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Abstract 
 
A strain-gradient crystal plasticity framework, based on physical dislocation mechanisms, is 

developed for simulation of the experimentally-observed grain size effect on low cycle 

fatigue of a CoCr alloy. Finite element models of the measured microstructure are presented 

for both as-received and heat-treated CoCr material, with significantly different grain sizes.  

Candidate crystallographic slip based parameters are implemented for prediction of fatigue 

crack initiation. The measured beneficial effects of fine grain size on both cyclic stress-strain 

response and crack initiation life are predicted. The build-up of geometrically necessary 

dislocations due to strain-gradients, leading to grain-size dependent material hardening, is 

shown to play a key role.  
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1. Introduction 

It is well established that fatigue damage and fatigue crack initiation (FCI) in metals are 

sensitive to microstructure [1,2]. Experimental evidence indicates that grain size is a key 

microstructural feature affecting fatigue performance. Morrison and Moosbrugger [3], for 

example, presented an experimental study on the fatigue of coarse- and fine-grained 

polycrystalline nickel, reporting larger stress amplitudes and longer fatigue lives for the fine 

grain material under strain-controlled plasticity conditions. While fine-grained materials are 

FCI-resistant, coarse grains have been shown to give an increased threshold stress intensity 

factor range and, thus, improved resistance to fatigue crack growth [4,5]. Consequently, 

numerous industrial applications take advantage of the grain size effect, with components 

designed to have fine-grained surfaces, where FCI is more likely to occur [1], and coarse-

grained interiors, for example, to resist crack growth. In the case of micro-scale components, 

for which microstructural features are comparable in size to component sectional dimensions, 

such as stents or micro-electro-mechanical devices, FCI typically dominates fatigue life and, 

therefore, a fine-grained structure is desirable throughout the load-carrying sections [6].  

 

FCI is known to originate within persistent slip bands (PSBs), formed due to the build-up of 

mobile dislocations during irreversible cyclic slip [2,7]. This paper hypothesises that the key 

physical basis of the grain size effect in fatigue lies in the development of immobile 

geometrically necessary dislocations (GNDs) to accommodate curvature of the crystal lattice 

in response to plastic strain-gradients, which hinder the movement of mobile dislocations. 

Littlewood and Wilkinson [8] presented an electron back-scatter diffraction study on 

cyclically deformed Ti–6Al–4V in which lattice rotation was measured and used to identify 

GND distributions via a cross-correlation technique. The study provided experimental 

evidence of  high GND densities in regions of large strain gradients near grain boundaries 
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and within grains. Finer-grained microstructures produce higher gradients of plastic strain 

and, thus, associated regions of increased GND densities. As a result, these regions are 

thought to experience increased cyclic hardening and, therefore, exhibit reduced plastic slip, 

improving fatigue performance.  

 

While this paper focuses on manifestation of the grain size effect via strain-gradient 

plasticity, other size effects can equally influence the fatigue behaviour of metals. Geers et al. 

[9] categorised size effects into (i) strain-gradient effects, (ii)  intrinsic size effects, (iii) 

statistical size effects and (iv) surface constraint size effects. As previously mentioned, strain-

gradient effects result from the storage of GNDs to allow lattice curvature. Intrinsic effects, 

also known as microstructural size effects, refers to the influence of intrinsic length scales in 

the microstructure, such as Burger's vector magnitude, obstacle size and spacing, grain size 

and grain boundary width [10,11]. For example, strengthening due to the Orowan mechanism 

is dependent on obstacle spacing and, thus, can be classified an intrinsic size effect. 

Strengthening as a function of grain size due to the pile-up of dislocations at grain boundaries 

is another such effect (modelled empirically using the Hall-Petch relation). Statistical size 

effects arise when device or specimen dimensions are comparable to grain size. The 

mechanical performance of such devices is often dictated by the behaviour of relatively few 

grains. Hence, features such as crystallographic orientation can significantly affect 

mechanical performance. Grogan et al. [12] investigated statistical size effects on the 

performance of stents to develop a series of equations ensuring safe stent design, including a 

relationship between grain size, strut length and maximum strain. Finally, surface constraints 

become increasingly important in the presence of a high ratio of surface area to volume. The 

behaviour of material at an interface or along a free surface can significantly affect the 

behaviour of a thin specimen, as illustrated by Geers et al. [9].  
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Nye [13] and later Ashby [14] proposed the storage of GNDs as the mechanism by which 

strain gradients are accommodated in the crystal lattice. Fleck et al. [15] developed a strain 

gradient plasticity theory based on dislocation mechanisms, describing the storage of GNDs 

as a result of strain-gradients, and applied it to torsion of circular section wire. Macroscopic 

continuum models have since been developed to deal with the presence of strain gradient 

effects. For example, one study homogenized the behaviour of a weld steel material in finite 

element (FE) fatigue analyses by assigning strength to homogenisation units based on the 

empirical Hall-Petch relation and a statistical grain size distribution [16], to circumvent the 

explicit modelling of strain-gradients in different-sized grains. Taking this a step further, a 

crystal plasticity (CP) formulation, describing plastic slip on individual slip systems in the 

crystal lattice, have also been developed to include a Hall-Petch term with a threshold stress 

for fretting fatigue of Ti-6Al-4V [17–19]. However, more accurate and realistic predictive 

models require a more fundamental, physically-based approach, based on GND evaluation, to 

capture lengthscale and, hence grain (and other microstructure) size effects. Various strain-

gradient CP formulations, including the work of Fleck et al. [15], have been developed [20–

25], via inclusion of hardening mechanisms based on the evolution of GND density. One 

such CP formulation has been used by Cheong et al. [20] to predict grain size effect on 

monotonic stress-strain response for copper polycrystals. Ma et al. [22] applied a similar 

approach to predict the stress field during shearing of an aluminium single crystal, while 

Dunne and co-workers [25]  successfully predicted the measured GND density field near a 

carbide particle in a nickel single crystal. However, evidence has yet to be presented on 

strain-gradient CP modelling of the experimentally observed grain size effect on fatigue 

behaviour.  
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A key objective of this study is the assessment of fatigue performance, via prediction of 

fatigue life. Various macro-scale criteria have been developed for assessment of total life 

fatigue performance, e.g. [26–28]. However, these approaches have limited viability for 

micro-scale design. Fatigue life (Nf) can be decomposed into number of cycles to crack 

initiation (Ni), microstructurally small crack growth, physically small crack growth and long 

crack growth [2]; the first two are microstructurally-driven processes [1,2], while the latter 

can be largely predicted via fracture mechanics. Significant scatter is observed in fatigue due 

to microstructural inhomogeneity, which cannot be captured by macro-scale models. 

Microstructure-based approaches, e.g. CP modelling, which take into account these 

inhomogeneities, have the potential to capture scatter in fatigue performance e.g. [29,30]. 

Microstructure-based fatigue criteria are attractive for the assessment and design of 

components on the micro-scale. Mura [31] proposed a model for FCI based on the stability of 

dislocation structures in a PSB, evaluated via an energy balance in a mathematical model for 

the evolution of dislocation structures. Sangid and co-workers [32–34] adopted a detailed 

physically-based energy balance approach for FCI in a slip band spanning a grain, including 

terms to account for applied stress-field, work hardening, formation of dislocation dipole 

structures, dislocation nucleation at grain boundaries, penetration of grain boundaries by 

dislocations, and interruption of lattice staking sequence in the matrix and precipitates. 

Macro-scale criteria have been adapted for use at the micro-scale. For example, the Smith-

Watson-Topper and Fatemi-Socie criteria have been used as fatigue indicator parameters 

(FIPs) in conjunction with a critical plane approach to predict fatigue life and number of 

cycles to FCI, respectively, in CP simulations of fretting fatigue [18,19,35,36]. More 

recently, microstructure-sensitive FIPs have been developed specifically for CP fatigue 

predictions. One example of this is the effective crystallographic slip parameter presented by 

Manonukul and Dunne [37], used to successfully predict numbers of cycles to FCI  across 
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both LCF and HCF regimes, for various cyclic loading ratios and temperatures. The 

applicability of this FIP has been further investigated with strain-gradient CP to predict 

experimentally-observed FCI for several four-point bending, ferritic steel specimens, with a 

view to investigating the role of strain-gradients, anisotropic elasticity and plastic slip in FCI 

[38]. Strong correlation was demonstrated between distributions of the effective 

crystallographic slip FIP and the experimentally observed crack sites, and the study also 

revealed a strong correlation between computationally predicted peaks of GND density and 

experimental FCI sites, suggesting that GND density itself could be employed as an FIP. A 

crystallographic work parameter has also been developed for use with CP models [39], which 

addresses the need for stress-strain criteria.  

 

In this study, a physically-based strain-gradient CP methodology is developed and is shown 

to successfully predict the effect of grain size on both the cyclic stress-strain (hysteresis) and 

crack initiation fatigue behaviour of a biomedical grade CoCr alloy. LCF test data is 

presented for both fine-grained (as-received) and coarse-grained (after heat treatment) test 

specimens of the material, to quantify the effect of grain size on cyclic stress-strain curves 

and initiation life. The strain-gradient constitutive formulation of [25] is modified through the 

inclusion of statistically-stored dislocation (accumulation and annihilation) evolution 

equations. The measured grain morphology statistics are implemented in unit cell FE models 

of the coarse- and fine-grained materials and combined with the constitutive model for 

comparison with the measured hysteresis and FCI behaviour, vis-a-vis grain size and strain 

range effects. A additional novel aspect is the combined use of a damage evolution curve for 

FCI identification (from experimental damage data) and microstructure-sensitive FIPs, based 

on crystallographic slip and work, for prediction of crack initiation life.  
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2. Experiments 

The material tested is the L605 CoCr alloy, trade-named HAYNES 25 alloy [40],which has a 

face-centred cubic (fcc) crystal structure [41]. The material was received as a hot-rolled bar, 

solution-annealed at 1230 0C, with chemical composition of 20 wt% chromium, 15 wt% 

tungsten, 10 wt% nickel, 3 wt% iron, 1.5 wt% manganese, 0.4 wt% silicon, 0.1 wt% carbon 

and the balance consisting of cobalt. The test programme includes (i) heat-treatment of the 

alloy to increase the grain size,  (ii) microstructural characterization via microscopy of the as-

received and heat-treated material and (iii) mechanical testing of the two material conditions 

to measure the effect of microstructure on the fatigue behaviour. Some microscopy and 

mechanical testing of the as-received material were reported in a previous study [30], but are 

presented here also for comparison. 

 

2.1. Heat-treatment and microscopy 

Heat-treatment of the L605 material was employed to effect a significant increase in grain 

size. The initial iterative heat-treatment tests were based on solution annealing temperatures 

suggested for the L605 alloy [42]. Based on the observed changes in grain size, a final heat-

treatment protocol was implemented; this corresponds to annealing at a 1250 0C for 2.5 

hours.    

 

Optical microscopy employed for both as-received and heat-treated material, using an etching 

solution of 100ml HCl and 5ml 30% H2O2, to discern information on grain size and grain 

area distributions. Optical micrographs of the as-received and heat-treated material can be 

seen in Fig. 1(a); the grain sizes were found to be 32 m and 243 m, respectively. Twin 

boundaries are visible in both microstructures, formed during the annealing process. 

Microscopy images of both transverse and longitudinal cross-sections of the as-received and 
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heat-treated bar portions revealed no discernible difference in grain structure and, thus, an 

equiaxed microstructure was inferred for the two conditions. Scanning electron microscopy 

(SEM) was used to investigate particles in the L605 matrix, including energy dispersive x-ray 

(EDX) spectroscopy for identification of particle composition, and crystallographic texture, 

via electron backscatter diffraction (EBSD), for the two material conditions. As reported 

previously [30], the as-received material contained precipitates with high tungsten and carbon 

content (relative to the L605 matrix) with a total area fraction of 0.52%. Microscopy of the 

heat-treated material yielded no signs of precipitates. This is in agreement with a previous 

study on L605 precipitates [43], which reported that almost no precipitates were visible after 

heat-treating at temperatures above1200 0C. EBSD orientation maps, provided in Fig. 1(b) for 

both the as-received and heat-treated material conditions for views parallel and perpendicular 

to the central axis of the cylindrical CoCr bar, indicate the absence of crystallographic texture 

(i.e. random crystallographic orientations) for the two material conditions.  

 

2.2. Mechanical testing 

The fatigue test program consisted of strain-controlled LCF tests on the as-received and heat-

treated materials at strain ranges ±0.5% and ±1.0%. The specimen design followed ASTM 

standards [44] for strain-controlled fatigue; the test rig employed is an Instron 8500 servo 

hydraulic system with hydraulic grips and V-shaped jaws at a strain rate of 1.0% s-1. The test 

was stopped in each case when a 30% drop in maximum load was observed following 

stabilisation of initial cyclic hardening. 

 
3. Computational framework 

This section describes the development of the FE model, including both strain-gradient CP 

constitutive formulation and microstructure geometry, used to simulate the LCF tests of 

Section 2 for the as-received and heat-treated materials. 
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3.1. Crystal plasticity constitutive model 

The strain-gradient CP constitutive formulation of Dunne et al. [25] is adopted for this study. 

The equations used in the formulation describe the movement of mobile dislocations, or 

dislocation glide, through the crystal lattice, with the application of stress. Hardening occurs 

due to the presence of immobile dislocations, including both statistically-stored dislocations 

(SSDs) and GNDs, which behave as obstacles in the path of mobile dislocations. The 

presence of GNDs introduces the strain-gradient effect into the model, as shown below. The 

schematic of Fig. 2 shows the mechanism proposed here to explain the role of the 

development of GNDs in causing a grain size effect on fatigue behaviour. This schematic is 

necessarily a simplistic 2D representation of a complex 3D crystallographic phenomena. An 

arbitrary grain in a polycrystal is hypothesised to experience a spatial gradient in plastic 

deformation due, for example, to the orientation and geometry of adjacent grains, as 

illustrated in Fig 2(a). In this case, the plastic deformation in the x-direction (signified by the 

xx component of the plastic deformation gradient, Fp) at A is greater than at B, i.e. a gradient 

in p
xxF  forms in the y-direction. A simplified view of the hypothesised deformed crystal 

lattice within this grain is provided in Fig. 2(b). Dislocations of a particular sign must be 

stored in order to accommodate the curvature in the lattice, consistent with the gradient in 

plastic deformation. Therefore, these dislocations are geometrically necessary (i.e. GNDs). 

While the lattice also experiences stretch and additional rotation under applied and/or residual 

stress, these forms of deformation are elastic. From Fig. 2(b), the density of GNDs is 

dependent on the length of the lattice, L, over which the gradient in plastic deformation 

exists, as the same number of GNDs are required for a given change in plastic deformation, 

regardless of the distance over which the change takes place. Two grains under the same 

applied loading field, in an identical scaled microstructure morphology, will develop GND 

densities dependent on their respective grain sizes, d1 and d2, as shown in Fig. 2(c). The same 
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number of GNDs must form along the d2 dimension of the finer grain as along the d1 

dimension of the coarser grain. Hence, GND densities are higher in finer-grained materials, 

resulting in increased hardening, and thus, reduced cyclic plasticity.      

 

As the calculation of GND densities is dependent on spatial gradients of deformation , the CP 

equations are implemented in a user-element subroutine (UEL) in Abaqus to provide access 

to the necessary element information. The UEL implementation of Dunne et al. [25] is used 

here. Deformation of the crystal lattice is described in the formulation using a deformation 

gradient, F, with elastic and plastic components: 

 (1) 
 

The second Piola-Kirchoff stress, S, is used in the implementation, to facilitate large 

deformation computations. The stress-strain relation is defined as:   

 (2) 
 

where DR is the fourth order elasticity tensor referred to the reference frame, E is the Green 

strain tensor and superscript 'e' denotes variables evaluated at an intermediate frame. Cubic 

elastic constants are used to construct DR, owing to the fcc structure of the L605 lattice. The 

second Piola-Kirchoff stress is calculated from the Cauchy stress by: 

 (3) 
 

The shear stress on a slip system α is defined as a function of S: 

 (4) 
 

where sα0 and nα
0 denote the slip system direction and normal, respectively, evaluated in the 

undeformed reference frame. The fcc L605 alloy has twelve {111} 110  slip systems. The 

plastic velocity gradient can be expressed as: 



11 
 

 
(5) 

 

where  is the slip rate on a slip system α. The flow rule, relating slip rate to shear stress, τα, 

on a slip system, is defined by: 

 
(6) 

 

where ρSSD,m
 is the mobile SSD density on a slip system, b is Burger's vector magnitude, ν is 

the frequency of attempts by mobile dislocations to overcome energy barriers, ΔH is the 

Helmholtz free energy, k is the Boltzmann constant, T is the temperature, τc is the critical 

resolved shear stress, 0  is a reference strain and ΔV is the activation volume. The flow rule 

of Eq. (6) is developed from Gibbs creep rate equation [45], as described by Manonukul et al. 

[46], in which an exponential function, developed by Granato et al. [47], defines the 

probability of an energy fluctuation at a given temperature that could allow a dislocation to 

overcome an energy barrier. The Helmholtz free energy is associated with the activation of 

pinned dislocation jumps, successful or otherwise, utilised by Gibbs, in order to establish 

average dislocation glide speed. Forward and backward activation events are taken into 

account by the hyperbolic sine term of Eq. (6). The activation volume, on which the stress 

field operates, can be defined by: 

 (7) 
 

where the pinning distance between dislocations, l, is described as a function of both 

immobile SSD density, ρSSD,i, and GND density, ρGND : 

 
(8) 

 

Thus, the final flow rule is defined by:  
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(9) 

 

The slip system GND density is defined here as a function of the elastic deformation 

gradient: 

 
(10) 

 

where bα is Burger's vector and ρGND
α is comprised of both edge and screw dislocation density 

components. Eq. (10) is solved via a least squares minimisation scheme, described fully in 

previous work [25], whereby the sum of the squares of dislocation densities is minimised. An 

evolution equation for the immobile SSD density, similar to that presented by Evers et al. 

[48], has been implemented here in the UEL, to account for both accumulation and 

annihilation of dislocations:  

 
(11) 

 

where Hαβ are interaction coefficients describing the mutual immobilisation between 

dislocations of different slip systems, c is a constant and yc is the critical annihilation 

distance. The rationale of Ohashi et al. [49] is adopted for assigning  Hαβ; dislocations on the 

same  slip system and on coplanar slip systems are assumed not to contribute to the mean free 

path, and thus a coefficient of 0 is assigned, while a coefficient of 1 is assigned for all other 

combinations. 

 

The temperature, T, is set at room temperature (293 K) for the CP simulations, while the 

frequency, ν, is set at 1.0  1011 s-1, chosen to be two orders of magnitude smaller than the 

Debye frequency [50]. The mobile SSD density, ρSSD,m, and the initial immobile SSD density, 

ρSSD,i
α

0, are both taken to be 5  1010 m-2, based on the data presented in [15]. The critical 
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resolved shear stress, τc, calculated by dividing the yield stress of the material (reported in 

previous work [30]) by the Taylor factor for an fcc crystal, is taken as 173.5 MPa. The 

reference strain is taken as a constant at 0.001. The constant, c, used in Eq. (11), is set at 0.01, 

within the range suggested by Ohashi et al. [51], while the critical annihilation distance, yc, is 

taken to be 2.  10-9 m, similar to that reported by Essmann and Mughrabi [52]. The 

Helmholtz free energy, ΔH, is identified via comparison of the cyclic micromechanical FE 

analyses with experiments. For simulation of tests at room temperature, as in this study, 

thermal activation is unlikely to be important, so that in fact the rate-sensitivity (relating to 

ΔH) in the model is negligibly small. 

 

As stated in the introduction, a key aspect of the present work is the prediction of numbers of 

cycles to crack initiation, Ni, and the effect of grain size on this. Microstructure-sensitive FIPs 

are implemented for this purpose in the UEL, based on variables in the CP equations above. 

The importance of scale compatibility between constitutive model and FIP based-predictive 

methods has been previously discussed for CP modelling [29,30]. The effective 

crystallographic slip parameter of Manonukul and Dunne [37], defined by: 

 
(12) 

 

has been related to the formation of PSBs in fatigue [2]. Although the method has been used 

to predict locations of FCI [38], the present work is the first attempt, to the authors' 

knowledge, to correlate this parameter with crack initiation life within the context of a 

physically-based length-scale dependent CP constitutive framework. The crystallographic 

work parameter [39], W: 

 
(13) 
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is also investigated here. This energy-based parameter takes into account different aspects of 

work carried out at a crystallographic level, defined by the terms of Eq. (9). This includes 

plastic work done by the applied stress field, due to τα, work hardening with increase in 

density of GNDs and immobile SSDs, and activation energy for unpinning of mobile 

dislocations. Both components of the crystallographic work parameter are affected by GND 

density; slip rate is directly influenced in accordance with Eq. (9), decreasing with increasing 

GND density due to increased microstructural barriers to slip, and slip system shear stress 

increases with GND density as increased energy is required to overcome barriers. In the 

present work, crack initiation is deemed to correspond to critical values of the FIPs presented, 

pcrit and Wcrit, being reached. Cyclic values of the FIPs (i.e. accumulated over a single 

stabilised cycle) are used to assess when these critical values are reached, i.e. 
cyc

crit
i W

WN  

(similar for p). 

 

3.2. Finite element microstructure geometry 

Microscopy data acquired in Section 2 was used for the generation of realistic polycrystal 

models for the micromechanical FE analyses. Conversion of the grain area distributions 

extracted from optical microscopy in Section 2.1 to grain volume distributions was required 

for generation of the 3D FE geometries. A hexagon and rhombic-dodecahedron were 

assumed to represent 2D and 3D grains, respectively, as shown in Fig. 3(a). The common 

dimension, d (grain size), allows conversion of hexagonal grain area, A, to rhombic 

dodecahedron grain volume, V, fully defined by the equations: 

 

(14) 
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This approximation facilitated the extraction of grain volume distributions for the two 

material conditions from their respective grain area distributions. MATLAB [53] was used to 

generate 3D Voronoi tessellations, which were superimposed on a voxel mesh to generate 

polycrystal geometries. A polycrystal model was then identified with grain volume 

distribution that closely correlated to the measured microstructure distribution for the as-

received. This model was then scaled to obtain the heat-treated microstructure geometry 

according to average grain volumes of the two material conditions, i.e. 
fineg

coarseg

finep

coarsep

V
V

V
V

, 

where Vp and Vg represent FE polycrystal and average grain volumes, respectively. 

Comparison of the experimental and sample FE model grain volume distributions can be seen 

in Figs. 3(b) and (c) for the as-received and heat-treated materials, respectively. Twin 

boundaries have not been included in the polycrystal FE geometries for this study. 

 

While SEM did not reveal precipitates in the heat-treated material, precipitates were observed 

in the as-received material. Thus, precipitates have been incorporated into the FE model of 

the as-received material in order to take into account their effect, additional to the effect of 

grain size, on fatigue performance. A seven-element unit, composed of a single precipitate 

element surrounded by six CoCr matrix elements, was developed for this purpose. The FE 

geometry for the as-received material can be seen in Fig. 3(d), along with the seven-element 

unit, which slots into the space of a regular element in the mesh. The unit was inserted 

randomly into the mesh, at  a sufficient number of locations to maintain measured precipitate 

volume fraction. The precipitates were assumed to be tungsten carbides, based on the EDX 

observations, and were accordingly assigned a high Young's modulus of  714 GPa [54]. 
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Each FE polycrystal comprised 28 crystallographic grains. The mesh for the heat-treated 

condition consisted of 3375 (153) 20-noded brick elements with polycrystal dimensions of 

(866 m)3. Replacement of normal elements with the seven-element unit for the as-received 

condition resulted in a mesh composed of 3723 elements (see Fig. 3(d)), with polycrystal 

dimensions of (120 m)3.  Mesh refinement was carried out based on a strain-gradient CP 

mesh sensitivity study of Cheong et al. [20]. The final mesh used here employs an average of 

120 elements per grain; results from Cheong et al. [20] indicated that macroscopic polycrystal 

response showed little sensitivity to mesh refinement above 8 elements per grain for grain 

sizes greater than 30 m. Periodic displacement boundary conditions were applied to the 

polycrystal to simulate macroscopic behaviour. Due to the prohibitively large computational 

expense associated with cyclic 3D strain-gradient CP FE analyses, a definitive representative 

volume element (RVE) has not been used here. However, it has been shown [55] that 

periodic displacement boundary conditions applied to a volume element smaller than an RVE 

provide a response between the upper and lower limits of the macroscopic response of that 

material. 

 

The polycrystal FE analyses used the strain-gradient CP constitutive model to simulate LCF 

loading of the as-received and heat-treated materials at the two experimental strain ranges of 

±0.5% and ±1.0%, until stabilisation of the cyclic stress-strain response. In order to predict 

microstructure-induced results, three realizations of random crystallographic orientation 

distributions, as represented by the inverse pole figures of Fig. 3(e), are presented for each 

strain range and material condition. Assignment of random orientations corresponds to a lack 

of crystallographic texture, corroborated by the EBSD maps of Fig. 1(b). 
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4. Results 

4.1. LCF testing 

The fine grain (as-received) material was found to exhibit superior fatigue behaviour for both 

applied LCF strain ranges. The stress range history of the two materials can be seen in Fig. 4, 

where cyclic stress amplitudes (Δσ/2) of the fine grain material are approximately 100 MPa 

greater than that of the coarse grain (heat-treated) material across both applied strain ranges.  

 

The measured total and plastic strain- life data is shown in Figs. 5 (a) and (b), respectively, 

including additional results from previous work by the authors [30] for the as-received 

material at applied strain ranges of ±0.8% and ±1.2%. A Coffin-Manson fit for the as-

received material is also provided in Fig. 5(b). The total strain data of Fig. 5(a) shows that the 

coarse grain (heat-treated) material exhibits lower fatigue life. However the fine and coarse 

grain material data points appear to fall on the same Coffin-Manson curve. This demonstrates 

increased hardness and reduced cyclic plasticity of the fine grain material condition, and 

suggests that the material exhibits the same relationship between plastic strain and fatigue life 

for the two grain sizes. 

 

4.2. Micromechanical simulations  

The polycrystal FE simulations are used to identify the Helmholtz free energy, ΔH, for the 

strain-gradient CP constitutive model, via comparison of the predicted and measured 

responses, for the as-received material, using a least squares objective function. All other 

material parameters are based on physical considerations, as described in Section 3. The 

complete set of constitutive constants used in the strain-gradient CP formulation is provided 

in Table 1.  
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GND density distributions from the CP LCF simulations are presented for a sample 

microstructure realization in Fig. 6, for both grain sizes, for the two strain ranges. Clearly, 

significantly higher ρGND values are predicted for the fine grain cases. The average ρGND 

distribution is an order of magnitude higher for the fine grain material. A comparison of the 

predicted and experimental stabilised stress-strain hysteresis loops for one microstructure 

realization (one random crystallographic orientation set) is shown in Fig. 7; excellent 

agreement is achieved generally. Cyclic stress range data for experiments and simulations is 

compared in Fig. 8, including results for all three microstructure realizations. Significantly 

lower stress ranges are clearly predicted for the coarse grain material.  

 

The measured evolution of cyclic maximum stress response is used here to compute the 

evolution of fatigue damage and, hence, identify the experimental number of cycles to FCI, 

Ni. Ni is considered to occur at a critical damage Dc. A high probability exists of FCI 

occurring at the free surface for the LCF regime [1,56]. Therefore Dc is selected based on the 

ratio of cross-sectional area of the specimen compromised by initiation of a crack with depth 

equal to the standard element size (from the FE polycrystal models) in each repeated unit at 

the free surface of the fatigue specimen. This leads to a value for Dc of 0.0125. Experimental 

damage curves are thus computed for each test, as shown in Fig. 9, using the relation 

max

D 1 ,  based on the effective stress damage concept [57], where σ is the cyclic 

maximum stress and σmax is the maximum value of σ for each test. The critical values of the 

FIPs, Wcrit and pcrit, are calibrated against Ni for the fine grain material at the ±1.0% strain 

range, where Wcrit = WcycNi (similar for pcrit). Maximum cyclic values of the microstructure-

sensitive FIPs, Wcyc and pcyc, are extracted from the micromechanical LCF simulations. The 
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resulting identified values for Wcrit and pcrit are 9.19  104 MJ m-3 and 164.3, respectively. 

Predictions of Ni for the other grain size-strain range combinations using these critical values, 

along with the calibrated case, are shown in Fig. 10. W and p both clearly capture the 

decrease in Ni for the coarse grain material for a given applied total strain range. W predicts 

significantly more accurately than p for all validation cases.  

 

5. Discussion 

The as-received, fine-grained  material exhibits superior fatigue performance than the heat-

treated material. The coarse-grained, heat-treated material exhibits lower stress ranges and 

shorter lives for a given applied strain range, as seen in Figs. 4 and 5(a), respectively. 

Interestingly, data points for the coarse- and fine-grained materials essentially lie on the same 

Coffin-Manson line, as shown in Fig. 5(b). It can be postulated that this is due to the 

increased hardening and thus reduced cyclic plasticity, experienced by the fine-grain material 

due to the presence of GNDs. In contrast with this, Morrison and Moosbrugger [3] reported 

differing Coffin-Manson curves for fine and coarse grain nickel (with similar grain sizes to 

those used here). However, data points provided in the LCF region investigated here show 

little difference in Coffin-Manson trend. The work of Morrison and Moosbrugger suggests 

that with further testing towards the HCF regime the Coffin-Manson curves of the fine and 

coarse grain materials will begin to diverge.  

 

The cyclic hysteresis loops of Fig. 7 clearly show the ability of the strain-gradient 

micromechanical framework to capture the grain size effect in fatigue. A decrease in stress 

range is seen with increase in grain size in Figs. 7 and 8. The increased hardening of the fine 

grain material can be explained by the increased build-up of GNDs. The differences in GND 

densities of Fig. 6, due to grain size, corroborates the mechanism of GND formation due to 
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spatial strain gradients proposed in Fig. 2. The authors are not aware of any published 

measurements of GND density for the present material, particularly after cyclic loading; 

however, Littlewood and Wilkinson [8] have measured GND densities in Ti-6Al-4V 

following cyclic loading, and showed that the range was between 1010 and 1016 m-2. The 

predicted values of Fig 6. lie within this range. The influence of hardening due to GNDs on 

fatigue behaviour is dependent on the relative densities of GNDs and immobile SSDs, as 

given by Eq. (9). For the coarse grain simulations, the ratio of GND to immobile SSD 

average densities ranges from 0.35 to 1; for the fine grain simulations, the range is from 2.5 

to 4.1. This indicates that while a further decrease in grain size will result in a greater 

influence of GNDs, as expected, on the other hand, an increase in grain size will result in 

negligible further deterioration in fatigue performance. This is due to GND densities 

dropping further below immobile SSD densities and, thus, becoming negligible. This is 

consistent with the findings of Fleck et al. [15], who showed that strain-gradient effects are 

most influential in polycrystals for grain sizes of less than 20 m. 

 

Although both microstructure-sensitive FIPs successfully predict the trend of fatigue 

performance for the two material conditions (Fig. 10), i.e. higher Ni for the fine grain 

material, the crystallographic work parameter, W, is significantly more accurate. This is 

corroborated by the approach of Sangid and co-workers [32–34], which predicts crack 

initiation in a PSB spanning a grain based on minimisation of a summation of energy terms, 

describing work carried out in the formation of the slip band and extrusions at the intersection 

with the grain boundary. The W parameter used in this work does not operate on the 

assumption of a PSB spanning a grain, but predicts FCI at the point of maximum 

crystallographic work. However, courtesy of the slip rule in Eq. (9), it incorporates 

components of energy similar to terms used in the approach of Sangid and co-workers, such 
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as  the applied stress field, work hardening due to immobile dislocation build-up and 

unpinning of immobile dislocations for  glide. Other energetic mechanisms are omitted by the 

FIP, including dislocation activity explicitly at the grain boundary (i.e. dislocation nucleation 

and formation of extrusions) and the interruption of lattice stacking sequence by mobile 

dislocations during slip. The Sangid model is a more detailed one, including atomistic 

simulations for quantifying grain boundary energy terms, based on the analysis of a single 

slip band in each grain. It is expected that some of the additional terms may have less 

influence in the CP approach used here, where the highly organised dislocation dipole 

structures of a PSB and the PSB-grain boundary interface are not explicitly modelled. 

 

While it may be postulated that the data of Fig. 5(b) indicates that the Coffin-Manson relation 

can predict total fatigue life for a material across multiple grain sizes, it is important to note 

that a Coffin-Manson life prediction (for non-laboratory conditions) is dependent on the 

predicted cyclic plastic strain range and, thus, the constitutive model. The strain-gradient 

model presented here can clearly be used effectively for multiple grain sizes in conjunction 

with the Coffin-Manson relation. However, use of this approach with a definitive RVE 

polycrystal would not produce scatter in life predictions, as this is a bulk material prediction. 

Microstructure-sensitive FIPs offer the benefit of capturing localised effects, where FCI is 

predicted to occur at peaks in FIP distributions, present due to microstructural 

inhomogeneity. Thus, the combination of microstructure-sensitive constitutive model and 

predictive methods facilitates capture of scatter in life predictions and provides a statistical 

basis for fatigue design. 

 

It can be seen from the as-received models in Fig. 6 that peaks in ρGND distributions often 

occur near precipitates. To investigate the effect of precipitates on fatigue performance, a 
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polycrystal model for one microstructure realisation of the as-received material without 

precipitates was analysed for the two strain ranges. The results indicate that precipitates have 

a negligible effect on macroscopic hysteresis behaviour of the as-received material. Changes 

in predictions of Ni upon removal of precipitates for the two FIPs and the two strain ranges 

are provided in Table 2. For pcyc, the predicted effect of precipitate removal on Ni is small, 

less than 3%, and does not show a consistent increase or decrease. Ni is predicted to increase 

for both strain ranges using Wcyc, with a maximum increase of nearly 13% predicted. 

However, the higher Ni values still lie within the range of predictions for the three 

microstructural realizations of the as-received model with precipitates. Nonetheless, as Wcyc 

predictions were found to give better correlation with the measured data in Fig. 10, results 

from these additional simulations predict a bigger difference between fatigue performance of 

the as-received and heat-treated conditions without the presence of precipitates and, thus, an 

even larger effect of grain size on FCI life. 

 

This work does not address all types of size effects in fatigue, e.g. some mechanisms relating 

to intrinsic size effects. For example, a size effect due to build up of dislocations at grain 

boundaries is not captured. For the bulk material behaviour presented here, statistical size 

effects and surface constraint effects are not considered to be important. However, such 

effects may become important for micro-scale applications. Twin boundaries observed in 

both the as-received and heat-treated microstructures have not been modelled in this study. 

Simulations of polycrystals with a high frequency of twin boundaries by Sangid and co-

workers [32,33], using the energy balance approach for FCI in PSBs, provided strong 

evidence of FCI occurring in grains with twin boundaries. More recent work presented CP FE 

simulations investigating the effect of twin boundaries on predicted FIP values [58]. While 

this work showed that inclusion of twin boundaries in polycrystal simulations results in an 
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increase in frequency of high FIP values in the vicinity of twin boundaries, the range of 

maximum FIP values observed appeared largely unaffected. Therefore, while it is anticipated 

that the inclusion of twin boundaries in the analyses presented here would generally act to 

reduce predicted crack initiation lives, it is expected that changes in Ni predictions would be 

small and predictions for both grain sizes would be equally affected without a change in trend 

of fatigue behaviour. Alternate candidate constitutive models exist in the literature which 

could improve hysteresis loop shapes, such as physically-based kinematic hardening 

formulations, e.g. see [23,48,59]. Also, while the mesh used in this work is sufficiently 

refined to capture the macroscopic behaviour of a polycrystal [20], further mesh refinement 

would undoubtedly affect local FCI predictions. However, the purpose of this study was to 

demonstrate the key role of strain-gradients and GNDs in explaining the grain size effect on 

fatigue.  

 

The micromechanical framework presented here is directly relevant to analysis of micro-scale 

devices, where fatigue performance is highly microstructure-dependent, for the assessment 

and design of device geometry and microstructure. Micromechanics has been used to 

generate a set of design curves for deployment of cardiovascular stents [12], for example. The 

present framework can facilitate development of a similar set of design rules for the fatigue 

of stents, as a function of grain size, crystallographic texture, precipitates, geometry etc.  

 

6. Conclusions  

A strain-gradient crystal plasticity methodology has been used to predict the experimentally-

observed effect of grain size on cyclic hysteresis response and fatigue crack initiation life for 

a CoCr alloy, thus demonstrating the key role played by geometrically necessary dislocations 

in the grain size effect on fatigue. Computational simulations of experimental LCF tests 
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indicate that, for the CoCr alloy tested, precipitates have negligible effect on hysteresis 

behaviour and, while, they appear to have an effect on fatigue damage accumulation, leading 

to crack initiation, it is relatively minor compared to the influence of grain size. A work-

based crystallographic parameter was found to be most effective in predicting fatigue crack 

initiation; this is attributed to the dependence of persistent slip band formation on the 

dissipation of energy via dislocation activity. The framework presented is applicable to 

microstructure-sensitive fatigue design of devices and materials.   
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Figure Captions 
 

Figure 1 (a) Optical micrographs of the as-received material and heat-treated material conditions and 
(b) EBSD orientation maps for the two material conditions along views both parallel and 
perpendicular to the central axis of the CoCr bar. 

Figure 2 Schematic of (a) development of spatial gradient of plastic strain in a grain due to the 
orientation of surrounding grains, (b) formation of a GND in the crystal lattice and (c) storage of 
different GND densities in grains of different size. 

Figure 3 (a) Idealized representations of grain area and volume for conversion of distributions, 
comparison of experimental and FE model grain volume distributions for microstructures of (b) the 
as-received material and (c) the heat-treated material, (d) FE microstructure geometry, including 
precipitate unit, used for simulations of as-received material and (e) inverse pole figures for each 
realization of the polycrystal model. 

Figure 4 Experimental stress range histories for LCF tests. 

Figure 5 (a) Total strain-life data, and (b) plastic strain-life data for the LCF tests, with fitted Coffin-
Manson curve. Plastic strain range, Δεp is calculated as a function of total strain range Δε, stress range, 
Δ , and Young's modulus, E: Δεp = Δε - Δ /E. 

Figure 6 Distributions of GND density, ρGND, in a cut-away view of the model for one microstructure 
realization, with crystallographic structure shown at the bottom left for the as-received model.  

Figure 7 Comparison of experimental and simulated stabilised hysteresis loops for one simulated 
microstructure realization. 

Figure 8 Comparison of experimental cyclic stress-strain curves with FE simulations for three 
microstructure realizations. Filled symbols indicate experimental data, while open symbols mark 
micromechanical simulations. 

Figure 9 Experimental damage accumulation curves for the LCF tests. 

Figure10 Comparison of experimental number of cycles to FCI (taken at a critical damage, D = Dc) 
with FE predictions using the microstructure sensitive FIPs, W and p. 
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Fig. 3
Click here to download high resolution image



Fi
g.

 4
C

lic
k 

he
re

 to
 d

ow
nl

oa
d 

hi
gh

 re
so

lu
tio

n 
im

ag
e



Fi
g.

 5
C

lic
k 

he
re

 to
 d

ow
nl

oa
d 

hi
gh

 re
so

lu
tio

n 
im

ag
e



Fi
g.

 6
C

lic
k 

he
re

 to
 d

ow
nl

oa
d 

hi
gh

 re
so

lu
tio

n 
im

ag
e



Fi
g.

 7
C

lic
k 

he
re

 to
 d

ow
nl

oa
d 

hi
gh

 re
so

lu
tio

n 
im

ag
e



Fi
g.

 8
C

lic
k 

he
re

 to
 d

ow
nl

oa
d 

hi
gh

 re
so

lu
tio

n 
im

ag
e



Fi
g.

 9
C

lic
k 

he
re

 to
 d

ow
nl

oa
d 

hi
gh

 re
so

lu
tio

n 
im

ag
e



Fi
g.

 1
0

C
lic

k 
he

re
 to

 d
ow

nl
oa

d 
hi

gh
 re

so
lu

tio
n 

im
ag

e



Table 1 Strain-gradient CP constants. 

k 

T 

b 

ν 

ρSSD,m 

ρSSD,i
α

0  

τc 

0  

yc 

c 

ΔH 

1.381  10-23 JK-1 

293 K 

2.56  10-10 m 

1.0  1011 s-1 

5  1010 m-2 

5  1010 m-2 

173.5 MPa 

1.0  10-3 

2.  10-9 m 

0.01 

2.85  10-20 J 

 

Table 2 Percentage change in Ni predictions for one microstructure realisation of the fine 
grain model, upon removal of precipitates. 

Ni (using Wcyc)  Ni (using pcyc) 

Δε = ±0.5% Δε = ±1.0%  Δε = ±0.5% Δε = ±1.0% 

+3.56% +12.89%  -2.05% +1.26% 

 

 

Table(s)


