The right
vertical axes represents the magnitude of the food seasons. The parameter values
tS = 0 and t̂E = 60 define the earliest and latest hatching dates for the population.
Panels (a), (b) and (c) correspond to food seasons which, relative to this interval, are
early (tF = 0), well-timed (tF = 20) and late (tF = 40), respectively. A solid curve
corresponds to a newborn death rate cB = 0.02 and a dashed curve to cB = 0.06.
We also include the difference D between the maximum and minimum reproductive
output possible in each scenario when cB = 0.02. The parameter values used are
γ = 1, ∆tF = 20, Ai

1 = 10, r0 = 3, K = 50 and c1 = 0.002.

First, we see in Fig. 3.3(a) that if the food season is unusually early (0 < t < 20),

beginning just as the eggs of the earliest breeders are being hatched, then the optimal

action is for the bulk of the population to hatch their eggs as early as possible. In

this case, there is a decreasing relationship between tP and recruitment. If the

population has predicted that the food season will be particularly early, delaying

egg-laying any longer drastically reduces the likelihood that the resultant offspring

will survive. Furthermore, hatching distributions which peak too late result in the

initial population not being replicated (i.e., the recruitment curve crosses below the

level 1). This may impose a strain on the population’s ability to withstand mortality

effects for the remainder of the year, with no opportunity to enhance its numbers

until the following year. The optimal hatching distribution is discontinuous (i.e.,

tP = tS) with a jump from inactivity to maximum activity at the earliest possible
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hatching date. Breeding effort is steadily reduced throughout the hatching interval,

if the optimal tP is chosen, as late-hatched nestlings face unfavorable conditions.

Second, when the food season is situated in the middle of the hatching period

(20 < t < 40) as in Fig. 3.3(b), the dependency of reproductive success on tP is

less straightforward. The optimal time to concentrate breeding efforts is such that

most hatchings occur prior to the peak in food supply but not so early that nestlings

cannot survive long enough to benefit from it. The population’s span of hatching

dates [tS , t̂E] is well-chosen relative to the food season, providing a greater robustness

in the specific choice of hatching distribution on this interval. There is an interval

of possible tP choices on the solid curve which span roughly one third of the overall

interval and are associated with a relatively constant recruitment rate. Hatching too

many eggs before or after this time leads to reduced chick survival over the course of

the season but all distributions on [tS, t̂E ] which reach a peak during this interval will

yield comparable levels of recruitment. The recruitment curve is, in this scenario,

bounded below by 1, with all possible hatching distributions leading to the initial

population being replicated at least once.

Third, if the food season occurs at the end of the hatching period (40 < t < 60)

as in Fig. 3.3(c), an increasing relationship between tP and recruitment success is

observed. If pairs breed too early, the resultant offspring will struggle to survive

to the beginning of the food season and hence recruitment. An optimal hatching

distribution in this scenario is one which steadily increases to a maximum, located

at the very end of the hatching interval. Some pairs will breed well in advance of

the food season but the majority discern from temperature cues that their young

would be better equipped to survive if breeding is delayed. All choices of hatching

distribution again lead to the population replicating itself at least once.

Some care needs to be taken in making direct comparisons between Figs. 3.3(a)–

(c) as each of the left vertical axes denotes a measure of recruitment taken at a

different stage of the overall season and therefore, the typical time at which the

population’s nestlings fledge will also vary. This adds another layer of complication

as there is evidence of a decline in fledging success over the course of the breeding

seasons of many single-brooded bird populations (Daan et al., 1989). However, if

such effects are negligible for a particular population, it is possible to make some

meaningful inferences from the relative position as well as the relative variation

of the different recruitment curves. In each case, we note the difference between

the maximum and minimum possible reproductive output, which we denote by D.
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We notice that this value decreases from Fig. 3.3(a) to Fig. 3.3(c) as the food season

becomes progressively later relative to the population’s breeding schedule. Therefore,

for a population which is capable of hatching its eggs well in advance of the food

season, the precise distribution of hatching dates is of less importance.

If late-spring effects are not significant, we can consider the vertical axes in

Fig. 3.3(b) and Fig. 3.3(c) to represent a consistent measure of reproductive out-

put for the season and can overlay the two plots. The solid recruitment curves will

then coincide at a certain value of tP (not shown). This implies that there is a

hatching distribution which enables the population to achieve an identical repro-

ductive output irrespective of which of the two distinct climatic scenarios occurs.

Though the size of the recruited population is invariant, the traits of the individuals

who successfully reproduce depends on which of the two food seasons occurred. In

this example, particularly late breeders will miss the food season entirely if tF = 20

whereas the offspring of the earliest breeders may not be able to survive long enough

to avail of the food season if tF = 40.

A comparison of the maxima attained by the solid curves in Fig. 3.3(b) and

Fig. 3.3(c) suggests that the longer period of hatching associated with the later food

season has only a limited benefit. When the food season is later, a higher proportion

of the area under r(t) = rL(t) (see Eq. (3.4)) can be exploited, resulting in a greater

number of hatchings prior to the food season. However, the high constant mortality

rate experienced by the nestlings diminishes these gains. The earliest breeders in

this slightly extreme case may not be able to sustain their broods long enough for

them to benefit from the food season.

While the solid recruitment curves in Fig. 3.3(b) and Fig. 3.3(c) attain compara-

ble maxima, the solid recruitment curve in Fig. 3.3(a), corresponding to an early food

season, lies below both of them for all choices of tP . In other words, for any given

hatching strategy, a late food season may be less problematic than an early one when

cB = 0.02. The reason for this may be, as suggested by Perrins (1991), that there will

be newborns in the nests to benefit from the sudden increase in food supply when

it does occur. These will most likely be the offspring of the later-breeding birds. If

a deterioration in environmental conditions brings about an increase in cB however,

there are more severe consequences for a population which tends to breed early. To

highlight this, we increase the baseline death rate for newborns to cB = 0.06 and

again plot reproductive output against the peak time in hatching. This is represented

by the dashed curves in Fig. 3.3. We see in Figs. 3.3(b) and 3.3(c) that there is a
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pronounced downward shift in the recruitment curves corresponding to well-timed

and late food seasons, with a large portion of the curve in Fig. 3.3(c) now below

the level-1 self-replication boundary. The recruitment curve for an early food season

in Fig. 3.3(a) is comparatively less affected. In these less hospitable surroundings,

the earliest broods experience reduced survival because they may now, for exam-

ple, be exposed to much lower prey densities before the onset of the food season

(Pearce-Higgins et al., 2005; Visser et al., 2006). There is now a greater urgency

to time breeding correctly as hatching eggs too early becomes just as detrimental

to recruitment success as hatching too late. This is further demonstrated by the

formation of a sharper maximum in the relationship between tP and recruitment in

Fig. 3.3(b).

3.4 The switching model

With a structure in place to assess the outcome of a single breeding event, as was

described in Section 3.3.1, we proceed to fit the event into the annual cycle of the

population, allowing us to analyse the interplay between different components. We

separate each breeding season by an interval during which the population is con-

cerned with other activities such brood-rearing, molting and foraging. We will as-

sume, in developing this model, that the species is migratory which means that part

of this time will be spent in a separate non-breeding range. So called seasonal inter-

actions (Knudsen et al., 2011) allow the effects of factors in one stage of the annual

cycle to carry over into another. This is of particular significance for species that

are migratory. In this case, the cycle can be thought of as a sequence of distinct

regimes governed by a switching mechanism. This means that we can define indepen-

dently the forces acting on a population during each part of the cycle. In accounting

for the primary seasonal features of a cycle, these switches are complemented by a

breeding-support function that defines an interval on which reproduction is possible.

This is a simple formulation of the idea that the range of possible breeding times

for a population is constrained, either by its current environment or by its own past

actions.

Once we are able to represent the variation in population size during a single

annual cycle, we can then study the extent to which the population can sustain

itself over long time scales and recurrent breeding events. This is achieved using
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a piecewise-smooth dynamical system which depends on the annual phase, rather

than time per se. A disturbance in one year will influence the initial conditions of

the next and so on. This more general model is periodic in time and will be referred

to as a switching model in the remainder of the text. The long-term behaviour of

the system can be thought of as the outcome of a succession of switches as the years

pass. In general, for a fixed set of parameter values, the system will evolve towards

a certain configuration from which it has no tendency to change, unless influenced

by some external forces. This configuration is a unique limit cycle of the dynamical

system and represents the evolution of the system over one complete cycle. It is

subsequently straightforward to determine how the system will react to permanent

changes in its parameters, merely by finding the corresponding steady state.

3.4.1 Model description

We now extend the breeding model described in Section 3.3.1 to consider a migrating

population which we split into two subgroups, A1(t) and A2(t). The biomass of the

population inhabiting a breeding range at time t is given by A1(t) while A2(t) is

the biomass of the population on a non-breeding range, where the mating is carried

out by the individuals contained in A1(t) only. This population is assumed to be

single-brooded and results in a nestling population with biomass B(t). The variable

t ≥ 0 is the time elapsed (in days) since the date of the last arrival to the breeding

quarters on a particular year. That is, we select the date of last arrival to the

breeding quarters as the beginning of the migratory cycle. The initial conditions at

t = 0, therefore, are the sizes of the populations in each subgroup at the beginning of

the first migratory cycle considered. Seasonal migration is represented by a periodic

transfer of biomass between A1(t) and A2(t). We impose periodicity on the system by

defining a parameter T > 0 which represents the length of a migratory cycle, typically

365 days. The phase τ records the number of days elapsed since the beginning of

the current cycle and is defined by

τ := t mod T (3.10)

and thus 0 ≤ τ < T with τ = 0 representing the beginning of a cycle. This definition

ensures that τ = 0 when t = 0 which means that the starting point for the system

coincides with the beginning of a migratory cycle. In order to sub-divide the cycle
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into four parts, we define an increasing sequence of parameters, denoted by ti where

i = 0, 1, 2, 3, 4. Each of these values represents the end of one stage in a cycle and

the beginning of the next. In particular, each marker corresponds to the beginning

or end of a migratory period for the population. We let the parameter t0 be the

time of the last arrival to the breeding quarters, t1 be the time of first arrival to

the non-breeding quarters, t2 be the time of last arrival to the non-breeding quarters

and t3 be the time of first arrival to the breeding quarters. By enforcing t4 = t0+T ,

we ensure that t0 ≡ t4 mod T which means that t4 is the time of the last arrival to

the breeding quarters during the next cycle. Equation (4.1) implies that the phase

τ will successively assume the values on the interval [0, T ] over the course of one

cycle. Without loss of generality, we designate the date of the last arrival to the

population’s breeding quarters as the beginning of a new migratory cycle, so that

t0 = 0 and hence, t4 = T . When τ = T , the phase is reset to τ = 0, signifying the

beginning of a new cycle. The system will therefore periodically revisit each of these

markers as time t evolves. This parameter sequence is then used to model distinct

stages in the cycle via the switching functions

fi(τ) =

{
1, ti−1 ≤ τ < ti,

0, otherwise,
i = 1, 2, 3, 4. (3.11)

A schematic of a migratory cycle as it is represented in our model appears in Fig. 3.4.

Note that while the population’s journeys between regions do not appear explicitly

in this model, their position relative to the four regimes which compose a cycle is

indicated by the shaded region of Fig. 3.4. We will now consider each of these regimes

in turn.

During the first stage, when t0 ≤ τ < t1, the population, as a whole, is located

in the breeding quarters. Assuming migration is total, the entire adult population

is contained in the A1(t) subgroup while A2(t) = 0. The reproduction of A1(t)

during a given breeding season is represented as in the breeding model outlined in

Section 3.3.1. However, in the remainder of the chapter, we will only consider the

proposed piecewise-linear reproduction rate, allowing us to model the tendency of a

population to focus its reproductive efforts on a particular moment in the breeding

season. The functions g(t) (see Eq. (3.1)) and rL(t) (see Eq. (3.4)) representing

newborn mortality and the population’s reproduction respectively, will also be used

in the switching model. They are now applied to the phase τ instead of time t but
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Figure 3.4: A schematic diagram of the migratory cycle as represented in the switch-
ing model. The cycle is split into four separate parts using the sequence of event
times t0, t1, t2 and t3. Each of these markers corresponds to either the earliest or
latest arrival time for the population in spring or autumn. The beginning of a cycle
is designated as t0 = 0, coinciding with the date of the last spring arrival. The
shaded areas of the diagram correspond to the migratory journeys of the population
and therefore contain the dates of the first and last arrival in the destination region.

are otherwise unchanged. As the timing of arrival of an individual will partially

determine the timing of its breeding, the hatching distribution is influenced by the

arrival distribution. This imposes certain restrictions on the shape of the hatching

distribution r(τ) as well as its position in the migratory cycle. A feasible hatching

distribution may simply be, for example, a phase-shift of the arrival distribution. The

extent of this shift would be the sum of the typical time taken for an individual to find

territory, mate, commence laying and incubate the resultant eggs. Variation among

individuals within the population may distort this distributional symmetry. In some

cases, individuals may complete the reproductive process more quickly (slowly) than

usual, skewing the bulk of hatchings towards earlier (later) dates. This idea will

be addressed in more detail in Section 3.4.2. For now, recall that the number of

nestlings cannot exceed K at any point during a breeding season because of the

scarcity of territory. At the end of each food season, nestlings are recruited and the

reproductive window is effectively cut short. To enable us to impose restrictions on

the original laying dates of the population, we introduce a new parameter t̂S which

denotes the time of the first possible hatching in the population. The interval [t̂S, t̂E]

is then the set of all possible hatching times during a given cycle and we can define
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a breeding-support function p(τ) by

p(τ) =

{
1, t̂S < τ < t̂E,

0, otherwise.
(3.12)

The values taken by t̂S and t̂E may depend on other system parameters, as we

will discuss in detail in Section 3.4.4. At this point, we can summarise the basic

structure of a breeding season in our model using the schematic in Fig. 3.5. We

consider three interrelated time-lines which contain key events relating to migration,

breeding and food supply. Hatching cannot begin until the population has migrated

to the breeding quarters, while the success of these reproductive attempts depend

on the timing of the food season. The coupling represented by Eq. (3.6) is indicated

by a dotted line between the food season end time tF +∆tF and the hatching time

tE of the last successfully recruited nestling.

First
Spring Arrival

First
Autumn Arrival

Last
Spring Arrival

Migration

Breeding

Food

τ = t3 τ = t0 τ = t1

t̂S tS tP tE t̂E

tF +∆tFtF
τ

τ

τ

Figure 3.5: A schematic diagram of the timing of events during a breeding season
with respect to the phase τ . The three time-lines represent, from top to bottom, the
times of events associated with migration, breeding and food supply, respectively.
Migratory timing is described by the parameters t3, t0 and t1, which represent the
time of the first spring arrival, last spring arrival and first autumn arrival. The first
and last possible times of hatching are denoted by t̂S and t̂E . Hatching begins at
τ = tS and reaches a peak at τ = tP . The start and end times of the food season are
tF and tF +∆tF . We connect the food season end time tF +∆tF and the hatching
time tE of the last successfully recruited nestling with a dotted line to indicate that
these times are equal, as given by Eq. (3.6). This represents our assumption that
nestlings born after the end of the food season will not survive.

The second stage of the cycle, when t1 ≤ τ < t2 is concerned with the popula-

tion’s arrivals to the non-breeding quarters. As a first approximation, we assume

that the rate of movement out of each region is positively related to the size of the
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population currently inhabiting the region. This gives rise to an exponentially de-

caying departure distribution and generates an arrival distribution which is skewed

towards early arrivals. In practise, these density-dependent terms could be replaced

by an appropriately scaled arrival distribution derived from observation.

There is no migration between the two ranges during the third stage, when t2 ≤

τ < t3. If total migration occurred during the preceding stage, we now have the entire

adult population contained in A2(t) while A1(t) = 0. As in the breeding quarters, we

assume a constant death rate for the adult population throughout its stay in the non-

breeding region, in the absence of detailed information to the contrary. These death

rates could also be interpreted as the mean values of minor fluctuations throughout

the season.

The fourth stage, when t3 ≤ τ < t4, sees the return of members of the population

to the breeding quarters. The departure distribution from the non-breeding quarters

is again assumed to exponentially decay. This stage completes the cycle, with a new

cycle commencing at τ = T . We can now incorporate all of the components of our

switching model by means of the hybrid dynamical system

dA1(t)

dt
= kvf4(τ)A2(t)− kvf2(τ)A1(t)− c1A1(t), (3.13)

dA2(t)

dt
= kvf2(τ)A1(t)− kvf4(τ)A2(t)− c2A2(t), (3.14)

dB(t)

dt
= r(τ)p(τ)f1(τ)A1(t)

(
1−

B(t)

K

)
− cB(1− g(τ))B(t), (3.15)

dτ(t)

dt
= 1, (3.16)

with switches

A1(t) 7→ A1(t) +B(t) at τ = tF +∆tF ,

B(t) 7→ 0 at τ = tF +∆tF ,

τ 7→ 0 at τ = T,

(3.17)

where c1, c2, cB, K and kv are positive constants and the initial conditions for the

system are A1(0) = Ai
1, A2(0) = Ai

2, τ(0) = 0. The parameters c1 and cB are,

as in Section 3.3.1, the breeding-quarters’ death rates for adults and newborns,

respectively. The rate constant kv determines the extent of the migration with

movement between regions only occurring between the specified first and last arrival
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times. The effect of the ±kvf2(τ)A1(t) pair of terms in Eqs. (3.13) and (3.14) is, as

t → ∞, to move the entire biomass of A1(t) into A2(t). However, the system will only

spend a finite time in this regime. A sufficiently large value of kv can approximate

the same effect over a given finite time interval, ensuring that the migration of the

population is complete. In practise, there may sometimes be an overlap between the

arrival and “residency” regimes with, for example, the first hatching for some pairs

occurring before the entire population has arrived in the breeding quarters. For the

sake of brevity, we ignore these cases here.

3.4.2 Parameter values

We are concerned with a migratory population whose reproductive success depends

on the presence of a brief period of food abundance. We note that these values

are drawn from a number of studies of distinct species and therefore may not be

consistent with any one real population. In Section 3.4.4, we consider how various

phenomena could influence these values and, as a result, the size of the associated

population. However, in reality, there may not be a single population which is prone

to all of these phenomena. To avoid the need to switch between different sets of

values for different populations, it is convenient to set a reference value for each of

these parameters now and outline how a generic population could be affected by each

phenomenon in turn.

We assume that the adult population will face comparable hazards during its

stays in the breeding and non-breeding ranges and we therefore set c1 = c2. As

estimates for the mortality rates, we will use c1 = c2 = 0.002 and cB = 0.02, based

on the average daily survival rates calculated by Robinson et al. (2004). Migration

in bird populations usually occurs annually, so we choose T = 365 to be the length

of a cycle. To determine sensible estimates of the times of key events, we draw

upon long-term studies of passerines, particularly pied flycatchers and tits, in the

Hoge Veluwe region of the Netherlands where typical arrival times for migrants are

between April 16 and May 15 (Both and Visser, 2001). This means that the time

of last arrival to the breeding range which occurs at τ = t0 = 0 corresponds to

the date of May 15. Furthermore, recall that τ records the number of days elapsed

since the most recent occurrence of May 15, and the values we assign to all other

timing parameters each represent a certain number of days elapsed since that date.

If necessary, we use modulo operations to ensure that the parameter values lie on the
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interval [0, 365) but not all of these calculations are presented here. Following this,

we set the time of first arrival to the breeding range to t3 = 335, which is April 16. If,

for simplicity, we assume that the spread of arrival dates for the autumn migration is

also 30 days and that the population splits its time equally between the two regions,

we obtain parameter values of t1 = 152 and t2 = 182. Following Jonzén et al. (2007),

we assume that a passerine needs roughly 10 days after completing migration before

it is ready to lay an egg. Taking into account the 12 days of laying and 13 days of

incubation that are typical for such species (Perrins, 1991), we conclude that

t̂S = t3 + 35 (3.18)

is a reasonable choice for the first possible hatching date of the population. Using

t3 = 335 and modular arithmetic yields t̂S = t3 + 35 mod 365 = 5. We assume that

some individuals in the population, the earliest arrivals perhaps, will begin laying as

soon as it is possible to do so or that tS = t̂S = 5. The population of pied flycatchers

usually arrives early enough to base breeding decisions on the temperature in the

breeding quarters (Both and Visser, 2001). This implies that the majority of the

population choose to wait for a certain amount of time before deciding to lay their

eggs. As discussed in Section 3.4.1, this decision breaks the symmetry between arrival

and hatching distributions, skewing the bulk of hatchings towards later dates and

resulting in a non-monotonic hatching distribution. We assign tP = tS + 10 = 15 in

order to represent this phenomenon.

It has been noted that there is an abundance of caterpillars for 2-3 weeks in

Hoge Veluwe, usually reaching a peak between May 15 and June 5 (Visser et al.,

1998, 2006). This large annual variation in peak dates is compounded by significant

spatial variation even within a particular forest (Both et al. (2006), supplementary

information). To ensure there is an overlap between the population’s breeding and

the food season, we choose the latest date in the observed range which is tF = 10,

representing a food season of length ∆tF = 20 which reaches a peak on June 5.

We note that pied flycatchers typically breed late relative to this food peak as the

species are not reliant on one prey item in order to reproduce successfully (Both,

2010). However, as the breeding ecology of the great tit and pied flycatcher is

similar and phenological records in the Hoge Veluwe are extensive, we find it useful

to combine the attributes of these species in order to assess the effect of different

ecological shocks on a migratory population which depends on a brief food season.
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We will assume that the intensity of the food season is γ = 1. At some point

in the spring, hatching will have to come to an end, either due to deteriorating

conditions in the breeding quarters or to avoid a conflict between brood rearing and

preparation for migration. As late breeding is assumed to be unsuccessful, the choice

of date is not particularly significant and we will assume t̂E = 115. The illustration

of qualitative behaviour dominates our thinking here but in practise, a consistent and

accurate set of parameter values should be evaluated in order to model the specific

population of interest.

3.4.3 Steady states

In Fig. 3.6 we study the steady-state solutions associated with the parameter values

discussed in Section 3.4.2 in order to determine long-term behaviour of the popula-

tion. A switching system can be thought of as a succession of distinct regimes each

characterised by its own dynamical behaviour. In the model presented here, each

regime is governed by its own attractor. The effect of the switching is to assemble

the associated trajectories into a stable limit cycle in the overall periodically-forced

system. In this context, a steady-state solution implies that the population size,

sampled at the same instant of each cycle, will be constant. Stochastic variations

would make it unlikely that such behaviour would be observed exactly but it serves

as a useful, if idealised, description of the underlying dynamics of the system for a

given set of parameter values. Here, all positive initial values of A1(t) and A2(t)

lead to the same long-term solution and so the choice of Ai
1 and Ai

2 is arbitrary. In

each case, the value of the migration rate constant kv = 0.25 is chosen so as to be

large enough to ensure that migration between regions is total. As Fig. 3.6(a) and

Fig. 3.6(b) differ in just one parameter value, the survival-quarters mortality rate

c2, they have many features in common. Therefore, we begin by considering them

in parallel and observe that each year begins with a breeding season which yields a

fixed increase in the size of the population. The magnitude of this increase is bound

by the maximum newborn population size K, but is also influenced by the relative

strength of reproductive and mortality effects, r0 and cB, respectively. Therefore,

there is a maximum attainable level of recruitment in a breeding season which is a

function of the overall population’s ability to survive and reproduce in the range as

well as the amount of available territory. As in Section 3.3.1, the rate at which the

nestling population grows is dependent on the size of the adult population and the
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Figure 3.6: Typical cyclic population dynamics obtained by solving the switching
model given by Eqs. (3.13)–(3.17) until a steady state is judged to have been attained.
The overall population is split into three groups with the solid, dotted and dashed
curves corresponding to the biomass of breeding adults A1(t), non-breeding adults
A2(t) and nestlings B(t), respectively. In the steady state, the size of each group
returns to its initial value at the end of the cycle. Therefore, even though the
population sizes are defined for all t ≥ 0, it suffices to consider these sizes at each
possible value of the phase 0 ≤ τ < 365. The two panels are distinguished by
differing mortality rates in the survival quarters with c2 = 0.002 in panel (a) and
c2 = 0.001 in panel (b). Other parameter values used were T = 365, t0 = 0, t1 = 152,
t2 = 182, t3 = 335, tS = 5, tP = 15, t̂S = 0, t̂E = 115, tF = 10, ∆tF = 20, γ = 1,
r0 = 5, K = 50, c1 = 0.002, cB = 0.02 and kv = 0.25.

reproduction-rate coefficient r0. The breeding season is completely contained within

the first stage of the migratory cycle in our model. It is followed by a period of

pre-migration preparation for the enhanced adult population and then the migra-

tion itself. Discontinuous “jumps” both in population size and in the rate of change

of population size characterise these limit cycles. A jump of the former type occurs

at the end of the food season as all nestlings instantaneously become adults, with

B(t) = 0 for the remainder of the cycle. A discontinuity of the latter type occur

when the physical laws governing population size are themselves switched at the on-

set of each new stage in the cycle. For example, we observe a sudden decline in A1(t)

as its members move into the non-breeding subgroup A2(t). The reverse scenario

unfolds at the end of the cycle as individuals move back into A1(t). The effect of

enforcing total migration is to leave both of the regions uninhabited by members of

the population for a significant portion of the year.

There are no fluctuations in the size of the population in the non-breeding range,
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with no possibility of growth and a death rate which does not depend on time. The

population decreases in size as mortality effects dominate. In the steady state, mor-

tality and reproduction balance perfectly so that the population size at the end of a

year is equal to its size at the beginning. The growth in total population size observed

during the spring compensates for winter mortality effects. Fig. 3.6(a) corresponds

to a limit-cycle solution with a non-breeding range death rate of c2 = 0.002. In this

case, we have equal mortality rates in the two ranges (i.e., c1 = c2), so there is no

distinction between the rate of population decline pre-migration and post-migration.

We note, for these parameter values, that the population roughly doubles over the

course of a breeding season before density-dependent mortality drives the population

back to its initial size. Conversely, in Fig. 3.6(b), we halve the death rate in the non-

breeding range to c2 = 0.001, resulting in the size of the arriving population at the

beginning of spring being approximately 20% higher than K, the maximum number

of nestlings that can be recruited during a single breeding season. Territory is now

a limiting factor as the size of the newborn population B approaches its maximum

value during each breeding season. Only the earliest arriving individuals each year

have the opportunity to breed. As we now have heterogeneous mortality rates in the

two ranges, a slowing in the decline of the population is observed upon its arrival

in the non-breeding range. This is reflected in the slope of A2(t) being of lesser

magnitude than that of A1(t) in Fig. 3.6(b).

3.4.4 Effect of advancing food season

The choice of parameter values in Section 3.4.1 is based on the assumption that

there is no trend in the phenological variation from one spring to the next. There is

a vast body of literature indicating that climate change in recent decades has resulted

in the advancement of the period of food abundance (i.e., movement to an earlier

set of dates) (Walther et al., 2002). Long-term studies of the intervening period

suggest that this may lead to species mistiming their reproduction with recruitment

negatively affected. In this section, we examine in depth the effect of selecting

progressively earlier seasons of food abundance for a fixed reproduction window

and migration schedule. We will then show how a population with the ability to

advance its range of hatching dates can compensate for such effects. There are many

possible factors which may hinder a population’s ability to synchronise breeding

with the newly timed food season. In the latter part of this section, we employ two
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different hypotheses and test how they affect population sizes in our model. We will

employ a steady-state based approach which demonstrates the outcome of annually

repeated instances of a particular phenological configuration of breeding population

and environment. In each case, we will focus on the size of the adult population

immediately after the food season ends as this seems to be the most direct and

intuitive method of measuring breeding success.

We begin by defining a time-shift δF ≥ 0 which represents an advancement in

the timing of the food season. We then define the new food season start time tF (δF )

as a function of the time-shift δF by

tF (δF ) := tF − δF . (3.19)

The timing parameter tF corresponds to the start date of a food season which is

unaffected by climate change. We replace it in Eq. (3.1) by the more general form

tF (δF ), so that

g(τ) :=





4γ(τ − tF (δF ))(tF (δF ) + ∆tF − τ)

(∆tF )2
, tF (δF ) < τ < tF (δF ) + ∆tF ,

0, otherwise.

(3.20)

In the scenario without climate change, where δF = 0, we get tF (0) = tF . The

function defined in Eq. (3.1) can thus be interpreted as a special case, corresponding

to an environment which is unaffected by climate change. Additionally, we note that

the time of the last successful hatching is assumed to coincide with the end of the

food season and consequently will advance with the phenology of the environment.

We therefore generalise Eq. (3.6) to

tE(δF ) = tF (δF ) + ∆tF . (3.21)

This means that the hatching distribution will now be truncated at τ = tF (δF )+∆tF ,

irrespective of the population’s choice of breeding schedule.

For a migratory population, it may only be possible to advance breeding if

accompanied by an equal advancement in its migration schedule. The simplest

adaptation is to leave the wintering range at an earlier date and arrive in the

breeding range early, in order to react to the earlier food season. This adjust-

ment may be borne out of plasticity in individual migratory timings (Cotton, 2003)
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or by new recruits arriving earlier than in previous years (Gill et al., 2014). In

either case, at the population level, we arrive at the conclusion that the times

of first and last arrival to the breeding quarters are flexible. By bringing these

dates forward at the same rate, we are reducing the time spent in the non-breeding

quarters over the course of the year and increasing the stay in the breeding quar-

ters. This phenomenon has been observed in many short-distance migrant popula-

tions (MacMynowski and Root, 2007; Miller-Rushing et al., 2008) and occasionally

in long-distance migrants (Jonzén et al., 2006). Recall that the times of first and last

arrival to the breeding quarters were designated t3 and t0, respectively. The pop-

ulation’s hatching distribution is described by the parameters tS, tP and t̂E . Now,

in order to bring the population’s spring phenology forward, we define a second

time-shift δr ≥ 0 which represents a homogeneous advancement in reproduction and

migration and define the population’s new timing parameters as

t3(δr) := t3 − δr, t0(δr) := t0 − δr, tS(δr) := tS − δr,

tP (δr) := tP − δr, t̂E(δr) := t̂E − δr. (3.22)

To allow us to alter the timing of the breeding season, we redefine the function f4(τ),

originally given by Eq. (4.2), as

f4(τ) =

{
1, t3(δr) ≤ τ < t0(δr),

0, otherwise.
(3.23)

Similarly, in order for breeding to advance in step with spring migration, we update
the hatching distribution definition given by Eq. (3.4), so that

r(τ) = rL(τ) :=





2r0

t̂E(δr)− tS(δr)

τ − tS(δr)

tP (δr)− tS(δr)
, tS(δr) < τ < tP (δr), tP (δr) 6= tS(δr),

2r0

t̂E(δr)− tS(δr)

t̂E(δr)− τ

t̂E(δr)− tP (δr)
, tP (δr) ≤ τ < tE(δF ), tP (δr) 6= t̂E(δr),

0. otherwise.

(3.24)

We observe that, when the time-shift δr = 0, the functions defined in Eq. (3.22)

return the event times specified in Section 3.4.1, with

t3(0) = t3, t0(0) = t0, tS(0) = tS, tP (0) = tP , t̂E(0) = t̂E . (3.25)
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In this case, Eq. (3.23) reduces to the definition contained in Eq. (4.2), giving us

the original timing of the breeding season. If the phenology of both the environment

and the population remain unchanged, δF = 0 and δr = 0 and Eq. (3.24) reduces

to Eq. (3.4). This hatching distribution corresponds to the timing decisions of the

population in the absence of any climate change effects. An advancement of the

hatching distribution, achieved here by setting δr > 0, is equivalent to shifting the

piecewise-linear function rL(τ) forward in time. This may only be possible if the

first possible time of hatching is also free to advance. Consider a fixed length of time

W > 0 which represents the waiting time which must elapse before a female arrival is

ready to hatch its eggs. In the absence of any other restrictions, the earliest possible

hatching date t̂S(δr) could then be expressed as

t̂S(δr) = t3(δr) +W. (3.26)

However, if conditions in the region prevent a hatching at this point, then the earliest

possible hatching date will necessarily be later in the season. In general, we can write

t̂S(δr) := max(t3(δr) +W, t∗), (3.27)

where t∗ is the earliest time at which conditions allow hatching to occur and marks

the beginning of a steady improvement in these conditions. Recall that the function

r(τ) is multiplied by the discontinuous function p(τ) in Eq. (3.15), with the product

p(τ)r(τ) being non-zero on the interval [t̂S(δr), t̂E(δr)] only. Thus, if tS(δr) falls

outside of this range of dates, there will be a time interval during which no hatching

will occur. While we will refer imprecisely to a hatching failure at a particular

moment, we are really concerned with a planned hatching which could not materialise

due to some deficiency at an earlier stage of the reproductive process. In fact,

it is generally at the laying or incubation stage that reproduction will falter as

this is where the highest energetic costs are incurred (Carey, 2009). As a starting

point, we suppose that the breeding quarters imposes no environmental constraint

on the breeding decisions of the breeding population. Thus, an advancement of the

migration schedule brings the earliest possible hatching date forward with it and

Eq. (3.27) simplifies to Eq. (3.26), which means that there is nothing preventing the

population from adjusting to the higher spring temperatures prompted by climate

change.
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To summarise the revisions made to our framework so far, the food season will

now begin at τ = tF (δF ) and end at τ = tF (δF ) + ∆tF . The times of first and last

arrival to the breeding quarters are t3(δr) and t0(δr), respectively, while the hatching

distribution is described by tS(δr), tP (δr) and t̂E(δr). The hatching distribution will

now be truncated at τ = tF (δF ) + ∆tF and heterogeneous shifts in the phenology

of breeding and the phenology of the environment (i.e., δF 6= δr) will affect the

level of population growth. The adjustment in the timing of events in our model is

illustrated in the revised schematic diagram shown in Fig. 3.7.

Migration

Breeding

Food

t3 t0
t1

t̂S(δr)
tStS(δr) t̂E

tF (δF ) tFt∗

t0(δr)t3(δr)

t̂E(δr)

t̂S(δr) = t3(δr) +W

δr δr

δr

δF

τ

τ

τ

Figure 3.7: A schematic diagram highlighting shifted event times with respect to the
phase τ . Such shifts are induced by higher spring temperatures (in the case of food
supply) or the population’s attempt to adjust to them (in the case of migration and
breeding). Here, the food season start date moves forward from its original position
at τ = tF to τ = tF (δF ). The population attempts to compensate by migrating into
the breeding quarters δr days earlier than in a scenario without climate change. This
leads to a stretching of the original migratory time-line, shown in Fig. 3.5, by δr.
This allows the hatching distribution to move forward by δr days also. The dotted
line between the breeding and food time-lines indicates that the time of the last
successful hatching depends on the timing of the food season via Eq. (3.21). The
bottom time-line includes the earliest time t∗ at which environmental conditions
allow a hatching to occur. It is notable that t∗ is not coupled with t̂S(δr) in this case,
as we have assumed that there is sufficient food for any arriving individual to begin
breeding as soon as it has recovered from migration. The dotted line connecting the

first possible time of hatching t̂S(δr) and the first time of arrival t3(δr) illustrates the
coupling of these times given by Eq. (3.26).

The parameters t3, t0, tS, tP , t̂E and tF will remain fixed at the values they were

assigned in Section 3.4.1 for the remainder of the chapter. The quantities (δF , δr) give

us a natural coordinate system in which to consider the effect of bringing forward

the critical events in our model, relative to these reference points, and therefore it is

the values of δF and δr we will vary. In the numerical example that follows, we set
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the time W between the first arrival and the first possible time of hatching to be 35

days. This interval is made up of 10 days of pre-laying preparation (Jonzén et al.,

2007), 12 days of laying and 13 days of incubation (Perrins, 1991). Figure 3.8(a)

shows the dependency of the steady-state size of the adult population at the end

of the food season (i.e., A1(tF (δF ) + ∆tF )) on δF and δr. We consider a starting

point of (δF , δr) = (0, 0) which corresponds to the system without any influence

from climate change. This position can be thought of as an “equilibrium” state and

it corresponds to the peak in the adult population at the time of the last successful

hatching, as shown in Fig. 3.6(a). We see in Fig. 3.8(a) that advancing migration and

reproduction for this fixed food season by 10 days (i.e., moving from (δF , δr) = (0, 0)

to (δF , δr) = (0, 10)) allows the population to align the demands of its nestlings with

the timing of the food season more successfully, increasing recruitment (following

curve I in Fig. 3.8(a)). Perhaps of more interest here is the effect that moving from

from (δF , δr) = (0, 0) to (δF , δr) = (10, 0) has on the steady-state population size

(following curve II in Fig. 3.8(a)). The outcome of a ten-day shift in the food season

without an accompanying shift in the reproductive schedule is a total collapse in

population size. The food season is already underway when the first eggs are being

hatched which means that relatively few nestlings will avail of it. The cumulative

effect of these annual mismatches is the population size tending to zero. If, on the

other hand, the population reacts to this change in its environment by advancing

migration and reproduction, we instead move from (δF , δr) = (0, 0) to (δF , δr) =

(10, 10) (following curve III in Fig. 3.8(a)). The sizes of the population at this point

and at the final point are equal, the population having matched the shift in the

phenology of its environment with an identical shift in its own. Note also that the

population size is constant along the line δr = δF (curve III in Fig. 3.8(a)). Such

(δF , δr) pairs correspond to a population that has perfect information about optimal

migration times and the requisite level of energy to breed at the optimal time when

it arrives in the breeding quarters. Furthermore, if the difference between the two

time-shifts δr and δF is fixed, the steady-state population size again remains constant.

This is reflected in the fact that the contours of the surface are parallel to curve III

when projected in the (δF , δr) plane (see Fig. 3.8(a)). As the population becomes

more adept at tracking climate change, it is able to move from low-level contours to

high, thereby returning towards its original steady-state size.

However, the ecological reality is rarely so straightforward. There is often some

impediment to achieving a resynchronisation of reproduction with the food season. In
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Figure 3.8: Panel (a) shows the steady-state size of the adult population at the end
of the food season (A1(tF (δF ) +∆tF )) corresponding to different hatching schedules
δr and food season times δF . Curve I represents an advancement in breeding without
an advancement in the food season, curve II represents an advancement in the food
season without an advancement in breeding and curve III matches an advancement
in the food season with an equal advancement in breeding. We also plot a selection
of contours of the surface, each of which are parallel to curve III and correspond to a
fixed difference between the time-shifts δr and δF . Panel (b) shows the steady-state
size of the adult population at the end of the (advanced) food season plotted against
the population’s attempted advancement in hatching δr when there is a constraint
on breeding time. The attempted advance in the hatching distribution is a response
to an advancement in the food season start date from τ = tF (0) to τ = tF (10).
The dashed curve U represents the outcome of a theoretical shift in the hatching
distribution if there were no constraint on breeding time. It is a slice of the surface
in panel (a), taken at δF = 10. The curve CA results from the migration timing
parameters t3(δr) and t0(δr) and the hatching timing parameters tS(δr), tP (δr) and

t̂E(δr) advancing simultaneously by δr, while the first possible time of hatching is

fixed at t̂S(δr) = t∗ due to food limitations. The curve CB results from the hatching

timing parameters tS(δr), tP (δr) and t̂E(δr) advancing simultaneously by δr, while

the first possible time of hatching is fixed at t̂S(δr) = t3 +W due to a constraint on
migration times. The parameter values used in both panels are γ = 1, ∆tF = 20,
r0 = 5, c1 = c2 = 0.002 and cB = 0.02.

this context, we interpret tS(δr), in a slightly more general way, as the first attempted

hatching. So far, we have ensured that t̂S(δr) < tS(δr) and so there was no need

to distinguish between the first attempted hatching and the first successful. We

now look at the case where tS(δr) falls outside of the range of viable dates with any

planned attempts to hatch eggs between then and the first possible date unsuccessful.
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We assume that individuals that are unsuccessful would then take the next best

alternative and hatch as close as possible to this date (Perrins, 1965). Adjustments

in the timing of hatching at an individual level may be represented by an adjustment

in the shape of the population’s hatching distribution. Mathematically, we formulate

this idea by re-defining the reproduction rate as

r(τ) =
r0
Ir
rL(τ), (3.28)

where

Ir :=

t̂E∫

t̂S

rc(τ)dτ (3.29)

and

rc(τ) :=





2r0

t̂E(δr)− tS(δr)

τ − tS(δr)

tP (δr)− tS(δr)
, tS(δr) < τ < tP (δr), tP (δr) 6= tS(δr),

2r0

t̂E(δr)− tS(δr)

t̂E(δr)− τ

t̂E(δr)− tP (δr)
, tP (δr) ≤ τ < t̂E(δr), tP (δr) 6= t̂E(δr),

0, otherwise,

(3.30)

with the condition that t̂E(δr) 6= tS(δr). The function rc(τ) is simply a special case

of the piecewise-linear function rL(τ) outlined in Eq. (3.24) with tE(δF ) replaced

by t̂E(δr). We denote the integral of rc(τ) on the interval [t̂S , t̂E] as Ir. Eq. (3.28)

divides rL(τ) by Ir, thereby normalising the function on this interval. The reason

we introduce the function rc(τ) is that it is the area under the entire piecewise-

linear function, defined on [t̂S, t̂E], we wish to hold constant, rather than the area

under the truncated function defined on [t̂S, tE]. As discussed in Section 3.2.2, Ir

represents the total reproductive effort made by the population during a breeding

season. Multiplying the scaled function by r0 ensures that this effort is conserved at

a value of r0 for all possible values of the first hatching date tS(δr). This means that

failed laying attempts by an individual female, made early in the breeding season do

not preclude further attempts later. We can nominally choose any first hatching date,

therefore, but if it is not contained within the interval of possible hatching dates,

there will be no growth at the times which are invalid and the original area under the

growth function will be compressed into a narrower interval of time. This introduces

a discontinuity in the hatching distribution at the beginning of the hatching interval
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as a significant proportion of the population choose to hatch at the earliest available

opportunity. We now consider two ecologically distinct obstacles to adaptation. Each

of these obstacles imposes a constraint on the population’s ability to track climate

change. We examine each obstacle separately. In both cases, we will assume that

the food season has advanced by ten days (i.e., δF = 10) and compare the response

curves to the unconstrained response shown in Fig. 3.8(a). The population size we

consider in our analysis, again measured at the end of the food season, is therefore

A1(tF (10) + ∆tF ).

Constraint A: Response constrained by food limitations It has been noted

by Stevenson and Bryant (2000) that food shortages at the beginning of spring may

constrain a population’s first laying date. While climate change may heighten late

spring temperatures, the pattern of temperature change will not necessarily be con-

sistent throughout the season. This means that the source of nutrients required for

a female to reproduce at its preferred date may not advance to the same extent as

the source of nutrients for nestlings. We model this phenomenon by assuming that

the time at which females have sufficient energy to begin laying is independent of

the start time tF (δF ) of the food season upon which nestlings will depend. An in-

sufficiency in the food supply for females at the time of laying imposes a restriction

on the first possible time of hatching. In particular, for a given clutch size, the first

possible time of hatching will be the first possible time of laying plus the time taken

to lay and incubate the eggs. The earliest time t∗ at which females are ready to

hatch is subsequently independent of tF (δF ) also.

We again assume that the population can freely adjust its migration schedule.

The population is aware that the optimal response would be to advance its repro-

ductive schedule and migrates to the breeding quarters earlier in order to do so.

However, the shortage in food supply acts as an energetic bottleneck and attempts

to begin laying at this earlier date are unsuccessful. This means that the population’s

timing parameters are shifted forward by δr as before but the earliest possible hatch-

ing date t̂S(δr) will only advance as far as environmental conditions allow. Without

knowledge of the precise time at which a female dwelling in a habitat would have

sufficient energy to lay an egg, we are unable to accurately prescribe a value for t∗

but here, we we will assume that t∗ = 0. In real terms, this would mean that May 15

is the earliest date at which this environment would allow a hatching to take place

(see Section 3.4.1). In the scenario with no climate change, there is no advancement
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in the phenology of the population (δr = 0) and the first arrival date to the breeding

quarters occurs at τ = t3(0) = t3 which is April 16. In this case, Eq. (3.27) reduces

to Eq. (3.26) as t3(δr)+W > t∗. This means that, as we increase δr away from zero,

the first possible hatching date t̂S(δr) initially varies with the first arrival date. How-

ever, as we continue to advance migration, we decrease t3(δr) until the relationship

between the first possible hatching date and the first arrival date breaks down. The

food supply for laying females becomes a limiting factor as t∗ > t3(δr) + W . This

decoupling of the first time of arrival t3 and the first possible time of hatching t̂S(δr)

reduces Eq. (3.27) to

t̂S(δr) = t∗, (3.31)

when migration has advanced sufficiently. The value of t̂S(δr) is determined solely

by environmental factors, regardless of how much earlier the population migrates.

Figure 3.8(b) shows a plot of the steady-state population size at the end of the

(advanced) food season, A1(tF (10) + ∆tF ), against the population’s attempted ad-

vancement in hatching δr. The solid curve CA corresponds to the size of a population

whose attempt to advance its breeding is opposed by food limitations. The dashed

curve U , included for comparative purposes, corresponds to a slice of the surface

shown in Fig. 3.8(a) and represents a population’s unconstrained adjustment to a

ten day shift in the timing of the food season (i.e., δF = 10). If, as before, the first

hatching date in the scenario without climate change is May 20 (i.e., tS(0) = tS) and

the food season shifts forward by ten days, the population is able to simultaneously

advance migration and breeding by five days. We see in Fig. 3.8(b) that the pop-

ulation’s response follows the same path as the unconstrained system from δr = 0

to δr = 5, as the curves CA and U coincide for these values. The population has

five unexploited breeding days which, with an earlier arrival time, can now be used

to mitigate the effects of the earlier food season for nestlings. Beyond this point,

the population can migrate earlier in an attempt to respond to this change but is

unable to advance its first hatching date any further because of an inadequate food

supply early in the spring. At δr = 5, the underlying hatching distribution becomes

discontinuous and the curves CA and U diverge for values of δr larger than 5. The

population as a whole is now able to manipulate its hatching distribution, only by

increasing the proportion of pairs which hatch at the earliest possible date. We ob-

serve that CA continues to increase with δr and therefore, this response recovers a

higher population size than if no action were taken. However, the rate of recovery
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of population size is lessened after δr = 5, with CA associated with lower population

sizes than U for these values of δr. This means that, despite the population’s ten-

dency towards earlier breeding, the steady-state population size is less than what it

would be if the population were able to move the first hatching date back further. It

should be noted, in addition, that establishing a discontinuity in the hatching distri-

bution at the beginning of the hatching interval will only make sense if the increase

in food supply at τ = t∗ is rapid. If this is not the case, there may not be enough

food available at this point for a majority of the population to begin laying and a

truncation of the curve CA at δr = 5 may be the best that can be hoped for.

At the individual level, a female can respond to a ten day advancement in its

offspring’s food supply with a ten day advancement in its arrival to the breeding

quarters. If there was a sufficient food supply of food, the individual would be ready

to lay eggs ten days earlier than in previous years. However, it is forced to wait for

conditions in the breeding ground to improve before it can begin laying. In this case,

as the earliest arriving female does not reduce the size of its clutch, the waiting time

W remains fixed. This individual’s eggs will then hatch at a time when the prey item

upon which its nestlings’ survival relies will be approaching a peak in abundance.

The offspring of later arrivals will receive little, if any, benefit from this food source

and population declines result.

Constraint B: Response constrained by a photoperiodic migration cue

Even in cases where adults have a plentiful supply of food, the timing of their arrival

to the breeding quarters may act as a barrier to earlier breeding (Both and Visser,

2001). For some migrants, particularly those that travel long distances, the cue

to depart the wintering range is independent of temperature and therefore, climate

change will not alter its timing (Bradley et al., 1999). The population does not

realise that its interval of hatching dates should be brought forward until it has

arrived in the breeding quarters, at which point it is too late. This means that the

times of first arrival and last arrival to the breeding quarters will not be adjusted

as a reaction to rising temperatures. We fix them at t0(δr) = t0 and t3(δr) = t3, so

that the time-shift δr ≥ 0 now applies solely to the timing of breeding. To isolate

the effect of this constraint on the population, we will assume that the increase in

temperature is consistent throughout the spring, so that there is an ample supply of

food for the breeding population. As in the unconstrained case, this implies that the

earliest possible hatching date depends only on the first arrival date. A fixed time
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of first arrival t3(δr) then implies that the earliest possible hatching date t̂S(δr) is

fixed also. It’s value is set to t̂S(δr) = t3 +W . The population’s late arrival, relative

to the peak in food supply, gives us another energetic bottleneck at the beginning of

the breeding season.

The solid curve CB in Fig. 3.8(b) shows the relationship between the popula-

tion size A1(tF (10) + ∆tF ) and the extent of the population’s attempts to advance

breeding, contained in δr. Recall that the dashed curve U represents the idealised

case with no constraint on advancement. With a restriction imposed on arrival time,

the population’s attempt to advance its breeding schedule results in a discontinuous

hatching distribution for all δr > 0, because there are no unexploited hatching dates.

As a consequence, CB lies strictly below U for all positive values of δr. As with Con-

straint A above, an increase in the proportion of early breeders relative to the fixed

first hatching date achieves a lower steady-state population size than an advancement

of this first hatching date. In this case, attempts to advance reproduction serve to

erode the interval between the time of first hatching tS and peak time of hatching tP

(see Section 3.4.1). The removal of this interval is completed when δr = 10, leaving

a monotonically decreasing hatching distribution. As the arrival distribution in this

case is also a decreasing function of time, the hatching distribution is analogous to

a phase-shift of the arrival distribution, with all individuals breeding as quickly as

possible upon their arrival in the breeding quarters. Even with the benefit of this

adaptation, the population size on the curve CB at δr = 10 is roughly half of the

corresponding value on U , suggesting that an inflexibility in arrival time may limit

the size of migratory populations in the long-term.

3.5 Discussion

In this work, we have developed a framework in which the temporal variations in

the size of a population over the course of its annual cycle can be incorporated.

The representation of seasonal breeding in a dynamical systems context is a foun-

dation upon which a new class of time-dependent population models can be de-

veloped. Although theoretical models of population growth over a single breeding

season already exist, this work is, to our knowledge, the first that includes the en-

tire annual cycle and recurrent breeding seasons. In recent years, periodic forcing

has been introduced to classical ecological (Rinaldi et al., 1993) and epidemiological
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(Bacaër, 2012) models in order to illustrate the importance of including seasonal

variation. In population models, this has often taken the form of a sinusoidal forc-

ing in the growth rate (Taylor et al., 2012), mortality rate (Bessho and Iwasa, 2010)

or resources (Scheffer et al., 1997). However, for a species that alternates between

distinct habitats and/or has just a short window each year during which success-

ful reproduction is possible, a sinusoidal variation may not accurately capture the

temporal properties of the system. When a sudden onset of activity is typical in a

system, piecewise-smooth forcing may be a more faithful representation of the bio-

logical reality. We used a piecewise-smooth dynamical system approach to model the

variation in a single-brooded population of migratory birds over a single breeding

season (the breeding model) and then over long time scales (the switching model).

Using the breeding model, we considered how the growth of a population could be

maximised in a single breeding season when food is abundant for a short time only. A

sudden increase in temperature at the beginning of spring can lead to the food season

occurring too early for a large part of the population to fully profit from it. In the

case of a specialist predator, this is associated with reproductive failure for all but the

earliest breeders. For the sake of comparison, we also considered somewhat idealised

cases in which the population has ample time to prepare for an upcoming food season

and found optimal hatching distributions for the population under these conditions.

By varying the level of risk inherent to the environment, encapsulated by the baseline

mortality rate for newborns, we were able to highlight two distinct scenarios. The

first of these is characterised by an asymmetry in the consequences of population-

wide mistiming, with late breeding of much graver consequence than early. When the

environment prior to the food season is more inhospitable, this asymmetry dissipates

and breeding too early leads to a higher proportion of newborns starving to death

before the food season begins. An analysis of this type which incorporates prey-

switching behaviour would be a natural progression and allow one to consider species

that do not suffer as a result of their young being in the nest after one particular

prey item is no longer available to them.

We showed that when the reproduction rate explicitly depends on time and there

is assimilation of surviving offspring into the adult population at the end of each

breeding season, the typical steady-state solution to the switching model is a limit

cycle with a period of one year. This is equivalent to a stable non-zero fixed point

in a classical seasonal breeding model with self-limiting growth and discrete time.

We note that the assumption that new recruits are ready to breed after one year is
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appropriate for passerines and other relatively short-lived birds (Perrins et al., 1987).

Otherwise, a model which is structured by year of birth may be more appropriate.

We then used a rudimentary model of this type to show how phenomena associ-

ated with global warming impact upon the survival of a population whose reproduc-

tive success relies upon synchrony between breeding and an annual period of food

abundance. There has been a trend towards earlier occurrences of such food seasons

in recent decades. With the assumption of no recruitment after the expiration of

the food season in place, our model qualitatively matches the expected population

declines associated with an advancement in the food season. Furthermore, it predicts

that, if this trend persists, then population collapses could result. This forecasted

decline in average population size is of course only relevant for populations which

obey the underlying assumptions of our model. A population which is multi-brooded,

for example, would not necessarily face a decline in recruitment success throughout

the breeding season (Daan et al., 1989) or selection pressure from synchronisation

of food season and breeding (Verboven et al., 2001). An advancement of the food

season therefore may not hold the same significance for such species.

A population may respond to an advancement in the timing of a food supply by

advancing its breeding schedule. For a migratory population, this may necessitate

an advancement in the timing of its spring migration. We assumed that the reaction

of a migrant population to an advancement in the time of the food season would be

to shift the entire spring migration period (defined as the length of time between the

first and last arrival) forward, thereby increasing the total time spent in the breed-

ing quarters each year at the expense of the time spent in the survival quarters. We

were then able to show that an advancement in migration and hatching matching

the original advancement in the food season restores the population to its original

steady-state size. An alternative possibility is that the migration period is actually

extended rather than being shifted (Buskirk et al., 2009; MacMynowski and Root,

2007; Sparks et al., 2005). Additionally, there is some evidence of populations mov-

ing both of their yearly migrations forward so that the time spent in each range is

constant (Cotton, 2003). It would be relatively straightforward to implement such

behaviour in the switching model and compare the resultant effects on population

size.

Constraints on this adaptation process may prevent the population from fully

compensating for the advancement in the phenology of its environment. We as-

sumed that some individuals would make an unsuccessful attempt to realise the
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gains associated with early breeding and subsequently wait until the first available

opportunity to make a second attempt. This behavioural assumption manifests itself

in a re-shaping of the hatching distribution when it cannot be shifted forward any

further. We showed that even if individuals do behave in this ostensibly rational

way, the increased emphasis on earlier breeding is not enough to compensate for

the inability to profit from the beginning of the food season, resulting in a decline

in population size. When the constraint on breeding time was the result of an in-

flexible migration schedule, the adjusted hatching distribution was a monotonically

decreasing function, which we interpreted as a phase-shift of the exponentially de-

caying arrival distribution. Many forms of arrival distribution have been observed

in studies of real populations, both for the spring and the autumn migrations. In

particular, there is evidence to support both unimodal (Wilson Jr., 2013) and multi-

peaked (MacMynowski and Root, 2007) spring arrival distributions. As discussed in

Section 3.4.1, the shape of this distribution in a given year will condition the shape

of the subsequent hatching distribution, although the exact nature of this coupling

is difficult to predict. While we have coupled the times of the first arrival event and

the first hatching event in the preceding analysis, there is no explicit mechanism

linking the shapes of the two distributions. We take care to note, therefore, that the

decreasing hatching distribution which evolved in our analysis may be compatible

with a given arrival distribution only if later arrivals are able to reduce the inter-

val between arriving and hatching. This may be achieved by reducing the laying

preparation time, spending less time incubating eggs or, perhaps most commonly,

by reducing clutch size (Both, 2010). In the context of the model, this would sug-

gest that the reproduction rate coefficient r0 may depend on the timing of the food

season. On the other hand, if late arrivals are unable to reduce the interval between

arrival and hatching, then the insight gleaned via the generation of this decreasing

hatching distribution may represent a “best-case” scenario which is unattainable for

many forms of arrival distribution. A framework which couples the shapes of the

arrival and hatching distributions may then reveal that the population’s resilience

to shifts in the food season depends on its spring-arrival distribution.

A key advantage of our approach is the ease with which it can be generalised.

The model presented here can be expanded upon in a myriad of ways, simply by

replacing the relevant components in our equations with functions of density and/or

time that have been inferred from observation of real populations. For example,

when we considered the case of climate change acting inconsistently within a season,
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we assumed that t̂S, the time at which a female has sufficient food to commence

laying, and tF , the beginning of the season of food abundance, are uncoupled. This

is perhaps unrealistic, suggesting as it does that there is no correlation between

temperatures at the beginning of spring and temperatures later in the season. While

the exact nature of the relationship between climatic variation and time may be

difficult to ascertain, it has been suggested that chaotic behaviour at an atmospheric

level gives rise to inter-annual variation in temperature and therefore the timing

of events (Lorenz, 1967). The timing and length of the food season as well as the

time of first laying are also linked to climatic factors and will therefore vary from

year to year. Studies on the migratory patterns of various species suggest that there

is also likely to be significant inter-annual variation in arrival distributions for a

particular population (Morton and Pereyra, 1994; Sparks et al., 2005). In principle,

this variation could be incorporated, either deterministically or via stochastic terms,

and the statistical properties of the resulting system studied.

The differential equations presented in this chapter could also be used to explore

the significance of the food season length ∆tF for a breeding population. It has

been suggested that if the food season is too narrow, reproduction will inevitably

falter after offspring are born, as parents are unable to provide a sustained source of

nutrients for their newborns, leading to starvation and diminished recruitment rates

(Visser and Both, 2005). One of the effects of higher spring temperatures may be to

lessen the duration of this window of high food availability (Both et al., 2006). The

interdependencies between the length, timing and intensity of the food season may

prove to be critical. It has been noted in Buse et al. (1999) that particularly high

spring temperatures lead to a narrowing and amplification of the food season, as well

as an advancement in its phenology. Therefore, an early food season is likely to be

narrower than a late one but also more profitable for the individuals who avail of it.

In the limiting case of a food season shrinking to zero length, however, the logical

arguments underpinning our modelling choices may no longer be credible, with the

nature of the system fundamentally altered by the severity of the climatic shift. A

different approach would therefore need to be considered.

It is important to note that our model, by design, places critical importance

on the period up to and including the food season as a determinant of recruitment

success. It is, therefore, fundamentally biased against pairs who hatch their eggs after

this window has passed. The exclusion of any individuals that hatch after the food

season has ended is perhaps too blunt a mechanism, even for a species that preys on
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a narrow range of organism types. A possible method of including the contributions

of later breeding would be to transfer fledglings to a non-breeding compartment

at t = tF + ∆tF . The breeding season would then continue with more fledglings

recruited after a second sub-season of breeding has been completed. Such fledglings

would necessarily be fed with a more varied diet with no one particular prey item

being abundant. Extending the model would therefore require detailed and species-

dependent knowledge of the pattern of prey growth throughout the season as well as

predatory preferences in order to accurately model the variation in food supply g(t).

Additional functional relationships may also need to be considered in these cases. For

example, individuals that lay eggs at the height of food abundance may have sufficient

energy to increase the size of their clutches. Under the parameter regime specified in

Section 3.4.1, the resultant offspring would hatch after the food season has expired

and would therefore be excluded from our model. In a more general setting, the

population’s typical clutch size r0 could be a function of the food supply at a certain

point in time. However, it should be noted that a decrease in recruitment success

for single-brooded species of birds is to be expected over the course of a breeding

season (Daan et al., 1989), whether explicitly due to to seasonal variation (the date

hypothesis) or due to quality differences between early and late breeding pairs (the

quality hypothesis) (Verhulst and Nilsson, 2008). While this may be attributed partly

to an increase in the newborn mortality rate after the food supply has peaked,

there is evidence that nest-desertion and other post-hatching difficulties become more

frequent later in the breeding season (Newton and Marquiss, 1984). A reduced rate

of conversion from nestlings to adults therefore may be appropriate for later-hatched

nestlings. Allowing clutch size to vary with food supply would then introduce an

additional trade-off for the population as late breeders could hatch a larger brood

but the chances of each individual surviving may be lessened.

In summary, a rigorous study of the coupling within the real ecosystem of interest

is required in order to generate more insightful predictions. Our model, in its current

guise, is a first approximation to what is a richly complex chain of interrelated events.

The framework we have outlined, however, is well-suited to deal with both seasonal

interactions and the propagation of recruitment failures from one year to the next.

The breeding model serves two important functions. Firstly, it represents seasonal

breeding at a population level and places it into a dynamical systems framework,

allowing us to avail of the rich body of theory underpinning it. Secondly, it gives us

a means to examine how the presence of a transient period of favourable conditions
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in the environment influences population recruitment, given the assumptions of our

model. The development of the switching model enables us to predict how the

system will react to transient changes in its components and/or how long it will take

to recover. It also enables us to assess the impact of persistent temporal mismatches

brought about by changing climatic conditions. In some cases, the effect of total

recruitment being below its potential each year will be a collapse in population

size. This approach may therefore be most useful as a complement to the ongoing

experimental and theoretical work towards a clearer understanding of the possible

consequences of continued climate change on ecological systems.
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Chapter 4

Predation on migrating

populations: compartment

modelling

4.1 Introduction

Population ecology is underpinned by the question of how communities form and

persist. A natural starting point in tackling this question is to consider a single,

closed habitat and develop a model of the ecosystem contained therein. Predation

models composed of multiple interacting species have been frequently studied as a

means of developing an intuition about the kind of relationships that may develop

between populations that share a habitat. In recent years however, there is a grow-

ing recognition that fluxes between geographically distinct regions may be crucial in

explaining some of the functionality of these ecosystems (Holdo et al., 2011). Sea-

sonal migration is perhaps the most well known and frequently studied example of

such fluxes. These periodic, often annual, movements between environments pro-

vide a short-term food supply for many predator species (Seip, 1992; Willson et al.,

1998). Whereas resident prey species may fluctuate dramatically, a seasonal pulse

of resources may be relied upon for a predictable, often superabundant food supply

(Samelius et al., 2011).

With some exceptions (Donohue and Piiroinen, 2015a; Fryxell et al., 1988), this

phenomenon of short-lived or “transient” predation has not garnered much attention

in the ecological modelling literature. In particular, a full picture of the possible
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dynamics arising from these systems is lacking. The relative strength of predation can

be affected by predator-control programs, population learning processes or changes

in the landscape of habitats. By considering the dynamical variation associated with

different levels of predation, we can gain some insight into the resilience of migratory

populations to such environmental changes. Furthermore, the successful exploitation

of a migrating food supply on a continued basis relies on its predictability in both

time and space (Willson and Womble, 2006). Thus, as well as the obvious effect on

prey dynamics, a disruption of the seasonal pulse may have ramifications for the

continued interaction with the predator population. In this work, we will consider

how the persistence of a migratory prey population may be affected by predation

during its breeding season and in turn, how these changes in prey dynamics alter

the nature of the interaction itself.

In the context of mathematical models, predation is usually classified as either

generalist or specialist. A specialist’s survival relies upon a single food source while

a generalist’s diet comprises a wider range of prey species. In a generalist model,

the principal concern is typically the number of steady states in the system and

the influence of different regulatory processes. For example, a population held in

a predator-pit by continuous predatory pressure can potentially experience ecolog-

ical release and escape to a higher level attractor, free from the predators’ influ-

ence (Cox and Ricklefs, 1977). Specialist models, on the other hand, are generally

designed to answer questions about whether the two populations can successfully

coexist and the nature of this coexistence. Predator abundance may be observed to

“follow” prey abundance due to the strong coupling between the two populations

(i.e., lead-lag behaviour).

In practise, a classification of a predator population based solely on either species

or habitat is usually not possible (O’Donoghue et al., 1998; Panzacchi et al., 2008).

In particular, when a prey species is available for just a short interval, it is difficult to

measure the associated fitness consequences for the consumer (Willson and Womble,

2006). Though some evidence exists that migratory prey contribute to the accrual

of reproductive energy by consumers (Hilderbrand et al., 1999; Willson et al., 1998),

it has also been argued that predators do not respond numerically to such prey

(Fryxell et al., 1988; Samelius et al., 2011). Therefore, in this work, we consider two

idealised types of predation during the prey’s breeding season in order to illustrate

exemplars of different kinds of interactions. To this end, we employ the more specific

definition of a specialist predator as one which has total reproductive dependence on
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some focal prey and a generalist predator as one without any reproductive depen-

dence.

A piecewise-smooth dynamical-system approach is used to represent the intrinsic

temporal dynamics of a seasonally migrating population. In order to accurately

describe the variation in a prey population during its breeding season, we separate

the population into two age groups – adults and newborns. In general, the effects

of predation may be age dependent also. It is not difficult to imagine a species of

generalist predators having the capability to consume two age groups within a single

population. Additionally, one predator species may specialise on the full collection

of age classes of a particular prey population (Linnell et al., 1995), as similar skills

and strategies are likely to yield successful hunts. In the simplest case, the frequency

at which a particular predator species attack adults and newborns is proportional

to their occurrence in the overall population, as observed by Andersen et al. (2007).

Other studies have highlighted a tendency for a predator to consume one age class at a

rate disproportionate to its relative abundance within the population (Knopff et al.,

2010; Nilsen et al., 2009; Sand et al., 2008). These cases can be distinguished when

the effects of predation are represented in an explicitly age dependent way. With

regards to the modelling literature, age-specific predation has been considered both

in a generalist (Pavlová and Berec, 2011) and a specialist (Hastings, 1983) setting

but not, to our knowledge, when young prey are available for just a short time each

year, as is the case for a population which migrates seasonally.

The defining property of migrant populations is their continual exposure to dif-

ferent habitats. An explicit representation of the full migratory cycle allows one

to consider the interplay of growth factors specific to these habitats. A depiction of

the dynamics associated with different combinations of habitat characteristics neatly

corresponds to multi-parameter bifurcation analysis of a time-dependent switching

system. The archetypal steady-state solutions will be oscillatory, due to the natural

fluctuations in the size of migratory populations over the course of a single cycle.

However, the steady-state analysis is based on the assumption that the risk associ-

ated with environmental hazards does not fluctuate significantly from one year to

the next. By relaxing this assumption, we can build upon the the presented bifur-

cation analysis and consider the covariation of habitat characteristics. Inter-annual

variation can be conceptualised by incorporating time dependencies in the system

parameters in addition to the existing phase dependencies. These parameters then

act as “slow” variables in contrast to “fast” variables such as population size or
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intra-annual environmental flux (Hastings, 2013). This allows us to capture the im-

pact of natural or anthropogenic variation that occurs over long time-scales. This

is particularly interesting in the context of multi-stable ecosystems where tipping

points are present and population size may be seen to transit between distinct stable

states. While one could imagine all of the properties of the system drifting in this

manner, we will consider variation in a single growth factor on each of the two habi-

tats. These factors may be coupled, for example through a dependence on global

climatic conditions, or localised to a single habitat.

The remainder of the chapter proceeds as follows. Section 4.2 outlines a continuous-

time model of seasonal migration at the population level. This is complemented by

a generic description of an interaction with a population of predators during the

prey’s breeding season. Within this overall framework, we will consider models lying

at both ends of the specialist-generalist spectrum such that the predators’ reproduc-

tive dependence on the seasonal pulse either is zero or total. These two cases form

the basis of Sections 4.3 and 4.4, respectively. In both cases, we employ a stabil-

ity analysis of the system’s steady-state solutions in order to assess how different

environmental changes could affect the persistence of the seasonal pulse. We con-

clude with Section 4.5, a discussion of the implications of these results for observed

populations, along with suggested avenues for future research in this area.

4.2 Mathematical model of seasonal migrants

Seasonal migrants form a subset of the class of seasonal breeding species. An individ-

ual migrant will visit a succession of distinct habitats each year before returning to

its breeding quarters. The population’s dynamics then depend both on the charac-

teristics of these different environments and how the population interacts with them.

In this section, we outline a continuous-time model of an age-structured migratory

population using the approach outlined by Donohue and Piiroinen (2015a). The age

of first breeding is assumed to be one year and the prey populationM = M(t) is split

into three subpopulations, A1 = A1(t), A2 = A2(t) and B = B(t). The variables A1

and A2 represent the biomass of adults on the breeding and non-breeding habitats

respectively. The breeding carried out by the individuals in A1 creates a newborn

population with biomass B. The migrations of the adults can then be represented as

periodic transfers of biomass between A1 and A2. In Section 4.2.1, these processes
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are expressed mathematically, leading to a set of nonlinear differential equations that

model the temporal variation associated with a seasonally migrating population.

The composition of this population’s mortality rate is described in Section 4.2.2.

This rate may be heterogeneous among subpopulations and includes losses due to

predation. We will consider two distinct types of predation occurring on the breeding

habitat, namely generalist and specialist. These two types of interaction are typi-

cally distinguished by means of functional and numerical responses. The functional

response, or consumption rate, represents how predator consumption varies with

prey abundance while the numerical response describes the relationship between

this consumption rate and the predators’ own growth rate. These two responses,

combined in a self-consistent manner, determine the basic behaviour of a predation

model (Ginzburg, 1998). The aim of Section 4.2.2 then is to fit these entities into the

generic system outlined in Section 4.2.1 in order to generate appropriate descriptions

of seasonal predation.

4.2.1 Prey migration and reproduction

The size of the migratory population is influenced by a myriad of competing factors

but we will assume that the timing of migration is set by endogenous factors and does

not change from one year to the next. This assumption yields a periodic framework

with a time interval of length T > 0 days separating the beginning of each migratory

journey. We will set T = 365 throughout the paper because migrations often re-

occur annually. We then define a parameter τ0 > 0 which represents the number

of days between the initial time t = 0 and the beginning of one particular instance

of a migratory cycle. Without loss of generality, we set the beginning of a cycle to

coincide with the beginning of the population’s breeding season or equivalently, the

time of the final arrival to the breeding quarters. The phase variable τ records the

number of days that have elapsed since the most recent cycle began and is defined

as

τ := (t− τ0) mod T. (4.1)

In order to sub-divide each cycle into distinct sections, we define an increasing se-

quence of parameters, denoted by τi where i = 0, 1, 2, 3, 4. Each of these values

represents a phase position that marks the beginning or end of a migratory period

for the population In particular, the parameter τ1 corresponds to the point in the

cycle at which the first arrival to the non-breeding quarters occurs. Similarly, τ2
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and τ3 are the points at which the the final arrival to the non-breeding quarters and

the first arrival to the breeding quarters, respectively, occur. Finally, we enforce

τ4 = τ0 + T so that τ4 is the point in the next cycle at which the final arrival to the

breeding quarters occurs and thus the beginning of a new breeding season. With

this structure in place, we can model distinct stages in the cycle using the switching

functions

fi(τ) =

{
1, τ ∈ [τi−1, τi),

0, otherwise,
i = 1, 2, 3, 4. (4.2)

As the phase increases over the course of a cycle, the functions fi will activate and

deactivate each seasonal component in the equations, in turn. The population’s

breeding season is followed by migration to a secondary habitat. The population

eventually returns to the breeding quarters before a new cycle begins at τ = T .

As a convenient first approximation, we assume that the population’s departure

distributions decay exponentially with time. A positive rate constant denoted by kv

controls the extent of the migration. We will limit ourselves in this work to the study

of population migrations that are total. This is achieved mathematically through

the choice of a sufficiently large value for the parameter kv.

We assume that prey reproduction occurs only during the designated breeding

season and that the distribution of breeding dates within the season is uniform.

Growth of the newborn population B is assumed to be proportional to the size of the

breeding population A1, with a constant reproduction rate coefficient given by r. In

the absence of other antagonistic or competitive species in the habitat, the population

should tend toward some natural limit. Intra-specific competition for territory, food

or some other resource will inevitably act as a barrier to further growth. In the

formulation below, the associated nonlinearity enters Eq. (4.5) through a scaling of

the growth term by
(
1− B

K

)
. The positive constant K then refers to the maximum

newborn population size that can be supported by the environment at any point in

time. We find, however, that our results are robust to changes in the precise nature of

this density-dependent term, as long as it is a negative nonlinear function of density.

Finally, we assume that all surviving offspring at the end of the breeding season are

just as likely to survive to the following breeding season as their parents and are

assimilated into the breeding population at this point (i.e., at τ = τ1). The adult

mortality rates on the breeding and non-breeding quarters are represented by the

functions m1(A1, B) and m2(A2) respectively. The function mB(A1, B) represents

the newborn mortality rate. Subject to a specification of these mortality rates, we
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can then represent the dynamics of the prey population using the hybrid dynamical

system

dA1

dt
= kvf4(τ)A2 − kvf2(τ)A1 −m1(A1, B), (4.3)

dA2

dt
= kvf2(τ)A1 − kvf4(τ)A2 −m2(A2), (4.4)

dB

dt
= f1(τ)rA1

(
1−

B

K

)
−mB(A1, B), (4.5)

dτ

dt
= 1, (4.6)

with switches

A1 7→ A1 +B at τ = τ1,

B 7→ 0 at τ = τ1,

τ 7→ 0 at τ = T.

(4.7)

Note that the arguments of the mortality rate functions are chosen so that subpopu-

lations sharing a particular habitat may influence each other’s survival in some way.

We also note that, as well as exhibiting intra-season variation (considered in Chapter

3) the survival probability of an individual in a given region is likely to vary from

one season to the next. However, as we assume that migration is complete, each

region is occupied for a limited duration each year and it is reasonable to neglect

these effects.

There are obvious similarities between the system given by Eqs. (4.3)-(4.7) and

the “switching model” (i.e., Eqs. (3.13)-(3.17)) of Chapter 3. Both are represen-

tations of a seasonally migrating population with a first breeding age of one year.

However, owing to the different emphasis of these two chapters, there are a number

of important differences. The overriding assumption in the formulation used in this

chapter is that the population is not sensitive to the precise time at which food sup-

plies emerge, as long as they do at some point. This allows us to make a number of

simplifications to the model. In particular, we will now assume that the reproduc-

tive rate of the migrating population is constant throughout its breeding season (i.e.,

r(τ) = rU(τ). Furthermore, the probability of survival for an adult or a newborn

does not explicitly depend on the phase τ . Finally, the time at which recruitment

occurs each year, previously tied to the timing of a season of food abundance is now

simply the moment at which migration begins.
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4.2.2 Prey mortality and predator dynamics

In this work, we are concerned with the effects of a single predatory interaction

that occurs during the breeding season of a migratory population. Therefore, for

simplicity, we will assume that the frequency of mortality events outside of the

breeding quarters is independent of prey density. However, the framework outlined

is general enough to allow the inclusion of the desired level of ecological detail at

any point in the annual cycle. The mortality rates of each of the subpopulations are

subsequently expressed as the sum of density-independent and density-dependent

factors, such that

m1(A1, B) = c1A1 + κA1
(A1, B)P, (4.8)

m2(A2) = c2A2, (4.9)

mB(A1, B) = cBB + κB(A1, B)P, (4.10)

where the constant death rates c1, c2 and cB represent density-independent mortality

events such as accidents, old-age and disease. The two age classes are exposed to

a single predator population with biomass P during the prey’s breeding season.

Predation is represented by the product of the size of the predator population and

its consumption rate of the relevant subpopulation. The daily consumption rates

κA1
(A1, B) and κB(A1, B) are assumed to depend on prey abundance only (i.e., the

effects of predator interference are not considered).

A basic distinction between a generalist or a specialist model can be expressed

in terms of functional responses. Specifically, the consumption rate of a population

of generalist predators should lessen at low prey densities as the population opts to

switch to an alternative prey rather than actively seek out a diminishing resource.

Such a reduction in predatory pressure at low prey densities would make little sense in

the context of a specialist system, as the predator population is assumed to rely upon

a single food source to ensure its own survival. In the context of an unstructured

prey population, the functional responses of generalist and specialist populations

are often classified as hyperbolic and sigmoidal, respectively (see Section 1.3.1).

With the inclusion of an age structure, multi-variable functions are needed to ensure

consistency in the behaviour of the predator population. The age structure we have

imposed separates newborn prey from adults. Intuitively, if one of these age groups

is especially abundant, the predators’ consumption rate of this group should tend
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towards its handling rate while the consumption rate of the other group tends to

zero. It follows that if a particular age group is abundant, the predators’ total

consumption rate should equal the handling rate of this group, i.e.

lim
A1→∞

κA1
(A1, B) + κB(A1, B) =

1

h1
, (4.11)

lim
B→∞

κA1
(A1, B) + κB(A1, B) =

1

hB

, (4.12)

where h1 and hB are handling times corresponding to the length of time an individual

predator spends interacting with one member of a prey population. It is straight-

forward to show that the forms ascribed to the functional responses in Sections 4.3

and 4.4 satisfy this condition.

Finally, in order to represent the dynamics of the predator population, the pop-

ulation’s numerical response to any consumed species must be incorporated. Gen-

eralist predators are assumed to have a varied diet and are therefore not reliant on

any one prey species. Therefore, the contribution from any one prey species, though

nonzero, may be small enough in relation to the population’s total energy intake to

be negligible. Predator abundance P thereby becomes a free parameter that can be

thought of independently of prey abundance. Conversely, if changes in prey abun-

dance are significant factors in driving variation in the number of predators, it may

not be appropriate to assume that P is constant. In particular, the birth rate of a

specialist predator population strongly depends on its interactions with a single prey

species. In Section 4.3 and Section 4.4, we will take a detailed look at both sides

of this dichotomy in turn, with the population exposed to populations of generalist

and specialist predators, respectively.

4.3 Generalist predation

In this section, we suppose that the migratory prey’s breeding quarters is home to

a predatory species that does not require the presence of any one species in order

to accumulate the energy necessary for reproduction. A population of generalist

predators exerts pressure on the prey’s population size without achieving a noticable

increase in its own numbers. For simplicity, we therefore disregard the temporal

variation in the size of the predator population and approximate the population

size P as a constant. The assumption that the predator population size remains
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relatively fixed despite changes in abundance of one particular prey item is common

to generalist models (Turchin, 2003) but see Erbach et al. (2013) for an alternative

“dynamical-predator” approach. Generalist consumption rates compatible with two

distinct “types” of prey can be derived as outlined in Section 1.3.1 and written in

the following form

κA1
(A1, B) =

i1A1
2

1 + z + h1i1A1
2 + hBiBB2

, (4.13)

κB(A1, B) =
iBB

2

1 + z + h1i1A1
2 + hBiBB2

, (4.14)

where i1 and iB can be interpreted in terms of predator preference or suitability

(Smout et al., 2010) and determine the position of the inflection points of the func-

tional responses in a single age-group limit. The parameter z ≥ 0 measures the

influence of auxiliary populations on the predator population’s consumption rate.

Substituting Eqs. (4.13) and (4.14) into Eqs. (4.3) – (4.10) yields the system

dA1

dt
= kvf4(τ)A2 − kvf2(τ)A1 − c1A1 −

i1A1
2

1 + z + h1i1A1
2 + hBiBB2

P,(4.15)

dA2

dt
= kvf2(τ)A1 − kvf4(τ)A2 − c2A2, (4.16)

dB

dt
= f1(τ)rA1

(
1−

B

K

)
− cBB −

iBB
2

1 + z + h1i1A1
2 + hBiBB2

P, (4.17)

dτ

dt
= 1, (4.18)

with switches

A1 7→ A1 +B at τ = τ1,

B 7→ 0 at τ = τ1,

τ 7→ 0 at τ = T.

(4.19)

The periodically-forced system given by Eqs. (4.15) – (4.19) represents the dynamics

of a migratory species that is susceptible to generalist predation during its breeding

season. Note that while the prey population M is split into three subpopulations

A1, A2 and B, it is usually the survival of the overall population that is of practical

interest and thus, unless otherwise stated, M = A1 +A2 +B is the measure of prey

abundance employed throughout the paper.
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The analysis of the system is split into three parts. In Section 4.3.1, we consider

a simplified version of the model in which density-dependent predation is negligible.

Predator abundance P is set to zero as we ascertain the conditions needed for a

migratory population to persist in a given habitat. This is followed, in Section 4.3.2,

by analysis of the full model where P is a positive constant. We consider how the

number and nature of steady-state solutions varies with predator abundance. Then,

in Section 4.3.3, we examine how the vulnerabilities of a migratory prey population

to seasonal disturbances and to breeding-season predation may interact to drive its

temporal dynamics.

4.3.1 Model without density-dependent predation

In this section, we assume that predation is no more significant than any other

breeding-season mortality factor and therefore can be subsumed into the density-

independent death rate c1. Predation, when it occurs, is the result of random encoun-

ters rather than a dedicated hunting effort on the part of the predator population.

Figure 4.1 shows the effect of a variation in the mortality rate c1 on the system’s

steady-state solutions. Note that in this and every other bifurcation diagram pre-

sented in this paper, limit-cycle solutions are represented by the mean population

size over the full cycle, given by

M̄ :=
1

T

∫ τ0+T

τ0

M(t)dt. (4.20)

The annual cycle of the population is split into four regimes, each governed by its

own vector field. Successive switches between these different vector fields assemble

the associated trajectories into a oscillatory composite-flow. For low values of c1

and a non-zero initial population size, this flow converges to a limit cycle of period

one year with summer growth perfectly balanced by winter mortality. The stability

properties of such limit cycles was determined through computation of a monodromy

matrix, as outlined in Section 2.1.3. An unstable equilibrium point (A1, A2, B) =

(0, 0, 0) also exists for these parameter values, corresponding to extinction of the

entire population.

When c1 = 0, no mortalities occur in the adult population during the breeding

season and the maximum number of offspring that can be supported by the envi-

ronment is attained each year. An initial increase in the mortality rate c1 causes a

91



CHAPTER 4. COMPARTMENT MODELLING

0 0.02 0.04

0

150

300

c1

TC

M̄

Figure 4.1: Mean steady-state population sizes M̄ as functions of the breeding season
mortality rate c1. Stable solutions are denoted by solid curves and unstable by
dashed curves. Solutions lying in unphysical regions of phase space are not plotted.
Parameter values used were kv = 0.25, c2 = cB = 0.001, r = 0.1, K = 50, τ0 = 0,
τ1 = 152, τ2 = 182, τ3 = 335.

rapid decline in the size of the adult population but numbers are nonetheless suffi-

ciently high to maintain the newborn population at its maximum level. A further

increase in c1 triggers a feedback effect between subpopulations as the number of

offspring created during a breeding season decreases along with the number of sur-

viving adults. The mean population size M̄ , as well as the amplitude of the limit

cycle, are reduced to zero. At a critical value of the parameter c1, the limit cycle

crosses the branch of extinction equilibria. At larger values of c1, the equilibrium

point (A1, A2, B) = (0, 0, 0) is the unique stable attractor in the system. The limit-

cycle solution is not destroyed but moves into an unphysical region of phase space

and is not considered for these values of c1. This transition is analogous to the

transcritical bifurcation of equilibrium points observed in a logistic equation when

the density-independent term is exactly zero. This degenerate bifurcation of a limit

cycle is the mechanism via which population extinction is realised in our framework

and is denoted TC in Figure 4.1 and later figures.

4.3.2 Model with density-dependent predation

We now consider the full model in which the population is subject to density-

dependent (generalist) predation during its breeding season (i.e., P > 0). We begin

by considering the effect of different levels of this predation on a migratory popu-
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lation during the population’s breeding season. In Figure 4.2(a), we increase the

predator population size P from zero and plot all steady-state solutions. In some

sense, therefore, this analysis is based on the idea of systematically introducing new

predators to the breeding quarters of a migratory population. A sustained increase

in predator abundance could also manifest naturally if the population’s reproduc-

tion rate is increased, for example via an increase in the abundance of one of its

other prey options. Note that, for simplicity, we set z = 0 so that the attention of

the predator population is dominated by the migratory prey population when their

ranges overlap.
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Figure 4.2: (a) Steady-state mean population sizes M̄ as functions of generalist
predator population size P . All limit cycles are of period one year, with stable
solutions denoted by solid curves and unstable by dashed curves. An unstable equi-
librium point (A1, A2, B) = (0, 0, 0) (not shown) also exists at these parameter val-
ues. The points labelled SN 1 and SN2 correspond to the coming together of two
branches of limit-cycle solutions. Parameter values used were c1 = c2 = cB = 0.001,
i1 = iB = 0.25 and h1 = hB = 2. (b) A two-parameter bifurcation diagram with the
predator population size P and non-breeding quarters mortality rate c2 as bifurca-
tion parameters. Saddle-node bifurcations occur at any crossing of the curves SN1

and SN2. The codimension-1 bifurcation diagram in panel (a) can be generated via
a parameter variation along the dashed line.

The inclusion of a sigmoidal mortality term in a single-species model has been

shown to produce multiple stable steady-states (May, 1977). In the absence of sea-

sonal effects, these steady states are typically equilibrium points. The inclusion of

periodic forcing yields limit cycles with a period of one year instead. Note that the

exception to this rule, as in Section 4.3.1, is the extinction steady state in which

all parts of the population are identically zero. This equilibrium point exists for all

93



CHAPTER 4. COMPARTMENT MODELLING

values of P but, for clarity, is not plotted in Figure 4.2(a).

When predator abundance is low, a single limit cycle exists. As in Section 4.3.1,

the population is free to reach its environmental maximum on the breeding quarters

with predator abundance insufficient to suppress the population’s growth. In this

case, the size of the population that returns to the breeding quarters each year is

too large to be regulated by the predator population. This solution appears to be

essentially equivalent to that observed by Fryxell et al. (1988) using a discrete-time

approach. The authors concluded that the number of carnivores preying on migra-

tory ungulates during the breeding season of the latter population was insufficient

to regulate it. Predation is a limiting factor but not a regulating factor.

For larger values of P , three limit cycles coexist, two stable and one unsta-

ble. Typical time-series solutions corresponding to each of the three limit-cycle

solutions are given in Figure 4.3. The size of the population may tend towards a

high-magnitude attractor H but an additional low-magnitude attractor L has been

introduced into the system via the saddle-node bifurcation denoted SN 1. The stable

oscillation L represents a predator-pit induced by conditions on the breeding quar-

ters. There is a clear dichotomy between these alternative stable states with respect

to the associated predator behaviour. At the beginning of each breeding season, the

consumption rates κA1
and κB are zero as the prey and predator have been inhab-

iting different regions. Subsequent increases in the sizes of the adult subpopulation

(via arrivals) and newborn subpopulation (via reproduction) yield increases in the

corresponding consumption rates. On H , prey abundance becomes sufficiently high

each year to allow the total consumption rate to saturate at its handling-rate asymp-

tote. As before, predation is not strong enough to counteract the prey’s growth with

the fixed stock of predators functionally “swamped” by the short-lived food source

(Skogland, 1991). In the case of L, on the other hand, the predator population

never actively hunts for the newly arrived food source and the migratory population

survives at a low level while in the breeding quarters.

Both H and L are associated with a basin of attraction composed of all initial

conditions that will tend towards them as time tends toward infinity. The unstable

limit cycle U delineates the boundary between the two basins. When U exists, the

system is characterised by a threshold effect as an initial population must lie in a

particular region of phase space in order to continue growing to its environmental

or physiological limit. Otherwise, the population will tend towards the lower attrac-

tor. When a set of subpopulation sizes lie on the unstable limit cycle U , the overall
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Figure 4.3: Steady-state total population sizes A(t) plotted against time for parame-
ter values of P = 0.5 and c2 = 0.001 (see open circles in Figure 4.2(a)). The solutions
H and L are stable limit cycles. The limit cycle U is unstable. At these parameter
values, the population sizes on L are orders of magnitude less than those on H and
so, the variation over a cycle is illustrated in the inset graph, using a magnified
vertical axis.

population will grow to a size that is the minimum that can satiate the predator

population during a breeding season. In other words, the total functional response

saturates at its maximum value. The predator population is swamped and unable

to increase its rate of consumption in response to any further growth in the popula-

tion. In this (unstable) situation, the predator population has switched to hunting

the migratory prey and prey abundance oscillates in a range of intermediate values

between H and L. Thus, if either subpopulation increases, the predator popula-

tion is functionally incapable of responding and the prey population continues to

expand. If either subpopulation decreases, losses due to predation exceed gains from

reproduction and the population shrinks.

There is a decreasing relationship between P and the mean values on the sta-

ble limit cycles as the population is increasingly limited by predators. The mean

value on the unstable limit cycle U increases with P as a larger predator population

means that a higher number of prey is needed to satiate the population. At some

critical value of P , the steady states H and U collide and annihilate each other in

a saddle-node bifurcation SN2 (see Figure 4.2(a)). When P exceeds this value, the

only surviving attractor in the system is a limit cycle of low magnitude. Preda-

tor abundance is sufficiently high to ensure that any incoming prey population can

be regulated and therefore, in the long-run, oscillate at levels well below its biotic
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potential.

We have now considered the effects of varying the degree of density-independent

(Section 4.3.1) and density-dependent mortality during the breeding season. How-

ever, for a population of seasonal migrants, the picture remains incomplete. Such

species inhabit geographically distinct regions during their annual cycles and are

therefore vulnerable to a broader collection of environmental changes. We use

predator abundance P as a proxy for breeding-quarters mortality and the density-

independent death-rate c2 to model non-breeding-quarters mortality factors. When

seasonal migration is complete, the spatial and temporal division of mortality events

exactly coincide and so, for convenience, we will use the labels of “winter mor-

tality rate” and “non-breeding-quarters mortality rate” interchangeably. The two-

parameter bifurcation diagram in Figure 4.2(b) illustrates the number of steady

states associated with different combinations of these seasonal mortality rates.

The dashed cross-section in this plot corresponds to a fixed winter mortality rate

of c2 = 0.001. The result of a variation in P along this path is given in Figure 4.2(a).

From a zero-predator starting position, increases in P saw the creation of a low-

magnitude attractor L at SN1 and the eventual destruction of the high-magnitude

attractor H at SN 2. The two curves in Figure 4.2(b) correspond to continuous

branches of the saddle-node bifurcation points SN1 and SN 2. Together, they serve

as boundaries for the region of parameter-space in which multiple stable steady-state

solutions are possible. Starting in this region, a variation in parameters through SN 1

or SN 2 causes the unstable limit cycle U to collide with the stable limit cycle L or

the stable limit cycle H respectively. The curve SN 1 is therefore associated with

ecological release and SN2 is associated with population collapses. At a higher value

of c2, the pair of curves coalesce at C in a codimension-2 cusp bifurcation. On the

“outside” of the cusp, a single attractor exists. If P and c2 vary within this region,

the system can avoid both positive and negative “jumps”. The figure therefore offers

a distinction between gradual and sudden changes in population size. This idea will

be developed in more detail in Section 4.3.3 in the context of between-year variation

in environmental conditions.

4.3.3 Inter-annual variation

While it may be reasonable to average out the temporal variation in P and c2 over the

course of a single season, the assumption of stasis is unlikely to hold from one year to
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the next. Continual flux in environmental conditions would generate a discrete path

through the two-parameter bifurcation diagram in Figure 4.4(a). In principle, this

feature may be used to predict how real populations may vary in size from year to year

when external drivers are slowly changing. Abiotic factors may obscure any long-term

trends however, leaving us with a “cloud” of points in the (P, c2) parameter space.

Therefore, we will instead focus on the basic mechanisms which cause different shifts

in population sizes. The presence of multiple attractors suggests that the system

may exhibit hysteresis for certain changes in parameter values. To illustrate, in this

section, we will consider the effect of temporary shifts in environmental conditions

on the dynamics of a migratory population.

While the size of such populations may not be directly influenceable, the size

of an associated predator population P and the non-breeding quarters mortality

rate c2 are perhaps more easily affected. There may be some scope then for the

system to be steered through the parameter space even if environmental factors

ultimately dominate. From an ecological control point of view, both parameters

can be decomposed into natural and anthropogenic components. Natural variation

in predator abundance could arise from any factor which modifies the individuals’

survival and/or reproductive rate. Predator-control programs provide an external

stimulus. The mortality rate c2 is a function of events on the non-breeding quarters

but can also strongly depend on constant-effort harvesting rates by humans.

Trajectories in Figure 4.4(a) that are fully contained outside of the multiple-

attractor region will always tend toward the same steady-state solution and abrupt

changes in population size should not be observed. We therefore consider a starting

position r0 which lies within the region containing multiple attractors. We choose

initial subpopulation sizes that lie on the high attractor H as we wish to consider

how a superabundant food supply observed in nature potentially could be disrupted.

We begin with a one-dimensional variation through (P, c2) space by switching to

position r1 for one year before returning to r0. This corresponds to a significant

increase in the non-breeding quarters mortality rate with predator abundance on

the breeding quarters remaining constant. This could occur, in practise, due to an

increase in the rate of harvesting of the population on the non-breeding quarters or

other localised effects.

The population which had been attracted to the limit cycle H will, following

a winter of severe losses, crash in size. Though H is immediately restored as a

stable steady state, the solution no longer lies in the basin of attraction of the
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Figure 4.4: Panel (a) shows the pairs of parameter values employed in Section 4.3.3.
Given a starting position at r0 and initial condition on the limit cycle H , panels (b)
and (c) show the accompanying variation in total population size as the parameter
pair (P, c2) is temporarily shifted to positions r1 and r2 respectively. The precise
parameter values used were r0 : (P, c2) = (0.5, 0.001), r1 : (P, c2) = (0.5, 0.008) and
r2 : (P, c2) = (0.2, 0.005).

limit cycle and the size of the population does not return to its high level. The

outcome is that the migrant population is now trapped in the predator-pit L while the

predator population focuses its attention on other prey. Crashes in migratory herring

populations have been observed in recent years and attributed to overfishing by

humans (Lilleg̊ard et al., 2005). Our model offers one explanation for the persistence

of such scenarios, with constant predatory pressure on a second habitat preventing

a prey irruption. Harvesting in one area influences the behaviour of predators in

another by reducing the value of the migratory species as a potential source of

energy.

Thus, even if conditions on the breeding quarters are static from one year to

the next, the exploitation of a secondary habitat each year provides an additional

route through which a population crash can occur. This is an example of a seasonal

interaction - a carry-over effect from one part of the annual cycle of a population

to another (Knudsen et al., 2011). In other words, the population is regulated by

a breeding-season factor but developments during the rest of the cycle may deter-

mine which one. Theoretically, in order to ensure that the population can recover

its original level of abundance, a parameter variation through SN 1 may be required.

Destruction of the low attractor L would free the migratory population from pre-

dation induced regulation, allowing it to grow towards its own intrinsic maximum.

Figure 4.4(a) suggests that, in order to achieve this release, a significant reduction

in the predator population on the breeding quarters may be required.

Alternatively, instead of viewing habitat mortality rates as distinct entities, one
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could imagine a coupling between the two parameters P and c2. This could be

the manifestation of a functional relationship between both of these quantities and

a third independent variable, for example, temperature. A global change in tem-

perature levels may lead to the prey population suffering higher mortality in the

non-breeding quarters. However, this may be offset by a decline in the size of the

predator population that contributes to breeding-quarters mortality. Conversely, a

series of years in which temperatures are improved may cause P to increase and

c2 to decrease. Consequently, we consider a negative relationship between the two

quantities and a representative shift from r0 to r2. We see in Figure 4.4(c) that,

while the population is again reduced drastically during the “off-year”, the return to

r0 allows for a gradual recovery to the original steady state. Although the position

of H in phase space is temporarily altered, the solution remains in the vicinity of

the attractor. Thus, while it would be difficult to establish a precise relationship

between P and c2, we have highlighted one way in which events in different habitats

may compensate for one another and potentially ameliorate the impacts of climatic

change on a migrant population.

4.4 Specialist predation

As a counter-point to the generalist model proposed in Section 4.3, we will now con-

sider a predator population that relies upon consumption of a particular migratory

species to provide the requisite energy for reproduction to occur. The characteristics

of the functional and numerical responses included in this model will necessarily be

quite different to those of a generalist predator. As discussed in Section 4.2.2, the

rate at which the prey population is consumed should monotonically increase with

prey density as the predator population actively hunts for individual prey. We repre-

sent the consumption rates κA1
(A1, B) and κB(A1, B) of two distinct subpopulations

as

κA1
(A1, B) =

e1A1

1 + h1e1A1 + hBeBB
, (4.21)

κB(A1, B) =
eBB

1 + h1e1A1 + hBeBB
, (4.22)

where h1 and hB are handling times as in Section 4.3. The additional parameters e1

and eB are encounter rates that correspond to predator proficiency in the detection
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of individual prey.

A non-zero numerical response is needed to complete any model of specialist

predation. As the survival of the predator population is inextricably linked to the

presence of its primary prey species, we must augment the basic system given by

Eqs. (4.3) – (4.7) with an equation representing the dynamics of the predator pop-

ulation P . The absence of the focal prey species, either via extinction or temporary

removal, implies that the predator species will not have sufficient energy to repro-

duce. The variation in the size of the predator population is therefore dependent on

the trade-off between its consumption of the focal prey species and its own mortal-

ity rate. Furthermore, we assume that the relationship between consumption and

reproduction is linear, leading to

dP

dt
= (d κA1

(A1, B) + g κB(A1, B)− cP )P, (4.23)

where d and g are the predator population’s conversion efficiencies with respect to

adults and newborns, respectively. The natural mortality rate of the population is

given by cP . We note that Eq. (4.23) has no explicit time dependency. In order

to consider, for example, a partial-migrant population, it may not be appropriate

to assume that the conversion efficiencies d and g are constant. However, as we

consider complete-migrants only, this simplification has no bearing on our results.

Now, combining Eqs. (4.3) – (4.7) with Eqs. (4.21) – (4.23), we arrive at the system

dA1

dt
= kvf4(τ)A2 − kvf2(τ)A1 − c1A1 −

e1A1

1 + h1e1A1 + hBeBB
P, (4.24)

dA2

dt
= kvf2(τ)A1 − kvf4(τ)A2 − c2A2, (4.25)

dB

dt
= f1(τ)rA1

(
1−

B

K

)
− cBB −

eBB

1 + h1e1A1 + hBeBB
P, (4.26)

dP

dt
=

(
de1A1 + geBB

1 + h1e1A1 + hBeBB
− cP

)
P, (4.27)

dτ

dt
= 1, (4.28)
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with switches

A1 7→ A1 +B at τ = τ1,

B 7→ 0 at τ = τ1,

τ 7→ 0 at τ = T.

(4.29)

This system is of a higher dimension than those considered in Section 4.3 due to varia-

tion in predator abundance. If the two populations do not interact, then e1 = eB = 0,

the predation terms vanish and Eq. (4.27) decouples from Eqs. (4.24) – (4.29). In

this case, the solution to Eq. (4.27) is a exponentially decaying function of time,

while the remaining component of Eqs. (4.24) – (4.29) is identical to the system

studied in Section 4.3.1. Recall that for a hospitable habitat (i.e., for low c1) a single

attractor existed which was a limit cycle with a period of one year. Unlike in the gen-

eralist system, the introduction of new specialist predators represents a perturbation

rather than a lasting regime shift. However, we can still alter the force of predation

relative to other mortality factors. Instead of increasing predator abundance, we

will consider a variation in the rates at which an individual predator encounters a

member of the prey population. These rates depend on the predators’ movement

rate while searching or its ability to detect prey in its vicinity. As landscapes are

altered, habitats may become more or less favourable to the detection of prey which

corresponds to changes in the encounter rates e1 and eB. We will now use these

encounter rates to increase the influence of the predator population and examine the

effect of this variation on the stability of this limit cycle. In Section 4.4.1, these rates

are assumed to be equal, leaving us a single parameter to consider. In Section 4.4.2,

this assumption is relaxed and all possible combinations of e1 and eB are considered.

4.4.1 Homogeneous predation

When there is no difference between the encounter rates e1 and eB, the frequency

at which predators attack adults and newborns is proportional to their occurrence

in the overall population. We begin by defining a homogeneous encounter rate e :=

e1 = eB. All parameters instrinsic to the prey population are unchanged from the

values assigned in Section 4.3, with a list of predatory parameter values included in

the caption of Figure 4.5. An unstable equilibrium point (A1, A2, B, P ) = (0, 0, 0, 0)

in which both populations are extinct exists for all values of e but is not plotted.

We consider a starting position of e = 0 at which the predator population is
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Figure 4.5: (a) Steady-state mean prey population size M̄ plotted for various values
of the homogeneous encounter rate e := e1 = eB. An exchange in stability between
a zero-predator limit cycle and a coexistence limit cycle occurs at e = e∗. This limit
cycle is stable for e∗ < e < e∗∗ before undergoing a Neimark-Sacker bifurcation at
e = e∗∗. Quasiperiodic solutions, multi-annual limit cycles and chaos are typical
beyond this point. An additional unstable equilibrium point at (A1, A2, B, P ) =
(0, 0, 0, 0) is not plotted. Parameter values used were cP = 0.02, d = g = 0.1 and
h1 = hB = 2. (b) A two-parameter bifurcation diagram with the predator encounter
rates e1 and eB as the bifurcation parameters. The bifurcation curves TC and NS
divide the space into three. For low levels of predation, the predator population
shrinks to zero while the prey population oscillates in size with a period of one-year.
This region of parameter space is denoted I. For higher values, this prey-only limit
cycle loses stability and a coexistence limit cycle also of period one-year attracts
non-equilibrium solutions (region II). A further increase in e1 and/or eB destabilises
this limit cycle and trajectories are attracted towards a torus which is borne of a
Neimark Sacker bifurcation (region III). The dashed line represents the homogeneous
case given in panel (a). The stable steady-state solutions at the points labelled i, ii
and iii are plotted in Figure 4.6.

unable to detect members of the prey population. We see, in Figure 4.5(a), that a

one-year limit cycle in the P = 0 subspace attracts all non-equilibrium solutions,

as in Section 4.3.1. Furthermore, this steady-state solution is unaffected by a small

increase in the encounter rate. When the encounter rate is low, e < e∗, the predator

population cannot acquire enough of its prey during a given breeding season to

compensate for mortality effects. In the absence of alternative energy sources, any

initial predator population will collapse in the long run. The prey population is

subsequently free to reach its own intrinsic limiting population size. While this

feature is comparable to what was observed for low encounter rates with generalist
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predation, a decreasing relationship between mean population size and the encounter

rate existed in that case. The reason for this discrepancy is that, in the generalist

case, density-dependent predation occurred at low encounter rates even though it

was insufficient to regulate the prey population. Here, density-dependent predation

is only possible via a specialist predator and will therefore vanish if this predator

become extinct.

As the encounter rate increases through e = e∗, the “zero-predator” limit cycle

exchanges stability with an independent one-year limit cycle which we will refer to

as the coexistence solution. This phenomenon is similar to the transition observed

in Section 4.3.1. The coexistence solution originates in a region of phase space

corresponding to negative predator population sizes and emerges as a biologically

plausible solution at e = e∗. On this limit cycle, the predator population size is

non-zero and, like the prey population size, oscillates with a frequency of one year.

A further increase in e eventually causes this solution to lose stability via a

Neimark-Sacker bifurcation at e = e∗∗. A stable torus is created in phase space at

the bifurcation point (not shown). The winding number (Guckenheimer and Holmes,

1983) of the motion along this torus increases continuously from a value of 1 year.

Thus, in the vicinity of e = e∗∗, solutions will resemble annual oscillations as the

population size at the end of the year is almost identical to the population size at

the start. As the encounter rate is increased further, stable solutions will be long-

term oscillations. There may be regions of e values on which phase-locking occurs

and multi-annual limit cycles are observed. The predator population is sufficiently

proficient in hunting its prey that it can almost eliminate it over the course of a

single breeding season, leading to a negligible food supply the following year and an

accompanying fall in predator numbers. The influence of the predator population is

such that it can destabilise its own food supply, leading to significant inter-annual

variation. When predator numbers are sufficiently low, the prey population can

replenish itself over a number of productive breeding seasons. As the encounter rate

remains high, the predator population will eventually recover to the point where it

will again kill off the vast majority of prey. Thus, we see a lead-lag effect over very

long time-scales.

A torus destruction at some higher value of e (not shown) gives rise to chaotic

solutions. The system is characterised by sharp spikes as before and is also sensitive

to small perturbations. If this deterministic structure is accurate, the stochastic

variation inherent to real ecosystems would make it difficult to discern any signif-
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icant trend in population size at these parameter values. In practise, however, if

either population shrunk to the levels attained as part of these long-term solutions,

stochastic factors or local dispersal may bring about local extinction. As the attractor

expands, stable solutions spend long intervals in the vicinity of the zero equilibrium

point and the P = 0 subspace, leaving the populations particularly susceptible to

shocks. Therefore, the solutions corresponding to encounter rates significantly higher

than e∗∗ should be interpreted with caution.

As we detected no multistability in the specialist system, we will not consider the

impact of shocks on the prey population in any great detail. A temporary increase

in the prey’s non-breeding quarters mortality rate will, via the numerical response,

reduce the size of predator population and therefore allow the prey to “smoothly”

recover to its original steady-state size. As in the generalist system, a disturbance

in one habitat affects a predator population in another but in this case, the effect is

temporary. Mathematically speaking, as long as a minuscule quantity of both species

remain, the system will eventually return towards its original coexistence state. The

wild fluctuations predicted by the model do, however, suggest that the populations

could be at risk of extinction if perturbed during the low phase of the oscillation. In

the next section, therefore, we seek to establish how likely such fluctuations are to

occur.

4.4.2 Heterogeneous predation

In Section 4.4.1, we showed how an increase in the predators’ hunting success with re-

spect to all age classes of the migratory population served to destabilise the seasonal

pulse upon which it relies for successful reproduction. Our aim in this section is to

determine whether this instability is a natural consequence of the over-exploitation

of a given food source or if adaptation strategies on the part of the prey could pre-

vent its manifestation. To do so, we consider different combinations of the encounter

rates e1 and eB and the effect of this “heterogeneous” predation on the stability of

the system’s steady-state solutions. The homogeneous case, in which e1 = eB, was

analysed in the previous section and illustrates one possible route from the origin

of Figure 4.5(b) to higher values of e1 and eB. A degenerate bifurcation of limit

cycles is followed by a Neimark-Sacker bifurcation of the coexistence solution, with

a torus destruction sending the system into a chaotic regime. An inspection of all

possible values reveals that the (e1, eB) space is partitioned into three distinct regions
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by two bifurcation curves, TC and NS. In region I, the predator population does

not encounter enough prey of either age class to sustain its existence and ultimately

becomes extinct. In region II, the populations coexist and oscillate in abundance

annually while region III is home to quasi-periodic, multi-annual and chaotic solu-

tions. However, as discussed in Section 4.4.1, when encounter rates lie in this region,

the trophic link may, in all likelihood, be severed by external factors. It may be

instructive, therefore, to interpret the Neimark-Sacker bifurcation as an approxima-

tion to a critical level of predatory pressure at which the interaction between the two

populations will break down.

We begin by considering parameter values along the two axes of Figure 4.5(b). In

these edge cases, the predator population exclusively focuses on one of the two age

groups and the functional response of the chosen age group reduces to the classical

hyperbolic response (see Section 1.3.1). A transition from region I to region II is pos-

sible along either axis. Therefore, the predator population may survive by focusing

on either age class. An example of the prey population dynamics resulting from the

predators’ specialisation on newborns alone is given in Figure 4.6(a). The range of

values on the eB axis associated with stable coexistence is relatively narrow however

which may suggest that the predator population could preserve its food supply more

effectively if it obtained some of the energy it requires through consumption of adult

members of the population. This hypothesis may be supported by the fact that the

Neimark-Sacker curve NS does not intersect the e1 axis. Therefore, specialising on

adults each year appears to be more conducive to the stability of the one-year limit

cycle than specialising on newborns (i.e., a transition from II to III is not possible

along the e1 axis).

A sufficiently large encounter rate with either age class will precipitate a collapse

in that age class during a particular breeding season. However, a collapse in the

adult population may not endanger the overall population to the same extent as a

collapse in the newborn population. In particular, if the adult population has al-

ready produced a significant number of newborns by the time the collapse occurs,

the stability of the annual limit cycle is maintained. The existing stock of newborns

are simply recruited to the adult population at the end of the breeding season and

will themselves breed the following year. Increasing e1 along its axis hastens the

timing of the collapse as the predator population boosts its consumption κA1
(A1, B)

of the adult population. However, this consumption rate is ultimately constrained

by the rate at which a predator can handle an adult member of the prey popula-
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tion. There is a critical value of e1 associated with an annual temporary saturation

in the predators’ consumption rate of adults. Beyond this point, further increases

to e1 do not affect the qualitative behaviour of the steady-state solution. In this

extreme yet stable case, the lifespan of an individual cannot exceed a single year. A

representative time-series solution is given in Figure 4.6(b). Recurrent collapses in

the newborn population, on the other hand, imply that recruitment is zero and the

overall population must shrink in size from one year to the next. The model predicts

irregular fluctuations in the sizes of the predator and prey populations beyond the

bifurcation point as the seasonal pulse is distorted due to the over-exploitation of

young prey. An example of a quasi-periodic steady-state solution is illustrated in

Figure 4.6(c). This vulnerability in the age-structured population is consistent with

the work of Hastings (1983) who studied a prey population with a continuous breed-

ing season. In our seasonally forced model, instability is induced in a coexistence

limit cycle rather than a coexistence equilibrium point but the basic phenomenon

appears to be the same.

Note that an adjustment in other model parameters allows for the possibility of a

Neimark-Sacker bifurcation on the e1-axis. A decrease in the prey reproduction rate

r, for example, reduces the number of extant newborns at the time of the collapse in

the adult population. While the prey population is not actively hunted by predators

in this case, it will nevertheless suffer losses due to other (density-independent)

factors. Thus, decreasing r shifts the NS branch in Figure 4.5(b) downwards until,

at some critical value of r, breeding seasons are characterised by successive crashes

– first in the adult population and then in the newborn population. However, the

instability in the limit cycle ultimately arises, as before, because of the elimination

of the newborn members of the population i.e., the collapse in the adult population

is merely a proximate cause.

These results, therefore, suggest that a seasonally breeding population may be

particularly sensitive to predators that specialise on newborn members. Despite this

apparent vulnerability, specialist predation on migrants as we have defined it, may

be more persistent than Figure 4.5(b) suggests. The relative frequency of density-

dependent predation on newborn members of seasonally breeding populations is still

not fully known. A certain amount of robustness may, in some sense, be built-

in to interactions between a specialist predator and a seasonal food supply. For

example, roe deer fawns have been shown to avoid predators by hiding in woodland

areas (Panzacchi et al., 2008). Similarly, while Linnell et al. (1995) found that in
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Figure 4.6: Stable steady-state prey population sizes plotted against time for different
combinations of the encounter rates e1 and eB. The panels correspond to points (i) –
(iii) in Figure 4.5(b). In (i), (e1, eB) = (0, 0.3) and specialisation on newborns is total
but not sufficiently strong to destabilise the period-one limit cycle. In (ii), (e1, eB) =
(1, 0) and breeding seasons are characterised by collapses in the adult population due
to the predators’ exclusive focus on this age class. In (iii), (e1, eB) = (0, 0.4) and the
total specialisation on newborns leads to stable quasi-periodic motion on a torus.

areas containing predators, predation was the primary mortality factor for newborn

ungulates, these losses appear to be the result of random encounters rather than

devoted searches on the part of the predators involved. In the context of our model,

this would mean that a predator’s hunting success rate would be higher for adults

than for newborns and so, e1 > eB. Newborn deaths due to predation would perhaps

be more accurately represented by a higher density-independent mortality rate cB.

A weakening of the density-dependence in the predatory interaction would make it

comparatively easier for newborns to survive at low densities and thereby help to

ensure that stability of the limit cycle is maintained (i.e., the system remains in

region II of Figure 4.5(b)).
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4.5 Discussion

In this work, we used piecewise-smooth ordinary differential equations to model

short-lived interactions between populations of migratory prey and stationary preda-

tors. We classified a predatory interaction as either generalist or specialist, depending

on whether the energy acquired was significant in generating new members of the

predator population. When predation is a minor component of a migrant popula-

tion’s overall mortality rate, we found that the precise nature of this predation is of

little consequence to the prey. The solutions to both the specialist and the general-

ist model are just small departures from those obtained by Donohue and Piiroinen

(2015a). The migrating population is essentially free to control its own dynamics

and its total abundance oscillates smoothly from one year to the next. On the other

hand, when the influence exerted by a predator population on a migratory prey is

not negligible, the assumptions made about the behaviour of individual predators

gain significance.

We began by considering the effects of generalist predation on the prey’s dynam-

ics. Previous work on systems of this type suggested that migratory populations are

typically regulated by some environmental factor (Fryxell et al., 1988). We found

the additional possibility of a sufficiently large generalist predator population sup-

pressing a migratory population’s growth despite spending large portions of the year

in a different habitat. In this scenario, the predator population (not dynamically

modelled) devotes less time to seeking out members of the migratory population and

turns its attention to more abundant, perhaps non-migratory species. The prey’s

philopatric use of breeding quarters may be a disadvantage when considered from

this point of view, as the introduction of “new” adults into a local population could

potentially circumvent the predators’ regulation and allow the newly enhanced pop-

ulation to continue growing towards the environmental limit. A sustained dietary

change may affect the reproductive success of the predator population in the long

run. In order to consider such quantitative effects, dynamical variation in the size

of the predator population would need to be included in the model. However, this

introduces additional complications as it necessitates a detailed knowledge of the

predator population’s current diet and capacity for adaptation.

We found that if the size of the generalist population is increased sufficiently, the

system reaches a tipping point and abruptly transitions to a reduced prey population.

Conversely, excessive exploitation of the prey population by a specialist predator gen-
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erates long-term oscillations rather than sudden collapses. As the predator popula-

tion relies upon this food source for survival, its individuals do not possess the faculty

to switch to alternative food sources. As the limit cycle undergoes a Neimark-Sacker

bifurcation, the system “smoothly” transitions to a regime of irregular fluctuations.

While quasi-periodic or multi-annual oscillations in the size of these populations are

possible, local extinction of prey and/or predator is perhaps more likely. While a

specialist predator theoretically can distort the natural frequency of the migratory

population, doing so would jeopardise its own survival. These steady-state solutions,

though stable, involve the populations surviving at a minuscule level for a significant

period of time before eventually recovering as part of a long-term oscillation, be it

periodic, quasi-periodic or chaotic. In practise, stochastic factors or local dispersal

may bring about local extinction when either population approaches zero, thereby

precluding the observation of these kinds of trajectories in a real ecosystem. Thus,

while the quasi-periodic route has been suggested to be a robust method of achieving

chaotic solutions in a real ecosystem (Rohani et al., 1994), we posit that the extreme

encounter rates required in this context would lead to a dissolution of the system

before such solutions could be observed.

The results discussed above are generally consistent with other predation models

that emphasise pronounced seasonality. The key driver of the qualitative behaviour

is not the migratory process per se but rather the periodic separation of prey and

predator. However, the habitat-based formulation gives one the capability of defining

the migratory population’s dynamics for each season individually. As an illustration

of this functionality, we applied temporary shifts to habitat mortality rates, with

each shift corresponding to a different real-world scenario. These movements can be

thought of as constituent parts of longer term trends in environmental conditions

and thus represent important mechanisms for regime shifts. The population’s mor-

tality rate in different habitats may be coupled in some way. Our analysis suggests

that, in certain circumstances, this may be beneficial for the population in the sense

that it may help to avert drastic changes in abundance. These models also provide

a natural setting in which to consider temporal carry-over effects on the dynam-

ics of a migratory population. We uncovered a seasonal-interaction mechanism for

population collapses made possible by the presence of generalist predators on one

habitat. Even a temporary disturbance in one patch can activate a regulatory factor

in another, moving the overall system from one stable state to another.

Throughout the chapter, we devoted a significant portion of our attention to ex-
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amining how systems involving migrant populations could be pushed to their break-

ing point. Adaptive processes are not explicitly considered in our models however. It

is likely that micro evolution or plasticity would act to guide the system away from a

parameter regime that endangers a population’s continued existence. In the case of

the prey species, when the population is forced to subsist at a very low level, as on

the right-hand sides of Figures 4.2(a) and 4.5(a), local dispersal or a modification of

migration patterns by the remaining members may nullify the interaction altogether

(Dragesund et al., 1980). Similarly, it is important to consider how a species that

includes a migratory population in its diet will react to a sudden collapse or a loss of

predictability in abundance. For example, specialism on a seasonal food source may

evolve if the supply is superabundant and the individual members are more profitable

than residential prey. However, this reliance may become maladaptive if it interferes

with the dynamics of the associated prey. If irregular fluctuations are in fact the

result of the predators’ own actions (as represented in Figure 4.5) and therefore ex-

pected to persist in the system, it seems likely that the population would adapt its

behaviour so that dangerous fluctuations are avoided. The migratory prey’s appeal

as an energy source stems from its predictability and high abundance relative to al-

ternative (residential) prey. If these properties are compromised, it may no longer be

optimal for the predator to synchronise its reproduction with this migratory species.

Of course, it must not be forgotten that the dichotomy between a “specialist” (full

reproductive dependence) and “generalist” (no reproductive dependence) enforced

throughout this work, although intuitively appealing, is quite artificial. The two

cases belong at the extrema of a spectrum of possible interaction types. An inter-

esting exercise would be to reconcile this somewhat bi-polar analysis with a more

detailed depiction of reality using a continuum approach. The predator population’s

functional and numerical response to the focal (migratory) prey would have to be

coupled in some sensible way and allowed, over an appropriate time-scale, to vary

with the abundance of alternative prey. The system may well then be seen to evolve

toward one of the two extremes considered here or settle at some evolutionarily stable

state in between.

Further predictive power could also be gained through the introduction of intra-

season variation. This may be incorporated via time-dependence in the model pa-

rameters or a more involved age structure for the prey. A lag in the model which

took into account the time needed for young predators to develop hunting skills may

also be desirable. Thus, while we propose a framework which is novel in its repre-
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sentation of the migratory process, it is nonetheless built with ordinary differential

equations and is therefore amenable to enhancement using the most appropriate,

possibly nonlinear, functional forms. The fundamental idea is to describe variation

over short time scales (i.e., a single season) and piece together these heterogeneous

time intervals using switches. The long-term predictions generated by these models

should coincide with classical theory where applicable. Where our work diverges

most notably from existing models is in its ability to incorporate variation in habitat

quality over different time scales. Our primary exploitation of this feature, in Sec-

tion 4.3.3, was via temporary alterations in the conditions of different habitats. In

general, however, one could imagine all of the system’s components independently

varying from one year to the next and numerically solve the associated system in

a manner similar to that presented in this work. This separation of time scales es-

sentially invalidates our steady-state based analysis as a direct forecasting tool but

allows us to generate more realistic long-term predictions in the context of global

change.

In this chapter, we primarily concerned ourselves with the dynamics of a sea-

sonally migrating population. An obvious next step is to attempt to contextualise

those dynamics within the spatially extended ecosystems generated by these migra-

tions. We found that, subject to different suppositions about predator behaviour, a

seasonal pulse of resources could be destabilised by over-exploitation or environmen-

tal degradation. The nature of this destabilisation, occurring perhaps via irregular

fluctuations or a sudden collapse, may determine how the loss is absorbed by the

surrounding ecosystem. The sudden disappearance of a seasonal food source po-

tentially could trigger cascades in food webs spanning vast spatial regions. For

example, herring populations are distributed across the Holarctic ecozone and there-

fore represent a food supply for predator populations in a broad array of habitats

(Willson and Womble, 2006). An investigation of where such interactions fall on the

generalist-specialist spectrum may shed more light on how the associated populations

will respond to environmental change.
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Chapter 5

Predation on migrating

populations: spatial modelling

5.1 Introduction

In Chapter 4, we considered the effects of predation on the dynamics of a seasonally

migrating population. In that chapter, as in Chapter 3, location was modelled as

a binary variable. Although two distinct patches necessarily were considered, all

positions within a patch were subsumed onto a single point. This is the essence of

compartment modelling. As migration is an inherently spatial phenomenon, we will

now consider a system of partial differential equations as an extension of the previous

work. In this chapter, space will be represented as a continuum. The spatiotemporal

dynamics of the prey and predator populations are then described by a system of

reaction-diffusion equations.

As the main novelty of the chapter comes in the representation of the spatial

dynamics of migrants, the discussion largely focuses on this aspect. An age structure

is a useful means of incorporating heterogeneity in rates of movement as well as

birth and death rates. Upon arriving in its breeding habitat, an adult migrant

typically must secure territory, find a mating partner, mate and ensure that eggs

are hatched successfully. A newborn, on the other hand, is largely confined to its

place of birth until it learns to fend for itself. After hatching takes place, a parent

must procure food for a newborn and protect it as it develops. By the end of the

breeding season, the entire family is ready to migrate – either as a flock or one by one

(Åkesson and Hedenström, 2007) – to a new habitat, thus marking the beginning of
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a new stage in their annual cycle.

The above description of breeding season behaviour centers on a typical individ-

ual. To describe the dynamics of a population a macro-level viewpoint is useful. An

obvious sub-problem then is the question of how to model the migration itself. The

qualitative features of seasonal migration are well documented if not fully under-

stood. The most appropriate representation of the population’s flux is therefore a

matter of debate. The approach we will take here is to use a convective process to

model the bulk movement of a population. During migratory periods, diffusion mim-

ics a mixing of individuals while the population is en-route to the destination range.

Migration is therefore modelled as a kind of biased random walk. This process has

been considered in the context of continuous migration for the purpose of explaining

drift patterns in experimental data (Banks et al., 1988; Helland et al., 1984) as well

as predicting how patterns may form more generally Sun et al. (2008). However,

to the best of our knowledge, this approach has not been extended to the case of

seasonal migration.

To do so, we must prescribe the spatio-temporal programme that governs the

annual cycle of the migratory population (Newton, 2008). This includes the afore-

mentioned breeding season and outward migration as well as a season of survival on

a secondary habitat and the eventual return migration. As the focal habitats can in

general be widely separated, the average speed of movement during two parts of the

year may differ by orders of magnitude. The flux of the population which generates

this rate of movement is therefore strongly time dependent. Thus, once one has

a means of modelling a single migration, the incorporation of switching functions

allows one to extend this approach to allow for recurrent migration events. This

is done in a similar fashion to that of the previous chapters. We again partition

each annual cycle into stages so that long-term behaviour is the result of a countable

number of temporal switches. Through the inclusion of such switches in the convec-

tion process, it is possible to continually activate and deactivate migration between

different habitats.

As well as incorporating more detailed movement of populations, another advan-

tage of using reaction-diffusion equations is that they allow us to consider spatial

variation within a patch. In particular, we will consider variation in nesting location

quality across the breeding quarters of a migratory population and how it affects the

spatiotemporal dynamics. In this enlarged framework, we can also express the spa-

tial variation in a predator population. As is often the case in population modelling
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(Holmes et al., 1994; Murray, 1989), we will make the assumption that the predator

population is characterised by diffusion, corresponding to Brownian random motion

of the individual members. In Chapter 4, we provided examples of stationary preda-

tors interacting with seasonal migrants but cautioned that it is not immediately

obvious whether this predation is specialist or generalist in nature. For the sake of

brevity, we will restrict our attention to specialist predators here.

At a basic level, this chapter serves to outline an approach to considering seasonal

movement in the context of partial differential equations. Section 5.2 provides a de-

scription of a system of partial differential equations that models seasonal migration

of a population. This population is assumed to be susceptible to specialist preda-

tion on its breeding quarters. In order to illustrate the key ideas and reduce model

complexity, we go on to specify an example system that involves a one-dimensional

spatial domain. Section 5.3 contains solutions to this system. In particular, we first

illustrate the novel process through which migration occurs in our framework. We

then solve the full model, highlighting what can be gained from the extra model

complexity introduced in this chapter, namely enhanced power to describe spatial

variation. In the context of a spatially inhomogeneous environment, we explore the

long-term dynamics of a seasonally migrating population. The chapter concludes

with Section 5.4, an evaluation of the overall approach and a discussion of possible

extensions of this work.

5.2 Mathematical model

In this section, we formulate a generic model for the spatiotemporal variation in

a migratory prey population – a model which also includes a stationary predator

population. The model consists of a set of reaction diffusion equations. The physical

space of interest or spatial domain must be specified in advance. For a migratory

population, this encompasses all of the locations traversed by members of the collec-

tive each year. This is known as the range of the population. Section 5.2.1 begins

with a representation of this space before proceeding to the imposition of a temporal

structure. As in Chapter 3 and Chapter 4, we use a phase variable to break the

annual cycle of a migratory population into four stages – two residency and two

migratory.

With this structure in place, we are able to express the movement of the prey
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and predator populations mathematically. To accomplish this for the migratory prey

population, we include time-dependent switches in a partial differential equation that

describes its evolution. These switches serve two functions. First, the migration

itself will be represented by a convection term that periodically switches direction.

Second, we will use time-switching boundary conditions to prevent movement of the

migrating species between patches during stationary periods. This has the effect

of decomposing the system into two independent subsystems when the population

transitions from a migratory stage to a residency stage.

Finally, in Section 5.2.2, we assign specific functional forms to each component of

the model in a one-dimensional setting. This allows us to present a set of equations

which will be solved numerically.

5.2.1 Spatiotemporal framework and a generic system

Before we can consider mass movement of a population, we must first outline the

population’s range. In general, a migration can be thought to occur in a three-

dimensional Euclidean space. However, depending on the traits of the population of

interest, the movement may employ less spatial dimensions. For example, the mi-

gration of crustaceans may approximately explore a line whereas land-based animals

and birds may travel in two and three dimensions respectively. Thus, we employ an

n-dimensional Cartesian coordinate system where n ∈ {1, 2, 3}, in which the origin

could correspond to, for example, the centre of mass of the Earth. Within this coor-

dinate system, we consider the two home ranges of a migratory population. These

ranges are represented by the (disjoint) closed sets Ω1 ⊂ R
n and Ω2 ⊂ R

n with

corresponding boundaries ∂Ω1 ⊂ R
n−1 and ∂Ω2 ⊂ R

n−1. Without loss of generality,

we will consider Ω1 to be the prey’s breeding habitat and Ω2 to be its non-breeding

habitat.

In reality, these ranges are connected by means of the pathway over which the

migratory journey occurs. For simplicity however, this connecting strip will be com-

pressed into nonexistence, leaving a shared boundary between the two patches. In

other words, we reposition Ω1 and/or Ω2 so that there exists a non-empty interface

ω ⊂ R
n−1 satisfying ω := int(∂Ω1 ∩ ∂Ω2). For reasons that will become clear when

boundary conditions are provided, the set ω should belong to just one of the two sets.

Here, we will choose ω ∈ Ω2 so that Ω1 is semi-open and Ω2 is closed. While it may

no longer be possible to interpret a position in one of these sets in a geographical
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sense, the abstraction simplifies the modelling approach. In particular, as we will

discuss later in the section, the boundary ω functions as a “gate” between ranges.

As a result of these manipulations, the migrating population’s range is now given

by the union Ω := Ω1

⋃
Ω2 and the external boundary of the range is defined by

∂Ω := (∂Ω2

⋃
∂Ω1) \ ω. This spatial structure is summarised in Figure 5.1 along

with an illustration of how Ω1 and Ω2 may be initially gleaned from real data. Note

that while the the projection from three dimensions to two dimensions aids graphical

presentation, it is not a necessary step in general.

Ω 2 Ω 1

ω

Ω1

(a) (b)

Ω2

∂Ω2

∂Ω1

n1

n2

n

n

ω = ∂Ω1 ∩ ∂Ω2
space

reduction

Figure 5.1: (a) Schematic indicating how observations of the movement of a migra-
tory population could be mapped into a mathematical setting. Three-dimensional
geographical coordinates are projected onto a two-dimensional space to form disjoint
sets Ω1 and Ω2. These sets correspond to the home ranges of the migratory popula-
tion. (b) The pathway between the two ranges is removed, leaving a composite set
Ω := Ω1

⋃
Ω2. While Ω1 and Ω2 originated in panel (a) as representations of geo-

graphically distinct regions, they are repositioned in such a way that an individual
reaches Ω1 immediately upon exiting Ω2 and vice-versa. The vectors n, n1 and n2

are used in formulating boundary conditions for the populations of interest.

By definition, the migrating population is constrained to Ω. We therefore only

need to consider population density on this set. It is useful to split this density into

two distinct age classes as in general, rates of birth, death and movement are likely to

differ between adults and newborns. We denote the biomass of adults and newborns

by a(x, t) and b(x, t) respectively where x ∈ Ω is a coordinate vector and t ∈ R is

time. We will also explicitly model one species of predator p(x, t) which specialises

in hunting the migratory prey. For consistency with Donohue and Piiroinen (2015b)

and Chapter 4, we restrict the range of the predator population to Ω1 so that the

prey is available to the predator only on the prey’s breeding habitat.
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In order to spatially separate predators and prey during the appropriate time in-

tervals, we will first divide each year into stages, as proposed by Donohue and Piiroinen

(2015a) and in Chapter 3. Recall that this framework is based on the parameters τi

for i = 0, 1, 2, 3 with each of these values representing a phase position. Specifically,

τ0 is the point at which the final arrival to the breeding quarters occurs, τ1 is the time

of the first arrival to the non-breeding quarters. Similarly, τ2 and τ3 mark the final

arrival to the non-breeding quarters and the first arrival to the breeding quarters,

respectively. As before, the phase variable τ records the number of days that have

elapsed since the most recent cycle began and is defined as

τ := (t− τ0) mod T. (5.1)

Now that we have a spatiotemporal structure in place, we can use a system of

conservation equations to express the variation in the subpopulations a, b and p (see

Section 2.2 for a derivation). Each conservation equation corresponds to a particular

subpopulation and therefore will contain a growth rate and a movement rate. For a

subpopulation q ∈ {a, b, p}, the growth rate is denoted Rq and the movement rate is

∇x
• Jq. The operator ∇x is the usual gradient operator taken at the point x ∈ Ω

and Jq is the population flux. A generic system of partial differential equations that

incorporates an age-structured prey and a specialist predator is then given by

∂a

∂t
+∇x

• Ja(a, b, p,x, τ) = Ra(a, b, p,x, τ), (5.2)

∂b

∂t
+∇x

• Jb(a, b, p,x, τ) = Rb(a, b, p,x, τ), (5.3)

∂p

∂t
+∇x

• Jp(a, b, p,x, τ) = Rp(a, b, p,x, τ), (5.4)

dτ

dt
= 1, (5.5)

defined for (x, t) ∈ Ω× {[0,∞) \ {τ−1(τ1), τ
−1(T )}} , plus the reset maps

a(x, t) 7→ a(x, t) + b(x, t) at τ = τ1,

b(x, t) 7→ 0 at τ = τ1,

τ 7→ 0 at τ = T.

(5.6)

As in Chapter 4, recruitment occurs instantaneously at the end of the population’s

breeding season. We note that, in this general formulation, the flux of each of the

118



CHAPTER 5. SPATIAL MODELLING

subpopulations can depend on the density of any of the subpopulations as well as

position.Furthermore, the flux and reaction terms prescribed will be smooth func-

tions of the state variables. However, these terms may discontinuously depend on

position. Such a situation arises in many applications that are spatially heteroge-

neous in nature (as reviewed by Bürger and Karlsen (2008)). Finally, we will assume

that the flux and reaction terms are piecewise-smooth functions of time.

In this work, we are primarily interested in modelling the seasonal movements of

populations. In order to represent such movements, one can set the flux of a given

subpopulation to be a nontrivial function of the phase variable τ . In particular, we

will define a velocity field v = v(x, τ) for the prey population that depends on the

phase variable τ . As a first approximation, we assume that newborn members of the

migrating population do not possess the capability to leave their position of birth so

that

Jb(x1, τ) = 0. (5.7)

Furthermore, we will allow for the possibility of diffusion of adult populations at all

times and locations. The fluxes then take the form

Ja(a, b, p,x, τ) = −Da(x, τ)∇x a(x, t) + v(x, τ)a(x, t), (5.8)

Jp(a, b, p,x, τ) = −Dp(x, τ)∇x p(x, t). (5.9)

The functions Da = Da(x, τ) and Dp = Dp(x, τ) are the diffusivity coefficients of a

and p respectively. A carefully chosen velocity function v(x, τ) is needed to represent

seasonal motion. We will express this velocity as

v(x, τ) =





v1(x, τ), τ ∈ [τ0, τ1),

0, τ ∈ [τ1, τ2),

v2(x, τ), τ ∈ [τ2, τ3),

0, τ ∈ [τ3, τ4),

(5.10)

where v1(x, τ) and v2(x, τ) are “seasonal” velocity fields chosen in such a way that

bulk motion is appropriately directed from one habitat to another. In particular, if

τ ∈ [τ1, τ2), the field v1(x, τ) should force a migration from Ω1 to Ω2. Similarly, if

τ ∈ [τ3, τ4), v2(x, τ) is the active velocity field and migration from Ω2 to Ω1 should

occur. Finally, if τ ∈ [τ0, τ1) or τ ∈ [τ2, τ3), no bulk movement of the population
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occurs as the population is assumed to be in a residency stage.

The direction of migration is therefore determined by judicious choice of the func-

tions v1(x, τ) and v2(x, τ). Furthermore, the extent of the migration is governed by

the magnitude of these functions. In particular, for a given migratory stage, a com-

plete migration can be induced through the choice of a sufficiently large v1(x, τ) or

v2(x, τ). We note that decision-making at the level of an individual is somewhat

incompatible with our convection-based approach. During designated migration pe-

riods, any members of the population who are not in the “correct” region will attempt

to switch. Failure to reach a destination is still possible however, as individuals may

be attracted towards an alternative patch before ultimately being left behind.

To complete the model given by Eqs. (5.2)-(5.5), a set of initial densities are

needed, as are boundary conditions for each subpopulation. We begin with the

initial densities which, for simplicity, are assumed to be specified at the beginning

of some instance of a cycle (i.e., τ = τ0 := 0). For the adult prey population, we

express the initial density as

a(x, 0) = a0(x), x ∈ Ω, (5.11)

where a0(x) is some positively valued function of position. The stationary predator

population resides on only one of the habitats and so

p(x, 0) =

{
0, x ∈ Ω1,

p0(x), x ∈ Ω2,
(5.12)

where, as before, p0(x) is a positively valued function of position. Finally, by defi-

nition there can be no newborns at the beginning of a breeding season which means

that

b(x, 0) = 0 ∀x ∈ Ω. (5.13)

Boundary conditions for each of the subpopulations are required in order to deter-

mine the evolution of these initial densities. Residency on a habitat is established by

enforcing a no-flux condition for a population density on the boundary of the habitat.

We specify a time invariant no-flux condition for a along the external boundary ∂Ω

to ensure that the system is closed, i.e., the total size of the migrating population

can change only as a result of birth and death processes on Ω.
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Members of a real migratory population tend to remain in one of two regions

for lengthy periods each year. In our model, these stints correspond to residency

stages. One could imagine a variety of approaches to prevent the modelled population

making an early return to one of the two designated home ranges. Here, we include a

time-dependent switching boundary between the two habitats so that the migrating

population is split into two at the end of the migratory period with individuals

incapable of switching habitat after this point. Note that in order to achieve this,

we must actually specify two boundary conditions at the interface x ∈ ω, one to

prevent individuals moving from Ω1 into Ω2 and one to prevent individuals moving

from Ω2 into Ω1.

Finally, we set a no-flux condition for p along ∂Ω1 to prevent predators from

leaving Ω1. Note that this condition again is time invariant and exploits the fact

that the initial predator density has support on Ω1 only. As the predator population

is confined to this region and newborns are assumed not to travel, no more boundary

conditions are needed. Substituting Eqs. (5.8)–(5.9) into Eqs. (5.2)–(5.6), we arrive

at the system

∂a

∂t
−∇x

• (Da(x, τ)∇xa(x, t) + v(x, τ)a(x, t)) = Ra(a, b, p,x, τ), (5.14)

db

dt
= Rb(a, b, p,x, τ), (5.15)

∂p

∂t
−∇x

• (Dp(x, τ)∇xp(x, t)) = Rp(a, b, p,x, τ), (5.16)

dτ

dt
= 1, (5.17)

with switches

a(x, t) 7→ a(x, t) + b(x, t) at τ = τ1,

b(x, t) 7→ 0 at τ = τ1,

τ 7→ 0 at τ = T,

(5.18)

and boundary conditions given by

Ja • n = 0 ∀ τ ∈ [τ0, τ4), (5.19)

Ja • n2 = Ja • n1 = 0 ∀ τ ∈ [τ1, τ2) ∪ [τ3, τ4), (5.20)

Jp • n = Jp • n1 = 0 ∀ τ ∈ [τ0, τ4), (5.21)
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where n is the outward facing normal vector at the external boundary ∂Ω, n1 is

the normal vector at the ω interface pointing from Ω1 into Ω2 and n2 is the normal

vector at the same interface but pointing from Ω2 into Ω1 (see Figure 5.1).

Before proceeding to the numerical solution of a system of this type, we consider

some general properties of solutions. In particular, we note that classical solutions to

Eqs. (5.14)–(5.21) do not exist. Even if smooth functions a0(x) and p0(x) were to be

prescribed at the initial time, the use of the boundary condition given by Eq. (5.20)

continually imposes spatial discontinuities in the density a(x, t). Solutions therefore

belong to the space of square-integrable functions L2(Ω). Proving that a unique

(weak) solution exists would likely be rather technical. However, one might expect

that the task could be broken into distinct parts by exploiting the fact that the

equations are piecewise-smooth with respect to time. The equations specified for

each stage of the annual cycle are quasilinear and some existence and uniqueness

results for parabolic equations of this type have been established (e.g., Sharples

(2004)). It may be the case that solutions to the overall time-switching systems can

be treated through the composition of unique solutions found on constituent time

intervals, as is the case with ordinary differential equations (Liberzon, 2003).

5.2.2 One-dimensional example

Having described a general methodology for modelling seasonal migration using par-

tial differential equations, we now consider the case where species move in one di-

rection only (i.e., n = 1). For simplicity, we assume equally sized patches such that

Ω1 = (0, L] and Ω2 = [−L, 0] where L > 0 is the length of a patch. The overall range

of the migratory population is then Ω = [−L, L] with ω = {0} acting as the (point)

interface. Figure 5.2 illustrates the one-dimensional domain we will consider.

Ω2 Ω1

Non-breeding quarters Breeding quarters

ω = {0}∂Ω2 = {−L} ∂Ω1 = {L}

Figure 5.2: Schematic of a one-dimensional spatial domain illustrating the division
of Ω = [−L, L] into two patches, Ω1 = (0, L] and Ω2 = [−L, 0]. Vertical lines mark
the position of patch boundaries.

The notation employed with respect to space can now be simplified as follows:

x = x1, ∇x = ∂
∂x1

, v = v, v1 = v1 and v2 = v2. Before going any further, we must
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decide on the forms of the diffusivity and velocity terms. For simplicity, we will

assume that the diffusivity of adult prey a and predator p is constant with respect

to both space and time. The diffusivity coefficients can then be written as

Da(x1, τ) = Da, (5.22)

Dp(x1, τ) = Dp, (5.23)

whereDa andDp are non-negative constants. Next, recall that the seasonal migration

of a(x1, t) is represented by a periodically switching convection coefficient v(x1, t).

In particular, if τ ∈ [τ1, τ2), migration occurs with negative velocity v1(x1, τ) which

we will define as

v1(x1, τ) =





0, x1 ∈ [−L,−L
2
),

−vmax(1 +
2x1

L
), x1 ∈ [−L

2
, 0],

−vmax, x1 ∈ (0, L],

(5.24)

where vmax > 0 represents the maximum magnitude of velocity. Similarly, if τ ∈

[τ3, τ4), migration occurs with positive velocity v2(x1, τ) defined as:

v2(x1, τ) =





vmax, x1 ∈ [−L, 0),

vmax(1−
2x1

L
), x1 ∈ [0, L

2
].

0, x1 ∈ (L
2
, L].

(5.25)

These seasonal velocities are defined as functions of position. Here, a positive

velocity corresponds to motion from left to right and a negative velocity motion

from right to left. The precise form of these functions, plotted in Figure 5.3, is

a simple representation of a population’s tendency to slow down upon arriving in

a habitat. The “target” of migration is the midpoint and points beyond this are

associated with lower velocity. This somewhat artificial approximation prevents an

unrealistic accumulation of density at the habitats’ extrema but could be replaced

with a more sophisticated mechanism in practise (see Section 5.4).

To complete the model, the specification of a set of reaction terms is needed. At

each position in space, we recreate the growth terms in the ODE model outlined

by Donohue and Piiroinen (2015b) and Chapter 4. To this end, the adult density-
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v1

v2v

−vmax

0

vmax

−L −L
2

0 L
2 L

x1

Figure 5.3: The dependence of the velocity functions v1(x1, τ) and v2(x1, τ) on po-
sition. These functional forms were chosen so as to effect movement of a population
out of one patch and towards the centre of another. A maximum value of ±vmax

is attained on the originating habitat with deceleration occurring on reaching the
destination region.

independent mortality rate ca is assumed to be of the form

ca(x1) =

{
c1, x1 ∈ (0, L],

c2, x1 ∈ [−L, 0],
(5.26)

where c1 > 0 and c2 > 0 are spatially averaged habitat-specific mortality rates. Note
that since Ω = [−L, L] was formed by the fusing together of two distinct habitats, the
relationships between system parameters and position that will be proposed contain
a discontinuity at x1 = 0. While, in general, all properties of the system could
be conceptualised as functions of position in this way, we will increase the spatial
complexity of just one other system parameter, namely the maximum number of
newborns K(x1) that can be supported by the environment. The nature of this
spatial dependence will be described in Section 5.3.3. Otherwise, the reaction terms
are expressed as

Ra(a, b, p, x1, τ) = −ca(x1)a−
eaa

1 + haeaa+ hbebb
p, (5.27)

Rb(a, b, p, x1, τ) = r(x1, τ)a

(
1−

b

K(x1)

)
−

ebb

1 + haeaa+ hbebb
p− cbb, (5.28)

Rp(a, b, p, x1, τ) =

(
deaa+ gebb

1 + haeaa+ hbebb
− cp

)
p, (5.29)

where

r(x1, τ) =

{
r0, (x1, τ) ∈ (0, L]× [τ0, τ1),

0, otherwise,
(5.30)
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is the reproductive rate of the population. Its usage ensures that reproductive at-

tempts occur only during the breeding season and on the breeding habitat. The

parameter r0 > 0 is a reproduction rate coefficient. At any given location within this

habitat, growth is proportional to the size of the adult population until a barrier to

growth is reached.

The positive constants cb and cp are density-independent mortality rates for b

and p respectively. Density dependent mortality occurs via encounters with special-

ist predators. These encounters occur at the rates ea and eb for a and b respectively.

The handling times ha and hb represent the typical length of a predator’s interaction

with an adult and newborn prey individual respectively. The functional responses of

the predator with respect to adults and newborns depend on overall prey abundance.

Specifically, predators increase consumption in response to increased abundance of

either prey group until a physiological constraint is reached. The predator popula-

tion’s conversion efficiencies with respect to the consumption of a and b are d and

g, respectively. Substituting Eqs. (5.27)-(5.29) into Eqs. (5.14)-(5.21), and for con-

venience omitting the (x1, t) dependence of population densities, yields the system

∂a

∂t
−Da

∂2a

∂x1
2
+

∂

∂x1

(v(x1, τ)a) = −ca(x1)a−
eaa

1 + haeaa+ hbebb
p, (5.31)

db

dt
= r(x1, τ)a

(
1−

b

K(x1)

)
−

ebb

1 + haeaa+ hbebb
p− cbb, (5.32)

∂p

∂t
−Dp

∂2p

∂x1
2
=

(
deaa + gebb

1 + haeaa + hbebb
− cp

)
p, (5.33)

dτ

dt
= 1, (5.34)

with switches

a(x1, t) 7→ a(x1, t) + b(x1, t) at τ = τ1,

b(x1, t) 7→ 0 at τ = τ1,

τ 7→ 0 at τ = T,

(5.35)

and boundary conditions given by

Ja|x1=−L = Ja|x1=L = 0 ∀ τ ∈ [τ0, τ4), (5.36)

lim
x1→0−

Ja = lim
x1→0+

Ja = 0 ∀ τ ∈ [τ1, τ2) ∪ [τ3, τ4), (5.37)

Jp|x1=L = Jp|x1=0+ = 0 ∀ τ ∈ [τ0, τ4). (5.38)
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Note that, on a one-dimensional domain, boundaries are delineated by a finite set of

points. For example, Eq. (5.19) reduces to Eq. (5.36) because the external boundary

of the domain is now ∂Ω = {−L, L}. Similarly, note that Eq. (5.37) encapsulates

two distinct boundary conditions. The use of the 0+ notation means that individuals

cannot leave (0, L] through x = 0. Similarly, a no-flux condition at x = 0− prevents

individuals leaving [−L, 0] through the same point. Finally, note that in moving from

Eq. (5.21) to Eq. (5.38), we have ignored the x1 = −L component of the external

boundary. By definition of the initial density p(x1, 0) (see Eq. (5.12)), there will

be no predators on [−L, 0] and therefore no need to inhibit the movement of the

predator population in this region.

5.3 Results

The model given by Eqs. (5.31)–(5.38) can be solved numerically. A description of

how these computations will be carried out is given in Section 5.3.1. In Section 5.3.2,

we consider how a population that initially resides on one habitat can be seasonally

redistributed using an appropriately defined flux term. A presentation of steady-

state solutions for the full model follows, firstly with migration and breeding only

(Section 5.3.3) and then when predation is included (Section 5.3.4).

5.3.1 Numerical details

The numerical solutions presented in Section 5.3 were obtained using a finite-difference

discretisation (Smith, 1985) with implicit approximation of the time derivative. Spa-

tial derivatives were approximated using central differencing with a second order

differencing used in the case of the diffusive terms. In order to enforce no-flux con-

ditions, we approximated the spatial derivatives at the boundary using one-sided

differencing formulae of second-order accuracy. For more details, see Appendix A.

Discontinuities in the underlying vector field and in state values (i.e., “events”) were

handled by halting the solver at the nearest point in the temporal mesh to the true

value. A new state and/or evolution function for the system was then specified before

the solver continued.

Without loss of generality, we set L = 8 for the patch length. We then solved

the system on a uniform mesh in (x1, t) space using discretisation steps of δx =

0.0625 and δt = 0.0891. The associated algebraic system is as nonlinear as the
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reaction components in the original equations. We approximated solutions to these

systems using a Newton method with a convergence threshold of 10−10. The steady-

state solutions presented were found using direct numerical integration. A simulated

solution was deemed to be sufficiently close to a period-1 limit cycle when the L2

norm of the difference between two successive annual measurements was less than

10−6.

5.3.2 Migratory mechanism

We begin by isolating the migratory phenomenon, following the movement of a pop-

ulation through one complete cycle. To do so, we deactivate all growth terms in the

model i.e., all parameters on the right hand sides of Eqs. (5.31)–(5.33) are set to be

zero. As a result of this simplification, the equations are no longer mutually depen-

dent. The initial predator density will simply diffuse over (0, L] while the number of

newborns remains zero at all locations (see Eq. (5.12) and Eq. (5.13) respectively).

We solve the system over just one cycle. Thus, the phase variable τ and accompany-

ing switch are rendered irrelevant. The reduced system, representing a single round

trip by the adult population, is then

∂a

∂t
= Da

∂2a

∂x1
2
−

∂

∂x1
(v(x1, τ)a(x1, t)) , (5.39)

where boundary conditions are given by Eqs. (5.36) and (5.38). For the initial density

a0(x1), we prescribe a step-function with support on (0, L] only. The spatiotemporal

evolution of this density, as governed by Eq. (5.39), is shown in Figure 5.4. During

residency stages, the system consists of a pair of independent diffusion equations.

No-flux conditions at the boundaries of the two habitats prevent individuals moving

between them. The year begins with the entire population on (0, L]. The population

is therefore restricted to this region for τ ∈ [τ0, τ1). Moreover, the initial density is

uniform which means that the diffusive subsystem is already in a steady state and

net dispersal within the habitat does not occur.

At τ = τ1, the dual-sided boundary condition at x1 = 0 is deactivated, convection

is turned on and individuals begin to move into [−L, 0]. With the maximum velocity

set to be vmax = 2, the majority of the population can reach the secondary region

by τ = τ2. At this point, the system again breaks into two disjoint parts. A

spatial discontinuity is imposed upon the population density and the compatibility
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Figure 5.4: Solution to Eq. (5.39) which represents the variation in a migratory
population over a single cycle when there is no mechanism in place to change the
population’s size. The initial density a0(x1) is uniform on (0, L] and zero on [−L, 0]
representing occupancy of what is nominally the breeding habitat. The system given
by Eq. (5.39) alternates in character between a convection-diffusion equation and two
decoupled diffusion equations. Parameter values used were Da = 2, vmax = 2, τ0 = 0,
τ1 = 152, τ2 = 182 and τ3 = 335.

conditions for each of the sub-systems are temporarily violated. After τ = τ2, both

regions contain members of the migratory population. The diffusive character of

motion at all locations leads to to the achievement of a uniform density on each

habitat or equivalently, a step function on the overall domain. A return migration

commences at τ = τ3, disrupting this pattern once more. The reactivation of the

convection term and the opening of the x1 = 0 boundary moves the majority of the

population back into (0, L].

Typically this cycle would then restart with two subpopulations again spreading

over two distinct ranges. We will consider these longer-term dynamics in later sec-

tions. For now, we take an alternative view of a single migration. We note that in

this simplified setting, the evolution of local populations will be affected by dispersal

only. Thus, the migratory process may be visualised by studying the variation in the

population at representative positions in the spatial domain.

We begin by studying locations at the centre of the two habitats, i.e., x1 = ±L
2
.

Though these points hold particular significance as the points at which a change in

velocity occurs (see Figure 5.3), they capture the qualitative behaviour of any interior
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Figure 5.5: Evolution of population abundance at specific locations which corre-
sponds to a set of x1-slices of the surface in Figure 5.4. All curves are derived from
the solution to Eq. (5.39) and are therefore interrelated. Panel (a) shows the vari-
ation at x1 = L

2
and x1 = −L

2
which are the mid-points of the one-dimensional

patches. Panel (b) shows the variation at the interface point(s) between the patches
which are x1 = 0+ and x1 = 0−. In both cases, the dashed curve corresponds to a
point on the patch (0, L] and the solid curve corresponds to a point on [−L, 0].

locations. The dashed curve in Figure 5.5(a) represents population abundance at

x1 =
L
2
. As this point is a constituent location of (0, L], abundance is initially fixed

at 1. Beginning at τ = τ1, the population moves out of (0, L] which leads to a rapid

decline in abundance at x1 =
L
2
. A small number of individuals remain on the patch

since the migration was not complete. At τ = τ2, these individuals begin to spread

back over the patch, leading to a slight increase in the dashed curve, followed by a

uniform density for the remainder of τ ∈ [τ2, τ3).

Now consider population abundance at x1 = −L
2
over the same three stages. This

is given by the solid curve in Figure 5.5(a). Recall that this quantity will be fixed

at 0 during the time interval [τ0, τ1). Starting at τ = τ1, the number of individuals

at x1 = −L
2
rapidly increases as the incoming population “aims” for this location.

There is subsequently a slight decrease as, due to the combined effect of convection

and diffusion, the population is able to explore the patch [−L, 0]. When migration

ceases at τ = τ2, the motion of an individual no longer has a preferred direction.

Thus, the population quickly diffuses over [−L, 0] and the solid curve remains at a

constant value for the remainder of τ ∈ [τ2, τ3). Cycles are completed by a return

migration, occurring for τ ∈ [τ3, τ4). The population will again “aim” for the centre

of the destination patch during the return migration. This gives rise to a spike in
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size at x1 = L
2
while, as before, very few individuals remain at x1 = −L

2
i.e., we

observe a sharp increase in the dashed curve and a sharp decrease in the solid curve.

In Figure 5.5(b), we focus on the interface between the two habitats, i.e., the

points 0+ and 0−. When the interface is deactivated, the two time-series solutions

are essentially identical. When this is not the case, the variation at the pair of

points will be completely independent. In this case, the solid and dashed curves

correspond to 0− and 0+ respectively. The uniform population densities on each

region are steady state solutions. Thus, the population sizes at x1 = 0+ and x1 = 0−

are initially identical to those at x1 = L
2
and x1 = −L

2
respectively. Both sizes

rapidly adjust to a pair of intermediate values at τ = τ1 as diffusion smooths the

discontinuous density. During the migratory stage that follows, the two curves are

indistinguishable from one another. Once the migration has started, the population

size at both points shrinks as individuals move deeper into the secondary patch

[−L, 0].

When the interface is re-activated as a boundary at τ = τ3, the spatial domain

is split into two distinct parts and the solutions at x1 = 0− and x1 = 0+ start to

diverge again. As diffusion is the only process in operation, we see a sharp increase

in the solid curve and a sharp decrease in the dashed curve. The “negative” side

of the boundary (i.e., the solid curve) benefits from an influx and the “positive”

side (i.e., the dashed curve) loses the individuals that had been attracted towards

the secondary patch but ultimately were left behind. After this adjustment has

been completed, the two curves remain at constant values until τ = τ3. There is

a noticeable symmetry between the solutions on [τ3, τ4) and [τ1, τ2). Though the

population is now moving in the opposite direction, there is a decrease in abundance

near the interface as individuals again move deeper into a destination patch.

We have now considered each of the four annual stages in our model. Note that,

independent of the nature of the population’s movement, conservation of population

size is ensured during each of these stages. This is due to the presence of no-flux

boundary conditions at x1 = ±L which prevent individuals entering or leaving the

overall range at any time. To guarantee that the migration is conservative, we assess

if the size of the population is altered at the moments of switching. Hence, we define

the relative error in total population size after one cycle as

ε :=

∣∣∣
∫ L

−L
a(x1, T ) dx1 −

∫ L

−L
a(x1, 0) dx1

∣∣∣
∫ L

−L
a(x1, 0) dx1

(5.40)
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and study the relationship between this quantity and the number of grid points

associated with the discretisation of space. We observe in Figure 5.6 that as the

number of discretisation points is increased, the difference ε between the size of the

population at the beginning and the end of the year tends to zero. From this we infer

that population size is conserved on the exact solution to Eq. (5.39). Furthermore,

the rate of convergence of the numerical scheme with respect to the resolution of

the spatial grid appears to be approximately first order. Note that, due to the low

accuracy of our temporal differencing, refinement of the temporal grid had little

effect on the error ε. Higher-order approximation of the time derivative and an in-

depth evaluation of the resultant numerical scheme would improve the accuracy of

the presented computations but are not considered within this thesis.
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Figure 5.6: Relative discretisation error ε in total population size as a function of
the number of points, N , in the spatial grid. A logarithmic scaling is used on both
axes. For reference, a dashed curve proportional to N−1 is also plotted.

While the total size of the population is constant throughout a cycle, local abun-

dances are characterised by recurrent fluctuations. Over long time scales, we would

expect these oscillations to tend to become periodic. This may be deduced by noting

that each of the four regimes possesses a distinct attractor. These attractors will

either be discontinuous or monotonic, with the former arising in the split-domain

case and the latter in the convection-dominated case. However, these ostensibly sta-

ble solutions will not be reached in finite time. As the system is continually forced

between these distinct regimes, solutions will tend toward a periodic steady state.

We next consider how this steady state is affected by the inclusion of birth and death

processes.
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5.3.3 Model with seasonal breeding

In this section, we will consider a model that contains seasonal breeding as well as

seasonal migration. For now, we are concerned with how a migratory population’s

reproductive success depends on the characteristics of its environment. Thus, we

choose an initial predator density p0(x1) = 0 ∀x1 ∈ [−L, L] so as to preclude any

influence from the predator population. Recall a similar model based on ordinary

differential equations was described by Donohue and Piiroinen (2015b) and Chapter

4. In the absence of predation, the steady-state solution to that system was periodic

in time. If this system behaves in the same way, we now have the means to consider

the spatiotemporal evolution of the limit-cycle solution. Furthermore, we can also

consider how various suppositions about the spatial characteristics of the breeding

quarters condition this evolution.

Although the impact of habitat quality on individual fitness may manifest in

innumerable ways, we will focus our attention on K(x1), the maximum number

of newborns that the environment can support. Firstly, and most simply, if the

condition of the breeding habitat is spatially uniform so that there is no advantage

accrued in choosing one nesting location over another, we let

K(x1) = KU(x1) := K0, (5.41)

where K0 is a positive constant related to the overall productivity of the breeding

habitat. Note that the omission of a barrier to indefinite growth on the non-breeding

habitat has no bearing on our results. At all locations on this habitat, the reproduc-

tive rate is zero (see Eq. (5.30)) and therefore the prescription of a constraint would

be meaningless. Secondly, if the breeding habitat is characterised by a clear gradient

in the suitability of nesting locations, K(x1) may, for example, take a unimodal form

such as

K(x1) = KS(x1) := 6
L2 (Kmin −K0) (x

2
1 − Lx1) +Kmin, (5.42)

where the minimum value Kmin > 0 is attained at the boundary points x = 0 and

x = L. Resources are concentrated on the interior of the habitat, with conditions

for survival optimal at x1 =
L
2
. Figure 5.7 illustrates these two configurations. Note

that, by design, the area under both of these functions is equal to K0L, i.e.

∫ L

0

KS(x1)dx1 =

∫ L

0

KU(x1)dx1 = K0L. (5.43)
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This area can be interpreted as the total number of newborns that the habitat could

hypothetically support at a given time. Now, considering both of these possibilities

K(x1)

0

Kmin

K0

0 L
2 Lx1

KU(x1)

KS(x1)

Figure 5.7: Proposed dependences of limiting newborn population size K on position
x1 as given by Eqs. (5.41) and (5.42). The function KU is constant on (0, L] whereas
KS is quadratic and attains a maximum at x1 =

L
2
.

in turn, we solve Eqs. (5.31)–(5.38). For the parameter values chosen, we found

that all positively valued initial prey density tend toward the same solution as time

evolves. As expected, this solution was a limit cycle with a period of one year. The

solutions for both K(x1) functions are plotted in Figure 5.8. In both cases, total

prey density m := a+ b is given as a function of phase and position.

These solutions share some properties with Figure 5.4 which corresponds to a

model without births or deaths. In particular, all three solutions are characterised

by the sudden onset of spatial discontinuities at x1 = 0 with the population separated

into two groups. A new feature is localised changes in population abundance arising

from reproduction of the adult population a and mortality effects. The sequential

nature of these processes leads to oscillations with a period of one year at all locations.

Thus, in both panels of Figure 5.8, the initial density is recovered after one complete

cycle.

Comparing the two panels, we note that the two solutions deviate significantly

during the breeding season. In each case, there is a tendency for the population

to aggregate at the point where resources are most abundant. More precisely, the

newborn density b tends toward K(x1) at each position x1. Meanwhile, adults forage

for food on a continuous basis with their density tending to uniformity. Thus, the

total breeding season density m comes to resemble K(x1) as time evolves.

Despite the qualitative difference in the evolution of the two solutions during
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Figure 5.8: Limit-cycle solutions to the system given by Eqs. (5.31)–(5.38) in the
absence of predation. The variable m := a+ b represents total prey population size.
The solutions presented in the two panels differ only in the underlying distribution
of resources on the breeding habitat. In panel (a) the environment is homogeneous
with K(x1) = KU(x1) whereas in panel (b) conditions are optimal at x1 = L

2
, as

given by K(x1) = KS(x1). Parameter values used for the prey’s temporal dynamics
were r0 = 0.1, K0 = 50, Kmin = 0 and c1 = c2 = cb = 0.001.

the breeding season, the population densities observed at the beginning of each

breeding season are identical. The migration that follows the breeding season serves

to eradicate any spatial structure prior to the next breeding season. In fact, outside

of the breeding season, there is little deviation between the two solutions. The

fact that the total population size is periodic from one year to the next is perhaps

unsurprising, following Chapter 4. The invariance of the density observed at τ = 0

may be a somewhat surprising result. However, it is a natural consequence of the

assumption of deterministic population fluxes with no time dependence beyond that

on the phase. We assumed that the macroscopic properties of migration do not

change between years and therefore the movement rate of the population, like the

growth rate, settles into an annually repeating pattern.

5.3.4 Model with specialist predation

We conclude by solving the full model given by Eqs. (5.31)–(5.38) using parameter

values that allow the prey and predator populations to coexist. This allows us

to study the spatiotemporal dynamics of the predator population. Perhaps more

importantly in the context of this thesis, it also highlights the effect of predation on
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the steady-state behaviour of the migratory prey population.

We will assume that K(x1) = KS(x1), with all other parameters relating to the

prey population remaining at the values used in Section 5.3.3. For the predatory

interaction, we choose parameter values that were associated with a one-year limit

cycle in the compartment model of Donohue and Piiroinen (2015b) and Chapter 4.

A full list is given in the caption of Figure 5.9. At these values, we detected just

one stable steady-state solution for all choices of a0(x1) and p0(x1). As before, this

solution was a limit-cycle with a period of one year. It is plotted as a function

of phase and location in Figure 5.9, for predator population size p and total prey

population size m.

Figure 5.9: Limit-cycle solution to the predator-prey system given by Eqs. (5.31)–
(5.38). We have set K(x1) = KS(x1). Panel (a) shows the variation in the stationary
predator population p. Panel (b) shows the corresponding variation in the total
migratory prey population m over a single cycle. Parameter values used for the
predatory interaction were Dp = 0.2, cp = 0.02, ea = eb = 0.03, ha = hb = 2 and
d = g = 0.1.

We begin with Figure 5.9(a) which illustrates the dynamics of the predator pop-

ulation. At the prescribed parameter values, the predator population exists at a

much lower level than the prey population. Predators rely on the seasonal food

source to garner enough energy to reproduce but are relatively inefficient in convert-

ing this consumption into new predators. The population consumes enough of the

migrants during their breeding season to balance winter mortality effects but not

enough to destabilise the periodic fluctuations in prey abundance. Unlike the prey

population’s seasonally driven motion, the dispersal of predators has no dependence

on time. The effect of this persistent diffusion is that the population tends toward
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a uniform density on the patch (0, L]. Thus, from the point of view of the prey

population, predation is a spatially homogeneous mortality factor.

The effect on the interaction with predators on prey dynamics is given by Figure

5.9(b). As predation is spatially homogeneous, we would expect Figure 5.9(b) and

Figure 5.8(b) to exhibit comparable spatiotemporal evolution. Predation limits prey

abundance to the same extent at all locations on the breeding habitat. With the

presence of the spatial heterogeneity encompassed by K(x1) = KS(x1), the most

successful nests are again those in the centre of the habitat.

5.4 Discussion

In this chapter, we outlined an explicitly spatial approach to the representation of

seasonal migration of a population. This migration was modelled using a combina-

tion of switching convection terms and switching boundary conditions. With this

framework in place, we considered how spatial inhomogeneity influences the dynam-

ics of a population that periodically visits a habitat. We showed that the spatial

distribution of resources is reflected in the steady-state density of the migrant pop-

ulation. Real landscapes are usually not homogeneous. Thus, we would expect this

result, if borne out in reality, to impact upon the fitness of migrant populations, par-

ticularly those that are single-brooded and therefore more susceptible to breeding

season failures.

We also introduced a specialist predator population in order to provide a fully spa-

tial analogue to the compartment-based formulation provided in Donohue and Piiroinen

(2015b). We found an equivalent periodic steady-state solution to the compartment

model analysed in Section 4.4. The qualitative behaviour of the system remains the

same but we now have the added functionality that comes from spatial modelling. A

PDE based approach allows one to consider disturbances specific to certain locations

in addition to spatial inhomogeneities. We suggest that one would therefore choose

an approach on a case by case basis, depending on how important spatial variation

within a habitat is adjudged to be.

The introduction of nonsmooth forcing to a system of partial differential equa-

tions is an interesting problem in its own right. The switches in vector field and

jumps in state involved in our approach led to an infinite-dimensional variant of the

time-switching hybrid systems discussed in Section 2.1.2. As far as we are aware,
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systems of this kind have been little studied to date. We also periodically introduced

discontinuities in population density at the interface between two habitats. At the

moment of the associated no-flux conditions’s imposition, the system’s compatibil-

ity conditions will typically be violated. Although the resultant space-time corner

singularity can be resolved numerically in the presence of diffusion (Boyd and Flyer,

1999) as it was here, its presence has ramifications for the well-posedness of the sys-

tem. Solutions to the equations may exist only in a generalised sense (i.e., in a weak

formulation).

Our principal interest lies in the explanation of population dynamics however.

Simplifications were made in order to expedite the analysis, in particular with respect

to the spatial domain and the diffusivity of populations. However, the ideas presented

are quite general. It is envisioned that more meaningful inferences about the spatial

properties of migrant populations will be made when different facets of the models

are developed further. In particular, we note that if the analysis undertaken in

this chapter was extended to a multi-dimensional physical space, one could build a

more faithful picture of the habitats on which migrants rely.This would involve the

specification of a two- or three-dimensional spatial domain which could then be split

into two parts (see Figure 5.1). Boundary conditions would need to be specified at

each point on the boundaries of the corresponding domains. A similar computational

approach could then be employed, giving one a means of examining the effects of

more detailed spatial inhomogeneities as well as more detailed population fluxes.

One the most interesting aspects of this work is the questions it poses about

these fluxes. For migrant populations, fluxes must be prescribed over short time

scales characterised by rapid changes in behaviour. During residency stages for in-

stance, we assumed that the motion of newborn individuals is insignificant and that

adults exhibit Brownian random motion while foraging for food. However, the re-

ality is likely to be more complex. As well as space and time dependencies in the

individual fluxes, there may exist a coupling between the motion of the different

age groups, particularly when adults prepare their young for the impending migra-

tion. By appealing to the existing literature on spatial ecology (Holmes et al., 1994;

Murray, 1989), one could begin to incorporate such behaviours.

We used a somewhat blunt switching convection approach to modelling the mi-

gration itself. In more sophisticated applications, it may be desirable to replace this

by a more biologically meaningful mechanism. As an illustrative example, instead
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of Eq. (5.8), consider a flux term of the form

Ja(a, b, p,x, τ) = −Da(x, τ)∇x a(x, t)− a(x, t)∇xϕ(x, t), (5.44)

where ϕ(x, t) represents an environmental potential with lower values corresponding

to more favourable conditions. This is a generalisation of the work of Shigesada et al.

(1979) to include temporal variation in the potential function. This time dependence

can be used to induce migratory behaviour. One could define ϕ(x, t) in such a way

that it reaches a minimum in the appropriate region each season and the population

is drawn down the gradient accordingly. In the absence of strong diffusion off of this

gradient, a high value of the potential on the “wrong” habitat would negate the need

for a switching boundary. This may, in some ways, be a more natural way of thinking

about migration and thus likely to hold more predictive power in general. Such an

approach is more complicated mathematically however. A simpler alternative would

be to enforce geographic separation between ranges by including the route between

habitats explicitly. A decrease in diffusivity would then ensure that the population

does not “turn back” at an undesired point in the cycle.

While we concentrated on prey variation here, the movement of the predator

population may also be enhanced. The model in this chapter related to a predator

that specialised on a seasonal food source. In these circumstances, it is difficult to

argue that no aggregative response (see Section 1.4) would exist unless individual

reaction times were significantly constrained by other factors. Such a coupling be-

tween the motion of the two populations would be an interesting extension of the

work presented here. The short-lived nature of the interactions considered adds an

extra layer to the problem of pattern formation in ecology. An additional step could

then be to relax the assumption that the predator population is constrained to one

of the two ranges of the migratory population. Though prey being tracked on a mi-

gration is perhaps not a widespread phenomenon, it has been observed nonetheless

(Madsen and Shine, 1996; Madsen et al., 2006). Finally, for completeness, we would

be remiss not to recall that specialism is just one kind of predation. As we saw

in Chapter 4, generalist predation can produce multiple stable steady states. It is

not difficult to imagine the benefits of augmenting studies of inter-annual variation

(see Section 4.3.3) with spatial inhomogeneity. The ultimate goal is to improve our

understanding of migrating populations and spatial modelling is a powerful tool to

this end.
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Discussion

In this thesis, we proposed a novel method of modelling the dynamics of seasonally

migrating populations. Through analysing the resultant systems, we were able to

make predictions about the populations’ dynamics in general, conditions needed for

persistence of the populations as well as the effects of different kinds of inter-specific

interaction. A discussion of the significance of these results and how they fit into

a wider body of work in theoretical ecology is contained in the individual chapters.

Moving beyond these specific assessments, it is instructive to consider the features

that are common to all chapters, so as to evaluate the work as a whole.

6.1 Evaluation of modelling approach

The template for the mathematical models in this thesis was originally outlined in

Section 1.4. We relied for instance on the philopatry (i.e., site fidelity) of a sea-

sonal migrant. In other words, we assumed that its breeding and wintering quarters

would not change from one year to the next. The exploitation of this property was

particularly useful in that it allowed us to partition the collection of migrating in-

dividuals of a particular species by site pairs. The burden of describing all relevant

environmental variables is obviously lessened if there are only two pertinent regions.

Furthermore, if all individuals can be assigned to one of a finite number of two-patch

systems, the qualitative behaviour of any migrant population can be determined by

considering a single generic model.

It follows that philopatry is a key ingredient of all of our models and we would be

remiss not to address how common it is in reality. Fidelity to breeding and winter-
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ing habitats has been demonstrated by marine migrants (as reviewed by Dias et al.

(2011)) and appears to be a widespread phenomenon in species of birds (as reviewed

by Newton (2008) and Catry et al. (2004)). A notable exception arises in Cory’s

shearwaters, a species of seabird. Dias et al. (2011) studied the migrations of a

group of shearwaters out of a particular breeding area and found that a significant

number changed their wintering habitats from one year to the next. In such cases,

the N -patch (N > 2) framework employed in metapopulation and irruption models

may be more appropriate (see Section 1.4). Thus, despite the temporal regularity

of their annual migrations, Cory’s shearwaters may be more accurately described as

irruptive migrants, under the classification given in Section 1.4.

This uncertainty with respect to classification suggests that seasonal and irruptive

migrants may represent opposite ends of a spectrum of migratory behaviour, rather

than two distinct categories (Newton, 2006). Cory’s shearwaters may be thought to

lie near the seasonal migration side of this spectrum in the sense that their migra-

tions are regular in time. Shearwaters also exhibit fidelity to their breeding quarters.

However, their capacity to choose between multiple wintering sites disqualifies them

from our framework. This finding may be seen to cast doubt on the general applica-

bility of our models. At the least, it cautions against attempting to fit populations

that superficially appear to be seasonal migrants into this dynamical framework. On

the other hand, it is not necessarily the case that a population that fails to satisfy

the idealised case described in Section 1.4 demands a more complicated, density-

dependent approach.

If one imagines a multi-dimensional spectrum of migratory behaviour, parame-

terised by fidelity, extent and frequency, then our approach is not particularly robust

with respect to changes in fidelity. It can however deal with different migration ex-

tents, allowing us to consider partial migration as long as it occurs between just two

habitats. This can be represented in our framework via a reduction in the model

parameter kv which represents the extent of the annual migrations. Within such pop-

ulations, the individuals who choose to migrate may benefit from predator avoidance

for instance (Skov et al., 2013). However, for the individuals left behind, the risks

faced in the breeding quarters may be quite different during the remainder of the

annual cycle. In practise, predator behaviour, habitat conditions and other system

parameters may need to be redefined as functions of the phase variable τ . One can

then consider the dynamics of partial migrant populations, perhaps in comparison

to an equivalent population that either migrates completely or not at all. Thus while
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“true” irruptions are usually prompted by density-dependent factors and therefore ir-

reconcilable with our approach, the models presented here can effectively deal with a

certain class of partially migrating population, specifically those that are predictable

in their choice of ranges. In Section 6.2.4, we will consider one application of this

feature.

While we may be unable to incorporate migrations triggered by density-dependent

factors, we can nevertheless relax the assumption that migrations are periodic in

time. In the same way that a migration need not be complete, the frequency of

its occurrence need not be fixed. While the use of photoperiodic and temperature

cues to trigger seasonal migrations has experimental backing, it does not necessarily

hold that these factors depend solely on the phase τ . The dependence of migratory

timing on the phase rules out the possibility of longer-term trends. As discussed

in Chapter 3, the migrations of numerous real populations have been occurring at

progressively earlier dates as an adaptive response to climate change. In our anal-

ysis, we considered the effectiveness of repeated instances of particular migratory

strategies in the context of a fixed set of environmental conditions. In this way, we

were able to use steady-state solutions and variation of parameters to capture the

underlying trend toward earlier migration. If climatic variation was incorporated,

one could consider dynamic adjustments by the migratory population in response to

this variation rather than fixating on population behaviour that is static from one

year to the next.

The inclusion of inter-annual variation, be it in environmental conditions, pop-

ulation behaviour or both renders periodic time-switching systems inappropriate.

Time-switching hybrid systems, as defined in Section 2.1.2, could still be employed.

However, in the absence of periodicity, limit-cycle solutions are less likely to exist.

The prevalence of limit-cycle solutions is a notable feature of the thesis. Such solu-

tions are useful as a paradigm as they provide a reference for fluctuations observed in

the abundance of migrant populations. If one has access to such data, comparisons

can be made with respect to frequency and/or amplitude in order to gain clues about

what components might be lacking in a mechanistic model. As an aside, we note that

the Poincaré map induced by the limit-cycle solutions could be seen as an analogue of

to existing models of seasonally migrating populations. Such models usually employ

discrete time with the associated difference equation implicitly incorporating all of

the variation which occurs over the course of a year. Our approach was to instead

use continuous time, with piecewise-smooth functions of time used to delineate each
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individual stage of a population’s annual cycle. The use of piecewise-smooth forcing

functions is perhaps the primary mathematical novelty in the differential equations

presented. Their usage effectively allowed us to model each stage as a smooth dif-

ferential equation, thereby allowing us to draw on the existing theory of population

dynamics in building our models.

6.2 Extensions of the thesis

Generally speaking, the models presented here can be expanded to the frontier of

differential equation based population models. The equations presented here were

left as simple as possible in order to demonstrate basic mechanisms. A rich theory

on the representation of population variation exists. This work may be drawn upon

in order to enhance the differential equations with the desired level of ecological

complexity. This complexity may take the form of multiple interacting species for

example or the introduction of additional density dependent effects. Alternatively,

one could capture more behavioural heterogeneity by splitting the population with

respect to gender as well as age. In this section however, we will focus on extensions

that directly relate to properties that are particular to seasonal migrants.

6.2.1 Time delays

Reproduction of individual migrants is a feature of all of the presented models. We

note that that the growth terms used in the associated equations are more likely

to depend on A1(t − d) than A1(t), where A1(t) represents the biomass of an adult

population at time t, and d > 0 is the typical length of a reproductive cycle (i.e., the

time elapsed between mating and hatching). This approach yields a delay differential

equation. Omitting the delay d and using the A1(t)–dependent form found in the

given equations was a convenient starting point. Incorporating a delay would allow us

to examine how certain migration patterns, expressed via arrival distributions, and

their interplay with other time-dependent functions contained in the switching model

(see Chapter 3) affect the reproductive success of the population. This is a means

through which the shape of the arrival distribution could become a determinant of

the species’ survival. As well as conditioning the shape of the hatching distribution

(see Section 3.5), it would control the rate of growth in a delay-driven model. In a

model of this type, an arrival distribution which is skewed towards late arrivals would
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directly limit the population’s growth early in the breeding season. Delay terms

are mechanisms through which spatial information could be retained between years

(see Chapter 5). With a sufficiently detailed flux term, one could incorporate the

tendency for adult migrants to attempt to retain nesting locations in successive years,

so that in the absence of external factors, the breeding season density propagates

forward in time.

In Chapters 4 and 5, the reproduction of a specialist predator was modelled

as a numerical response to the consumption of a migrating prey. The numerical

response of a real predator population may include a significant lag if it acts on

the fecundity rate (see Section 1.3.2) as was assumed in these models. A num-

ber of studies have already incorporated such effects into predator-prey models

(Bandyopadhyay and Banerjee, 2006; Fan and Wolkowicz, 2010) and the models con-

sidered here could be extended in a similar fashion.

6.2.2 Seasonal predation

Predation, in one form or another, is a feature of Chapters 3–5. Irrespective of how

the interaction is modelled, the underlying consumption rate or functional response

is an important component. A mechanistic derivation of a functional response that

incorporates two different prey types was given in Section 1.3.1 and subsequently used

in Chapter 4 and Chapter 5 to represent age dependent predation. The fundamental

assumption underpinning this derivation is that, as a predator undergoes a random

walk through the prey’s breeding quarters, the resulting interactions with adults and

newborns can be considered independently. This assumption seems likely to be too

strong to apply to all real populations, with numerous density-dependent interactions

between adults and newborns theoretically possible during this searching period.

The predators’ encounter rates with adults and newborns may only be constant if

the prey population is well-mixed. This may not always be the case, particularly in

the early stages of the postpartum period. For example, protective behaviours can

be exhibited by adult members of the population, possibly with an increased risk

to their own survival (Brunton, 1986; Smith, 1987). In such cases, the functional

responses of the subpopulations must be coupled in a more complex fashion and a

first-principles approach (as developed, for example by Van Leeuwen et al. (2013))

may be more appropriate.

More generally, a mechanistic approach was favoured in this thesis because it
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yields models that are based on ecologically meaningful parameters. However, such

approaches often make use of relationships between prey abundance and encounter

rates that represent averages over a time interval ∆T . The interactions considered

typically occurred over short intervals, such as individual seasons. If these intervals

are orders of magnitude shorter than ∆T , an approach based on inference from

observation may be preferable. Though the collection of detailed data over short

time scales presents logistical difficulties, some studies have measured these relations

over the course of a single season (Metz et al., 2012; Panzacchi et al., 2008). These

relationships could be implemented in the models presented here, albeit perhaps with

a cost in terms of diminished capacity to infer biological meaning from the output.

6.2.3 Migratory routes

Though this is a thesis centered on the effects of seasonal migration on populations,

the migration itself was not explicitly included. The journeys between habitats were

treated as instantaneous. The rationale for this omission was that we were con-

cerned with the effects of periodic separation of populations rather than seasonal

migration in and of itself. This is perhaps easiest to justify for species that under-

take direct trips between the breeding and non-breeding habitats. This is especially

common for swimming-based migrations as opportunities to accumulate energy in

oceanic environments may be sparse (Åkesson and Hedenström, 2007). Examples in

bird migration are provided by the bar-tailed godwit and whooper swan (Gill et al.,

2009; Åkesson and Hedenström, 2007) In general however, the process of migration

involves periods of movement interspersed with refueling stages as a migrant moves

closer to its destination.

Broadly speaking, there are two reasons one may wish to incorporate the migra-

tory route in a population model. The first, and most obvious, is if one is interested

in route effects per se. The second is if route effects are believed to have a signifi-

cant impact on the overall dynamics of the population. This leads back to the idea

of seasonal interactions. The behaviour of individuals on arriving to the breeding

quarters may be conditioned somewhat by its ability to refuel or negotiate barriers

along the way. An enlargement of the spatial domain of a model, be it discrete or

continuous, would allow for the integration of these factors.
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6.2.4 Suppressing migration

Shifts in phenology are one of the best-documented effects of climate change on

seasonal migrants and were considered in Chapter 3. A more extreme adjustment

is the disappearance of the migratory behaviour itself. Climate change can lead

to migrants voluntarily becoming residents on a habitat year-round (Fiedler, 2003;

Jaffré et al., 2013; Van Vliet et al., 2009). In other words, the fraction of migrants in

the overall population shrinks, perhaps eventually reaching zero. In our framework,

this means that the rate parameter kv has a tendency to drift toward zero, moving

through different configurations of partial migration along the way. A more severe

case, perhaps more relevant for land-based migrations than flighted, is the discon-

nection of a migratory route. This would cause an instantaneous adjustment of kv

to zero, rather than a gradual decrease.

In either case, with a well formulated model for the dynamics of migrating pop-

ulations, one could consider how a transition to permanent residency could affect its

survival. However, in order to do so the model must be viable in the kv = 0 limit.

This necessitates the inclusion of mechanisms that allow us to examine how the

factors affecting the population dynamics may depend on the presence of migration.

Experiments that temporarily suppress the migration of populations may provide in-

valuable insight into the nature of the modified system (Bartlam-Brooks et al., 2011).

While timing issues of the sort considered in Chapter 3 will largely be circumvented,

a new set of problems may arise, including increased exposure to predators on what

was originally the breeding quarters. The steady-state size of the stationary popu-

lation could then be compared to those from the original model in order to assess

whether a strategy of migration was advantageous for the population.

6.3 New directions

1. An important concept in population dynamics that was touched on only briefly

here is that of regulation. Recall that a regulating factor for a population is

one that prevents indefinite growth. When more than one regulating factor

applies to a particular population, external influences may facilitate an abrupt

change in abundance with one regulating factor is activated at the expense

of another. For example, the removal of generalist predators from a habitat

may allow a prey population to grow to a higher limit and remain there even
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when the predator population is reintroduced. The set of potentially regulating

factors for a migrating population is relatively large due to its exploitation of

multiple habitats. If conditions on one habitat become more favourable, the

switch to a new location may activate a regulating factor that was hitherto

unknown. Merritt et al. (2001) hypothesised that most of the competition in a

continuously breeding vole population occurred during summer so that autumn

density was already tuned to current food availability. Otherwise, the interplay

between seasonality and regulating factors appears to have been little explored,

suggesting another role for models that incorporate all parts of a population’s

annual cycle.

2. In Chapter 3, we suggested a method of integrating the phenology and the

population dynamics of migrants. Subject to various caveats on model de-

sign given in Section 3.5, one could attempt to fit these models to long-term

data sets. For example, if measurements of the phenology of the environ-

ment as well as the arriving individuals were available, a variant of our model

that included inter-annual variation could be used to predict how population

abundance “should” have varied over the associated time interval. These sim-

ulations would function as a means of assessing the accuracy of our modelling

framework and more importantly, may draw attention to factors that have

been overlooked when building the models. In principle, a population model

deemed to be well formulated can then be used to make predictions of how

such populations will vary over the coming years under various climatic sce-

narios. Naturally, this involves making assumptions about how a population’s

behaviour will adjust in the future. For species with relatively short generation

times, adaptation may take the form of phenotypic plasticity, micro-evolution

or both (Charmantier and Gienapp, 2013). In any case, it may be a worthwhile

exercise to evaluate the relative usefulness of different strategies on the part of

the migrating population, in the face of unpredictable variation of resources.

3. In this thesis, we considered issues of optimal timing and predation risk, albeit

in isolation. In reality, there is likely to be a certain amount of interplay be-

tween these two issues. It has been suggested, for example, that Barnacle geese

delay their autumn departure to their breeding habitat as a way of avoiding

predators on their migratory route (Jonker et al., 2010). Conversely, predation

risk can itself be affected by changes in the timing of migration as species at
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different trophic levels alter their phenology to different degrees (Lehikoinen,

2011). A trade-off may exist between the need to maximise the length of time

spent in vicinity of high-quality energy sources and the need to limit the overlap

of ranges with predatory species. Differential equations offer a means of col-

lating these factors and forecasting the possible population-level consequences

of such vulnerabilities.

6.4 Conclusion

We have demonstrated how differential equations may be applied to the study of

seasonally migrating populations. This approach necessitated careful specification

of the birth, death and movement rates of a population. In the process of describing

these rates, we have drawn attention to what may prove to be important auxiliary

concerns in the study of seasonal migrants. These include the importance of age

structure in the dynamics of migratory populations and certain vulnerabilities at

the core of long-distance migration strategies. We believe that we have also iden-

tified some critical factors to be studied empirically. These include the functional

responses associated with short-lived predatory interactions as well the dependence of

dispersive behaviour on time, age and space. Recent technological developments are

allowing scientists to follow individuals through the migratory cycle (Knudsen et al.,

2011). These developments should improve the quality of inputs to mechanistic mod-

els such as those presented here, allowing one to evaluate the assumptions employed

in their formulation. This feedback between mathematics and biology may prove to

play a crucial role in unraveling the characteristics of migrating species.
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Finite differences

A.1 Formulae
The derivatives that appear in the partial differential equation with a dependent variable y can be expressed as

∂y

∂t
(x, t) =

y(x, t)− y(x, t− δt)

δt
+O(δt), (A.1)

∂y

∂x
(x, t) =

y(x+ δx, t) − y(x− δx, t)

2δx
+O(δx

2), (A.2)

∂2y

∂x2
(x, t) =

y(x+ δx, t) − 2y(x, t) + y(x− δx, t)

δx
2

+O(δx
2), (A.3)

with formulae for spatial derivatives at a left boundary x = l and right boundary x = r given by

∂y

∂x
(l, t) =

−3y(l, t) + 4y(l + δx, t)− y(l + 2δx, t)

2δx
+O(δx

2), (A.4)

∂y

∂x
(r, t) =

3y(r, t) − 4y(r − δx, t) + y(r − 2δx, t)

2δx
+O(δx

2). (A.5)

A.2 Sample implementation
Section B.3 contains an M-file that numerically solves the system of partial differential equations introduced in
Section 5.2.2. As a means of explaining its structure, we first consider the single reaction-diffusion equation

∂y

∂t
(x, t) = D

∂2y

∂x2
(x, t) +G(y, x, t) (A.6)

on the spatial domain x ∈ [l, r] with no-flux boundary conditions at x = l and x = r. Using Eqs. (A.1)-(A.3), we
replace Eq. (A.6) by the approximate equation

−
Dδt

δx
2
y(x− δx, t) +

(
1 +

2Dδt

δx
2

)
y(x, t) −

Dδt

δx
2
y(x + δx, t)−G(y, x, t)δt = y(x, t− δt) (A.7)

for some δx, δt > 0. We consider N + 1 equally spaced points on [l, r] and the corresponding state values yi =
y(xi), i = 1, . . . , N + 1. Finally, we approximate no-flux boundary conditions using Eqs. (A.4)-(A.5), yielding the
system

−3y1 + 4y2 − y3 = 0 (A.8)

−
Dδt

δx
2
yi−1 +

(
1 +

2Dδt

δx
2

)
yi −

Dδt

δx
2
yi+1 −G(yi, xi, t)δt = yi(t− δt) for i = 2, . . . , N (A.9)

3yN − 4yN−1 + yN−2 = 0. (A.10)
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This can be expressed as
F (y) = R. (A.11)

where y ∈ RN+1 and F : RN+1 → RN+1. Note that for a set of PDEs, the algebraic equations associated with
each variable can be stacked. This leads to a larger system with the same basic form as Eq. (A.11). In order to
incorporate switches in vector field, the new PDE governing the system’s behaviour is discretised and the functions
F and R replaced accordingly.
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MATLAB files

B.1 M-file for ODE solver
%% seasonal_ode_solver.m

%

% A sample solver for the specialist predation model introduced in Chapter 4.

% Inputs are a vector of initial conditions and the number of cycles over which to solve.

% The resulting numerical solution is plotted and final state values returned.

%

function finalstate = seasonal_ode_solver(ics,num_periods)

% Initial regime information

F1=1;

F2=0;

F3=0;

F4=0;

CycleLength = 365; % length of a migratory cycle

[T,Y] = solveODEmodel([ics(5),ics(5)+num_periods*CycleLength],ics);

finalstate = [Y(end,1:4),mod(Y(end,5),CycleLength)];

figure, plot(T,Y(:,1)+Y(:,2)+Y(:,3),’r’,T,Y(:,4),’g’)

xlabel(’t’)

ylabel(’density’)

title(’Total prey (red) and predator (green) density’)

function [T,Y] = solveODEmodel(interval,ics)

T=[];

Y=[];

% System parameter values:

LengthPeriod1 = 5/12;

LengthPeriod2 = 1/12;

LengthPeriod3 = 5/12;

tau0 = 0;

tau1 = tau0+LengthPeriod1*CycleLength;

tau2 = tau1+LengthPeriod2*CycleLength;

tau3 = tau2+LengthPeriod3*CycleLength;

e_1 = 0.01;

e_N = 0.01;
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h_1 = 2;

h_N = 2;

d = 0.1;

g = 0.1;

k_v = 0.25;

r=0.1;

K=50;

c_1=0.001;

c_2=0.001;

c_N=0.001;

c_P=0.02;

% Event-driven solver:

while interval(1) < interval(2)

e_fun = @(t, y) events(t, y);

opts = odeset(’RelTol’,1e-12,’AbsTol’,1e-12,’Events’,e_fun);

[t,y,~,~,ie] = ode45(@(t,y) mysystem(t,y),interval,ics,opts);

if ~isempty(ie)

ie_e = ie(end);

state_in = y(end,:)’;

switch ie_e

case 1

F1=1;

F2=0;

F3=0;

F4=0;

state_out = [state_in(1:4);tau0];

case 2

F1=0;

F2=1;

F3=0;

F4=0;

state_out = [state_in(1)+state_in(3),...

state_in(2),0,state_in(4),state_in(5)]’;

case 3

F1=0;

F2=0;

F3=1;

F4=0;

state_out = state_in(1:5);

case 4

F1=0;

F2=0;

F3=0;

F4=1;

state_out = state_in(1:5);

end

ics = state_out;

end

interval = [t(end),interval(end)];
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T=[T;t];

Y=[Y;y];

end

% System equations:

function dy = mysystem(~,y)

A1=y(1);

A2=y(2);

N=y(3);

P=y(4);

G_1 = e_1*A1/(1+e_1*h_1*A1+e_N*h_N*N);

G_N = e_N*N/(1+e_1*h_1*A1+e_N*h_N*N);

dy = [k_v*F4*A2-k_v*F2*A1-P*G_1-c_1*A1;

k_v*F2*A1-k_v*F4*A2-c_2*A2;

r*F1*A1*(1-N/K)-P*G_N-c_N*N;

(d*G_1+g*G_N-c_P)*P;

1];

end

% Event functions:

function [value,isterminal,direction] = events(~,y)

tau=y(5);

value = [tau-(tau0+CycleLength),tau-tau1,tau-tau2,tau-tau3];

isterminal = [1,1,1,1];

direction = [1,1,1,1];

end

end

end

B.2 M-file for bifurcation diagrams
%% e_variation.m

%

% A code to produce bifurcation diagrams for the specialist predation

% system using numerical continuation techniques.

%

function e_variation

close all

% Algorithm details:

parameterlabel = ’e’;

parameterend = 0.005;

parameterstart = 0.0109090909090909;

num_steps = 10;

parameterlist = linspace(parameterstart,parameterend,num_steps);

filename=’e_run.mat’;

ic=[124,0.1,45,0.01,10];

numcycles=1; % Period of limit cycle

sysdim=5; % Dimension of dynamical system

errortol = 1e-10; % Termination threshold for Newton’s method

poincaresection = ic(sysdim);
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identitymatrix = eye(sysdim);

ics = ic;

% Initial regime information

F1=1;

F2=0;

F3=0;

F4=0;

CycleLength = 365; % length of a migratory cycle

% (Fixed) system parameter values:

LengthPeriod1 = 5/12;

LengthPeriod2 = 1/12;

LengthPeriod3 = 5/12;

tau0 = 0;

tau1 = tau0+LengthPeriod1*CycleLength;

tau2 = tau1+LengthPeriod2*CycleLength;

tau3 = tau2+LengthPeriod3*CycleLength;

h_1 = 2;

h_N = 2;

d = 0.1;

g = 0.1;

k_v = 0.25;

r=0.1;

K=50;

c_1=0.001;

c_2=0.001;

c_N=0.001;

c_P=0.02;

function dy = mysystem(~,y,parameterspec)

e = parameterspec;

e_1 = e;

e_N = e;

A1=y(1);

A2=y(2);

N=y(3);

P=y(4);

delta = reshape(y(sysdim+1:(sysdim+1)*sysdim),sysdim,sysdim)’;

term1a=-d*e_1*A1/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_N*e_N;

term1b=g*e_N/(N*e_N*h_N+A1*e_1*h_1+1);

term1c=g*e_N^2*N/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_N;

term2a=d*e_1/(N*e_N*h_N+A1*e_1*h_1+1);

term2b=d*e_1^2*A1/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_1;

term2c=g*e_N*N/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_1*e_1;

system_jacobian = [-k_v*F2-c_1-(P*e_1/(N*e_N*h_N+A1*e_1*h_1+1))+(P*e_1^2*A1/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_1),...

k_v*F4,P*e_1*A1/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_N*e_N,-e_1*A1/(N*e_N*h_N+A1*e_1*h_1+1),0;

k_v*F2,-k_v*F4-c_2,0,0,0;

F1*r*(1-N/K)+P*e_N*N/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_1*e_1,0,...

-(F1*r*A1/K)-(P*e_N/(N*e_N*h_N+A1*e_1*h_1+1))+(P*e_N^2*N/(N*e_N*h_N+A1*e_1*h_1+1)^2*h_N)-c_N,...

-e_N*N/(N*e_N*h_N+A1*e_1*h_1+1),0;

P*(term2a-term2b-term2c),...
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0,P*(term1a+term1b-term1c),...

d*e_1*A1/(N*e_N*h_N+A1*e_1*h_1+1)+g*e_N*N/(N*e_N*h_N+A1*e_1*h_1+1)-c_P,0;

0,0,0,0,0;];

delta_t = system_jacobian*delta;

G1 = e_1*A1/(1+e_1*h_1*A1+e_N*h_N*N);

G2 = e_N*N/(1+e_1*h_1*A1+e_N*h_N*N);

dy = [k_v*F4*A2-k_v*F2*A1-P*G1-c_1*A1;

k_v*F2*A1-k_v*F4*A2-c_2*A2;

r*F1*A1*(1-N/K)-P*G2-c_N*N;

(d*G1+g*G2-c_P)*P;

1;

reshape(delta_t’,1,sysdim^2)’;];

end

function [value,isterminal,direction] = events(~,y)

tau = y(5);

value = [tau-(tau0+CycleLength),tau-tau1,tau-tau2,tau-tau3];

isterminal = [1,1,1,1];

direction = [1,1,1,1];

end

function S = saltation(vectorf_in,vectorf_out,gx_x_in,hx_x)

S = gx_x_in+((vectorf_out-gx_x_in*vectorf_in)*hx_x)/(hx_x*vectorf_in);

end

j=1;

ptcollection = [];

while j<length(parameterlist)+1

parametervalue = parameterlist(j);

solutioncollection=[];

% Find fixed point using Newton method:

i=1;

currentstate=ics;

currentperiod=numcycles*CycleLength;

currentstateandperiod = [currentstate,currentperiod]’;

while true

current_state=[currentstateandperiod(1:sysdim);identitymatrix(:)]’;

current_period=currentstateandperiod(1+sysdim);

[T,Y,monodromymatrix] = solveODEmodel([current_state(5),...

current_state(5)+current_period],current_state,parametervalue);

iterated_state = Y(end,:);

rhsofDE = mysystem(T(end),iterated_state’,parametervalue);

rhsofDE=rhsofDE(1:sysdim);

D = [monodromymatrix-identitymatrix,rhsofDE;[0,0,0,0,1,0]];

inc_vector = D\[current_state(1:sysdim)-iterated_state(1:sysdim),...

poincaresection-current_state(5)]’;
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newstateandperiod = currentstateandperiod + inc_vector;

currentstateandperiod = newstateandperiod;

if max(abs(inc_vector)) < errortol

break;

end

i=i+1;

end

steadystateseek1=newstateandperiod(1:5); % set density to Newton method’s final approximation

solutioncollection(1,:) = steadystateseek1’;

j=j+1;

if (j>=3 && j<length(parameterlist)+1)

previousfinalposition = finalposition;

end

finalposition = steadystateseek1’;

if j<3

ics = finalposition;

elseif (j>=3 && j<length(parameterlist)+1)

ics= previousfinalposition+(finalposition-previousfinalposition)*...

(parameterlist(j)-parameterlist(j-2))/(parameterlist(j-1)-parameterlist(j-2));

end

% calculate Floquet multipliers:

[~,~,monodromy] = solveODEmodel([finalposition(5),finalposition(5)+currentperiod],...

[finalposition,reshape(eye(sysdim)’,1,sysdim^2)],parametervalue);

e=eigs(monodromy);

output= solutioncollection;

ptcollection=[ptcollection;parametervalue*ones(size(output,1),1),output,e’];

end

% Plot branch and associated eigenvalues:

X=ptcollection(:,1);

Y1=ptcollection(:,2)+ptcollection(:,3)+ptcollection(:,4);

Y2=ptcollection(:,5);

figure(1),hold on,

scatter(X,Y1,100,’.’)

xlabel(parameterlabel)

ylabel(’prey’)

figure(2),hold on,

scatter(X,Y2,100,’.’)

xlabel(parameterlabel)

ylabel(’predator’)

figure(3), hold on

scatter(X,ptcollection(:,7),100,’.’)

scatter(X,ptcollection(:,8),100,’.’)

scatter(X,ptcollection(:,9),100,’.’)

scatter(X,ptcollection(:,10),100,’.’)

scatter(X,ptcollection(:,11),100,’.’)

xlabel(parameterlabel)

ylabel(’Floquet multipliers’)

figure(4), hold on
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scatter(X,abs(ptcollection(:,7)),100,’.’)

scatter(X,abs(ptcollection(:,8)),100,’.’)

scatter(X,abs(ptcollection(:,9)),100,’.’)

scatter(X,abs(ptcollection(:,10)),100,’.’)

scatter(X,abs(ptcollection(:,11)),100,’.’)

xlabel(parameterlabel)

ylabel(’Floquet magnitudes’)

% Save output:

outdata=ptcollection;

save(filename,’outdata’)

function [T,Y,monodromymatrix] = solveODEmodel(interval,ics,parameterspec)

T=[];

Y=[];

flowJacobian= identitymatrix;

% Event-driven solver:

while interval(1) < interval(2)

e_fun = @(t, y) events(t, y);

opts = odeset(’RelTol’,1e-12,’AbsTol’,1e-12,’Events’,e_fun);

[t,y,~,~,ie] = ode45(@(t,y) mysystem(t,y,parameterspec),interval,ics,opts);

if ~isempty(ie)

ie_e = ie(end);

state_in = y(end,:)’;

var_eq_soln = reshape(y(end,sysdim+1:(sysdim+1)*sysdim),sysdim,sysdim)’;

vectorf_in = mysystem(t(end),state_in,parameterspec);

vectorf_in = vectorf_in(1:sysdim);

switch ie_e

case 1

F1=1;

F2=0;

F3=0;

F4=0;

gx_x_in = sparse(1:5,1:5,[1,1,1,1,0]);

state_out = [state_in(1:4);0;identitymatrix(:)];

case 2

F1=0;

F2=1;

F3=0;

F4=0;

gx_x_in = sparse([1:5,1],[1:5,3],[[1,1,0,1,1],1]);

state_out = [state_in(1)+state_in(3),state_in(2),0,...

state_in(4),state_in(5),identitymatrix(:)’]’;

case 3

F1=0;

F2=0;

F3=1;

F4=0;

gx_x_in = identitymatrix;

state_out = [state_in(1:sysdim);identitymatrix(:)];
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case 4

F1=0;

F2=0;

F3=0;

F4=1;

gx_x_in = identitymatrix;

state_out = [state_in(1:sysdim);identitymatrix(:)];

end

vectorf_out = mysystem(t(end),state_out,parameterspec);

vectorf_out = vectorf_out(1:sysdim);

saltationmatrix = saltation(vectorf_in,vectorf_out,gx_x_in,[0,0,0,0,1]);

flowJacobian = saltationmatrix*var_eq_soln*flowJacobian;

ics = state_out;

end

interval = [t(end),interval(end)];

T=[T;t];

Y=[Y;y];

end

var_eq_soln = reshape(y(end,sysdim+1:(sysdim+1)*sysdim),sysdim,sysdim)’;

monodromymatrix = var_eq_soln*flowJacobian;

end

end

B.3 M-File for PDE solver

close all;

clear all;

%% model parameters

CycleLength = 365;

LP1 = 5/12;

LP2 = 1/12;

LP3 = 5/12;

LP4 = 1-LP1-LP2-LP3;

cutoffpoint=152;

Dm = 2;

vmax = 1;

Dp = 0.03;

c_1=0.001;

c_2=0.001;

c_N=0.001;

c_P=0.02;

E=0.03;

e1 = E;

eN = E;
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d = 0.1;

g = 0.1;

grP_A=d*e1;

grP_B=g*eN;

h1=2;

hN=2;

h1e1 = h1*e1;

hNeN = hN*eN;

c1fn = @(x)((x<=0).*(-c_2) + (x>0).*(-c_1));

cPfn = @(x)((x<=0).*(-c_P) + (x>0).*(-c_P));

cNfn = @(x)((x<=0).*(0) + (x>0).*(c_N));

r = 0.1;

K = 50;

rfn = @(x)((x<=0).*(0) + (x>0).*(r));

L=8; Kmin=0; A=L*K; y2fn = @(x)( (x<0)*0 + (x>=0).*r./...

((3*A/(2*L)-Kmin/2+(6/L^2)*(Kmin-A/L).*(x.^2-L.*x+0.25*(L^2)))));

T = CycleLength;

L = 8; % length of a region

N=2^8; % number of intervals in spatial mesh for migrating prey

M=2^13; % number of intervals in temporal mesh

errortol = 1e-10; % termination threshold for Newton’s method

%% define a mesh in x-t space

h=(2*L)/N; % spatial step-size

x=linspace(-L,L,N+1); % spatial mesh with N+1 nodes

t0 = 0;

tau=(T-0)/M; % temporal step-size

t=linspace(t0,t0+T-tau,M); % temporal mesh with M+1 nodes

A1 = Dm*tau/(h^2); % coefficient in difference scheme

A2 = Dp*tau/(h^2); % coefficient in difference scheme

LV = @(interactioncoefficient,x,density,i1,i2,s1,s2,s3)(...

interactioncoefficient(x(i1:i2))*tau.*...

density(1,i1+s2:i2+s2).*density(1,i1+s1:i2+s1) );

LVDelPrey = @(interactioncoefficient,x,density,i1,i2,s1,s2,s3)(...

interactioncoefficient(x(i1:i2))*tau.*density(1,i1+s1:i2+s1) );

PredFn = @(predationcoefficient,x,density,i1,i2,s1,s2,s3,activecoefficient,othercoefficient)(...

predationcoefficient*tau.*density(1,i1+s2:i2+s2).*...

density(1,i1+s1:i2+s1)./(1+activecoefficient*...

density(1,i1+s2:i2+s2)+othercoefficient*density(1,i1+s3:i2+s3)) );

PredFnDelActivePrey = @(predationcoefficient,x,density,i1,i2,s1,s2,s3,activecoefficient,othercoefficient)(...

predationcoefficient*tau.*density(1,i1+s1:i2+s1).*...

(1+othercoefficient*density(1,i1+s3:i2+s3))./...

(1+activecoefficient*density(1,i1+s2:i2+s2)+...

othercoefficient*density(1,i1+s3:i2+s3)).^2 );

PredFnDelOtherPrey = @(predationcoefficient,x,density,i1,i2,s1,s2,s3,activecoefficient,othercoefficient)(...

-predationcoefficient*tau.*density(1,i1+s1:i2+s1)*othercoefficient.*...

density(1,i1+s2:i2+s2)./(1+activecoefficient*density(1,i1+s2:i2+s2)+...

othercoefficient*density(1,i1+s3:i2+s3)).^2 );

PredFnDelPredator = @(predationcoefficient,x,density,i1,i2,s1,s2,s3,activecoefficient,othercoefficient)(...

predationcoefficient*tau.*density(1,i1+s2:i2+s2)./(1+activecoefficient*...

density(1,i1+s2:i2+s2)+othercoefficient*density(1,i1+s3:i2+s3)) );

%% define velocity functions for migrating species, m

vneg = @(x)((x < -L/2)*0 + ((x<0) & (x >= -L/2)).*(-vmax*(1+2*x/L)) + (x>=0)*(-vmax));

dvdxneg = @(x)((x < -L/2)*0 + ((x<0) & (x >= -L/2))*(-2*vmax/L) + (x >= 0)*0);
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vpos = @(x)((x<0)*vmax + (x>=0 & x <= L/2).*(vmax*(1-2*x/L)) + (x > L/2)*0);

dvdxpos = @(x)((x<0)*0 + (x>=0 & x <= L/2).*(-2*vmax/L) + (x > L/2)*0);

%% position of events

events = [cutoffpoint,0]; % location of events on [0,CycleLength]

nextevents = events;

for j=1:length(nextevents)

if (nextevents(j) < mod(t0,CycleLength)) || (nextevents(j) == t0)

nextevents(j) = nextevents(j) + CycleLength;

end

end

[firstevent,firsteventindex] = min(nextevents);

index=find(mod(t,CycleLength)>firstevent-tau,1)-1;

if index > 0 % if event found on specified time interval

t_crit = t(index); % find last time-step prior to firstevent

t1 = t(1:index);

t2 = t(index+1:end);

else

t1=t;

t2=[];

end

%% implement (discontinuous) initial conditions

load(’iteratedpredationspatial.mat’, ’finaldensity’)

settledsoln = finaldensity;

S = zeros(M,3*N+3); % a row corresponds to one time-step, a column to ??

S(1,:) = settledsoln;

MIntegral(1) = h*(sum(S(1,N/2+2:N+1)));

SIntegral(1) = h*(sum(S(1,1:N/2+1)));

PIntegral(1) = h*(sum(S(1,N+2:2*N+2)));

BIntegral(1) = h*(sum(S(1,2*N+3:3*N+3)));

%% define the nonlinear row-vector function F, the zero of which gives the solution on a given timestep

FSplit = @(density,RHS,~,~,y1fn)( [3*Dm*density(1,1)-4*Dm*density(1,2)+Dm*density(1,3),...

density(1,1:N/2-1).*(-A1) + density(1,2:N/2).*(1+2*A1-tau*c1fn(x(2:(N/2))))+...

PredFn(e1,x,density,2,N/2,N+1,0,2*N+2,h1e1,hNeN)+ density(1,3:N/2+1).*(-A1),...

-Dm*density(1,N/2-1)+4*Dm*density(1,N/2)-3*Dm*density(1,N/2+1),...

3*Dm*density(1,N/2+2)-4*Dm*density(1,N/2+3)+Dm*density(1,N/2+4),...

density(1,N/2+2:N-1).*(-A1) + density(1,N/2+3:N).*(1+2*A1-tau*c1fn(x((N/2+3):N)))+...

PredFn(e1,x,density,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN)+density(1,N/2+4:N+1).*(-A1),...

-Dm*density(1,N-1)+4*Dm*density(1,N)-3*Dm*density(1,N+1),...

3*Dp*density(1,N+2)-4*Dp*density(1,N+3)+Dp*density(1,N+4),...

density(1,N+2:N+(N/2)).*(-A2)+density(1,N+3:N+(N/2)+1).*(1+2*A2-tau*cPfn(x(2:(N/2))))-...

PredFn(grP_A,x,density,2,N/2,N+1,0,2*N+2,h1e1,hNeN)+...

density(1,N+4:N+(N/2)+2).*(-A2),-Dp*density(1,N+(N/2))+4*Dp*density(1,N+(N/2)+1)-3*Dp*density(1,N+(N/2)+2),...

3*Dp*density(1,N+(N/2)+3)-4*Dp*density(1,N+(N/2)+4)+Dp*density(1,N+(N/2)+5),...

density(1,N+(N/2)+3:N+N).*(-A2) + density(1,N+(N/2)+4:N+N+1).*(1+2*A2-tau*cPfn(x((N/2+3):N)))-...

PredFn(grP_A,x,density,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN)-...

PredFn(grP_B,x,density,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1)+density(1,N+(N/2)+5:N+N+2).*(-A2),...

-Dp*density(1,N+N)+4*Dp*density(1,N+N+1)-3*Dp*density(1,N+N+2),...

density(1,2*N+3:5*N/2+4),...

density(1,N+N+(N/2)+5:N+N+N+2).*(1+tau*cNfn(x((N/2+3):N)))-density(1,(N/2)+3:N).*(tau*y1fn(x((N/2+3):N)))+...

LV(y2fn,x,density,N/2+3,N,2*N+2,0,N+1)+PredFn(eN,x,density,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1),...

density(1,3*N+3)]-RHS);

JacobianSplit = @(S0,~,~,y1fn)( [sparse([1:N+1,1:N,2:N+1,1,(N/2)+1,(N/2)+2,N+1],...

[1:N+1,2:N+1,1:N,3,(N/2)-1,(N/2)+4,N-1],[[3*Dm;1+2*A1-tau*c1fn(x(2:(N/2)))’+...
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PredFnDelActivePrey(e1,x,S0,2,N/2,N+1,0,2*N+2,h1e1,hNeN)’;...

-3*Dm;3*Dm;1+2*A1-tau*c1fn(x((N/2+3):N))’+PredFnDelActivePrey(e1,x,S0,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN)’;...

-3*Dm]’,[-4*Dm;(-A1)*ones(N/2-1,1);0;-4*Dm;(-A1)*ones((N/2)-2,1)]’,...

[(-A1)*ones(N/2-1,1);4*Dm;0;(-A1)*ones((N/2)-2,1);4*Dm]’,Dm,-Dm,Dm,-Dm]),...

sparse(1:N+1,1:N+1,[0,PredFnDelPredator(e1,x,S0,2,N/2-1,N+1,0,2*N+2,h1e1,hNeN),...

0,0,PredFnDelPredator(e1,x,S0,N/2+2,N,N+1,0,2*N+2,h1e1,hNeN),0]),...

sparse(1:N+1,1:N+1,[0,0*PredFnDelOtherPrey(e1,x,S0,2,N/2,N+1,0,2*N+2,h1e1,hNeN),...

0,0,0*PredFnDelOtherPrey(e1,x,S0,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN),0]);...

sparse(1:N+1,1:N+1,-[0,PredFnDelActivePrey(grP_A,x,S0,2,N/2,N+1,0,2*N+2,h1e1,hNeN),...

0,0,PredFnDelActivePrey(grP_A,x,S0,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN)+...

0*PredFnDelOtherPrey(grP_B,x,S0,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1),0]),...

sparse([1:N+1,1:N,2:N+1,1,(N/2)+1,(N/2)+2,N+1],[1:N+1,2:N+1,1:N,3,(N/2)-1,(N/2)+4,N-1],...

[[3*Dp;1+2*A2-tau.*cPfn(x(2:(N/2)))’-PredFnDelPredator(grP_A,x,S0,2,N/2,N+1,0,2*N+2,h1e1,hNeN)’;...

-3*Dp;3*Dp;1+2*A2-tau.*cPfn(x((N/2+3):N))’+-PredFnDelPredator(grP_A,x,S0,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN)’-...

PredFnDelPredator(grP_B,x,S0,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1)’;-3*Dp]’,...

[-4*Dp;(-A2)*ones((N/2)-1,1);0;-4*Dp;(-A2)*ones((N/2)-2,1)]’,...

[(-A2)*ones((N/2)-1,1);4*Dp;0;(-A2)*ones((N/2)-2,1);4*Dp]’,Dp,-Dp,Dp,-Dp]),...

sparse(1:N+1,1:N+1,[0,zeros(1,(N/2)-1)-0*PredFnDelOtherPrey(grP_A,x,S0,2,N/2,N+1,0,2*N+2,h1e1,hNeN),0,0,-...

PredFnDelActivePrey(grP_B,x,S0,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1)-...

0*PredFnDelOtherPrey(grP_A,x,S0,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN),0]);...

sparse(1:N+1,1:N+1,[zeros(1,(N/2)+2),[-tau*y1fn(x((N/2+3):N))+...

LVDelPrey(y2fn,x,S0,N/2+3,N,2*N+2,0,N+1)+...

0*PredFnDelOtherPrey(eN,x,S0,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1)],0]),...

sparse(1:N+1,1:N+1,[zeros(1,(N/2)+2),PredFnDelPredator(eN,x,S0,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1),0]),...

sparse(1:N+1,1:N+1,[ones(1,(N/2)+2),[(1+tau*cNfn(x((N/2+3):N)))+...

LVDelPrey(y2fn,x,S0,N/2+3,N,2*N+2,0,N+1)+...

PredFnDelActivePrey(eN,x,S0,N/2+3,N,N+1,2*N+2,0,hNeN,h1e1)],1]);] );

FVelocity = @(density,RHS,velfn,velderivative,~)( [(2*h*velfn(x(1))+3*Dm)*density(1,1)-...

4*Dm*density(1,2)+Dm*density(1,3),...

density(1,1:N-1).*(-2*Dm*tau-velfn(x(2:N))*h*tau)/(2*h^2)+density(1,2:N).*(1+2*A1+tau*velderivative(x(2:N))-...

tau*c1fn(x(2:N)))+PredFn(e1,x,density,2,N,N+1,0,2*N+2,h1e1,hNeN)+...

density(1,3:N+1).*(-2*Dm*tau+velfn(x(2:N))*h*tau)/(2*h^2),...

-Dm*density(1,N-1)+4*Dm*density(1,N)+(2*h*velfn(x(N+1))-3*Dm)*density(1,N+1),...

3*Dp*density(1,N+2)-4*Dp*density(1,N+3)+Dp*density(1,N+4),...

density(1,N+2:N+(N/2)).*(-A2)+density(1,N+3:N+(N/2)+1).*(1+2*A2-tau*cPfn(x(2:(N/2))))-...

PredFn(grP_A,x,density,2,N/2,N+1,0,2*N+2,h1e1,hNeN)+density(1,N+4:N+(N/2)+2).*(-A2),...

-Dp*density(1,N+(N/2))+4*Dp*density(1,N+(N/2)+1)-3*Dp*density(1,N+(N/2)+2),...

3*Dp*density(1,N+(N/2)+3)-4*Dp*density(1,N+(N/2)+4)+Dp*density(1,N+(N/2)+5),...

density(1,N+(N/2)+3:N+N).*(-A2) + density(1,N+(N/2)+4:N+N+1).*(1+2*A2-tau*cPfn(x((N/2+3):N)))-...

PredFn(grP_A,x,density,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN)+density(1,N+(N/2)+5:N+N+2).*(-A2),...

-Dp*density(1,N+N)+4*Dp*density(1,N+N+1)-3*Dp*density(1,N+N+2),...

density(1,2*N+3:3*N+3)]-RHS);

JacobianVelocity = @(S0,velfn,velderivative,~)([sparse([1:N+1,1:N,2:N+1,1,N+1],...

[1:N+1,2:N+1,1:N,3,N-1],[[2*h*velfn(x(1))+3*Dm;...

1+2*A1+tau*velderivative(x(2:N))’-tau*c1fn(x(2:N))’+...

PredFnDelActivePrey(e1,x,S0,2,N,N+1,0,2*N+2,h1e1,hNeN)’;2*h*velfn(x(N+1))-3*Dm]’,...

[-4*Dm;(-2*Dm*tau+velfn(x(2:N))’*h*tau)/(2*h^2)]’,...

[(-2*Dm*tau-velfn(x(2:N))’*h*tau)/(2*h^2);4*Dm]’,Dm,-Dm]),...

sparse(1:N+1,1:N+1,[0,PredFnDelPredator(e1,x,S0,2,N,N+1,0,2*N+2,h1e1,hNeN),0]),...

sparse(N+1,N+1);...

sparse(1:N+1,1:N+1,-[0,PredFnDelActivePrey(grP_A,x,S0,2,N/2,N+1,0,2*N+2,h1e1,hNeN),...

0,0,PredFnDelActivePrey(grP_A,x,S0,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN),0]),...

sparse([1:N+1,1:N,2:N+1,1,(N/2)+1,(N/2)+2,N+1],[1:N+1,2:N+1,1:N,3,(N/2)-1,(N/2)+4,N-1],...

[[3*Dp;1+2*A2-tau.*cPfn(x(2:(N/2)))’-PredFnDelPredator(grP_A,x,S0,2,N/2,N+1,0,2*N+2,h1e1,hNeN)’;...

-3*Dp;3*Dp;1+2*A2-tau.*cPfn(x((N/2+3):N))’-...

PredFnDelPredator(grP_A,x,S0,N/2+3,N,N+1,0,2*N+2,h1e1,hNeN)’;-3*Dp]’,...

[-4*Dp;(-A2)*ones((N/2)-1,1);0;-4*Dp;(-A2)*ones((N/2)-2,1)]’,...

[(-A2)*ones((N/2)-1,1);4*Dp;0;(-A2)*ones((N/2)-2,1);4*Dp]’,Dp,-Dp,Dp,-Dp]),...

sparse(N+1,N+1);sparse(N+1,N+1),sparse(N+1,N+1),speye(N+1)]);

%% solve system until first event is detected
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for i=2:length(t1)

Phase = mod(t1(i),CycleLength);

if 0 <= Phase && Phase < LP1*CycleLength

Jacobian=JacobianSplit;

F= FSplit;

velocity = 0;

velocityderivative = 0;

R = [0,S(i-1,2:N/2),0,0,S(i-1,N/2+3:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

elseif LP1*CycleLength <= Phase && Phase < (LP1+LP2)*CycleLength

Jacobian=JacobianVelocity;

F=FVelocity;

velocity = vneg;

velocityderivative = dvdxneg;

R = [0,S(i-1,2:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

elseif (LP1+LP2)*CycleLength <= Phase && Phase < (LP1+LP2+LP3)*CycleLength

Jacobian=JacobianSplit;

F = FSplit;

velocity = 0;

velocityderivative = 0;

R = [0,S(i-1,2:N/2),0,0,S(i-1,N/2+3:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

else

Jacobian=JacobianVelocity;

F=FVelocity;

velocity = vpos;

velocityderivative = dvdxpos;

R = [0,S(i-1,2:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

end

approx1 = S(i-1,:);

while true % method must run at least once

JacobianXn = Jacobian(approx1,velocity,velocityderivative,rfn);

inc_vector = JacobianXn\(-F(approx1,R,velocity,velocityderivative,rfn))’;

approx2 = approx1’ + inc_vector;

approx1 = approx2’;

if max(inc_vector) < errortol

break;

end

end

S(i,:)=approx2; % set density to Newton method’s final approximation

MIntegral(i) = h*(sum(S(i,N/2+2:N+1)));

SIntegral(i) = h*(sum(S(i,1:N/2+1)));

PIntegral(i) = h*(sum(S(i,N+2:2*N+2)));

BIntegral(i) = h*(sum(S(i,2*N+3:3*N+3)));

end

%% continue solving system from first event detection

for i=1+length(t1):M

Phase = mod(t2(i-length(t1)),CycleLength);

%% find the position of the first-occurring "anchor event" during each cycle
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if ((t_crit-tau/2 < Phase && Phase < t_crit+tau/2)) || (i==1+length(t1))

%% generate events for this cycle

extended_t = mod(Phase:tau:(Phase+CycleLength-tau),CycleLength);

for j=1:length(events)

if j==firsteventindex

tstar_cycle(j) = Phase;

else

[error(j) index(j)] = min(abs(extended_t-events(j)));

tstar_cycle(j) = extended_t(index(j));

end

end

end

%% detect events for this cycle

if Phase == tstar_cycle(1) % Event 1 detected

S(i,:) = [S(i-1,1:N+1)+S(i-1,2*N+3:3*N+3),S(i-1,N+2:2*N+2),zeros(1,N+1)];

rfn = @(x)((x<=0).*(0) + (x>0).*(0));

MIntegral(i) = h*(sum(S(i,N/2+2:N+1)));

SIntegral(i) = h*(sum(S(i,1:N/2+1)));

PIntegral(i) = h*(sum(S(i,N+2:2*N+2)));

BIntegral(i) = h*(sum(S(i,2*N+3:3*N+3)));

continue;

end

if Phase == tstar_cycle(2) % Event 2 detected

rfn = @(x)((x<=0).*(0) + (x>0).*(r));

end

if 0 <= Phase && Phase < LP1*CycleLength

Jacobian=JacobianSplit;

F= FSplit;

velocity = 0;

velocityderivative = 0;

R = [0,S(i-1,2:N/2),0,0,S(i-1,N/2+3:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

elseif LP1*CycleLength <= Phase && Phase < (LP1+LP2)*CycleLength

Jacobian=JacobianVelocity;

F=FVelocity;

velocity = vneg;

velocityderivative = dvdxneg;

R = [0,S(i-1,2:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

elseif (LP1+LP2)*CycleLength <= Phase && Phase < (LP1+LP2+LP3)*CycleLength

Jacobian=JacobianSplit;

F = FSplit;

velocity = 0;

velocityderivative = 0;

R = [0,S(i-1,2:N/2),0,0,S(i-1,N/2+3:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

else

Jacobian=JacobianVelocity;

F=FVelocity;

velocity = vpos;

velocityderivative = dvdxpos;

R = [0,S(i-1,2:N),0,0,S(i-1,N+1+2:N+1+N/2),...

0,0,S(i-1,N+1+N/2+3:N+1+N),0,S(i-1,2*N+3:3*N+3)];

end

approx1 = S(i-1,:);
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while true % method must run at least once

JacobianXn = Jacobian(approx1,velocity,velocityderivative,rfn);

inc_vector = JacobianXn\(-F(approx1,R,velocity,velocityderivative,rfn))’;

approx2 = approx1’ + inc_vector;

approx1 = approx2’;

if max(inc_vector) < errortol % terminate process when increment vector is sufficiently small

break;

end

end

S(i,:)=approx2; % set density to Newton method’s final approximation

MIntegral(i) = h*(sum(S(i,N/2+2:N+1)));

SIntegral(i) = h*(sum(S(i,1:N/2+1)));

PIntegral(i) = h*(sum(S(i,N+2:2*N+2)));

BIntegral(i) = h*(sum(S(i,2*N+3:3*N+3)));

end

%% plot the output

figure(1)

mesh(x,t,S(:,1:N+1));

xlabel(’x’)

ylabel(’t’)

zlabel(’M’)

figure(2)

mesh(x,t,S(:,N+2:N+N+2));

xlabel(’x’)

ylabel(’t’)

zlabel(’P’)

figure(3)

mesh(x,t,S(:,2*N+3:3*N+3));

xlabel(’x’)

ylabel(’t’)

zlabel(’B’)

figure(4)

plot(t,MIntegral,’r’,t,SIntegral,’b’,t,PIntegral,’k’,t,BIntegral,’g’);

xlabel(’t’)

ylabel(’M (red), S (blue), Predator (black), B (green)’)
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