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ABSTRACT 

 

Hydrodynamic numerical modelling of coastal zones typically requires a high level 

of horizontal spatial resolution to improve the realism of its solution, particularly in 

areas of complex bathymetry. These high resolution models result in high computa-

tional costs. One solution to this spatial resolution problem are nested models, 

which reduce computational needs by embedding a high resolution grid into a low 

resolution grid, that covers the entire model domain and the two grids interact with 

each other.  

A one-way nesting technique in the numerical model DIVAST was expanded by in-

troducing two novel approaches to further reduce its computational effort and to in-

crease the applicability and flexibility of the model. These features included the gen-

eration of irregular geometry boundaries and the transformation of the nested do-

main into a rotational coordinate system to allow the orientation of the model to be 

modified. 

A two-way nested modelling technique was developed to simulate tidal hydraulics in 

coastal zones. This technique enabled high resolution data in the nested domain to 

be transmitted to the low resolution domain. To the Author’s knowledge this is the 

first two-way nested model that incorporates ghost cells that enables the formula-

tion of the nested grid open boundaries as internal boundaries. Tidal turbine farms 

of different array configurations were incorporated into the two-way nested model, 

and possible changes in the tidal regime were identified with the use of the Linear 

Momentum Actuator Disc Theory. To the Author’s knowledge this the first type of 

two-way nested modelling procedure that simulated the effects of tidal turbines.  

The model was extensively tested in a real coastal system. Results showed the two-

way nested model can produce an accurate high resolution solution in areas of in-

terest. and improve the realism of the solution in the low resolution coarse domain 

for a much lower computational effort than the standard single grid high resolution 

model. Applications of such a technique are applicable in sediment transport model-

ling, wave modelling, flood modelling and identifying possible environmental im-

pacts of tidal turbine farms. 
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CHAPTER 1: INTRODUCTION 
 

 

     1.1 TIDAL POWER INDUSTRY 

 

The increase in global warming and the reduction in the sources of fossil fuels have 

led to a focus on renewable forms of energy. Many forms of renewable energy are 

coming to the forefront as possible leading technologies in this growing industry. 

One such form of renewable energy is tidal power. Tidal power has the advantage 

over other forms of energy sources due to its predicable nature. Hence, it is a very 

attractive renewable energy source to take advantage of (SEI 2009).  

Large strides have occurred in the tidal power industry in relation to the design and 

development of tidal turbine devices to optimise the energy extraction from tides. 

However, considerably little research has been undertaken in relation to the possi-

ble environmental impacts that could occur with the extraction of energy from a 

tidal regime. 

This is of considerable importance as the optimum location for energy extraction 

from tides is in coastal zones. Coastal zones are home to a large number of environ-

mentally important eco systems, as well as being home to a large percentage of the 

world’s population. Changes to the tidal regime in coastal zones could affect: envi-

ronmentally protected habitats, the shipping industry, tourism, flooding and pollut-

ant transportation (Dacre 2007).  A major challenge for the tidal power industry is 

to minimise adverse environmental impacts that could occur with the extraction of 

energy from tides. Understanding the changes that could possibly occur with the in-

troduction of tidal farms is crucial for the development of the tidal power industry. 

Hence, the European Union is keen to make it a focus of research projects interna-

tionally. One such EU funded project was the MAREN project (MAREN 2013). 

The installation of tidal farms with minimal environmental impacts is impossible 

without understanding the hydrodynamic processes in a coastal zone and how these 

processes will respond to changes within the environment. Two of the main ways to 
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gain knowledge of hydrodynamic systems are: 1) measured data and 2) modelling. 

Measuring possible environmental impacts on site is extremely expensive and also 

unrealistic.  Therefore, numerical modelling can be used to simulate a tidal farm and 

identify possible changes in the tidal regime.  

 

1.2 NUMERICAL MODELLING 
 

Numerical models of coastal zones have been continually changing and evolving to 

“correctly” represent the complex hydrodynamic processes involved in these areas. 

Numerical modelling allows a means of simulating adverse changes in the hydrody-

namics, such as energy extraction by tidal turbines, and identifying how these 

changes can affect the system as a whole. Therefore, accurate hydrodynamic model-

ling of tidal farms has potentially great value in the area of research and in industrial 

management and development. 

Hydrodynamic models, in a management context, ideally make predictions in a suffi-

cient time frame with determined confidence limits so they can be used in decision-

making processes. These models are generally of a simple form to allow them to be 

used repeatedly. However, in the context of scientific research simplistic models can 

hinder the value of the information being sought, when the aim of the hydrodynamic 

model is to gain insight into the role of small scale processes in the whole hydrody-

namic system.  

In an industrial and research setting the control of cost is one of the main parame-

ters in the use of certain hydrodynamic models. Simulation times in hydrodynamic 

models are directly linked to the cost of modelling. In order to reduce cost a reduc-

tion in the computational effort needs to be achieved, and hence allowing a reduc-

tion in simulation time. In addition, models with a low simulation time are essential 

in a management context to enable them to be used in decision making processes. 
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1.3 AIMS AND OBJECTIVES 
 

The primary objective of the research was to reduce the computational needs of a 

widely used hydrodynamic model. Model resolution is one of the main determinants 

of computational needs. High resolution models can have great computational costs; 

however, they produce a higher level of accuracy in comparison to low resolution 

models that have lower computational effort but have a lower level of accuracy. To 

try and incorporate the positive benefits of both models different techniques can be 

introduced into the model. One such technique is nesting, which allows a high reso-

lution in areas of interest and a lower resolution in the rest of the model domain, 

hence reducing the computational effort.  

The hydrodynamic model used in this research, DIVAST (depth integrated velocity 

and solute transport) is a two-dimensional, depth integrated, finite difference model 

which is applicable to well mixed shallow water bodies such as coastal zones.  

The first aim of the research was to modify an existing one-way nested modelling 

technique in DIVAST to increase the applicability and flexibility of the nested domain 

and further reduce the computational needs of the model. These modifications were 

carried out in two ways: 1) the development of irregular geometry boundaries, 2) 

the transformation of the nested domain into a rotational coordinate system.  

The second aim of the project was to develop an effective two-way nested model. 

This development involved a number of stages to identify the optimum two-way 

nesting technique, which allows the maximum transfer of data from the nested do-

main while insuring the conservation of properties. The following elements were 

examined to identity their effects on the performance of the model: the prescription 

of variables at the feedback interface, the technique used for the interpolation of the 

high resolution nested domains data and the type of feedback conditions used at the 

feedback interface.  

The third aim of the research was to use the two-way nested model to identify 

changes in hydrodynamics that can occur with the introduction of tidal turbine 

farms of different array configurations. This was achieved by manipulating the gov-

erning momentum equations with the use of the Linear Momentum Actuator Disc 

Theory (LMADT) (Houlsby 2008) to simulate the extraction of energy that occurs 

with the deployment of tidal turbine farms.   



  4 

 

Through these techniques numerical finite difference models can be used as desktop 

management tools in the area of research and industry without incurring large com-

putational cost. 

1.4 THESIS LAYOUT AND CONTENT 
 

The following is the layout and content of this thesis: 

A literature review of techniques used to try and accurately model coastal zones are 

presented in Chapter 2. The resolution of models and their relationship with compu-

tational costs are outlined initially. Different grid structures are outlined in relation 

to their spatial resolution. Nesting modelling techniques are introduced and their 

advantages and disadvantages discussed. The two-way nested modelling technique 

is explained in detail in relation to its mathematical formulation and common ap-

proaches are reviewed. The strategy for the research is presented based on the lit-

erature review, along with the unique aspects of the research. 

The theory for the numerical model, DIVAST, is presented in Chapter 3. The govern-

ing equations, solution scheme and finite difference method are all outlined.  

Chapter 4 outlines the development of the addition features introduced into the ex-

isting one-way nested model, which include a unique feature of irregular geometry 

boundaries and a rotational coordinate system. 

Chapter 5 outlines the initial phase for the development of the basic two-way nested 

model (BTWNM). This phase involves the design and construction of the initial ver-

sion of the BTWNM. The model was then used to identify the optimum variable pre-

scription at the updating/feedback interface. Chapter 6 looks into the optimum 

feedback condition and interpolation technique to maximise the feedback of infor-

mation and to insure the conservation of properties.  

Chapter 7 presents the development of a two-way nested model with the introduc-

tion of tidal turbines. The simulations of the tidal turbine farms with different array 

configurations are described. The performance and accuracy of the model are tested 

and results are presented. 

A summary of the research and the final conclusions are presented in Chapter 8 

along with future possible methods to progress the research.   
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CHAPTER 2: LITERATURE REVIEW 

 

2.1 INTRODUCTION 

 

An increase in horizontal resolution in a numerical model without an excessive in-

crease in computational needs is one of the key points required in the improvement 

of numerical modelling in coastal zones. Computational needs are directly linked to 

the spatial and temporal resolution of a numerical model (Debreu 2008). 

The bathymetries of coastal zones are very complex, due to erosion and sedimenta-

tion constantly occurring by tides, wind and wave movement in the areas. High reso-

lution modelling is required in such areas to correctly simulate the complex hydro-

dynamic processes, the transport of solutes and also to take into account the influ-

ence of coastal boundaries.  

The location of open boundaries is another problem for coastal modelling. Bounda-

ries must be positioned in locations that do not negatively affect the model predic-

tions of variables in an area of interest. This positioning can lead to the requirement 

of a large computational domain with the area of interest occupying only a small 

portion of the model domain. If the area of interest requires a high level of resolu-

tion, this typically requires a high resolution must be used across the full model do-

main, which leads to large computational costs. 

One such solution to the spatial resolution problem involves the use of a nesting 

technique. Nesting allows areas of interest to be modelled with a high level of resolu-

tion without increasing the resolution of the entire domain, hence allowing for a re-

duction in the computational needs without adversely affecting the model solution.     
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2.2 HYDRODYNAMIC MODEL RESOLUTION 
 

Hydrodynamic modelling involves transforming the governing equations that repre-

sent flow fields in a water body from a differential form to an algebraic differential 

form. The algebraic difference equations can then be solved to generate a solution to 

variables at points in time and space. There are a number of different methods used 

by hydrodynamic models to generate these algebraic equations, such as the finite 

difference method (Falconer 2001), the finite volume method (DHI 2013) and the fi-

nite element method (Denot 2012). These methods involve dividing space and time 

into intervals to allow an approximation of the solution to the governing equation to 

occur. This segmentation processes is known as the resolution of the hydrodynamic 

model.   

The computational needs of a numerical model are governed by the resolution of the 

model, as the governing equations need to be solved at each discrete point in space 

and time. The main criteria for an optimal numerical model are convergence, accu-

racy and stability. These aspects are directly linked to the resolution of the model 

domain with respect to both space and time. The Courant Condition governs the re-

lationship between the time and space resolution. The spatial resolution is usually 

selected first, which dictates the models temporal resolution. 

 

2.3 TEMPORAL RESOLUTION AND THE COURANT CONDITION 
 

Model resolutions in time and space are linked and one influences the other in gen-

erating a stable and accurate solution (Debreu 2005). This link between the resolu-

tions of space and time is governed by the Courant Condition. The Courant number 

is a measure of how fast a water particle will move through a segment in one time 

step, and the condition is often expressed in terms of this number.  Equation 2.1  

represents the Courant number (  )(Sheng 2005): 

     
  

  
             (2.1) 

where    represents the speed of a wave, Δt and Δx represent the time step and the 

grid spacing size respectively.  The constraint placed on numerical models in rela-

tion to the Courant condition differs in explicit and implicit numerical solution 
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schemes. Explicit methods are required to meet the Courant stability criteria. Intrin-

sically stable implicit models choose their time step with respect to the Courant 

condition to reduce numerical dispersion (Adcroft 2004). 

This accuracy requirement is less demanding on computational needs, however, this 

is still a requirement that generates a greater leave of computational effort. The ac-

curacy requirement of the Courant condition for an implicit scheme involves the    

value being less than a constant that has a value greater than 1 (Beevers 2009).  

 

2.4 COMPUTATIONAL GRIDS AND SPATIAL RESOLUTION 
 

Water bodies are divided into spatial segments so they can be used as computational 

grids. There are three main types of domain segmentation: finite difference, finite 

element and finite volume.  Computational grids can be of a structured or unstruc-

tured form. Structured grids consist of regularly spaced grid points, unlike unstruc-

tured grids that allow a variation in the spacing between grid points. 

2.4.1 FINITE DIFFERENCE GRIDS 

 

Finite difference is the oldest computation fluid dynamic (CFD) technique and has 

been seen in publications as early as 1928 with the fundamental theoretical paper 

by Courant, Friedrichs and Lewy (1928). The initiation of computational experimen-

tation was generated with the utilization of the finite difference approach (Thomée 

2001). 

Finite difference is used to calculate an approximation to a partial differential solu-

tion scheme.  The differential forms of the governing equations are discretised into 

algebraic form and a Taylor series expansion method is used to calculate the first 

and second order derivatives. The resulting equations are solved in a simultaneous 

or iterative form.  

The method requires that the computation grid be of a structured form. This struc-

tured form of the physical domain can be directly imposed or can be transformed to 

allow the computation domain to be of a structured form e.g. from cylindrical to rec-

tangular.  
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There are many different finite difference models in the area of hydrodynamics such 

as DIVAST (Falconer 2001), ECOMSED and EFDC. According to Bakker (2008), the 

main advantage of finite difference is its ease of implementation; therefore, allowing 

it to be one of the most popular forms of solution schemes.  

The most common grid system in a finite difference model is a structured uniform 

rectilinear grid (see Figure 2.1(a)). These models are constructed from equally 

spaced grid cells in two mutually orthogonal axes. The structured grid can also be of 

a rectangular type (see Figure 2.1(b)) that has a variation in the grid spacing in rela-

tion to the x and y direction. Structured uniform rectilinear grid systems have been 

successively applied to many water bodies around the island of Ireland, such as 

Galway Bay and Cork Harbour, with the employment of the finite difference model 

DIVAST (Nash 2010, Hartnett 2004).  

Structured finite difference modelling domains, according to Rodenhuis (1994), are 

usually applied to water bodies that have relatively uniform characteristics i.e. open 

oceans and domains of uniform geometry. The main disadvantage in structured do-

mains is the decrease in accuracy, mainly in relation to current velocities, with an in-

crease in the complexity of a domain particularly in the presence of irregular 

boundaries (Rodenhuis 1994). The solution to such a problem involves increasing 

the number of grid points and decreasing the grid spacing. These large numbers of 

grid points increase the computation procedures, which in turn greatly increase the 

computation needs of a model. 

 

 

Figure 2: 1(a) Structured uniform grid (b) Structured rectangular grid 

(Laramee 2003)  

Stretched grid finite different meshes are one of the methods used to reduce the 

stringent limitations that are put on the grid spacing in relation to a structured grid 

system. This involves changing the grid spacing in the x and y-directions, to achieve 

x 

y 

(a) (b) 
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higher resolution in areas of interest (Martin 1999). Figure 2.2 shows an illustration 

of the stretched grid system represented in the physical domain and the domain that 

is read by the computer. The method involves the transformation of the physical 

domain to the computational domain; therefore, allowing the grid to be solved on a 

pseudo structured rectangular form. This allows the regular use of the finite differ-

ence method (Yu 2013). 

 

Figure 2: 2 (a) Physical grid system with coordinate system (x,y) (b) Computational grid 

system with coordinate system (ξ,η) (Yu 2013). 

This method involves the introduction of transformation techniques to allow the 

spacing in both the x and y directions to vary in an exponential manner, however, 

Martin (1999) states  this increases computational requirements of a hydrodynamic 

model and errors can arise when stretching between regions does not occur 

smoothly.  

Boundary fitted grids or curvilinear grids are another type of finite difference 

method that has been used by Sheng (1988) in water bodies such as Lake Okeecho-

bee, James River and Chesapeake Bay. This finite difference method allows the plac-

ing of grid points in a more flexible nature. It involves transforming the physical Car-

tesian domain onto a computational domain that is structured and rectangular in re-

lation to a curvilinear coordinate system. The domain is constructed so that one of 

the curvilinear coordinates always follows the boundary, which allows for a high 
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level of resolution along the boundaries and a lower resolution in the rest of the do-

main (Yu 2013).   

These systems are attractive due to their ability to better represent the boundaries 

of water bodies. There are two main types of curvilinear grid systems: orthogonal 

and non-orthogonal. An orthogonal scheme requires that all grid lines intersect close 

to perpendicular. This is not a requirement in the non-orthogonal grid; however, the 

movement away from orthogonality increases the risk of large error generation. An 

orthogonal mesh is illustrated in Figure 2.3 with a non-orthogonal shown in Figure 

2.4.  

                       

Figure 2: 3 Orthogonal grid                Figure 2: 4 Non-Orthogonal grid   (Hong 2000) 

This method involves addition transformation terms to be introduced into the nu-

merical scheme, hence eliminating any computational saving from the reduction in 

the number of grid points.  Other disadvantages associated with such schemes have 

been identified by Smith (1997) as: the generation of such a scheme is difficult and 

expensive, numerical dispersion is increased and conservation is not always guaran-

teed in the advective terms.  

2.4.2 FINITE ELEMENT GRIDS 

 

Finite element was first used by Courant in 1943 in relation to torsion problem solv-

ing, with the use of approximate piecewise linear functions and a triangular mesh 

representing the geometry of the domain (Thomée 2001). The method was refined 

greatly for use in structural mechanics the with work of Clough and Zienkiewicz 

(Thomée 2001)The field of fluid dynamics incorporated finite element schemes with 

the work of Gray and Lynch and Foreman (Bakker 2008).  
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The method allows the computational domain to be of a structured or unstructured 

form. This, unlike the finite difference method, allows the algebraic form of the gov-

erning equations to be calculated directly in the physical plane on a non-uniform 

grid.  

The finite element method has become quite competitive relative to the finite differ-

ence scheme due to the introduction of advanced methods by Gray and Lynch, which 

involved using their ‘wave equation’ scheme. This scheme transforms the continuity 

equation to a second order partial differential form and solves the system of equa-

tions with a Galerkin finite element method, piecewise linear basic functions and 

central time stepping (Thomée 2001). There are a number of finite element models 

used in the area of hydrodynamics, such as TABS and TELEMAC.  

The U.S Army Cooperation of Waterway Experimental Hydraulic Group developed 

the finite element hydrodynamic model TABS. The model is a vertically average, fully 

implicit, two dimensional finite element model. This model consists of a subprogram 

called GFGEN (geometry file generation program), which provides a system for the 

development of the finite element mesh generation.  The mesh can fill the model 

domain with triangular grids, quad lateral grids ( see Figure 2.5)  and grids gener-

ated by an underlying function that is calculated in relation to density (Mcarthur 

1996). 

 

Figure 2: 5 Finite element domain generated by GPGEN (Group 2013) 
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This model has been applied to many estuaries and water bodies for the modelling 

of hydrodynamic, salinity and sediment transport, such as Laguna Madne and Gal-

veston Bay in the Gulf of Mexico. It was also applied in Florida Bay to study the ef-

fects of alternating freshwater release on the circulation and salinity distribution in 

the bay (Kim 2004). 

A finite element scheme has also been used by Lam (2004) for a watershed man-

agement study on Lake Seymour in Canada. The model used was TELEMAC-2d, 

which was developed in France by the Laboratoie National d’hydrauligue of Electric-

ite. This model generates a triangular unstructured grid to provide two dimensional 

simulation of current, elevations and solute transport to be performed (Lam 

2004).TELEMAC-2d was also used in the La Rance estuary for the forecasting of 

sediment transport. Figure 2.6 shows the mesh of the coastal domain for the hydro-

dynamic model (Denot 2012).  

 

 

Figure 2: 6 TELEMAC-2D mesh of coastal domain (Denot 2012) 

The advantage of finite element schemes are their ability to be geographically flexi-

ble i.e. the elements in the domain can readily change shape to follow complex 

boundaries and geographical features (Kantha 2000).  This advantage can lead to a 
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more accurate bathymetry representation which may result in a better representa-

tion of flow. 

Disadvantages associated with the method are the extensive runtimes required to 

solve large problems. There is a possibility of noise generation due to wave reflec-

tion and other errors occurring if grid points are not ordered in a regular sequence, 

hence a careful ordering of the elements is essential to the accuracy of the model 

(Mcarthur 1996; Nash 2010). 

2.4.3 FINITE VOLUME GRIDS 

 

Finite volume is another method for evaluating partial differential equations. This 

method was first introduced in 1957 by Evans and Harlow at Los Alamos (Bakker 

2008). The method involves generating a solution for the variables at each grid point 

in a model domain. The main difference in relation to a finite difference scheme is 

the inclusion of a diversion coefficient with respect to a finite volume. This allows for 

a more accurate representation of an irregular boundary domain in comparison to a 

finite difference model. However, this method is more time consuming and more 

sensitive to error generation. Figure 2.7 shows an unstructured finite volume mesh 

with control volumes in a triangle shape.  

 

Figure 2: 7 Unstructured Finite Volume mesh (Shore 2009) 

The procedure involves the domain been divided up into control volumes (see Fig-

ure 2.8). The differential equations are integrated over the control volume incorpo-

rating the divergence theorem. The values at the faces of the control volume are re-
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quired for the evaluation of the derivative terms, along with an assumption to how 

much the values will vary. This method results in a set of equations for each control 

volume, which are solved in sequence or simultaneously (Daoud 2008). 

 

 

Figure 2: 8 Control volumes (Bakker 2008) 

There are a number of different types of finite volume scheme in hydrodynamics and 

these can be classified in relation to the type of flows that are being simulated.  

Schemes simulating superficial flows, discontinuous flows and capturing bore waves 

like the model employed by Mingham (1998) to allow the simulation of dam break-

ing phenomena employ schemes that include flux splitting, flux limiters and Rie-

mann solvers. 

Finite volume models have also been used in rivers, estuaries and harbours for the 

modelling of tidal and wind induced currents. Olsen (1995) used a finite volume 

scheme for the modelling of Norwegian river Sokna to calculate the interaction be-

tween porous and non-porous areas. The method was also used by Demirdzic 

(1990) for the representation of flow in a channel with a moving indentation. The 

SIMPLE algorithm is employed by both these models for the coupling of pressure 

and velocity.   

Advantages of the finite volume method are the unlimited shape of the cells; hence, 

it can easily describe irregular boundaries. Also the method exhibits good conserva-

tion of properties on low resolution domains.  

The disadvantages that can occur are the introduction of false diffusion error with 

simple numerics. The computational needs of the scheme in coastal zones and estu-

aries are greater than the finite difference method, however, less demanding then 

the finite element scheme (Petrila 2005). 



  15 

 

2.5 ADVANCED COMPUTATIONAL GRIDS 
 

2.5.1 HYBRID GRID 

 

Hybrid schemes involve the incorporation of different types of grid systems for the 

representation of the model domain. These methods allow the use of different spa-

tial interpolation techniques in a single model at different sections of the physical 

domain. Figure 2.9 shows an illustration of a physical domain that contains a struc-

tured grid system, unstructured finite element system and a boundary fitted grid 

system.  This mesh configuration was used by Xinghua (2012), for the modelling of a 

fish swimming in a thunniform mode, to further understand the influence of Rey-

nolds stresses and turbulence on the movement and also characteristics of the wake 

formation from the fish during locomotion.  

 

Figure 2: 9 Hybrid grid (Xinghua 2012) 

A hybrid meshing scheme was used in a hydrodynamic study of tributaries in the 

River Elba and the River Danube, which were undertaken by Berkhahn (2005). The 

study used a finite element hybrid system that contained structured and unstruc-

tured features. The model involved generating a mesh with regular elements for the 

river bed and area of significant terrain slope but allowing floodplains to be repre-

sented as irregular triangular meshes. Figure 2.10 shows an illustration of the hy-

brid mesh used in the River Danube for the study.  

Fish head Fish tail 
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Figure 2: 10 Finite Element hybrid mesh of the River Danube (Berkhahn 2005) 

Wang (2006) presented an approach for the generation of unstructured hybrid sys-

tems that contained prismatic and tetrahedral elements for the computation of vis-

cous flow through a pipe section with a ball valve. Figure 2.11 shows an illustration 

of the hybrid mesh, which consists of a triangular surface mesh, prismatic elements 

at the boundaries and a tetrahedral grid on the rest of the domain.  

 

 

Figure 2: 11 Hybrid grid of pipe with ball valve (Wang 2006) 
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Hybrid meshes are attractive due to their ability to incorporate the positive features 

of different types of meshes into one model domain. However, the introduction of 

different types of interpolation schemes requires a large number of integration se-

quences to be included, which leads to a large strain on the computational needs of 

the model. These forms of grid structure are also more difficult to implement in 

comparison to a nesting modelling technique. 

 

2.5.2 QUADTREE GRIDS 

 

Quadtree is a grid generation technique that can adapt itself to a sufficient level of 

refinement until an accurate solution is generated. This method involves generating 

a domain in a Quadtree structure. This hierarchy method involves dividing grid cells 

into four equal smaller cells. These sub-cells are further divided and the process re-

peated until a sufficient level of resolution refinement is achieved.  Figure 2.12 

shows an illustration of a simple grid and its Quadtree representation.  

 

 

Figure 2: 12 Simple quadratic grid and its tree representation (Park 2006) 
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One of the earliest uses of this method was for the reduction in computational space 

required for computer images by spatial decomposition (Samet 1990). Borthwich 

used a Quadtree adaptive grid to solve the depth- averaged, shallow water equations 

for the approximation of flow in large complex shallow water domains, while focus-

ing on localized small scale processes/features. The method was used to model 

Laminar jet-forced flow in a circular basin (Borthwick 2001), with flow pattern  re-

sults complying with alternative models (e.g. (Borthwick 1993)). Borthwick (2000) 

also used this method for a pollutant transport model of the Sepetibe Bay in Brazil. 

The model allowed the representation of a complex domain and showed the dissipa-

tion of a pollutant from a continuous discharge point. Wave-current interaction in a 

complex coastal environment was modelled by Park and Borthwick using this tech-

nique, with model results coinciding adequately with laboratory based results (Park 

2006).  

Flood inundation was modelling by Liang (2008) using a Quadtree grid. The model 

used was applied to a realistic scenario of flooding, by the River Thames in the UK, 

over 36 km2 of urban area. Results generated were comparable to predictions made 

by the commercially available software TUFLOW. 

The initial problem encountered with such a technique includes storing and receiv-

ing information for the grid, caused by the recurring tree type structure. This large 

storage space hinders the efficiency of a computational model and requires a com-

puter to run the model with a large amount of storage space, which is not the case 

for a nested modelling technique. Hanging nodes, which are adjacent cells of differ-

ent size that are generated during refinement, are also a problem. Interpolation 

techniques are also required across the cell interface to ensure conservation. These 

interpolation techniques can offset some of the computational savings.  

2.5.3 ADAPTIVE GRID SYSTEM 

 

This method allows for a change in the grid system in relation to time. The grid do-

main moves during a model simulation and adapts its resolution to allow for higher 

degrees of resolution at different stages of the model simulation time. The physical 

model can move in relation to the solution to the flow field properties. This non-

static grid domain is attractive for coastal models that highlight a process during a 
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flow regime i.e. discharges from industries and water treatment facilities or a propa-

gation of a wave front.  

Adaptive grid domains have been used extensively in the area of meteorology par-

ticularly in hurricane modelling. The adaptive nest procedure allows for the high 

resolution domain to be approximately the size of the hurricane itself. In contrast, 

static models require a high resolution domain in the full region of the hurricane 

movement, which incurs high computation costs (Bender 2007).  

The ground breaking work of Berger and Oliger (1984) paved the way for adaptive 

mesh refinement schemes in ocean modelling. This scheme involves a set of algo-

rithms that are uniform in space and time, with areas of interest containing fine 

grids overlapping coarse i.e. nested domains. The scheme uses a Cauchy type coor-

dinate and grids system that generates a solution in a particular time frame at a par-

ticular resolution (Berger 1984).  

The purpose of the method is to gain certain level of accuracy for the minimum 

amount of work. The method used a truncation error established by the Richardson 

method generated at regular intervals of time, to identify areas that require higher 

level of nesting where and when necessary. The method is recursive; therefore, the 

finer grids may themselves contain even finer grids. Figure 2.13 shows an illustra-

tion of the hierarchy of the solution grid. 

 

Figure 2: 13 Adaptive mesh refinement 

Blayo (1999) used this method and applied it to a case with two levels of nesting 

with a ratio of 4. The truncation error was calculated every 10 coarse time steps and 

movement/re-gridding was performed if necessary. Figure 2.14 shows an illustra-

tion of the static nested domain, used in the research, and the adaptive nested do-



  20 

 

main and their movement with time. The results generated showed a 20% decrease 

in error in the adaptive nested model.  

 

Figure 2: 14 (a) Static nested domain (b) Adaptive nested domain 

(Blayo 1999) 

Rowley (1999) compiled a simpler method for adaptive modelling by allowing the 

nested domain to move during a model simulation; however, the structure and con-

figuration of the nested domain remains constant throughout the modelling proce-

dure. Movement of the nested domain can be specified by the user at the start of the 

simulation if the movements of the features of interest are pre-determined. The 

model can also induce the movement of the domain during the course of the simula-

tion by using some pre-determined rules (Rowley 1999) .        

There are a number of problems encountered with such a scheme: the time integra-

tion in the nested domain needs to be at the same level as the parent/coarse domain 

the conservation of properties is essential as the nested domain moves position.  

The Rowley method was used as a basis for the development of an adaptive mesh 

model in the finite difference model DIVAST by Nash (2010).  The model allowed the 

predetermined or automatic movement of the nested domain and the size and the 

shape of the domain to be altered at any time during the model simulation.  

2.6 NESTED MODELS 
 

An increase in resolution of a numerical model improves the realism of the model 

solution in areas of interest that contain small scale features. This increase in resolu-

tion is not generally required throughout the full model domain, especially in areas 
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of low gradient/less complex bathymetry where a lower resolution is sufficient. 

However, open boundaries must be located in areas such that their conditions do 

not adversely affect the model solution in an area of interest, this can lead to a re-

quirement of a large computational domain, which the area of interest representing 

only a small proportion. This high resolution across a large domain can lead to high 

computational costs.  

Nesting methods have been implemented into numerical hydrodynamic models to 

locally refine features of a domain. This allows a more accurate solution to the hy-

drodynamic model to be achieved in areas of interest, without a large increase in 

computational time. The method involves the embedding of a higher resolution grid 

into a lower resolution grid, which covers the full model domain. There are two main 

types of nesting procedures, they are the one-way/passive method (Anthes 1974) 

and two-way/interactive method (Zhang 1986). One-way nested model allow inter-

action between the two domains through the coarse grid providing boundary condi-

tions for the nested grid, while two-way nesting allows additional interaction be-

tween the two domains by using the high resolution nested grid solution to update 

the coarse domain solution. 

In the area of metrology, nesting is a well-established numerical technique for re-

ducing the computational needs of numerical models. The first area in metrology to 

use this method was in the prediction of hurricanes and their movement patterns 

with the work of Birchfield (1960). Further work by Harrison (1973) and Ookochi 

(1972) allowed nested modelling to be a well known numerical technique in the 

area by the late 1970s. 

Nesting techniques were initially used in the area of hydrodynamics by Holland 

(1990) for the generation of a nested high resolution model of the California current 

region embedded in a low resolution North pacific model. The area of ocean hydro-

dynamics does not contain a large number of nested domain models. The main con-

tributor to this decrease in growth is lack of global ocean forecasting models in 

comparison with atmospheric models that are routinely run in many numerical 

weather prediction centres around the world (Bleck 2002). 
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2.6.1 ONE-WAY NESTED MODELLING 

 

One-way nesting is applied to models to generate a higher level of resolution in an 

area of interest. The nested domain is positioned so it is overlapping the coarse do-

main (see Figure 2.15). This allows the models to run almost completely separately 

to compute the area of interest in both levels of resolution. Interaction between the 

domains occurs in the area of the boundary of the nested domain.  The boundary 

conditions for the nested domain are generated from the coarse domains data that 

are interpolated in space and time. The coarse domain is initially integrated in time 

and the data required for the nested domains boundary conditions is preserved and 

modified to collaborate with the fine domains resolution. The fine domain hydrody-

namic solution is then performed using the boundary data with the fine domain time 

step. 

 

Figure 2: 15 Coarse and fine/nested grids 

One-way nested models are used in operational forecasting in the area of meteoro-

logical, such as the Washington WRF model and the Oklahoma ARPS/wx model. 

Colle (2005) applied a one-way nested version of the Pennsylvania University’s me-

teorological mesoscale model (MM5) to areas over and upstream of the Wasatch 

Mountains. The model developed consisted of 4 levels of one-way nesting. The 

nested model allowed accurate representation of kinematic flow and precipitation 

evolution in the central region of the mountains that required a high level of resolu-

tion, without the need for a high resolution model of the full domain (Colle 2005).  

Spall and Robinson (1989) were the first to use the one-way nesting technique in 

hydrodynamics for the simulation of a mesoscale eddy field, and it has since been 

applied to many studies of oceans and coastal waters. For example, Penven (2006) 
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developed and applied a one-way nested model of the central California upwelling 

system. The method involved the integration of a nested grid into the Regional Oce-

anic Modelling System (ROMS). The model was applied to a domain that spanned the 

continental Pacific coast of the United States and nested an area that covers the cen-

tral upwelling region of California around Monterey Bay. The model showed good 

results for the representation of the upwelling system with a considerable decrease 

in the CPU cost (Penven 2006). One-way nested grids have also been used by Korres 

(2003) to represent eddy fields in the Aegean and Levatine basins located in the 

Mediterranean Sea, which had never been captured by a numerical model in the 

same region previously.  

Hydrodynamics and sediment movement in the German blight area have been mod-

elled by Staneva (2009) with the use of one-way nesting modelling procedures. The 

model consisted of three levels of nesting: a coarse model of the North Sea - Baltic 

Sea ( about 5km resolution), inner fine model of the German Bight with horizontal 

resolution of around 0.8Km and an even finer resolution model of the Wadden Sea 

region with a resolution of 200m. This model was compared with modern satellite 

observations and showed similar results for the flow regime and sediment move-

ments (Staneva 2009).  

There are two main schemes for the running of a one-way nesting technique. The 

initial scheme involves the complete separation of the coarse and fine models with 

respect to simulation time. In this method the coarse model is fully run for the model 

simulation time. The data required for the boundary conditions are stored in a data 

file to be used for the fine domain model that is then fully run for the simulation 

time. This method is known as an uncoupled modelling procedure and has been 

used for the modelling of the Adriatic Sea (Zavatarelli 2003).  

The coupled modelling procedure is more attractive then the uncoupled, as it does 

not require large amounts of storage. In this method the parent model is run for one 

time step and data required for the nested domains boundary conditions are as-

signed, allowing the nested model to proceeds to a time step equal to the coarse do-

mains. The coarse domain only proceeds to the next time step when the fine domain 

has been integrated. The shelf and slope flow surrounding Cape Mendocino in 

Northern California was modelled by Pullen (2001) using a coupled one-way nested 

model.  
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The DIVAST model is nested with a one-way nesting procedure. The formulation of 

the nesting procedure involved a coupled model that does not require high quanti-

ties of data storage. The boundary operator involves the use of a linear interpolation 

procedure and a Dirichlet boundary condition, with the use of ghost cells to enable 

the formulation of the nested grid boundaries as internal boundaries. A nesting ratio 

of 9:1 was achieved and results found to give excellent agreement with a corre-

sponding high resolution model. This scheme was has been successfully deployed to 

estuaries and coastal areas around the island of Ireland (Nash 2010).  

A common problem in the modelling of water bodies with the use of one-way nested 

grids is the positioning of the nested domains boundaries. They must be located in 

areas where the low resolution domain conditions will not negatively affect the 

model solution in the nested domain. This leads to a possible increase in the size of 

the nested domain grid, which increase the computational requirements. Research is 

required to track this issue to increase the attractiveness of the one-way nested 

technique.  

2.6.2 TWO-WAY NESTED MODELLING 

 

Two-way nesting is an advanced nesting technique due to the increase in the inter-

action between the domains of different resolution i.e. the coarse domain and the 

nested domain. The interaction is expanded through a updating/feedback procedure 

that uses the high resolution nested grid solution to update the coarse domain solu-

tion in a common area.  

Spall and Holland (1991) were among the first to apply a two-way nesting routine to 

a model for oceanographic applications. This was applied to two types of test cases 

in artificial domains that are relevant to oceanic phenomena – a barotropic modon 

and a baroclinic vortex. The nested domain was contained entirely in a low resolu-

tion coarse domain. Interaction between the two domains occurred through: the in-

terpolation of the coarse grid data at the interface between the two domains to pro-

vide boundary conditions for the nested domain, the high resolution nested domain 

solution was used to update the coarse solution in the zone where the two domains 

overlap. Results indicated that the model performed well at nesting grid ratios of 3:1 

and 5:1 (Spall 1991).  
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Fox (1995) adapted the Spall and Holland method to investigate problems that may 

arise when fronts and other oceanic features intersect the boundaries between the 

domains, and also the performance of the model when topographical features are 

present. Results of the model showed that including a Newtonian damping effect 

into the model reduced the wave reflection generated at the interface with the in-

troduction of topographical features.  

Oey (1992) used a two-way nested model in the Norwegian Coast to simulate mean-

ders and eddies in the coastal currents. The model used the coarse grid solution to 

drive the nested domain, with the use of a flow relaxation scheme, around the nest’s 

boundary. The fine grid influenced the coarse grid through averaging procedures in 

the overlapping region. The results of the model were compared with observed hy-

dro graphics and showed good correlation with observations.  

The two-way nested model used by Ginis (1997) to model the tropical Pacific Ocean 

employed a two-way interactive method initially proposed by Kurihara (1979) for 

the application in hurricane prediction modelling. The method differs from the pre-

viously mentioned two-way nested models in relation to the interface where the two 

domains interact with each other. The interaction between the two domains occur-

ring in an area called the dynamic interface located near the nested domain bound-

ary. Results presented showed that the interaction at the dynamic interface im-

proved the conservation of properties between the two domains. 

Features of the Ligurian Sea were modelled by Barth (2005), with the use of a two-

way nested model. The model consisted of a coarse resolution model of the Mediter-

ranean Sea of a 1/4º resolution. This domain was embedded with a 1/20º resolution 

model of the Liguro-Provencal basin and Northern part of the Tyrrhenian Sea. A final 

level of nesting was embedded in the previous domain with a resolution of 1/60º 

and represents the dynamics of the Ligurian Sea. The nesting procedure used was 

similar to those employed by Oey (1992) and Spall (1991), with feedback being per-

formed over the entire volume of the nested domain. The model was used to investi-

gate the characteristics of the Eastern and Western Corsican currents and the 

Northern currents. Results showed the two-way method was effective and robust 

and generated a better representation of currents in comparison to a coarse resolu-

tion model and one-way nested model (Barth 2005).  
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A tide-surge prediction model with two-way nesting features was applied in the 

Taiwan strait by Zhang (2007). The nested model used an overlapping technique 

and employed a radiation condition for the dissipation of noise. The model was 

compared with a similar one-way nested model of the domain and proved more ac-

curate.   

In the context of this research nesting was required to investigate effects of a tidal 

turbine farm in the area of deployment and the area outside deployment, at a low 

computational cost, therefore this requires that a two-way nesting modelling tech-

nique be used. 

2.7 TWO-WAY NESTED MODELLING TECHNIQUES 

 

The main differences between nesting techniques is in relation to the transfer of in-

formation from the coarse to the fine and the updating procedure from the fine to 

the coarse.  The appeal of a two-way nested model lies in the exchange of informa-

tion that can generate a more realistic model, especially if high levels of mesoscale 

disturbances are generated in the nested fine resolution domain (Zhang 1986).  

2.7.1 FORMULATION OF NESTING TECHNIQUE 

 

Nested modelling techniques are used with the aim of representing an area of inter-

est in a numerical model as accurately as possible .The following equation repre-

sents the simulation of a nested domain    over a time period of t=0 to t=T (see Fig-

ure 2.16) (Blayo 2006).  

                                            (2.2) 

where     represents the partial differential method,    represents the variables in 

the nested domain and      is the forcing in the domain. The initial conditions are 

prescribed at time t=0. The boundary conditions for the nested domain are fed in 

through a boundary that does not correspond to a solid wall. This boundary is an ar-

tificial interface between the low resolution coarse domain and the high resolution 

nested domain.  The coarse domain    can be represented symbolically as. 

                                  (2.3) 



  27 

 

where     represents the partial differential method,    represents the variables in 

the coarse domain and    is the forcing in the coarse domain. 

 

Figure 2: 16 Coarse domain     embedded with a nested domain     

The adequate representation of    is directly linked to the interaction between the 

two domains in the ‘open boundary’ region Γ. An updating procedure increases the 

accuracy of the coarse domain, to allow the error between the two domains to de-

crease, to generate a more accurate solution to the full model domain (Debreu 

2008).  

 

2.7.2 DATA TRANSMISSION PROBLEM 

 

Data is transmitted between the nested domain and the coarse domain in two ways. 

Initially, the coarse model simulates the hydrodynamics for the coarse domain. Data 

generated in the region of the nested domains boundary is used as the boundary 

conditions required for the simulation of the high resolution nested domain. The 

high resolution solution generated in the nested domain is then used to update the 

low resolution coarse domains solution. Equation 2.4 represents this procedure 

symbolically (Debreu 2008). 

                                               

                               

                
                

              

      (2.4) 

 

Γ 
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where the open boundary operators are donated with OB and are used along the 

nested domains boundary (Γ) to generate values for the nested domains variables 

     along its boundary. The updating procedure is donated with R and is used to 

update the solution of the coarse domain variables    . The accuracy of the nested 

domains solution is directly linked to the type of open boundary procedure and the 

accuracy of the hydrodynamic solution of the coarse domain along the nested do-

mains boundary.  

The optimum updating procedure maximises the information being transmitted into 

the coarse domain, conserves momentum and increases the accuracy of the coarse 

domain to allow a better nested domains solution to occur (Ginis 1997; Debreu 

2008).  

Boundary operator and updating procedures are required to reduce the error that 

can occur when domains of different resolutions are not blended correctly (Debreu 

2008). Blending of the two domains is required to prevent wave reflection (noise) in 

the nested domain, due to incompatibility between the two domains resolutions and 

model physics.  

Over-specification of the boundary data is another error that can be produced with  

inadequate data transmission (Kantha 2000). This involves using too much data 

from the coarse domain to blend the two domains. Two-way nested models can gen-

erate large wave reflection when over-specified, due to excessive data propagating 

out of the nested domain into the coarse domain.  

Data transmission is arguably the main point in relation to all nested modelling ap-

plications.  Methods have ranged from purely mathematical to modelling applica-

tions. Research in the area is extensive; some examples of literature include (Blayo 

2005; Oddo 2008; Nash 2010). Two of the main data transmitting procedures, re-

laxation and radiation, will now be discussed.  

 

2.7.2.1 Relaxation method 

 

This method attempts to introduce more consistency between the high resolu-

tion/nested and low resolution/coarse domains. This is done by trying to nudge the 

nested grid solution to the coarse grids solution. The most severe relaxation method 
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is known as the Dirichlet condition or the clamping condition. This boundary condi-

tion has been applied in one-way nested models such as (Spall 1991; Blayo 2005; 

Nash 2010) and two-way nested models (Barth 2005). Equation 2.5 represents the 

condition. 

                                              (2.5) 

The equation shows that the coarse grid solution (    and nested grid solution      

are totally dependent on one another. This method has encountered some problem 

in relation to out flowing variables that reflect back inaccurate information into the 

nested domain, due to the independence of the internal solution (Oddo 2008).   

The flow relaxation scheme allows a less dependent relationship to exist between 

the coarse and the nested domain. It was original proposed by Davies (1976). The 

method involves expanding the nested computational domain to allow for an addi-

tional domain called the sponge layer to be incorporated. This sponger layer now 

becomes the boundary (Γ) interface for the nested domain. The method introduces a 

relaxation factor into the updating section to allow gradual dissipation of informa-

tion to be passed into the coarse domain. The relaxation factor is applied to the grid 

points in the area of the boundary. This factor varies between one and zero depend-

ing on the distance from the boundary. Equation 2.6 represents the scheme, where 

the variables that are solved in the sponge layer     are replaced in the following 

way at each time step (Davies 1976; Oey 1992). 

                  (2.6) 

with α representing the relaxation function that varies with respect to the distance 

from the boundary (Γ ),    represents the sponge layer variables,    the nested do-

main variables and    representing the coarse domain variables (Blayo 2005; Oddo 

2008). 

Disadvantages associated with such schemes involve an increase in the computa-

tional time due to the addition of the sponge layer. The empirical nature of the solu-

tion generated in the sponge layer is also a disadvantage. The main advantage asso-

ciated which such schemes is the ease of implantation. The relaxation method in re-

search undertaken appears to be a very agreeable data transferring method (Røed 

1987;Palma 1998; Nycander 2003;Nash 2010).  
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2.7.2.2 Radiation methods 

 

The radiation  condition is the most widely used method for the dissipation of errors 

generated (Kantha 2000). The scheme involves the use of wave velocity or phase 

speed to establish a relationship between the nested and the coarse model. Equation 

2.7 represents the Somerfield condition the radiation method is based on. 

   

  
   

   

  
     (2.7) 

The equation shows the transport of the variable   through the boundary Γ, with     

representing the wave speed that transports the variable. The outgoing velocity vec-

tor that is normal to the boundary is represented by N.  

The condition has the assumption that the variable   will pass through the bound-

ary in a wave like motion freely. The equation states the temporal rate of change of a 

variable   is governed by the speed of propagation and the change in the variable 

with respect to distance from the boundary.  

The model is usually set to a relaxation method, such as the following; if the wave 

speed is in an inward fashion i.e. the nested domains variables are dependent on the 

coarse domains solution at the nested domain boundary. 

                                                   (2.8) 

Or a more relaxed term is used as follows, where      is the short term relaxation 

time.  

   

  
  

     

   
   (2.9) 

If the wave speed is outwards the above radiation equation is applied, though some-

times the relaxation term is included as follows, with       being the long term radia-

tion timescale:  

   

  
   

   

  
  

     

    
   (2.10) 

The efficiency of such a scheme in relation to complex flow regimes is not fully de-

termined. The use of the method in studies by (Røed 1987; Palma 1998; Nycander 

2003) have produced poor results, however in comparison to (Marchesiello 2001; 

Treguier 2001) who have produced rather efficient results.  
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The main error generated from the radiation condition is the assumption that the 

wave equation in a domain has a constant phase speed (Blayo 2005). This is not the 

case in relation to ocean modelling. The change in time of wave direction is also a 

concern in relation to the generation of error (Oddo 2008). 

 

2.7.2.3 Mesh structure 

 

The structure of a two-way nested mesh consists of two main types, the first is an 

overlapping method, and the second is a seamlessly embedded method that consists 

of two types: adjacent and separated.  

The adjacent seamlessly embedded meshes were used in the early generation of 

two-way nested domains (Harrison 1973; Ley 1976). The procedure involves the 

time integration for the coarse and nested domain to proceed simultaneously. 

Boundary data from the coarse domain is interpolated onto the interface between 

the nested and coarse domains to allow the forcing of the nested domain. The feed-

back/updating data from the nested domain is transmitted through the same inter-

face the boundary data is interpolated on.  

Problems associated with such a technique include an over specification problem at 

the boundaries. This problem arises from interpolated nested domain boundary 

data that are generated from the coarse domain data points, which themselves have 

been generated from a previous forecasted nested domain values (Debreu 2008).  

The separated embedded model, involves the separation of the nested and coarse 

domain by a mesh. This mesh, also known as a window frame, is shown in Figure 

2.17 as domain 2. The frame consists of an overlapping of the two different resolu-

tion domains.  The internal boundary of the coarse domain is the mesh interface and 

the fine domains external boundary, where the boundary conditions for the domain 

are generated, is the dynamic interface.  The separation of the interfaces allows for 

only internally generated nested domain values being used in the feedback calcula-

tion.  

The scheme involves initially the simulation of the coarse domain and the 

mesh/window frame domain (domains 1 and 2 in Figure 2.17). The second step in-

volves the use of the data generated at the dynamic interface as boundary conditions 
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for the simulation over domain (2) and the nested grid in domain (3). Time interpo-

lation is performed at the dynamic interface and spatial interpolation is performed 

at the mesh interface. This method allows two-way interaction due to domain 1 be-

ing influenced by domain 2 and the coarse domain influences the nested domain by 

providing the boundary conditions for the nested domain simulation. This method is 

a very common method in nested modelling and has been used in a large number of 

nesting schemes in both metrology and hydrology (Kurihara 1979; Ginis 1997; 

Zhang 2007). 

 

Figure 2: 17 Seamlessly embedded nested domain 

The second type of two-way nested modelling procedure is an overlapping method 

that involves the extension of the coarse domain over the full nested domain. The 

overlapping method has been used in a number of applications (Spall 1991; Fox 

1995 ; Barth 2005). 

The procedure involves the coarse domain integrating for one time step and bound-

ary data from the coarse domain are interpolated onto the dynamic interface (see 

Figure 2.18) between the nested and coarse domains. The nested domain is then in-

tegrated using the boundary data until the time step is equivalent to the coarse do-

mains time step. The transfer of the high resolution nested domain data occurs at 

points where the coarse domain grid points coincide with the fine domain grid 

points and are updated using some interpolation method of the enclosed nested grid 

data .Figure 2.18 shows an illustration of the grid configuration for a nested ratio of 

3:1.  

Window frame 
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Figure 2: 18 Schematic of overlapping grid configuration 

2.7.2.4 Interpolation 

 

Interpolation techniques are required for effective data transmission, as data is 

transferred between domains of different spatial and temporal resolution. There are 

two main goals for an interpolation scheme to be optimum: (1) to maximize the in-

formation being transferred and (2) to minimize the generation of noise.  

Interpolation techniques used in the transfer of information from the coarse domain 

to the nested domain are usually of a polynomial form or a linear/bilinear form. 

Problems can arise with the use of polynomial techniques in areas of sharp gradients 

due to the formation of surplus oscillation of the interpolation variables (Alapaty, 

1998). Therefore, linear interpolation is more widely used for both spatial and tem-

poral interpolation (Nash, 2010, Korres, 2003, Pullen, 2001). 

There are four main updating interpolation procedures for the transfer of informa-

tion from the fine domain into the coarse domain: (1) direct copy, (2) basic averag-

ing procedure, (3) Shapiro and (4) fully weighted averaging procedure (Zhang 1986; 

Kosh 1987).  

Direct copy is the most severe interpolation technique, with only the nested grid 

point that lies directly in the region of the coarse grid point being used in the proce-

dure. Equation 2.11 represents this interpolation scheme, with Figure 2.19 showing 

an illustration of the scheme, with subscripts i, j representing the grid point loca-

tions in relation to the x and y direction in the nested domain and I,J representing 

the coarse domains grid point locations in relation to the x and y direction.  

                                              
        

        (2.11) 

Dynamic 

interface 
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where     
  represents the coarse grid point and     

  represents the nested grid point 

that overlays the centre of the coarse grid cell. 

 

Figure 2: 19 Copy interpolation scheme 

    

The average procedure takes into account all fine grid points that are enclosed in the 

coarse cell (Clark 1984). Equation 2.12 shows the formation of the average scheme 

for a mesh refinement factor of 3: 

  
    

 

 
         

        
          

        
      

        
          

       
  

  +1, +1        (2.12) 

with     representing the coarse point (black circles) that is being updated and 

   being the fine grid values in the same cell (blue circles). This scheme is based on 

the assumption that the fine grid variables over laying the one coarse grid cell have a 

uniform distribution of value. Figure 2.20 shows an illustration of this interpolation 

scheme.  
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Figure 2: 20 Average interpolation scheme 

      

The Shapiro interpolation scheme is based on the assumption that the nested grid 

point that lies in the central region of the coarse grid (blue square)  is of equal im-

portance to the sum of the other nested grid (red squares) points enclosed in the 

coarse grid cell (Zhang 1986). The following equation shows that mathematics of the 

scheme, with Figure 2.21 illustrating the process.  
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Figure 2: 21 Shapiro interpolation scheme    

The final interpolation scheme is the full weighted averaging method and assumes that 

the interpolated value used for the updating procedure should be influenced mainly by 

nested grid points close to the centre of the coarse grid point being updated (green + 

blue squares ) and less by the more distant points ( red squares) (Hemker 2001; Debreu 

2008). The following equation presents the fully weighted scheme for a nesting ratio of 

3. 

  
    

 

  
         

         
          

         
       

         
          

  

      
          

 
                                                                                                                            

(2.14) 

Figure 2.22 shows an illustration of this interpolation scheme.  
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Figure 2: 22 Fully weighted averaging interpolation scheme  

 

2.9 SUMMARY AND CONCLUSION 

 

The ability of hydrodynamic models to model small scale processes accurately, 

without excessive computation needs, is one of the main areas that requires devel-

opment. The introduction of nesting techniques to model areas of interest with a 

high level of resolution is one of the methods used to achieve this accuracy without 

employing a heavy weight on the computational needs or requiring a high level of 

computational memory. There are two main forms of nesting procedures; one-way 

nesting and two-way nesting.  

One-way nesting modelling techniques have been successively implemented into the 

numerical model DIVAST, however, the location of the open boundaries of the 

nested domain are crucial to the accuracy of the model solution. Errors generated by 

the boundary are directly linked to the inaccuracies in the coarse domain along the 

nested domain boundary. Therefore, boundaries have to be located in areas of low 

coarse domain inaccuracies. Literature reported no method of tackling this problem 

without an increase in the nested domain and, hence, the computational needs. 

Therefore, this research focused on a method to alleviate this problem. This was 

achieved by allowing boundaries to have an irregular shape to position them in ar-

eas of high coarse domain accuracy without an increase in the computational needs. 
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To the Author’s knowledge this is the first application of such a technique to a one-

way nested model. 

Research has highlighted the possibility of incorporating two different types of co-

ordinate systems into a single model domain to accurately represent the hydrody-

namics of a water body (hybrid grid). A novel approach was generated by allowing 

the one-way nested domain to be generated in a rotated coordinate system to accu-

rately represent areas of the computational domain i.e. rivers flowing into an estu-

ary at an angle.   

In the context of this research, nesting was required to investigate the effects of en-

ergy extraction by tidal turbines in an estuary. Two-way nesting is more beneficial 

for such applications as features modelled on the nested grid i.e. turbine farms, are 

capable of propagating out to the coarse domain, thus improving the coarse domains 

solution and allowing the identification of possible environmental impacts outside 

the nested tidal farm. 

A two-way nested model was developed, which is a modified form of the one-way 

nesting procedure in DIVAST. The model is capable of simulating hydrodynamic 

processes at a high resolution and allowing the data to be fed back into the low reso-

lution domain. The grid structure employed was an overlapping method, in com-

parison to an embedded grid due to large modification required in the solution 

scheme of the model.  Literature identified that an effective data transmission 

method was crucial in maximising the transmission of data while preventing the 

generation of error.  Therefore, a large section of the research was focused on this. 

Based on the literature three different forms of feedback conditions were assessed; a 

Dirichlet condition and two forms of the flow relaxation method. Different interpola-

tion scheme were also tested: direct copy, average, Shapiro and fully weighted. The 

final version of the scheme allows two different forms of data transmission depend-

ing on the complexity of the domain, they were: (1) a Dirichlet feedback condition 

with an average interpolation scheme, and (2) a momentum flow relaxation feed-

back condition with an average interpolation scheme.  

Two-way nested models reviewed in the literature exclude an open boundary for-

mulation that incorporates ghost cells adjacent to the nested open boundary cells so 

the open boundary is considered an internal boundary. This technique was used in 
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the existing one-way nested model in DIVAST and incorporated into the two-way 

nested model.  

Tidal turbines of different array configurations have not been incorporated into any 

nested model reviewed in the literature. The two-way nested model was developed 

to allow the effects of energy extraction by tidal turbine farms to be incorporated 

based on the Linear Momentum Actuator Disc Theory.   
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CHAPTER 3:  DESCRIPTION OF THE NUMERICAL 

MODEL DIVAST 
 

      3.1 INTRODUCTION 

 

The open source code used in this study was DIVAST, which was developed by Pro-

fessor R.A Falconer, professor of environmental water management, and Prof. B. Lin 

both of Cardiff University. DIVAST is a two-dimensional hydrodynamic model that 

uses the programming language FORTRAN to simulate the distribution of currents, 

elevations of water surface and water quality parameters.  

The basis of the numerical hydrodynamic model involves solving the Navier-Stokes 

equations. These equations are integrated over depths and take into account the ef-

fects of local and advective acceleration, the rotation of the earth, pressure gradients 

at barotropic and free surface levels, wind movement, resistance generated from the 

waterbed and turbulent mixing.  

A finite difference scheme is used to solve the governing equations, along with an 

semi-implicit alternating direction (ADI) formulation scheme (Falconer 2001). The 

model has been calibrated using many field and laboratory experimental results. It  

has been used extensively in projects throughout Ireland and the UK and is consid-

ered a high standard hydrodynamic model within the industry (Hartnett 2004). 

 

3.2 MODEL DESCRIPTION 

 

DIVAST is a versatile model for the prediction of water elevations and currents in 

water bodies dominated by horizontal, unsteady flows, which do not display signifi-

cant vertical stratification. The governing equations are solved using a finite differ-

ence technique along with an alternation direction (ADI) method, which allows a 

stable semi-implicit scheme to be generated. The grid structure used in the model is 

a uniform rectilinear grid, shown in Figure 3.1, which is a very common structure in 

finite difference models. The structure involves equal spacing between grid points in 

both the x and y directions.  
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x 

 

 

 

 

Figure 3: 1 Uniform rectilinear grid (Wanga 2004) 

 

The ADI method involves the splitting of each time step in two. This allows a one di-

mensional matrix to be solved implicitly at each step instead of a more complex two 

dimensional matrix. Discretization of the model grid is performed on an I-J plane, 

with I and J axes corresponding to the x and y direction (Figure 3.2). During the first 

half time step the solution scheme proceeds in the x-direction and generates values 

for the water elevations   and x-direction velocity components, with the use of a 

back substitution and Gaussian elimination method. The second half time step re-

peats the process in the y-direction and computes water elevations   and y-direction 

velocity components.   

Figure 3.2 represents the space staggered orthogonal grid system used in the model, 

that allows each variable operated on in time to have centrally located spatial deriva-

tives for each of the other variables available. The method involves the discritisation 

of the water elevations (ζ) at the centre of the grid cells and the velocity variable in 

the x and the y direction at the centre of the cell sides.  

 

 

y 
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Figure 3: 2  The space staggered grid system (Layeka 2007). 

 

DIVAST was chosen as the hydrodynamic model for the study as it has been used in a 

number of different studies around Ireland in relation to estuaries and water bodies. 

The model has been previously calibrated to a very high standard and seen as one of 

the leading finite different models in the area of hydrodynamics (Falconer 2001). 

The space staggered orthogonal grid system can become inaccurate in areas where 

complex geographical and topography features are present, therefore, they are best 

suited to open seas and harbours with a regular shape. The accuracy of such models 

can be increased with an increase in the number of grid cells, however, this leads to a 

greater stress on the computational needs of the model. Therefore, this type of 

model is ideally suited for the incorporation of a nested domain to reduce the com-

putational needs of the finite difference model and to improve accuracy. 

 

3.3 GOVERNING EQUATIONS OF MOTION 
 

Governing equations of fluid motion, which are written with respect to the rotation 

of the earth’s coordinate systems frame of reference, need to be solved in all hydro-

dynamic models. The governing equations involved in this hydrodynamic model are 

the Navier-Stokes equations - these equations are derived from Newton’s second law 

of motion in relation to a particle of fluid (Drazin 2002).   

-direction velocity V,                     

water depth Hy, and                   

volumetric flux Qy                                        

∆     = x-direction velocity U,           

water depth Hx, and                      

volumetric flux Qx                                          

X     = water elevation ζ 

J or y 

I or x 
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The generation of a two dimension hydrodynamic model involves considering only 

the horizontal components and representing the less dominant vertical (w) compo-

nents in relation to the horizontal components (u,v) (see Figure 3.3). This can be im-

plemented into shallow well mixed water bodies, due to the vertical components be-

ing considerably small in relation to the horizontal components.  

  

Figure 3: 3 A shallow well mixed water body (ζ = water elevation above or below MWL, 

h =water depth below MWL) 

The following equations represent the depth integrated velocity components that 

are used to transform the complex three dimensional parabolic velocity profiles:  

  
 

 
    

 

  
    (3.1) 

  
 

 
    

 

  
   (3.2) 

where the horizontal velocity components are represented with u and v. The depth 

integrated velocity components are U and V and H=h+ζ, is the total water depth; h is 

water depth below mean water level and ζ is water depth above or below mean wa-

ter level. These equations allow the model to transform into a less complex two di-

mensional form as shown in Figure 3.4. 

h 

ζ 
Mean water level (MWL) 

Bed bottom 

z (w) 

y (v) 

x (u) 



  44 

 

                            

Figure 3: 4 Principle of the two dimensional model (Fowler 2012) 

 

This integrated method, along with the  assumption that vertical acceleration is neg-

ligible in comparison to gravity, can be used to express the governing equation in a 

two dimensional hydrodynamic model to calculate the depth integrated velocity 

components U,V and the water elevations ζ (Falconer 1994). The following equations 

represent the governing equations in a two-dimensional form. 

Continuity equation: 

                                           
  

  
 

   

  
 

   

  
                                    

     (3.3) 

X-direction momentum equation: 

   

  
   

    

  
 

    

  
  

      
  

  
 

         
    

     

 
 

         
   

   
 

  
   

  

  
  

 

  
    

  

  
 

  

  
  

          

             (3.4) 

Y-direction momentum equation: 
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where, t =time 

 = water elevation above or below the datum 

     = depth integrated volumetric flux in the x and y direction (      ,      ) 

 = momentum correction factor for non-uniform vertical velocity profile 

  = Coriolis parameter 

C = Chezy bed roughness coefficient 

   =depth-average mean eddy viscosity 

  = density of air (1.292 kg/m3) 

 = fluid density 

 = depth mean eddy viscosity 

g = gravitational acceleration 

     = wind velocity in x and y direction 

  = air-water interface coefficient 

The momentum equations shown in equations 3.4 - 3.5, consist of the local and ad-

vective acceleration terms on the left hand side of the equations. The right hand side 

of the momentum equation represents the forces and pressures that are being ap-

plied to the flow of water. The forces consist of Coriolis force, pressure gradient, 

wind shear force, bed shear resistance and turbulent induced shear force (see Ap-

pendix A.1).  

 

3.4 FINITE DIFFERENCE FORMULATION 

 

The governing equations are solved using a central difference, ADI, finite difference 

scheme to find approximations of the first derivates. The following equation repre-

sents the first derivative of a function U(x), which represents a velocity at point x in a 

one dimensional model, using the central difference method. 
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   (3.6) 

Equation 3.6 shows that an approximation of the first derivative of U at point x can 

be generated by using the velocity values at point (x+Δx) and the velocity values at 

point (x-Δx).  

There are three different finite difference methods to generate an approximation of 

the first derivates: forward difference, backward difference and central difference 

(Note: the three types of finite different methods are represented in Appendix A.2).  

The central difference method is used along with an ADI scheme, which requires the 

time step be split in two, allowing the components in the x and y direction to be 

solved in separate time intervals. This requires the x-direction components to be ex-

pressed in an implicit form in the first half time step, with the y-direction compo-

nents expressed in an explicit form. This is the opposite for the second half time step 

where the y-direction components are implicit and the x-direction components are 

explicit. Two iterations of the solution are performed in each half time step to allow 

all terms to be fully centred in time and space. The following equations represent the 

discretised form of the continuity equation and x-direction momentum equation us-

ing a uniform space staggered mesh as shown in Figure 3.2 (Falconer 1986). 

Continuity equation: 
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Momentum equation in x-direction: 
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where subscripts i, j represent the grid point location in the x and y direction and n 

represents the level at which the time step is at. With   

           
  

 

 
   

 

 

                                (3.9)  

           
  

 

 
   

 

 

  .      (3.10) 

The first half time step, from n to n+1/2, involves solving qx and ζ implicitly, during 

which the terms with the prime are expressed explicitly at n-1/2 during the first it-

eration. For example, during equations 3.7 first iteration. 

    
  

 

 
  

 
  

  
 

 
  

  
 

                                             (3.11) 

The second iteration involves the terms with a prime being expressed at time step n 

using the average of the variables values computed at the end of the first iteration. 

Equation 3.12 shows an example of this. 

    
  

 

 
  

 
 

 

 
  

  
 

 
  

  
 

   
  

 

 
  

  
 

                      (3.12) 

The y-direction momentum equation and continuity equation are solved in a similar 

way, but performed in the n+1/2 to n+1 time step level, to generate values for qy and 

ζ.  

The accuracy of the hydrodynamic model is directly linked to the solution for the 

continuity and momentum equations; therefore a clear understanding of the scheme 

is essential to perform modifications and expansions to the existing model. The solu-

tion scheme is further explained in the following sections.   
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3.5 HYDRODYNAMIC SOLUTION SCHEME 

 

The hydrodynamic solution scheme is a semi-implicit method, which as mentioned 

previously, involves the use of adjacent grid point of known and unknown values to 

calculate a variable at a particular grid point. Therefore, the governing equations 

cannot be solved directly to calculate a solution for U, V and   but must be solved in a 

simultaneous manner. Known terms are generally calculated at a previous time step, 

with unknown terms calculated at the current time step. The method of Gaussian 

elimination and back substitution (Falconer 1994)  is applied to the hydrodynamic 

solution scheme in DIVAST to solve the governing equations in a tri-diagonal form.  

The governing equations for the first half time step use the hydrodynamic solution 

scheme to calculate values for  
   

  
 

  and     
  

 

 
  

  
 

 , which involves the use of known 

values at time n and unknown values at time n+ 
 

 
 .  The following equations show 

how the governing equations (3.7) and (3.8) are rearranged by bring all unknown 

terms to the left  hand side of the equation and combining all known terms. 

Continuity equation: 

 
  

   
    

   
    

   
    

   

   
   

  

   
    

   
    

   
     

                                (3.13) 

Replacing the know terms gives: 

   
    

  
 

 
  

  
 

        

  
 

    
    

  
 

 
  

  
 

    
       (3.14) 

where:  

      
  

   
                                 

  
      

  
  

   
     

    
 
 

 
     

    
 
 

 
  

The momentum equation (3.8) terms are rearranged in a similar manner, with all 

known terms being positioned on the left hand side of the equation: 
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Replacing the know terms gives: 
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where:  

      
   

   
 

  
 

 
  

                

             
    

  
 
 

      
 

  
 

 
  

 

                           

  
      

  
 
 
  

  
 
  

   

  
             

            
         

  
 
 
   

 
 

 
       

  
 
 
   

 
 

 
         

  
 
 
  

 

 
   

   
 

  
 
 
  

   
     

  
 
   

   

  
 
   

           
    

  
 
 

 

  
      

     
  

 
 

       

  
 
 
  

 

  

  
 
 

 
  

   
  

  
 
 
  

      
  

 
 
  

   
  

 
 
  
    

  
 
 
    

   
  

 
 
    

    
  

 
 
  

  
    

 
 
  

    
 
 
  

      
 
 
  

      
 
 
 
 

 

The known terms are represented by   
 in the continuity equation and   

  in the 

momentum equation, which are all at a time level n. The values a, b, c, d, e and f are 

all recursion coefficients. These equations are used to perform the Gaussian elimina-

tion and back substitution, along with water elevations or normal velocity conditions 

provided at the open boundary.  
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Figure 3: 5 Illustration of model grid and integration section (Nash 2010) 

Figure 3.5 shows an illustration of a model grid, with Figure 3.5b showing section 2 

in the domain, which will be used as an example to show the hydrodynamic solution 

technique performed in the x-direction for the first half time step. The section being 

computed contains a lower water elevation open boundary at (1, 2) and a closed 

boundary at (13, 2). The presence of the boundaries provide values for     

  
 

  at the 

open boundary and the closed boundary will give a value of zero to       
  

 

 
  

  
 

 . 

The computation will start at the point where i=1, with the inclusion of the open 

boundary conditions i.e.     

  
 

  is known, the following equation can be generated 

from the reconstructed momentum equation (3.16): 

    
 

 

 
  

  
 

         

  
 

        (3.17) 

The inclusion of the known boundary conditions allow for the recursion formula, R1 

and S1 to be generated, which contains only known terms. An equation for     

  
 

  can 
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be generated at i=2 by introducing equation (3.17) into the continuity equation 

(3.14) and generates the following equation with new recursion formulae P and Q. 

    

  
 

     
    

 
 

 
  

  
 

                                          (3.18) 

This equation can then be substituted back into equation (3.16) at i=2 to eliminate  

    

  
 

 .  This procedure of Gaussian elimination continues until it reaches the closed 

boundary at i=12 and allows a formulation of the continuity equation (3.14), which 

contains a known value of     
  

 

 
  

  
 

  equal to zero for the closed boundary condition, to 

be generated as follows: 

     

  
 

      
    

  
 

 
  

  
 

                         (3.19) 

This then allows back substitution to be preformed after the Gaussian elimination to 

generate values for the unknown     
  

 

 
  

  
 

  and  
   

  
 

   at each grid cell in the integration 

section. The governing equations can now be written in their general recursive form:  
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where Pi, Qi, Ri and Si are recursion terms computed as follows for i=1,…,imax: 

        

   
  

         
        

  

       
 

   
  

        

         
       

  
      

       
 

The method of Gaussian elimination and back substitution is performed in both the x 

and y direction across the full model domain. The solution is stabilised by allowing a 

second iteration to be performed to centre all the terms in space and time. 

The governing equation requires modification in the areas of open boundaries, due 

to the use of a central difference method used on a domain with a space staggered 

grid. The solution to such a problem involves the removal of the x-direction terms in 
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the momentum equation if the open boundary is in the x-direction and the removal 

of the y-direction terms with a boundary in the opposite direction. This will be ex-

plained in more depth in Chapter 4. 

3.6 MODEL ACCURACY AND STABILITY 

 

The ability of a hydrodynamic model to solve the governing equations is assessed by 

looking into the scheme in relation to its stability, accuracy and convergence.  The 

resolution of a model and hence the computation needs of a model are directly 

linked to these assessment characteristics. 

The partial differential form of the governing equations uses the finite difference 

method to generate an approximation of its solution in the DIVAST numerical model. 

This approximation is said to be convergent when the time step and distance step 

approach zero and the truncation error generated from the finite difference scheme 

is reduced to a negligible form. The following equations represent the convergent 

requirements (Thompson 1992). 

                             (3.22) 

where A represents the exact solution to the continuous partial differential equation 

and An is the solution generated from the finite difference scheme.  

The stability of the model is linked to the round off error that is generated due to the 

calculation of finite difference equation. The inability of a model to generate a solu-

tion that goes to infinity results in the generation of a round off error. The error is 

generated with each individual calculation in the scheme and the model is said to be 

stable if this error is negligible in comparison to the true solution to the finite differ-

ence equation. The stability of the model is generally governed by the Courant condi-

tion and this condition is incorporated into the DIVAST model that will terminate a 

model before excessive error is generated. The Courant number is calculated by the 

following formula (Strikwerda 2004 ): 

      
  

  
      (3.23) 

with g representing gravity, H is average water depth below the mean water level, Δt 

and Δx are the time step and spatial resolution respectively.  
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The finite different scheme used by the model is of an implicit form, which is inher-

ently stable and does not have to comply with the Courant condition, however, the 

accuracy of a model can also be linked to such a condition (Falconer 1988). Research 

has shown that a courant number greater than 8 leads to a decrease in the level of 

accuracy of the model solution. Therefore, the model imposes a restriction on the 

time step (Δt) with respect to a certain grid spacing (Δx). The following equations 

represent the time step restriction to prevent inaccuracy: 

       
  

   
     (3.24) 

The accuracy of a finite difference model is directly linked to the time step and the 

number of grid points. The most effective way of increasing accuracy is increasing 

the number of grid points, which also leads to an increase in the time step to coincide 

with the Courant condition. This, however, results in a large increase in the computa-

tional needs of the modelling procedure. 
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   CHAPTER 4: ADVANCED ONE-WAY NESTED MODEL 

 

4.1 INTRODUCTION 

 

The one-way nesting technique in the DIVAST model uses a Dirichlet boundary con-

dition and a linear interpolation method to allow a nested domain of high resolution 

to be embedded in a coarse resolution grid. Results generated with this technique 

were shown to be highly compatible with a high resolution grid of the full domain 

(Nash 2010). However, the locations of the nested domains open boundaries are 

crucial to the accuracy of the model. Errors generated at the boundary of the nested 

domain are a result of inaccuracies in the coarse domain in the region of the nested 

boundary. Therefore, the nested boundaries should be positioned in an area of low 

coarse domain inaccuracies. Resulting in an increase in the number of grid points in 

the nested domain and increase the computational effort required for the model.  

In the DIVAST one-way nested model the shape of the nested grid was restricted to a 

rectangular or square shape. The concept of a one-way nested model with the possi-

bility of irregular geometry boundaries was proposed with the aim of allowing 

greater flexibility and applicability of the model. The irregular boundaries would al-

low ease of positioning for accurate boundary location, and also for an area of inter-

est to be modelled with a reduction in the number of grid points required to produce 

a model solution of high accuracy and stability. 

To further optimise the one-way nested model a novel approach was taken to modify 

the nested grid to allow the domain to be positioned at different orientations. In this 

manner, the size of the high resolution nested grid and the related computational 

needs can be reduced further.  

This chapter presents a description of the DIVAST one-way nested model and modi-

fications performed to allow the aforementioned advanced features to be introduced 

and results generated.   
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4.2 DESCRIPTION OF ONE-WAY NESTED MODEL IN DIVAST 
 

DIVAST was extended with the introduction of a one-way nesting technique (Nash 

2010). This technique involved the introduction of an additional higher resolution 

grid into an area of interest for a better representation of hydrodynamic processes.  

The procedure for the one-way nested model involves a number of steps. Initially, 

the coarse domain is simulated for a full time step, at the end of which the open 

boundary information for the nested grid is allocated and interpolated from the 

coarse domain data with respect to space and time. The nested domain solution is 

then computed until the time level of the nested domain is equal to that of the coarse 

domain.  

The majority of the code generated for the inclusion of a one-way nested grid has no 

interaction with the main code for the low resolution coarse grid, therefore the 

nested domain runs almost completely independently, excluding the interaction in a 

subroutine that allows information to be passed into the nested domain from the 

coarse domain to specify the boundary conditions (see Appendix B for flowchart of 

one-way nested procedure and description). 

The accuracy of the nested model is governed mainly by the interaction between the 

coarse and nested grid through the boundary conditions. The generation of errors 

can result from the specification of incorrect boundary data, an inefficient boundary 

operator and also simplification of boundary formulation. 

The boundary operator used in the one-way nesting procedure involves the use of 

the Dirichlet condition, where the characteristics of the coarse domain are directly 

imposed onto the boundary (Γ) of the nested domain.  Equation 4.1 represents the 

mathematics associated with the condition.  

 

            
   

         On Γ   (4.1) 

where i, j are the nested grid coordinates. The coarse grid solution     
    on Γ was 

obtained by interpolation in time and space to the resolution of the nested grid.  
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A linear method is used in relation to the spatial and time interpolation. Equation 4.2 

represents the mathematics associated with this interpolation scheme: 

                       (4.2) 

       where: 

  
       

   
             for k=1…   

The equation shows the value of a scalar at the nested grid point k, in a horizontal 

row, is interpolated from the coarse domain points at I and I-1 and a coefficient of 

proportionality w. This coefficient is calculated in relation to the distance the k point 

is from the I coarse point and the nesting ratio rs.  

The central finite difference, staggered grid scheme used in the DIVAST model pre-

sents a problem for the formulation of the finite difference approximations of the 

partial derivatives at the open boundary cells. The following equation represents the 

central finite difference method for the partial derivative of the x-direction depth in-

tegrated volumetric flux at point (i+
 

 
, j). 

    

  
 
  

 

 
  

 
 

         
         

 

  
    (4.3) 

 

The staggered grid method used introduces an extra calculation in the form of linear 

interpolation, as the values for        
   and          

  are not represented at the centre of 

the grids but at the sides of the grids (see Chapter 3, Figure 3.2).The following equa-

tions show the linear interpolation method used: 

       
  

    
  

 
 
  

      
  

 
 
  

 

 
     (4.4) 

         
  

    
  

 
 
  

      
   

 
 
  

 

 
                  (4.5) 

The method requires the values for two adjacent grid points in both the positive and 

negative direction for the approximation of the unknown value. This method is ap-

propriate for all internal boundaries, however, it requires alteration for open 

boundaries, as not all required known points are available.  
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DIVAST solves this problem by setting the boundary grid cells equation to zero. The 

following equations represent the alteration to the advective acceleration term in the 

x-direction momentum equation at an x-direction boundary: 

Internal grid cell: 

  
    

  
 

    

  
      (4.6) 

Boundary grid cell: 

  
    

  
       (4.7) 

A similar modification is made in the y-direction momentum equation for cells that 

lie on the y-boundary. This modification prevents the incorporation of a rate of 

change of momentum in the direction normal to the boundary cells. This can intro-

duce errors in the area of boundaries. 

Ghost cells are also incorporated into the one-way nested model to allow the bound-

ary cells of the nested domain to be computed like internal boundaries in relation to 

the formulation of the governing equations.  

Figure 4.1 shows an illustration of the boundary of the nested domain with the 

shaded region highlighting, where information from the coarse domain is interpo-

lated and fed into the nested domain. The illustration also shows the location of the 

ghost cells, which are incorporated into the model to allow the boundary cells for the 

nested domain to be considered as internal boundaries, hence reducing the genera-

tion of error in the domain. The ghost cells are represented in Figure 4.1 with the 

symbol Γ*. 
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Figure 4: 1 Nested grid configuration showing boundary interface of nested grid incor-

porating internal boundary Γ and adjacent exterior ghost cells Γ*. 

Boundary data is assigned to both the nested domain boundary Γ and the ghost cells 

Γ* from the coarse domain in a similar manner; however, only velocities and fluxes 

normal to the boundary are required for the ghost cells. 

4.3 DESCRIPTION OF ROTATED NESTED MODEL 
 

The RNM (Rotated Nested Model) was developed to allow a nested grid to be orien-

tated at different angles in a low resolution coarse domain. This rotational ability 

provides an additional, optional, functionality to the features of the one-way nested 

model. Therefore, all the specifics covering the one-way nested model are applied to 

the rotated nested model. For a specified rotation, the angle of rotation and the ori-

entation of the movement are defined by the user prior to the simulation of the 

model in an input data file.  

The generation of the RNM required the transformation of the rotated nested grid in 

the original physical domain with a coordinate system of (x, y), to a non-rotated grid 

in the computational domain with a coordinate system of (ξ, η). Such a transforma-

tion is required to allow the conventional finite difference method to be used to solve 

the partial differential governing equations. Figure 4.2 represents the RNM grid in 

the physical domain, with the physical domains coordinate system and the computa-

tional domains coordinate system specified.  
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Figure 4: 2 Rotated nested domain     

The procedure requires a transformation scheme to establish a relationship of the 

following form between the physical domain and computational domain.                           

                            (4.8) 

                                                                                     (4.9) 

The initialisation files (see Appendix B) require this relationship to appropriately as-

sign data to the grid cells in the rotated domain to identify initial depths and eleva-

tions.  

The Dirichlet boundary condition and the linear interpolation procedures used in the 

non-rotated nested model were used in the rotated nested model to allow an accu-

rate model to be generated. Modification of the interpolation procedure was per-

formed to comply with the rotated nested boundaries.  

The boundary conditions that are prescribed at the new boundaries were also trans-

formed with respect to the rotated coordinate system. The hydrodynamic variables 

generated at the end of the simulation required an inverse transformation to allow 

the variables to be described in the non-rotated coordinate system. 
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4.4 DESIGN OF ROTATED NESTED MODEL 
 

The RNM was proposed to expand the existing one-way model to allow the rotation 

of the nested grid. The one-way nested grid could then be placed into domains that 

are at an angle in the main model, examples include: rivers flowing into an estuary at 

an angle and meanders located along an estuary. 

The following points represent the main design requirements for the rotated nested 

model: 

 The user can specify the extent of the domain and the angle at which the do-

main will be rotated at. 

 The model should be able to rotate at any angle in a clockwise or anticlock-

wise orientation. 

 Boundary operators need to interpolate the data accurately from the coarse 

domain to the rotated nested domain. 

 The governing equations need to be solved at every grid point in the nested 

domain to generate a solution to the unknown variables, with respect to the 

new coordinate system. 

 There should be no significant reduction in the model accuracy. 

Design requirement were taken into account and the following strategy was com-

piled: 

 Read in the angle of rotation with the use of a new input file. 

 Establish a relationship between physical domain and computational domain 

for the generation of matrices to be used in the governing equations.  

 Transformation of the boundary conditions to the new rotated coordinate 

system. 

 Solve the governing equation in the computational domain in a uniformly 

spaced rectangular grid.  

 Perform a reverse transformation to identify the variables in the physical 

domain. 

Figure 4.3 represents a flowchart of the proposed model program taking the design 

requirements into account. The majority of the code originates from the one-way 

nested scheme. The original DIVAST code is identified by the non-shaded regions in 
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the flow chart. The one-way nesting technique is identified by the blue shaded sec-

tions. The light blue shaded sections in the flowchart identify the sections where 

modifications were performed to allow for the rotation of the nested domain.   
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Figure 4: 3 Flowchart of rotated nested model 

(OBC’s=Open Boundary Conditions) 
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4.5 IMPLEMENTATION OF ROTATED NESTED MODEL 
 

The RNM consists of a main program that calls a number of subroutines in sequence. Figure 4.4 

illustrates the structure of the model in a flow chart form and gives a brief description of the dif-

ferent stages in the model. The model is of a similar form to the one-way nested model but in-

cludes modifications to some of the existing subroutines. 

Input data, identification of the integration section and variable initialisation for the coarse do-

main are all performed in section 1-7 in the main program. The execution of subroutines 8-17 

are performed at each time step during the model simulation, with subroutines 8-11 being per-

formed in the first half time step to compute the hydrodynamic regime in the x-direction for the 

coarse domain, while the y-direction variables are computed in the second half time step in sub-

routine 12-15. The Chezy and Eddy viscosity are re-calculated in subroutines 16-17 at regular 

intervals at the end of a full time step. Specification of the nested domains integration section 

and variable initialisation are performed in subroutine A-C. Subroutine D oversees the calling of 

the subroutine that assigns the boundary data for the nested domain (D.1, D.5) and computation 

of the hydrodynamic subroutine in the nested domain for the x- direction (D.2-D.4) and y-

direction (D.6-D.8).  The re-calculation of the Eddy and Chezy variables for the nested domain 

are performed in subroutine E-F.  

The implementation of the rotated nested domain was performed with the modification of the 

subroutines used in the one-way nesting procedure. The first of these modifications was per-

formed in the FIND_F (B) subroutine, with the incorporation of the coordinate transformation 

equations. This subroutine uses the information that is read into the model through the FIELD 

(A) subroutine to generate matrices that describe the characteristics of the modelling domain 

that are to be used in the hydrodynamic solution scheme. The relationship between the incre-

ments, or the grid spacing, is also incorporated in this subroutine to allow the correct informa-

tion to be read into the matrix to correspond to the rotated nested domain.  The modification of 

the code with respect to the boundary interpolation scheme and boundary conditions are gen-

erated in the FINEBND (D.1, D.5) subroutine. This subroutine generates the data required for 

the boundary conditions that are used in the recursion equation to generate a solution to the 

governing equations for the x-direction variable in the HYDMODX_F (D.2) subroutine and the y-

direction variable in the HYDMODY_F (D.6) subroutine. This subroutine required that the new 
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boundary location be interpolated and generated with respect to the new coordinate system for 

the rotated domain- this was done by incorporating the boundary transformation procedure. 

The initial variable transformation is performed at the nested open boundary and is undertaken 

in the same subroutine that performs the interpolation and boundary conditions procedure. 

This involves the transformation of the variables with respect to the angle and orientation of the 

rotated domain. The final stage of the code modification involves the inverse transformation of 

the variables after the hydrodynamic solution scheme has been performed. This is undertaken 

in the NEST subroutine at the end of the HYDMODX_F and HYDMODY_F. A full list of sections 

modified in the numerical model is presented in Table 4.1.  

Table 4: 1 Modifications of the source code to allow the rotation of the nested domain 

Program section Function Modification 

Main Program Reads input data Read new input data 

Main Program Writes input data Write input data from new data file 

FIND_F 

Establishes open bounda-

ries in nested domain 

Coordinate transformation and grid 

spacing calculation 

FINEBND 

Extracts, interpolates and 

assigns boundary data from 

coarse model 

Rotated boundary identification, as-

signment of new boundary data in the 

rotated coordinates 

HYDMODX_F 

Solves hydrodynamics in x-

direction Solves hydrodynamics in ξ-direction 

HYMODY_F 

Solves hydrodynamics in y-

direction Solves hydrodynamics in η-direction 

NEST 

Main do loop in nested do-

main Inverse transformation of variables 
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Figure 4: 4 Flow chart of nested model structure, with red identifying the subroutines used in the 

nesting procedure and green identify the subroutines that were modified for the RNM. 
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4.5.1 ROTATED DOMAIN FORMULATION  

 

When a specific domain rotation is required, the first function of the new code in the FIND_F 

subroutine is to determine the location of the new rotated nested domain in relation to the 

coarse domain. This is done by identifying the localised coordinates for each grid point, in the 

rotated domain, with respect to the coarse domain.  Figure 4.5 illustrates the non-rotated do-

main (green) with corner coordinate points (a-d) and rotated domain (red) with corner coordi-

nate points (A-D). 

 

Figure 4: 5 Illustrations of the non-rotated domain and the rotated domain 

 

The following equations represent the method used to identify A and B in relation to the coarse 

domain co-ordinate system.   

                                                                                            (4.10) 

                                                                                                                       (4.11) 

θ 

ξ 
η 

y 

x 
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                                                                                                                     (4.12) 

                                                                                                                   (4.13) 

                                                                                                                        (4.14) 

                                                                                                                        (4.15) 

where θ is the angle of rotation,    is the value of the x-coordinate point at a and     the value of 

the x-coordinate point at b.         

Identifying the coordinates C (ξ, η) and D (ξ, η) required a similar calculation to the one used for 

the generation of the B (ξ, η) coordinates.  In addition to the specification of the corner coordi-

nates, the spacing between each point in the rotated nested domain is required. The following 

equations are used to calculate the spacing between points in the rotated nested grid: 

                                                                                                                  (4.16) 

                                                                                                                  (4.17) 

with Δξ representing the spacing in the ξ direction in the rotated nested grid and the spacing in 

the η direction is represented with Δη. These values are generated with respect to the original 

grid spacing values of Δx and Δy in the x and y directions respectively. The increment variation 

value is represents with the value INT and is calculated in the following manner: 

                                                                    
  

    
                              (4.18) 

                                 
  

    
                            (4.19) 

where: 

                                                          

                                                            

Through these methods a data mask can be generated over the new grid to allow the specifica-

tion of land and sea. The cells in the grid that are sea and require assignment of data are speci-

fied as one, while the grid cells that are land do not require data, and are specified as zero. The 
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bathymetry data required for the nested domain can, also, now be carried forward from the 

FIELD_F (see Figure 4.4) subroutine to represent the rotated nested domain. 

The next step in the development of RNM involved the identification of the rotated nested grid 

boundary location with respect to the coarse domain, which was performed in the FIND_F sub-

routine and FINEBND subroutine. This was required for open boundary conditions to be trans-

fers to rotated boundary locations and to prevent error generation.  

 

 

Figure 4: 6 Rotated nested boundary 

Figure 4.6 shows an illustration of the non-rotated boundary (Γ) and ghost cells (Γ*) with corner 

points e(x, y) and f(x, y). The Figure also shows the rotated boundary and ghost cells (blue) with 

corner points E (ξ, η) and F (ξ, η). The following equations represent the method used to identify 

the RNM boundaries.  

                                                     (4.20) 

                                              (4.21) 

                                                (4.22) 

                                                (4.23) 

                                                  (4.24) 
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                                                             (4.25) 

where θ is the angle of rotation,    is the value of the x coordinate point at e and     value of the 

x coordinate point at f.             

The next stage of the implementation procedure involved the modification of the FINEBND sub-

routine, in relation to the interpolated boundary conditions generated in the coarse domain. The 

boundary conditions require transformation into the new rotated domain coordinates to allow 

the accurate generation of variables in the model simulation, with respect to the computational 

domain.  The following equations were used to transform the boundary conditions to the new 

computational rotated domain. 

     
  

  
   

           
              

  
  

  
                       (4.26) 

where the boundary conditions in the computation domain, in the ξ and η direction, are repre-

sented with    and    and the boundary conditions in the physical domain are symbolised with 

   and    for the x and y directions. The angle of rotation is presented with θ.  

The variables in the computational domain need to be transformed back into the physical do-

main after the hydrodynamic solution scheme is performed. This is done in the reverse order, in 

the NEST subroutine, to the previous transformational method shown in equation 4.26.  

 

  4.6 RESULTS 
 

The model used to test the performance of the rotated nested model was an idealised gently 

sloped harbour. This model was used to allow a high resolution RNM to be incorporated into a 

low resolution model to generate an area of interest with a higher degree of accuracy.  Figure 

4.7 shows an illustration of the harbour used in the development of the RNM. 
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        Figure 4: 7(a1) Plan view of rectangular harbour (a2) view of bathymetry in harbour (depths in 

meters) 

The domain of the development model that was embedded with the RNM had dimensions of 

12km x 6km. The nesting ratio between the low resolution coarse parent domain and the ro-

tated nested domain was of a 3:1 scale. The grid spacing and time step associated with the 

coarse domain were 120 meters and 120 seconds respectively. The eddy viscosity and rough-

ness of harbour bed were considered the same in both the coarse model and the rotated nested 

model. Problem areas that may occur in the model were easily identified by setting the degree of 

latitude to zero to reduce the Coriolis Effect on the hydrodynamic process, allowing all the flow 

patterns to be symmetric along the longitudinal axis. The tidal period associated with the model 

was a constant of 12.5hrs and had a range of 3 meters. The model was run for 50 hr, which con-

sisted of 4 full tidal cycles. 

The accuracy of the RNM was compared to a model that introduced a high resolution over the 

full domain. The dimension of the model was a 12km x 6km gently sloped harbour domain, 

however, the time step and the grid spacing associated with the domain were 40 seconds and 40 

meters respectively. The model employed the same physical hydrodynamic parameters as the 

low resolution nested model. The external forcing associated with the model was also mirrored 

in relation to the nested model.  

The model was initially run with a high resolution across the full harbour domain. The model 

was then run in a lower resolution and nested with a RNM. The position of the rotated nested 

grid is shown in Figure 4.8. This nested domain consisted of four open boundaries, which al-

lowed for a severe test of the RNM. Error analysis and time history analysis were carried out on 
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the models to show the difference between the high resolution model of the full domain and the 

low resolution model with the incorporation of a RNM.  

 

 

        Figure 4: 8 RNM in low resolution domain with points A, B, and C specified in the nested do-

main and the four open boundaries (OB). 

The first forms of outputs that are generated by the models are known as time series. Time se-

ries involve information being output, in relation to a particular grid point, over the course of a 

full model simulation at regular intervals. The information generated shows the variation of the 

output in relation to time not space. The RNM model performance is assessed using this method 

of analysis by comparing a point in the high resolution model domain with the same point in the 

RNM. Three points in the nested region were analysed in relation to the high resolution domain; 

these points are specified in Figure 4.8.  The graphs shown in Figures 4.9-4.11 show the time se-

ries analysis of points A, B and C. 
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Figure 4: 9 Graph of velocity vs. time at point A in a high resolution standard model and in the RNM 

 

Figure 4: 10 Graph of velocity vs. time at point B in a high resolution standard model and in the 

RNM 

 

Figure 4: 11 Graph of velocity vs. time at point C in a high resolution standard model and in the 

RNM 
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The graphs show the rotated nested model generates a solution with a level of accuracy equiva-

lent to the high resolution model with a reduction in the number of grid points. 

The model was also assessed in relation to space and time. This was performed by generating 

snapshot files over a tidal cycle and calculating the tidally-averaged absolute error and relative 

error. Snapshot files contain model output values of model variables for all grid points at a par-

ticular instance of time. The following equation shows how the tidally-averaged relative error 

was calculated at a grid point (Nash 2010): 

 

          
      

      
   

   

      
   

   

                                                      

               (4.27) 

with φ representing the nested domains variable and the high resolution single grid domain 

variables represented with . N corresponds to the number of snap shots that are generated in 

one complete tidal cycle. 

Figure 4.12 shows the relative error over a full tidal cycle in velocities for the RNMs nested re-

gion. The error analysis was completed in relation to the final tidal cycle in the model simula-

tion. Results showed by inspection the relative error in the RNM nested domain is minimal.  

 

Figure 4: 12 RET in velocities for RNMs nested domain 

RE % 
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4.7 DESCRIPTION OF IRREGULAR GEOMETRY BOUNDARIES 
 

The configuration of the nested grid in the one-way nesting technique in DIVAST has solely been 

of a rectangular form. The introduction of a technique to allow the nested domain to be of an ir-

regular shape would increase the flexibility and applicability of the model. This irregular shape 

could also decrease the number of grid points required to model an area of interest to a high 

level of accuracy and stability. With this in mind, a nested grid with irregular geometry bounda-

ries was developed. Figure 4.13 shows an illustration of possible domains and boundaries that 

can be developed with the new irregular geometry boundary (IGB) nested domain. The imple-

mentation of such a scheme involved using the existing one-way nesting technique with addi-

tional features added to the code.   

 

Figure 4: 13 Irregular geometry boundary domains 

The first step involved the identification of the new shape of the nested domain with the recon-

struction of the matrices that specific the characteristics of the nested domain. Secondly, 

boundaries that are generated from the new irregular shape required identification and bound-

ary data from the coarse domain needed to be interpolated onto the new irregular geometry 

boundaries. The one-way nesting procedure with the inclusion of the IGB technique is illus-

trated in the flowchart in Figure 4.14, with the green shaded regions identifying the additional 

features added and the yellow shaded regions highlighting the routines in the one-way nesting 

technique. 
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Figure 4: 14 Flowchart of one-way nested procedure with irregular boundary geometry (with OBC’s 

= open boundary conditions). 
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4.7.1 IDENTIFICATION OF NEW DOMAIN 

 

Manipulation of the code that identifies the shape of the nested domain was required for the 

simulation of the model with a new nested irregular domain shape. Firstly, the matrices used to 

initialise the characteristics of the high resolution nested grid points require reconstruction to 

allow the integration of the solution scheme to be performed with respect to the new irregular 

nested domain. 

Modification of the matrices requires a user to identify areas that are not involved in the inte-

gration procedure for the new irregular shapes i.e. are not part of the new nested domain. This 

required modification of existing code and the generation of new code to introduction the IGB 

model domain.  

The initial changes to the code were undertaken in the subroutine FIND_F (Figure 4.4). This 

subroutine processes the data from the FIELD_F subroutine, which reads in information for cell 

characteristic in relation to depths of domain and what grid cells are wet and dry for a full high 

resolution model domain. The FIND_F uses this data to generate matrices to identify the wet and 

dry cells in the nested domain and reads in the depths that are associated with the wet cells.  

The generation of a domain with an irregular shape was constructed by specifying areas in the 

matrices that would not be taken into account in the hydrodynamic solution scheme of the 

nested domain. There are five sections in the code that can be specified as dry, these are shown 

in Figure 4.15.  

 

Figure 4: 15 Nested domain showing sections 1-5 
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4.7.2 BOUNDARY RECONSTRUCTION 

 

The accuracy of the nested model, mentioned previously, is governed by the boundary condi-

tions generated from the interaction between the fine and coarse domains. Large error can be 

generated if inaccurate boundary data is fed into the nested domain from the coarse model. 

The new domain introduces irregular boundaries, which required identification by the nested 

model. The boundary formulation required modification for information to be transferred into 

the domain through irregular boundaries. The identification of the new boundaries is essential 

to allow linear interpolation and the Dirichlet boundary condition to be performed with respect 

to the new modified boundaries. The positioning of the ghost cells also required movement to 

allow the cells to be positioned in conjunction with the new irregular boundary.  

Irregular boundaries were introduced into the model by breaking the boundaries up into multi-

ples, which generated a number of new boundaries. Figure 4.16 shows all possible boundaries 

that can be introduced into the IGB model.  

 

Figure 4: 16 Open boundary identification 

The inclusion of the new open boundaries required the introduction of new code to allow data 

from the coarse domain to be assigned to all new open boundaries. This code was introduced in 

the FIND_F subroutine, shown in the flowchart in Figure 4.4, where the data from a new input 

data file SHAPE is read. This data specifies the location, extent and type of the new boundaries 

required for the IGB model.  The information from FIND_F in relation to the boundaries is car-

ried forward to the FINEBND (Figure 4.4) subroutine where the interpolation of the data from 

the coarse domain along the open boundaries is generated through linear interpolation and a 
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Dirichlet boundary operator. New code allowed this method to be performed on each of the new 

open boundaries generated with the inclusion of the new modified domain.  

4.8 RESULTS 
 

Testing of the model was carried out by applying it to a gently sloped harbour, shown in Figure 

4.17. The harbour was initially nested with the original rectangular one-way nested model (Fig-

ure 4, 18(a)). The model was then nested with a nested domain containing irregular geometry 

boundaries, shown in Figure 4.18(b). Error analysis and time history analysis were carried out 

on the models to show the difference between the extensively tested original nested model 

(Nash 2010) and the IGB model. 

 

Figure 4: 17 Gently sloped rectangular harbour 

 

 

 

Figure 4: 18 Rectangular harbour nested with (a) original rectangular nested grid and (b) IRG 

nested grid, specified with red shading and all boundaries identified. 
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Figure 4.19 shows the tidally-averaged relative error for velocities in the nested domain, be-

tween the original rectangular one-way nested model and a high resolution model of the full 

domain. Results generated showed that the error is minimal and the accuracy of the one-way 

nested model of a high standard. 

 

Figure 4: 19 RET for velocities between regular nested model and high resolution model. 

The rectangular harbour was nested with the u shaped IGB model, shown in Figure 4.18(b), and 

error analysis performed. Figure 4.20 shows the tidally-averaged relative error for velocities 

generated in the nested domain for the IGB model.  

 

      Figure 4: 20 RET for velocities between IGB model and high resolution model in the nested do-

main. 

Results showed the error generated is insignificant and the relative error is approximately the 

same as the original nested domain. Time history analysis was also performed, which show the 

output over the full run time of the model for a particular grid point. This is a very stringent 

analysis and can identify differences between the two models. The following graphs show time 

RE % 

RE % 
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history analysis for 2 points, which are specified in Figure 4.21, for both the regular boundary 

domain and the new irregular boundary domain. 

 

Figure 4: 21 Time history locations 

 

Figure 4: 22 Time history at point B 

 

Figure 4: 23 Time history at point E 
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The graphs show that difference between the two models is negligible and the IGB nested model 

generates an accuracy equivalent to the original nested model with a reduction in the number of 

grid points. 

 

4.9 SUMMARY AND CONCLUSION 

 

This Chapter outlined the effective incorporation of additional feature added to a one-way nest-

ing technique in the numerical model DIVAST to enable an increase in flexibility and applicabil-

ity of a one-way nesting technique.  Two features were successfully introduced: 1) the ability of 

the nested domain to be orientated at different angles, 2) Irregular geometry boundaries.  

The extensively tested one-way nested model contains: a linear interpolation technique and a 

Dirichlet boundary condition. This one-way nesting model incorporates ghost cells into the for-

mulation of the nested grid boundaries. This formulation enables the nested grid boundaries to 

be perceived as internal boundaries, and ensures a high level of conservation at the nested grid 

boundary.  

The initial feature added to the one-way nested model, involved the incorporation of a tech-

nique that enables the nested domain to be orientated at different angles. This technique in-

volved transforming the physical rotated nested domain onto a computational domain that is 

structured and non-rotated in relation to a rotated coordinated system. This enabled a struc-

tured grid scheme to perform the finite difference scheme in the computational rotated domain. 

Boundary conditions generated in the coarse domain required transformation to the rotated 

coordinate system to force the model simulation in the rotated nested domain. Transformation 

of variable values after the simulation of the high resolution nested domain hydrodynamic solu-

tion scheme was performed to describe the variables with respect to the physical non-rotated 

domain.  

A rotated nested grid with four open boundaries was incorporated into a low resolution gently 

sloped harbour and its performance in the nested domain was compared to a single high resolu-

tion model of the full domain. The performance of the model was assessed with the use of time 

history analysis at three different locations in the nested grid. Results generated showed the 

RNM generated a solution with a level of accuracy equivalent to the high resolution single grid 
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with a reduction in the number of grid points. The model was also assessed in relation to space 

and time, with the generation of the tidally-averaged relative error and absolute error for ve-

locities in the nested grid. Error analysis results by inspection showed the model solution in the 

rotated nested region is of a high order.  

The one-way nested model was further extended by the incorporation of irregular geometry 

boundaries. The introduction of the IGB method enabled nested grids of different configurations 

to be incorporated into a low resolution grid. Resulting in a one-way nested model with greater 

flexibility, and a further reduction in the computational need of the hydrodynamic model.  

Initially, reconstruction of matrices that identify the characteristics of the nested grid was car-

ried out to allow integration of the model solution scheme to be performed with respect to the 

IGB model domain. The second modification required the identification of the IGB model 

boundaries. This was performed by breaking the boundaries up into individual sections to allow 

information to be fed through a number of different boundaries. 

The performance of the model was tested in a gently sloped harbour and results generated were 

of high accuracy, with the relative error generated being approximately the same as the original 

nested domain, which contained a greater number of grid points. Therefore, the IRG scheme fur-

ther reduces the computational needs of the nested model and, also, allow for a greater flexibil-

ity and applicability of the model. 

One-way nesting techniques are adequate when higher resolution is required in a region to 

study small scale phenomena such as flow field interaction with local features. However, when 

using the nested model to study local processes that propagate out into the coarse grid one-way 

nesting techniques are inadequate. Two-way nesting techniques are required in such model and 

it was expected that further improvement in model accuracy could be achieved by incorporating 

such a technique into the DIVAST model.  
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CHAPTER 5:   

TWO-WAY NESTED MODEL DESIGN AND DEVELOPMENT, 

PHASE I 
 

5.1 OVERVIEW 
 

The development of the two-way nested model was accomplished in two stages. The initial stage 

involved the development of a basic two-way nested model (BTWNM). Once tested and validated, 

the second stage of development was carried out with the incorporation of tidal turbine devices 

(TTWNM). The assessment of the two-way nested model performance was undertaken by compar-

ing its results with the results from a high resolution single grid model of the entire computational 

domain. 

The development of the BTWNM was achieved in a number of different steps. The first step, which 

is described in this chapter, involves the development of the initial version of the BTWNM in the 

Shannon Estuary located on the west coast of Ireland. The BTWNM was then tested to identify the 

variable prescription at the feedback interface that conserves properties across the nested bound-

ary and generated the most accurate model solution. Chapter 6 considers the issue of noise genera-

tion and the improvement of model accuracy in the nested/child domain and the lower resolution 

coarse/parent domain, with the identification of the optimum interpolation scheme and feedback 

condition. The development of a two-way nested model with the incorporation of tidal turbines is 

presented in Chapter 7. The effects of tidal turbines on the hydrodynamics were introduced into the 

model based on research undertaken by Houlsby (2008) on the Linear Momentum Actuator Disc 

Theory. Tidal farms of different array densities are simulated and their effects on hydrodynamics 

presented.  

During the development of the BTWNM and the TTWNM a large number of models were used. For 

reference, Table 5.1 shows a list of all models used during the research and their roles in the devel-

opment process. 
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Table 5: 1 List of two-way nested models used in development 

Model name Development Role 

BTWNM_ I Test variable feedback prescription 

BTWNM_ II Test variable feedback prescription 

BTWNM_III Test variable  feedback prescription 

BTWNM_IV Test variable feedback prescription 

BTWNM_COPY Test interpolation technique 

BTWNM_SHAP Test interpolation technique 

BTWNM_FULLW Test interpolation technique 

BTWNM_MOM(V+E) Test feedback conditions 

BTWNM_MOMQ(ALL) Test feedback conditions 

BTWNM_KIN(V+E) Test feedback conditions 

BTWNM_KINQ(ALL) Test feedback conditions 

TTWNM_0.5 Assess TTWNM performance + accuracy 

TTWNM_2 Assess TTWNM performance + accuracy 

TTWNM_5 Assess TTWNM performance + accuracy 

 

 

5.2 NESTING METHODOLOGY 
 

The development of a two-way nested model based on the one-way nesting technique in DIVAST 

was one of the primary objectives of the research. DIVAST is subjected to the spatial resolution 

problems, previously mentioned in Chapter 2, due to the use of a single rectilinear grid with fixed 

spacing. Based on the literature reviewed, a two-way nesting technique can be used to embed a 
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high resolution grid into a lower resolution grid of the entire domain, with interaction between the 

two domains occurring. Interaction between the two domains occurs by the coarse/parent grid 

providing boundary conditions for the nested/child domain and the high resolution nested/child 

grid solution is used to update the coarse/parent grid solution in a common area. Through this ap-

proach the computational cost of a hydrodynamic model can be reduced.  Two-way nesting tech-

niques enable local characteristics in an area of interest to be modelled with a high level of accu-

racy, as well as showing how these features propagate into and affects the surrounding domain in 

the low resolution area.  

Figure 5.1 shows an illustration of the premise of a two-way nested model, where the nested grid 

(  ) is a sub-domain of a larger, lower resolution grid (  ). Therefore, the lower resolution coarse 

model solution can be used to force the nested grid model solution through the assignment of 

boundary conditions along the boundary (Γ) of the nested domain (dashing red line). The overlap-

ping of the two domains enables the computed variables in the high resolution nested domain to be 

fed back into the coarse domain through the updating of the low resolution variables at the points 

where the two-domains overlap (yellow circles). The following equations show the formulation of 

the method, which was originally presented in Chapter 2:  

                               

 

                           
                 

                          

     (5.1) 

The equations show that the accuracy of the scheme depends on: the boundary operator OB, the 

coarse/parent solution at the nested boundary     , the nested domain solution    and the choice of 

feedback operator R. Therefore, these are the main factors that need to be addressed when develop-

ing a two-way nested model.  
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Figure 5: 1 Schematic of a nested model of an estuary 

 

5.2.1 DETAILS ON NESTING APPROACH 

 

The one-way nesting technique in DIVAST has been applied to many water bodies and results gen-

erated have being of a high accuracy. With this in mind, and through an extensive literature review, 

the procedure employed by this method to define the boundary operator was taken as an accept-

able procedure to be used in the two-way nested model.  

The one-way nested model is a dynamically linked, coupled model that enables data from the 

coarse domain to be transmitted, at the end of each coarse domain time step, along the boundary of 

the nested domain to drive the boundary operating procedure. This data is interpolated, due to the 

difference in resolution between the two domains, using a linear method. The boundary data is then 

applied to the nested domain using a Dirichlet boundary condition, allowing the nested model to be 

computed forward in time.  

Therefore, the utmost importance for the introduction of a two-way nesting technique in the DI-

VAST model is the choice of feedback operator, which is used to blend the nested grid solution with 

the coarse grid solution. The operator consists of a suitable interpolation technique, variable pre-

scription and feedback condition to enable data to be transmitted into the coarse/parent domain 

from the nested domain through overlapping grid points (see Figure 5.2) at the end of each full 

coarse domain time step.  

   
   

Γ 
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Figure 5: 2 Nested grid configuration showing nested domain (green grid lines) and coarse domain 

(black grid lines), with points of feedback to one coarse grid highlighted with purple arrows and 

circles. 

5.2.2 Feedback operator and implementation 

The accuracy of the two-way nested model is directly linked to the efficiency of the feedback opera-

tor. Feedback conditions, variable prescription and an interpolation technique are the main fea-

tures of the feedback operator.  Noise generation can occur with an inappropriate feedback condi-

tion as a result of reflection of waves. Literature has shown there has been a wide variety of differ-

ent types of feedback conditions (Debreu 2008). One of these conditions is the Dirichlet and was 

initially used by the author in a two-way nested model. Two different forms of flow relaxation 

schemes where also later implemented into the model, and are introduced in Chapter 6. 

 The Dirichlet condition is one of the most severe conditions, with the nested grid conditions being 

directly imposed onto the coarse domain at the feedback interface. The following equation is used 

in the implementation of the condition and is performed at each point where the nested domain 

and the coarse domain points overlap: 

       
  

 

      
   

  
 

    (5.2) 

where I and J are the coarse grid coordinates,    is the coarse grid variable and    are the fine grid 

variables. To generate a value for     
   

  
 

  the nested grid solution was interpolated to the resolution 

of the coarse domain.  

 water elevations ζ 

 y-direction velocity V,                     

water depth Hy, and                   

volumetric flux Qy   

 x-direction velocity U,                     

water depth Hx, and                   

volumetric flux Qx   

I(x) 

J(y) 
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Suitable interpolation schemes enable the maximum amount of information to be transmitted and 

prevents the generation of  inaccuracies and noise (Debreu 2008). In the development of the two-

way nested model four types of interpolation techniques were assessed:  

 Copy 

 Average 

 Shapiro 

 Fully weighting 

The averaging procedure was the most popular choice for the feedback operator in literature re-

views and, therefore, was used as the interpolation technique in the initial phase of the develop-

ment.  This method involves replacing coarse grid values with an average of the nested grid values 

enclosed in the coarse grid cell. Equation 5.3 shows the averaging procedure for a model with a 

nested ratio of 3.  

  
    

 

 
         

        
          

        
      

        
          

       
          

       

            (5.3) 

where I and J are the coarse grid coordinates and i and j are the nested grid coordinates. Chapter 6 

looks into the different forms of interpolation techniques and how they affect the model results.  

Literature has shown a number of various combinations of component velocities and fluxes, surface 

elevations and density being used for the prescribed feedback variables (Zhang 2007). During the 

initial development of the model, various types of variable prescription at the feedback interface 

were tested and assessed to determine the most accurate model solution.  

5.3 DESIGN OF BASIC TWO-WAY NESTED MODEL 
 

It was proposed to develop the BTWNM as a nested hydrodynamic model that enables interaction 

between a higher resolution nested grid and a lower resolution coarse grid that occupies the full 

model domain. The initial interaction between the two domains would be achieved by the incorpo-

ration of the boundary operator used in the one-way nesting procedure in DIVAST. Secondly, inter-

action between the nested/child and coarse/parent domain should be achieved by the transfer of 

data from the nested domain to the coarse domain. 
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The main design requirements for the BTWNM are identified as the following: 

 Boundary data for the nested domain should be provided by the coarse domain.  

 The boundary operator employed should be equivalent to the one used in the one-way 

nesting technique. 

 The nested domain should compute the variables by solving the governing equations in a 

similar nature to DIVAST. 

 A feedback operator should enable two-way interaction between the grids. 

 The feedback operator should consist of an interpolation procedure and a feedback condi-

tion. 

 The model should generate a solution to the updated coarse domain and nested domain 

separately. 

The design implementation is outlined with the help of a flow chart shown in Figure 5.3. The 

non-shaded region highlights the coarse model and the yellow shaded portion form the two-

way nesting technique. 
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(Nesting) 

(Two-way nesting) 

 

Figure 5: 3 Flowchart of proposed basic two-way nested model 
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5.4 MODIFICATION OF MODEL CODE  
 

The incorporation of new code into the model required the generation of new matrices to 

store the information in relation to interpolated data and the updating data. The arrays that 

carried the matrices also required manipulation into different sizes to allow the 3-D nested 

domain matrices to be downsized to the coarse domain 2-D matrices. The new matrices that 

were generated are: TWSUMU, TWSUMV and TWSUME. These arrays are used to generate 

and store information in a two dimension format to be used in the interpolation of the high 

resolution data generated in the nested domain.  

The two-way nested model consists of a coarse model that includes a number of subrou-

tines, called in sequence in the main program. The flowchart in Figure 5.4 illustrates the 

coarse model structure and a brief description of the subroutines. The flowchart shows sub-

routines 1-7 that are used to read in the input data, establish the domain for integration and 

initialise the variables. The first half time step computes the hydrodynamics in the x-

direction and this is performed in subroutines 8-11, with the second half time step comput-

ing the y-direction hydrodynamics in the 12-15 subroutines. The Chezy values and Eddy 

viscosity are calculated at regular intervals in the model simulation using subroutine 16 and 

17 respectively. 

The flowchart in Figure 5.5 shows the expansion of the model structure to enable one-way 

nesting to occur. The red shaded regions show the subroutines that are involved in the one-

way nesting process. Modified versions of the coarse grid subroutines are required in the 

pre-computational stage of the model simulation to establish the input data, variable ini-

tialisation, delineation of boundaries, establishment of the integration sections and writing 

of model output data. The modified versions of the subroutines are shown as subroutines A-

C in Figure 5.6. NEST is an addition subroutine added to the model structure, which over-

sees the computation of the nested domain. This subroutine is called at the end of each 

coarse grid time step. This subroutine calls FINEBND, which extracts data from the coarse 

domain to generate the boundary conditions, and uses them to perform the nested domains 

hydrodynamics in the x-direction with the use of subroutines D.2-D.4, in the nested do-

mains first half time step. The y-direction hydrodynamics are performed in the nested do-

main with the use of subroutines D.5-D.8. 
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Figure 5: 4 Flowchart of Coarse model 
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Figure 5: 5 Flow chart of one-way nested model structure(Nash 2010) 
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The implementation of the two-way nested procedure was carried out with the addition of a 

number of subroutines. The first of these subroutines is TWNM, which is used to oversee 

the computational procedure of the two-way nesting. This subroutine enables the coupling 

of the nested domain with the coarse domain by calling TWNM at the end of each nested 

domains full time step. The subroutine EXTRACT identifies the high resolution data used in 

the updating of the coarse domain. This data is then manipulated by the INTERPOLATION 

subroutine to ensure it is compatible with the coarse domains resolution.  The model also 

includes the option of including a relaxation term, which is calculated with respect to mo-

mentum flux or kinetic energy in the RELAX subroutine; this is further explained in Chapter 

6. The final new subroutine introduced into the two-way nested model is FEED, which 

transmits the data generated from the previous subroutines to the overlapping coarse do-

main. Table 5.2 lists the sections of code and their function added to the numerical model to 

allow two-way nesting to occur. Figure 5.7 shows a flow chart of the two-way nested model, 

with subroutines added for the implementation of two-way nesting highlighted in green. 

Table 5: 2 Sections of source code incorporated to allow two-way nesting 

 

 

 

 

 

 

 

 

 

 

Section in program Function 

Main program Reads input data 

Main program Write input data 

Main program Open output data files 

Main Do loop Link nested/child model to 

coarse/parent model 

TWNM Main do loop in two-way nested 

model 

EXTRACT Extracts data from nested domains 

simulation 

INTERPOLATE Interpolates extracted data 

RELAX Calculation of relaxation factor 

FEED Transmits data from nested domain 

to overlapping coarse domain 
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Figure 5: 6 Flow chart of TWNM structure 

FILINP 

FILOUT 

BOUND 

FIELD 

FIELD_F 

FIND 

FIND_F 

DEPTH 

INITL 

INITL_F 

HYDBND 

HYDMODX 

SIDEH 

FLDRY 

HYDBND 

HYDMODY 

SIDEH 

FLDRY 

NEST 

CHEZY 

CHEZY_F 

EDDY 

EDDY_F 

TWNM 

PRINT 

FINEBND 

HYDMODX_F 

SIDEH_F 

FLDRY_F 

FINEBND 

HYDMODY_F 

SIDEH_F 

FLDRY_F 

EXTRACT 

INTERPOLATE 

RELAX 

FEED 

Main do loop in two-way nest-

ing technique 

 

Extracts data from 

nested domain 

 Interpolates extracted data  

 Calculation of relaxation factor 

 Updates coarse domain with 

high resolution nested do-

main solution 

 



96 

 

5.5 CASE STUDY OF THE SHANNON ESTUARY  
 

The Shannon Estuary was used as the test site for the development of the two-way nested 

model. The estuary is located on the west coast of Ireland. It is a large estuary situated at 

the mouth of the Shannon River (Figure 5.7), where it flows into the Atlantic Ocean. The 

mouth of the estuary is located between 52 º 25’ and 52 º 34’ longitude and the head of the 

estuary lies just above Limerick City located at 8 º 38’ W and 10 º W. The length of the estu-

ary is approximately 87km, with a surface area of 500km2.  

 

Figure 5: 7 Illustration of the Shannon Estuary 

The bathymetry of the estuary varies considerable, with depths of approximately 5m at the 

head of the estuary and depths of up to 60 m at the mouth (see Figure 5.8). The annual av-

erage flow rate of the estuary is 172.78 m3s-1 according to the Global River discharge data-

base, which was compiled from monthly discharge data from 1973-1979  (Dabrowski 

2005).   



97 

 

 

Figure 5: 8 Illustration of the Shannon Estuary bathymetry 

Admiralty charts No. 1819, 1547, 1549 and 1540 were used to obtain bathymetry data. This 

data was interpolated onto two finite difference rectilinear grids, whose specifications are 

shown in Tables 5.3-5.4.  The model was calibrated with the use of tidal elevation data at 

locations T1-T6 (see Figure 5.9) and tidal stream data located at C1. Figure 5.10 shows a 

comparison of modelled spring-neap tidal currents against measured data at C1. Flow data 

required for the specification of the discharge from the River Fergus and the River Shannon 

were acquired from the Office of Public Works (OPW 2011) and the Global River Discharge 

Database (Database. 2011) respectively.   

 

 

Figure 5: 9 Locations of measured data for tidal amplitudes (T1- T6) and tidal current ve-

locities (C1) used to validate the model (Dabrowski 2005) 
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Figure 5: 10 Comparison of measured data against the predicted model data (Dabrowski 

2005) 

The site was chosen for the development study due to the complex bathymetry and flow 

regimes associated with it, to permit a stringent test of the two-way nesting procedure to be 

performed. The estuary has also been identified by a study undertaken by Sustainable En-

ergy Ireland as a potential site for tidal farm deployment (SEI 2009).   

Table 5: 3 Low resolution single grid parameters 

Parameters values Units Parameters values Units 

No. of cells in 

x-direction 

319 - Half time step 12 s 

No. of cells in 

y-direction 

137 - Roughness 

length 

50 mm 

Boundaries 

in x- direc-

tion 

2 - Coefficient of 

eddy viscosity 

1 - 

Boundaries 

in y-

direction 

3 - Momentum 

correction 

coefficient 

1.016 - 

Grid spacing 300 m Angle of lati-

tude 

52.58 degrees 
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Table 5: 4 High resolution single grid parameters 

Parameters values Units Parameters values Units 

No. of cells in 

x-direction 

957 - Half time step 4 s 

No. of cells in 

y-direction 

411 - Roughness 

length 

50 mm 

Boundaries 

in x- direc-

tion 

2 - Coefficient of 

eddy viscosity 

1 - 

Boundaries 

in y-

direction 

3 - Momentum 

correction 

coefficient 

1.016 - 

Grid spacing 100 m Angle of lati-

tude 

52.58 degrees 

 

5.5.1 ERROR ANALYSIS AND MODEL PERFORMANCE 

 

The performance of the two-way nested model was assessed with the use of a single grid 

high resolution model of the full domain (see Table 5.4). This model solution was assumed 

to be the ‘correct solution’ to the hydrodynamic model and was, therefore, used as a com-

parison for all other model solutions.  The low resolution model (see Table 5.3) without 

nesting was initially compared with the high resolution solution, to determine the reduction 

in accuracy resulting from a lower resolution. The coarse model solution with the inclusion 

of the two-way nesting technique was then compared with the high resolution domain to 

calculate the increase in accuracy through the updating of the coarse model solution from 

the nested domain. The nested domain results were also compared with the high resolution 

results to determine the accuracy of the nested domain solution.  

The assessment of the hydrodynamic model was performed by calculating the tidally-

averaged relative error at all grid points in the model domain with the use of the following 

equation: 
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          (5.4) 

where N is the number of snapshots,   is the coarse grid variables and   is the single high 

resolution grid variables. The error data generated was represented graphically as spatial 

distributions for the model domain and used to show visually the level of improvement with 

the inclusion of the two-way nested model. Figure 5.11 shows the tidally-averaged relative 

error     for current velocities in the coarse domain without the inclusion of two-way nest-

ing.  

 

 

Figure 5: 11 RET in velocities for the low resolution coarse model without nesting 

 

The model was also assessed with use of time series, which output model variables at a par-

ticular grid point at regular intervals over a model simulation. Time series allowed detailed 

examination of problem areas in the model. 

Conservation of properties is one of the main requirements for an effective nested model. 

The main conservation property of interest in this research is momentum. To quantify the 

performance of the model to conserve momentum, the momentum fluxes along the nested 

boundary interface were computed by the nested grid and compared with the correspond-

ing fluxes computed by the coarse/parent grid and the high resolution single grid model. 

The following equation was used to calculate the momentum flux at time t:  

Boundary used 

for momentum 

conservation 

testing 
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           (5.5) 

where the boundary is positioned on row jb and extends from grid points (ib1, jb) to (ibn, 

jb).The fluxes were calculated in the same location in all three grids. 

 

5.6 FEEDBACK PRESCRIPTIONS 
 

The first version of the BTWNM was applied to the Shannon Estuary. The nested/child do-

main was positioned in an area highlighted in Figure 5.11 by a black square. In order to 

maximise the information being fed back to the coarse/parent domain from the nested do-

main and minimising the generation of noise, a number of different version of the BTWNM 

were developed and tested for different combinations of variables prescribed at the feed-

back interface. Table 5.5 lists the different versions of the model. The feedback operator 

used in all cases, is the Dirichlet boundary condition and an average interpolation tech-

nique.  

Table 5: 5 Models for feedback prescription 

Model Variable prescribed 

BTWNM_I ζ, qx, qy -interpolated 

Hx, Hy, U, V - calculated 

BTWNM_II          ζ, qx, qy 

BTWNM_III            qx, qy  

BTWNM_IV           ζ, U, V 
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5.6.1 BTWNM_I 

 

The initial feedback prescription involved the use of interpolated water elevation data and 

volumetric flux data, with water depths and velocities calculated using the interpolated 

data. This feedback prescription was initially used to meet one of the main criteria for opti-

mum two-way nesting: maximising the information being fed back into the coarse domain.  

Initially, the conservation of momentum was investigated, by calculating the momentum 

fluxes along the nested boundary highlighted in Figure 5.11 with a dashed line. Figure 5.12 

shows a comparison of the nested domain of the BTWNM_I model’s momentum flux across 

the boundary (NB), with the corresponding fluxes in the updated coarse domain of the 

BTWNM_I model (UC) and the high resolutions single grid model fluxes (HR). Table 5.6 

tabulates the percentage difference in peak ebb and peak flood momentum fluxes across the 

nested boundary in the nested/child domain and the updated coarse/parent domain rela-

tive to the high resolution single grid model.  

 

 

Figure 5: 12 Momentum fluxes across the boundary for BTWNM_I. 
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Table 5: 6 Peak ebb and peak flood momentum fluxes across the nested boundary for 

BTWNM_I 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) 

-24277.2 

 - 13724.28 - 

Nested bound-

ary (NB) 

-19977.6 

 -17.7% 

14047.68 

 +2.3% 

Updates Coarse 

(UC) 

-35383.5 

 +45.7% 

24585.61 

 +79.1% 

 

Results showed a difference of 17.7% at peak ebb between HR and NB and a difference of 

45.7% between the UC and HR. This is a difference of approximately 63% between NB and 

UC. Similarly, at peak flood a difference of approximately 77% between NB and UC was 

shown to exist.  This large inconsistency between UC and NB suggests there is a low conser-

vation of momentum across the boundary. 

The propagation of the momentum from the nested boundary into the nested domain was 

also tested by comparing the momentum fluxes along the next column of interior nested 

cells adjacent to the boundary to momentum fluxes across the boundary (Figure 5.13).  
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Figure 5: 13 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_I 

Table 5: 7 Peak ebb and peak flood momentum fluxes across the boundary cells and cells 

adjacent to the boundary for BTWNM_I 

 Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -19977.6 14047.68 

Adjacent -24839.3 16447.04 

 

A slight difference in the fluxes should be expected, however, the diagram clearly shows 

that noise is generated between the first and second columns of nested grid cells. The aver-

age difference between the two columns is approximately 24% on the ebb and 17% on the 

flood.  

These large inconsistencies between the two domains were deemed inadequate and no fur-

ther investigation was undertaken with this variable prescription. Literature has shown the 

conservation of properties is one of the main determinants of a nested models accuracy 

(Nash 2010).  
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5.6.2 BTWNM_II 

 

In the BTWNM_II model the information involved in the feedback prescription was reduced 

to the use of interpolated volumetric fluxes and water elevations. This was done to try and 

reduced the generation of noise that was seen in the BTWNM_I model and to further in-

crease the conservation of properties.  

The momentum conservation in the region of the nested boundary was investigated and is 

shown in Figure 5.14, with results tabulated in Table 5.8. The results showed that a large 

difference between UC and NB exists with a difference of 66.3% on the ebb and 70% on 

flood. This is an increase of approximately 3% on the ebb, however a decrease of 7% on the 

flood in comparison to the previous model. 

 

 

Figure 5: 14 Momentum fluxes across the boundary for BTWNM_II 
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Table 5: 8 Peak ebb and peak flood momentum fluxes across the nested boundary for 

BTWNM_II 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 -- 13724.28 - 

Nested bound-

ary (NB) -19910.2 -17.98% 11797.54 -14% 

Updates Coarse 

(UC) -35967.2 +48.15% 21461.23 +56.37% 

The propagation of momentum into nested domain was investigated and results shown in 

Figure 5.15 and a tabulated form of the results for peak flood and ebb momentum fluxes are 

shown in Table 5.9. The results show no change in the error that was experienced in the 

previous model on the ebb; however, a difference of 9% at peak flood was generated. The 

results showed no considerable increase in the conservation of properties, therefore, no 

further investigation was performed with this model. 

 

Figure 5: 15 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_II 
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Table 5: 9 Peak ebb and peak flood momentum fluxes across the boundary cells and cells 

adjacent to the boundary for BTWNM_II 

 Peak ebb momen-

tum flux 

(kN/s) 

Peak flood mo-

mentum flux 

(kN/s) 

Boundary -19910.2 11797.54 

Adjacent -24802.8 12873.24 

 

5.6.3 BTWNM_III 

 

The next version of the model was designated a flow feedback interface at which the volu-

metric fluxes were fed back into the coarse domain. Momentum conservation was investi-

gated and Figure 5.16 shows the results. Table 5.10 tabulates the results for the percentage 

difference in the peak ebb and peak flood across the nested boundary for UC and NB rela-

tive to HR. 

 

Figure 5: 16 Momentum fluxes across the boundary for BTWNM_III. 
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Table 5: 10 Peak ebb and peak flood momentum fluxes across the nested boundary for 

BTWNM_III 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -20044.9 -17.43% 12791.03 -6.79% 

Updates Coarse 

(UC) -36220.6 +49.19% 21964.61 +60.04% 

 

Comparing the nested domain boundary fluxes with that of the adjacent interior grid cells 

(Figure 5.17), it can be seen a decrease in the propagation of momentum into the domain is 

experienced on the flood tide, however, an improvement is shown on the ebb tide. Results 

showed no considerable increase in the conservation of properties, therefore, no further 

research was undertaken. 

 

Figure 5: 17 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_III 
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Table 5: 11 Peak ebb and peak flood momentum fluxes across the boundary cells and cells 

adjacent to the boundary for BTWNM_III 

 Peak ebb momen-

tum flux 

(kN/s) 

Peak flood mo-

mentum flux 

(Kn/s) 

Boundary -20044.9 12791.03 

Adjacent -24933.3 15404.8 

 

5.6.4 BTWNM_IV 

 

The BTWNM_IV version of the model used water elevations and current velocities as the 

variables prescribed at the feedback interface, with volumetric fluxes not being involved in 

the transfer of information. Figure 5.18 shows the momentum fluxes in the area of the 

nested boundary for the BTWNM_IV model, with a tabulated form of the results shown in 

Table 5.12. 

 

 

Figure 5: 18 Momentum fluxes across the boundary for BTWNM_IV. 
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Table 5: 12 Peak ebb and peak flood momentum fluxes across the nested boundary for 

BTWNM_IV 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -23594.3 -2.8% 12172.92 -11.3% 

Updates Coarse 

(UC) -23412.6 -3.5% 11797.54 -14.03% 

 

The conservation of momentum at the boundary was increased, with results showing an 

average percentage difference at peak ebb between NB and HR of 2.8% and a difference of 

3.5% between UC and HR, which is a difference of approximately 0.7% between UC and NB. 

Figure 5.18 shows a comparison of the nested domain boundary fluxes with the adjacent 

interior grid cells, it can be seen a significant improvement is experienced in the propaga-

tion of momentum into the nested domain.  

 

Figure 5: 19 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_IV 
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Table 5: 13 Peak ebb and peak flood momentum fluxes across the boundary cells and cells 

adjacent to the boundary for BTWNM_IV 

 Peak ebb momen-

tum flux 

(kN/s) 

Peak flood mo-

mentum flux 

(kN/s) 

Boundary -23594.3 12172.92 

Adjacent -24498.2 12873.24 

 

This high level of conservation of momentum enabled further investigation to be performed 

on the model in relation to its ability to transfer information into the coarse/parent domain. 

The tidally-averaged relative errors for the updated coarse (UC) domain were calculated 

from snapshot data output during the final tidal cycle of the BTWNM_IV and HR simulations. 

Figure 5.20 shows an illustration of a comparison between the tidally-average relative er-

rors (RET) for current velocities in the UC domain to that of the non-updated low resolution 

coarse model.  

 

Figure 5: 20 RET in full model domain for (a) BTWNM_IV and (b) non-updated coarse model, 

with black square highlighting area of feedback. 
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Figure 5.20 shows the relative error across the coarse domain has been considerable re-

duced, due to the transfer of data from the nested domain. The tendencies observed in the 

relative error plot were further exhibited with the time history analysis of points A-D 

shown in Figure 5.20(a).  

Figures 5.21-5.22 show a comparison of the velocities at point A and B located in the region 

where data is transferred from the nested domain. The graphs show a comparison of the 

original coarse domain without nesting (LR), the updated coarse domain with two-way 

nesting (BTWNM) and the high resolution single grid domain (HR). Tables 5.14-5.15 tabu-

late the results for the percentage difference in the peak ebb and peak flood for the LR and 

the BTWNM relative to the HR model. 

 

Figure 5: 21 Time history analysis at Point A for BTWNM_IV model 
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Table 5: 14 Peak ebb and peak flood velocities at point A 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 0.2338 -21.27% -0.2017 +16.3% 

BTWNM 0.2783 -6.26% -0.2336 +3.07% 

 

 

 

Figure 5: 22 Time history analysis at Point B for BTWNM_IV model 
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Table 5: 15 Peak ebb and peak flood velocities at point B 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2306 - 

Low resolution 

(LR) -0.3111 +0.323% 0.2563 +11.14% 

BTWNM -0.3096 -0.16% 0.2181 -5.4% 

 

Results generated shows the BTWNM differs by 6.26% at A and 5.4% at B to the high reso-

lution model at peak flood, and 3.07% at A and 0.26 % at B at peak ebb. Results generated 

exhibit an increase in accuracy in comparison to the low resolution model without nesting. 

Figures 5.23-5.24 show a comparison of the velocities at points C and D located outside the 

feedback area. The results are presented in a tabular form in Tables 5.16-5.17. 

 

Figure 5: 23 Time history analysis at Point C for BTWNM_IV model 
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Table 5: 16 Peak ebb and peak flood velocities at point C 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61% 0.3263 +80.8% 

BTWNM -0.2788 +0.07% 0.1888 +4.6% 

 

 

Figure 5: 24 Time history analysis at Point D for BTWNM_IV model 
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Table 5: 17 Peak ebb and peak flood velocities at point D 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution -0.9172 - 0.6944 - 

Low resolution -0.9694 +5.69% 0.7578 +9.13% 

BTWNM -0.9477 +3.3% 0.7215 +3.9% 

 

The results generated show there is a significant improvement in accuracy at point C lo-

cated just outside the feedback region, with an increase of approximately 75% on the flood 

tide and 60 % on the ebb. Point D located further from the feedback region also showed an 

increase in the accuracy in relation to the low resolution model without nesting. 

Error analysis was also performed on the data generated in the nested domain by calculat-

ing the tidally averaged relative error from snapshot data of the nested domain model simu-

lations. Figure 5.25 shows an illustration of a comparison between the RET in the 

BTWNM_IV nested domain current velocities to that for the low resolution model.  

  

Figure 5: 25 RET for velocities in nested domain for (a) BTWNM_IV and (b) non-nested low 

resolution coarse model. 
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Results suggest the nested domain generates a solution of a higher accuracy in comparison 

to the low resolution model in an area of interest. The tendencies observed in the relative 

error plot were further exhibited with the time history analysis of point E shown in Figure 

5.25(a).  

Figure 5.26 shows a comparison of the original coarse domain without nesting (LR), nested 

domain (BTWNM) and the high resolution single grid domain (HR). Table 5.18 tabulates the 

results for the percentage difference in the peak ebb and peak flood for the LR and the 

BTWNM relative to the HR model. Results generated show the nested model solution exhib-

its an increase in accuracy in comparison to the low resolution model without nesting, with 

an increase of approximated 47% on the flood and 23% on the ebb. 

 

 

Figure 5: 26 Time history analysis of Point E for BTWNM_IV model 
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Table 5: 18 Results of the time history analysis for point E 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 -55.8% 

BTWNM -0.8007 -4.4% 0.5884 -8.6% 

 

5.7 SUMMARY AND CONCLUSION 

 

The initial version of the BTWNM was developed in Phase I of the BTWNM development. 

This consisted of a high resolution grid embedded in a lower resolution grid of the entire 

domain, and the grids interact with each other. The open boundaries of the nested domain 

were formulated in the same manner as the one-way nesting technique in DIVAST, which 

incorporated ghost cells to enable the nested boundary to be formulated as an internal 

boundary. A boundary operator was used to interpolate and assign boundary data from the 

coarse domain to force the simulation of the higher resolution nested domain. The operator 

employed a linear interpolated technique and a Dirichlet boundary condition.  The second 

form of interaction between the domains occurs by using data formulated in the high reso-

lution nested domain to update the coarse domain solution. A feedback operator was used 

to interpolate and assign high resolution data from nested domain to the coarse domain. 

The operator employed in Phase I was an averaging interpolation technique and a Dirichlet 

feedback condition.  

The prescription of variables at the feedback interface was the main focus in the first phase 

of the development process. The results showed that the accuracy of the model varies de-
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pending on the variables used in the feedback prescription. The use of a variable prescrip-

tion containing velocities and elevations generated the best model solution. 

 The feedback prescription was tested with the use of a model of the Shannon Estuary. Ini-

tially, the conservation of momentum across the nested domain boundary were analysed by 

the calculation of momentum fluxes in the area of the nested boundary for the updated 

coarse domain, nested domain and the high resolution single grid domain. The propagation 

of the momentum into the nested domain was also analysed by comparing the nested do-

main boundary fluxes with the adjacent interior grid cells fluxes. 

Four different types of BTWNM were generated to identify the optimum feedback prescrip-

tion. The initial model BTWNM_I involved the use of water elevations data, volumetric flux 

data and water depth data from the nested domain and from these interpolated data U and 

V were calculated. This large amount of feedback prescription data was initially used to en-

able the maximum data to be transferred into the coarse domain. Results generated showed 

poor levels of momentum conservation, and also wave reflection occurring at the boundary. 

These large inconsistencies between the domains were deemed inadequate and no further 

investigation was undertaken with this variable prescription. 

The removal of prescribed variables was required to improve momentum conservation. The 

prescription of water elevations and volumetric fluxes in the BTWNM_II model, gave a mi-

nor increase of momentum conservation on the flood tide, but the noise between the two 

domains was still considerable large. The BTWNM_III was assigned a flow feedback inter-

face and specification of volumetric fluxes alone gave similar results in comparison to the 

BTWNM_II model for the conservation of momentum.   

The BTWNM_IV model achieved the best model performance, with the prescription of water 

elevations and velocities at the feedback interface. A high level of momentum conservation 

was achieved, with a difference of 0.7% between the nested domain and the coarse domains 

momentum fluxes across the boundary at peak ebb and 3% at peak flood. This feedback 

prescription was assumed adequate and further investigation into the performance of the 

model was undertaken. The tidally-averaged relative error was generated across the full 

model domain and results generated exhibited a significant increase in accuracy in the 

coarse model solution, resulting from the feedback of data from the nested domain. Time 

history analysis also showed considerable improvements in the model solution, with an in-
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crease in accuracy reaching approximately 75% at some points. Error analysis and time his-

tory analysis were also performed on the data generated by the nested domain. Results 

generated showed the nested model solution exhibits an increase in accuracy in comparison 

to the low resolution model without nesting, with an increase of approximated 47% on the 

flood and 23% on the ebb. 

Therefore, it was assumed the optimum feedback prescription for the existing model was 

the assignment of velocities and water elevations. However, further investigation was re-

quired into the interpolation technique used along with the feedback operator to determine 

the best two-way nesting model technique.  
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CHAPTER 6: TWO-WAY NESTED MODEL DESIGN AND 

DEVELOPMENT, PHASE II 

 

6.1 INTRODUCTION 

 

One of the requirements for a suitable two-way nesting technique is the employment of an 

effective feedback operator to conserve momentum during data transmission between do-

mains. Phase I of the BTWNM development revealed the type of variable prescription at the 

feedback interface is a factor in the conservation of momentum between the two grids. The 

use of water elevations and velocities produced the most accurate model solution. However, 

the simplest form of feedback condition was employed due to its ease of implementation, 

and also it has been commonly used as an effective condition in nested models. The results 

generated with this condition gave quite promising results, however, literature has shown 

that wave reflection is most common in this type of scheme (Kantha 2000), therefore, re-

search was required to identify a suitable feedback condition. The use of two different types 

of feedback conditions were implemented and tested to determine the feedback condition 

that most effectively conserved momentum and transferred the maximum data to the 

coarse domain.  

Secondly, investigation was required into suitable interpolation procedures to be used in 

the feedback operator. The interpolation technique employed in Phase I was a simple aver-

aging technique. To determine the most appropriate technique three other types of interpo-

lation techniques were tested: 1) direct copy, 2) Shapiro and 3) fully weighted.    

 

6.2 FEEDBACK CONDITIONS 

 

The flow relaxation scheme was one of the methods identified during the literature review 

as one of the better methods for feedback specification in relation to model performance 

and accuracy (Debreu 2008). The aim of the scheme is to reduce the error that may be gen-

erated due to the difference in resolution between the nested grid and the coarse grid, 
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through the absorption of boundary disturbances and prevent them propagating out of the 

nested domain.  

The implementation of a flow relaxation scheme involves the application of a varying re-

laxation factor to the coarse grid updating data in the following way. 

    
  

 

           
  

 

       
  

 

    (6.1) 

with    representing the coarse grid variable,    the nested grid variable and α being the 

varying relaxation factor. This scheme involves the incorporation of an area adjacent to the 

nested boundary (     ) called the sponge layer (see Figure 6.1).  

 

 

 

 

 

 

Figure 6: 1 Sponge layer 

The scheme was implemented into the model by updating the coarse domain solution in the 

area of the sponge layer with the use of equation 6.1. The sponge layer consisted of three 

coarse domain grid cells adjacent to the nested boundary. Two new forms of the varying 

relaxation factor were used in the sponge layer and calculated relative to momentum and 

kinetic energy.  

The momentum at the nested points in the area of the sponge layer is calculated before data 

is fed back to the coarse domain as follows: 

     
      

  
      

            (6.2)        

where the density of water is ρ, the grid spacing is Δx,  I,J are the coarse grid coordinates. To 

obtain values for      
 (velocity in the x-direction) and      

  (depth in the x-direction) the 

      

     
Sponge layer    

Coarse grid     

Nested grid     
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nested grid solution was interpolated in space to the resolution of the coarse grid. The mo-

mentum at each coarse domain point in the region of the sponge layer is also calculated as 

follows: 

     
      

  
      

             (6.3)      

These values are then compared with each other in relation to the same point in the domain 

and a correction factor is generated.       

The relaxation coefficient was also manipulated to reflect the variation in kinetic energy in 

relation to the two domains in the area of the sponge layer. The method used is similar to 

the momentum variation method, but the kinetic energy is calculated instead of the momen-

tum. The following equation represents the calculation of the kinetic energy: 

  
  

  
           (6.4)      

The implementation of the flow relaxation scheme involved the incorporation of a new sub-

routine, RELAX, to generate the sponge layer and relaxation factor. A schematic of the model 

with the introduction of the relaxation scheme is shown in Figure 5.6 in the previous chap-

ter. Four different models were used to test the abilities of the two different forms of the 

boundary operators. Table 6.1 shows a list of the models used and their feedback condi-

tions. 

Table 6: 1 Feedback condition models 

Model Feedback conditions Variable prescription 

BTWNM_MOM(V+E) Momentum relaxation 

scheme  

ζ, U, V-interpolated 

BTWNM_MOM(ALL) Momentum relaxation 

scheme 

ζ, qx, qy -interpolated 

Hx, Hy, U, V - calculated 

BTWNM_KIN(V+E) Kinetic  relaxation scheme  ζ, U, V-interpolated 

BTWNM_KIN(ALL) Kinetic  relaxation scheme ζ, qx, qy -interpolated 

Hx, Hy, U, V - calculated 
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6.2.1 MOMENTUM RELAXATION SCHEME  

 

The momentum flow relaxation scheme was initially implemented into the BTWNM_MOM 

(V+E) model, which involved a feedback prescription of velocities and elevations alone, with 

an average interpolation procedure.  

The conservation of momentum was initially investigated by calculating the momentum 

fluxes in the area of the nested boundary. Figure 6.2 shows a comparison of the 

nested/child domain’s momentum flux across the boundary (NB), with the corresponding 

fluxes in the updated coarse/parent domain (UC) and the high resolutions model fluxes 

(HR). Table 6.2 tabulates the percentage difference in peak ebb and peak flood momentum 

fluxes across the nested boundary for the nested/child domain and the updated 

coarse/parent domain relative to the high resolution single grid model. 

 

Figure 6: 2 Momentum fluxes across the boundary for BTWNM_MOM (V+E). 
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Table 6: 2 Peak ebb and peak flood momentum flux across the nested boundary for 

BTWNM_MOM (V+E) 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -24150.9 -0.5% 12653.51 -7.8% 

Updates Coarse 

(UC) -24432.8 +0.64% 12968.83 -5.5% 

 

The conservation of momentum at the boundary was shown to be of a high standard. Re-

sults showed an average percentage difference at peak ebb for NB of 0.5% and UC of 0.64%, 

relative to the single high resolution model (HR). This is a difference of approximately 

0.14% between UC and NB. In comparison to the BTWNM_IV model, which uses a Dirichet 

feedback condition, a decrease in the conservation of momentum between the nested grid 

and the coarse grid is generated; however, there is an increase in accuracy in relation to the 

single high resolution model. The propagation of the momentum from the nested boundary 

into the nested domain was also tested by comparing the momentum fluxes along the next 

column of interior nested cells adjacent to the boundary to momentum fluxes across the 

boundary (Figure 6.3).  
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Figure 6: 3 Nested grid momentum fluxes across the boundary cells and cells adjacent to the 

boundary for BTWNM_MOM (V+E) 

Table 6: 3 Peak ebb and peak flood momentum for the propagation into the nested domain 

for BTWNM_MOM (V+E) 

 Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -24150.9 12653.51 

Adjacent -25476.3 13559.54 

 

Results showed no generation of noise with the propagation of momentum into the nested 

domain. This high level of conservation of momentum enabled further investigation to be 

performed on the model to investigate its performance to transfer information into the 

coarse domain.  

Time history analysis of the updated coarse domain was performed at points A-D shown in 

Figure 6.4. Figures 6.5-6.6 show a comparison of the velocities at point A and B located in-

side the feedback area, highlighted in Figure 6.4 with a black square. The graphs compare 

the original coarse domain without nesting (LR), the updated coarse domain with two-way 

nesting (BTWNM) and the high resolution single grid domain (HR). Results for the percent-

-40000

-30000

-20000

-10000

0

10000

20000

30000

2 7 12 17 22 27

Time (hrs)

M
o

m
e
n

tu
m

 F
lu

x
(k

N
/s

)

adjacent

Boundary



127 

 

age difference at peak ebb and peak flood for LR and BTWNM relative to HR are tabulated in 

Tables 6.4-6.5. 

 

Figure 6: 4 Illustration showing time history points A-D 

 

 

Figure 6: 5 Time history analysis of point A 
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Table 6: 4 Peak flood and peak ebb velocities of point A 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 0.2338 -21.27% -0.2017 -16.3% 

BTWNM 0.2815 -5.2% -0.2244 -6.88% 

 

 

Figure 6: 6 Time history analysis of point B 
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Table 6: 5 Peak flood and peak ebb velocities of point B 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2306 - 

Low resolution 

(LR) -0.3111 +0.32% 0.2563 +11.1% 

BTWNM -0.3154 +1.7% 0.2332 +1.12% 

 

Results generated show the models differ by 5.2 % at A and 1.12 % at B to the high resolu-

tion model at peak flood, which is an increase in accuracy of 1% and 4% respectively in re-

lation to the BTWNM_IV model, with the Dirichlet feedback condition. Figures 6.7-6.8 show 

time history analysis of velocities at point C and D, located outside the feedback area. The 

results are presented in a tabular form in Tables 6.6-6.7 for the percentage difference in 

peak ebb and peak flood for LR and BTWNM relative to HR. 

 

Figure 6: 7 Time history analysis of point C 
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Table 6: 6 Peak flood and peak ebb velocities of point C 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61% 0.3263 +80.8% 

BTWNM -0.3821 +37% 0.2857 +58.3% 

 

 

Figure 6: 8 Time history analysis of point D 

Table 6: 7 Peak flood and peak ebb velocities of point D 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution -0.9172 - 0.6944 - 
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(HR) 

Low resolution 

(LR) -0.9694 +5.69% 0.7578 +9.13% 

BTWNM -0.9693 +5.68% 0.755 +8.7% 

 

The performance of the model suffered with the introduction of the momentum feedback 

condition for the points located outside the feedback region. Point C showed an increase in 

error of 36% and 53.7% at peak flood and ebb respectively, relative to the BTWNM_IV 

model. Point D located further from the feedback region also showed a decrease in the accu-

racy in relation to BTWNM_IV model.  

Time history analysis was also performed on the data generated in the nested region. Figure 

6.10 shows a comparison of velocities at point E in the nested region for the low resolution 

model without nesting (LR), the nested domain in the BTWNM_MOM (V+E) model 

(BTWNM) and the high resolution single grid model (HR). The performance of the model is 

tabulated in the Table 6.8. 

 

Figure 6: 9 Illustration of nested domain with point E used in the time history analysis 
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Figure 6: 10 Time history analysis of point E 

Table 6: 8 Peak flood and peak ebb velocities of point E 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 -55.8% 

BTWNM -0.8175 -2.4% 0.5862 -9.03% 

 

Results generated show the nested model solution exhibits a high level of accuracy in rela-

tion to the low resolution model without nesting. The level of accuracy reached is of a simi-

lar form to the BTWNM_IV.  

It was assumed if more data was transmitted from the nested domain using the momentum 

flow relaxation scheme the accuracy of the model outside the feedback region would in-

crease. Therefore, a model similar to the BTWNM_I was used with the incorporation of the 

momentum feedback condition. Analysis was performed to identify the models ability to 

conserver momentum and results are shown in Figures 6.11.  A tabulated form of the re-
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sults are shown in tables 6.9. The propagation of momentum into the nested domain was 

also analysed and results presented in Figure 6.12 and tabulated in Table 6.10.  

 

Figure 6: 11 Momentum fluxes across the boundary for BTWNM_MOM (Q (ALL)). 

Table 6: 9 Peak ebb and peak flood momentum fluxes across the nested boundary for 

BTWNM_MOM Q (ALL)). 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -24454.5 +0.73% 12829.21 -6.5% 

Updates Coarse 

(UC) -24687 +1.68% 13076.35 -4.7% 
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Figure 6: 12 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_MOM (Q (ALL)). 

Table 6: 10 Peak ebb and peak flood momentum for the propagation into the nested domain 

for BTWNM_MOM (Q (ALL)). 

 

Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -24454.5 12829.21 

Adjacent -25641.9 13555.3 

 

Results generated a moderately higher level of conservation between the domains in com-

parison to the previous model.  Time history analyses for velocities were performed at 

points A-D (see Figure 6.4) and are shown in Figures 6.13-6.16. The graphs compare the 

original coarse domain without nesting (LR), the updated coarse domain with two-way 

nesting (BTWNM) and the high resolution single grid domain (HR). Results for the percent-

age difference at peak ebb and peak flood for LR and BTWNM relative to HR are tabulated in 

Tables 6.11-6.14. 
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Figure 6: 13 Time history analysis of point A for BTWNM_MOM (Q (ALL)). 

Table 6: 11 Peak flood and peak ebb velocities of point A for BTWNM_MOM (Q (ALL)). 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 0.2338 21.2% -0.2017 16.3% 

BTWNM 0.2818 5.1% -0.2223 7.7% 

 

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

2 7 12 17 22 27

Time (hrs)

V
e
lo

c
it

y
 (

m
/s

)

btwnm

lr

hr



136 

 

 

Figure 6: 14 Time history analysis of point B for BTWNM_MOM (Q (ALL)). 

Table 6: 12 Peak flood and peak ebb velocities of point B for BTWNM_MOM (Q (ALL)). 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2306 - 

Low resolution 

(LR) -0.3111 0.32% 0.2563 11.14% 

BTWNM -0.3173 2.32% 0.2367 2.6% 
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Figure 6: 15 Time history analysis of point C for BTWNM_MOM (Q (ALL)). 

 

Table 6: 13 Peak flood and peak ebb velocities of point C for BTWNM_MOM (Q (ALL)). 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61% 0.3263 +80.87% 

BTWNM -0.3207 +15.1% 0.2899 +60.6% 
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Figure 6: 16 Time history analysis of point D for BTWNM_MOM (Q (ALL)). 

 

Table 6: 14 Peak flood and peak ebb velocities of point D for BTWNM_MOM (Q (ALL)). 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.9172 - 0.6944 - 

Low resolution 

(LR) -0.9694 +5.6% 0.7578 +9.12% 

BTWNM -0.9722 +6.5% 0.7505 +8.07% 

 

Results generated showed no significant improvement to the model performance at points 

A and B. The performance of the model outside the feedback location at points C and D, also 

did not show any considerable improvement. The results showed the momentum feedback 

condition does not perform to the same level as the BTWNM_IV model with the Dirichlet 

feedback condition. Time history analysis was also performed on the solution generated in 

the nested domain (BTWNM) and results shown in Figure 6.17 for point E (see Figure 6.9).  
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Figure 6: 17 Time history analysis of point E for BTWNM_MOM (Q (ALL)). 

Table 6: 15 Peak flood and peak ebb velocities of point E for BTWNM_MOM (Q (ALL)). 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 -55.8% 

BTWNM -0.8241 -1.64% 0.5929 -7.9% 

 

Results showed to be of a greater accuracy in relation to the previous model and the 

BTWNM_IV model. If a greater degree of accuracy was required in the nested domain in 

comparison to the coarse domain this model would outweigh the BTWNM_IV model, there-

fore the model consists of a flag that allows the user to specify which condition they deem 

appropriate to use depending on the type of domain being modelled.  
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6.2.2 KINETIC RELAXATION SCHEME 

 

The kinetic feedback condition was introduced into the BTWNM_IV model similar to the 

previous BTWNM_MOM (V+E) model, containing a feedback prescription of velocities and 

elevations alone, with an average interpolation technique. The performance of the model to 

conserve momentum was analysed and results are shown in Figures 6-18 and tabulated in 

Tables 6.16. 

 

Figure 6: 18 Momentum fluxes across the boundary for BTWNM_KIN (V+E). 

Table 6: 16 Peak ebb and peak flood momentum fluxes across the nested boundary for 

BTWNM_KIN (V+E) 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -24581.7 -1.25% 12553.35 -8.5% 

Updates Coarse 

(UC) -24819.4 -2.2% 12919.76 -5.8% 
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Figure 6: 19 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_KIN (V+E). 

Table 6: 17 Peak ebb and peak flood momentum fluxes across the nested boundary cells and 

cells adjacent to the boundary for BTWNM_KIN (V+E) 

 

Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -24581.7 12553.35 

Adjacent -25776.3 13624.08 

 

The results showed the level of conservation deteriorated from the BTWNM_MOM (V+E) by 

approximately 0.4% and also the accuracy of the solution has decreased by 0.7%. However, 

momentum propagation still performed correctly as shown by the small difference between 

the nested boundary cell and adjacent boundary cell fluxes in Figure 6.19. 

Figures 6.20-6.23 show the time history analysis of the models performance in the updated 

coarse/parent domain (UC) at points A-D shown in Figure 6.4. Table 6.18-6.21 show the 

percentage difference at peak ebb and peak flood for the low resolution model without nest-
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ing (LR) and the updated coarse/parent solution in the BTWNM_KIN(V+E) (BTWNM) rela-

tive to the high resolution single grid solution (HR). The results generated show that the 

models performance still does not reach the level of accuracy produced in the BTWNM_IV 

model.  

 

 

Figure 6: 20 Time history analysis of point A for BTWNM_KIN (V+E). 

Table 6: 18 Peak flood and peak ebb velocities of point A for BTWNM_KIN (V+E). 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 0.2338 -21.2% -0.2017 -16.3% 

BTWNM 0.2816 -5.1% -0.2244 -6.8% 
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Figure 6: 21 Time history analysis of point B for BTWNM_ KIN (V+E). 

Table 6: 19 Peak flood and peak ebb velocities of point B for BTWNM_ KIN (V+E). 

 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2306 - 

Low resolution 

(LR) -0.3111 +0.32% 0.2563 +11.1% 

BTWNM -0.3153 +1.6% 0.2359 +2.2% 
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Figure 6: 22 Time history analysis of point C for BTWNM_ KIN (V+E). 

Table 6: 20 Peak flood and peak ebb velocities of point C for BTWNM_ KIN (V+E). 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61.01% 0.3263 +80.8% 

BTWNM -0.4147 +48.8% 0.304 +68.51% 
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Figure 6: 23 Time history analysis of point D for BTWNM_ KIN (V+E). 

Table 6: 21 Peak flood and peak ebb velocities of point D for BTWNM_ KIN (V+E). 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.9172 - 0.6944 - 

Low resolution 

(LR) -0.9694 +13.9% 0.7578 +9.1% 

BTWNM -0.9717 +5.9% 0.759 +9.3% 

 

Results generated show the models performance in the updated coarse domain (UC) does 

not reach the level of accuracy produced in the BTWNM_IV model, with the Dirichlet feed-

back condition. The results showed areas outside of the feedback interface, points C-D, have 

considerably decreased in accuracy in comparison to the previous model BTWNM_MOM (Q 

(ALL)) and the BTWN_IV model. In relation to the nested domain solution, the level of accu-

racy deteriorated in relation to the BTWNM_ MOM (Q (ALL)) model. This is clear from the 

results generated in Figure 6.24 for the time history analysis of point E shown in Figure 6.4. 
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Figure 6: 24 Time history analysis of point E for BTWNM_ KIN (V+E). 

Table 6: 22 Peak flood and peak ebb velocities of point E for BTWNM_ KIN (V+E). 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 55.8% 

BTWNM -0.8249 -1.5% 0.5905 -8.3% 

 

The kinetic relaxation scheme was implemented into a model similar to the BTWNM_I 

model, which involves using a variable feedback prescription of interpolated water eleva-

tion data and volumetric flux data, with water depths and velocities calculated using the in-

terpolated data. This was performed to increase the consistency between the nested/child 

domain and the coarse/parent domain. The ability of the model to conserve momentum is 

shown in Figure 6.25 and results tabulated in Table 6.23 for percentage difference in peak 

ebb and peak flood momentum fluxes across the nested domain boundary (NB) and fluxes 
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in the equivalent updated coarse domain (UC) relative to the high resolution model (HR).  

The ability of momentum to propagate into the nested domain is demonstrated in Figure 

6.26. 

 

Figure 6: 25 Momentum fluxes across the boundary for BTWNM_KIN (Q (ALL)). 

Table 6: 23 Peak ebb and peak flood momentum flux across the nested boundary for 

BTWNM_KIN Q (ALL)). 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -24435.5 +0.65% 12653.8 -7.7% 

Updates Coarse 

(UC) -24672.5 +1.6% 12932.07 -5.7% 
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Figure 6: 26 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_KIN (Q (ALL)). 

Table 6: 24 Peak ebb and peak flood momentum for the propagation into the nested domain 

for BTWNM_KIN (Q (ALL)). 

 

Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -24435.5 12653.8 

Adjacent -25619.3 13484.59 

 

Results generated showed a high level of conservation, with the propagation of momentum 

functioning correctly demonstrated by the small difference in the boundary cells and the 

adjacent cells momentum fluxes.  

Figures 6.27-6.30 show the results for the models performance at points A-D (Figure 6.4) in 

the updated coarse/parent domain. The model solution in the nested domain at point E, 

shown in Figure 6.9, are analysed by time history analysis and results shown in Figure 6.31.  
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Figure 6: 27 Time history analysis of point A for BTWNM_ KIN (Q (ALL). 

Table 6: 25 Peak flood and peak ebb velocities of point A for BTWNM_ KIN (Q (ALL). 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 0.2338 -21.2% -0.2017 -16.3% 

BTWNM 0.2816 -5.18% -0.2222 -7.8% 
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Figure 6: 28 Time history analysis of point B for BTWNM_ KIN (Q (ALL). 

Table 6: 26 Peak flood and peak ebb velocities of point B for BTWNM_ KIN (Q (ALL). 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2306 - 

Low resolution 

(LR) -0.3111 +0.32% 0.2563 +11.14% 

BTWNM -0.3174 +2.3% 0.2412 +4.5% 
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Figure 6: 29 Time history analysis of point C for BTWNM_ KIN (Q (ALL). 

Table 6: 27 Peak flood and peak ebb velocities of point C for BTWNM_ KIN (Q (ALL). 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61% 0.3263 +80.8% 

BTWNM -0.3429 +23% 0.315 74.6% 
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Figure 6: 30 Time history analysis of point D for BTWNM_ KIN (Q (ALL). 

Table 6: 28 Peak flood and peak ebb velocities of point D for BTWNM_ KIN ((Q (ALL). 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.9172 - 0.6944 - 

Low resolution 

(LR) -0.9694 +5.69% 0.7578 +9.13% 

BTWNM -0.9717 +5.9% 0.7537 +8.5% 
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Figure 6: 31 Time history analysis of point E for BTWNM_ KIN (Q (ALL). 

Table 6: 29 Peak flood and peak ebb velocities of point E for BTWNM_ KIN ((Q (ALL). 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 -55.8% 

BTWNM -0.8238 -1.6% 0.5932 -7.9% 

 

Upon analysis of the BTWNM_KIN (Q (ALL)) model performance, it was found the accuracy 

of the model solution in the area outside the feedback area did not reach the same level as 

the BTWNM_IV model, with a Dirichlet feedback condition. The performance of the model in 

the nested domain did not reach the same level of accuracy as the BTWNM_MOM (Q (ALL)) 

model. 
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6.3 INTERPOLATION/ UPDATE SCHEMES 
 

The initial interpolation scheme used in the model incorporated an average operating pro-

cedure. This was incorporated as literature showed it was a common technique in nesting 

procedures. The scheme was also one of the most basic schemes and easy to implement. 

Equation 6.11 shows the formulation of the average interpolation scheme: 

   
 

 
            

 
        (6.11) 

with N representing the number of grid cells within the coarse grid cell I.   

Other interpolation techniques have been shown to give similar if not better solutions, such 

as work carried out by Debreu (2008), therefore other forms of interpolation techniques 

required investigation. A number of different versions of the BTWNM_IV model were devel-

oped, each having a different form of interpolation. Table 6.30 shows a list of the models 

developed to investigate the best interpolation scheme. Chapter 2 gives an in depth descrip-

tion of these interpolation processes. 

Table 6: 30 Interpolation models 

Model Interpolation scheme 

BTWNM_IV Average operator 

BTWNM_COPY Direct copy 

BTWNM_SHAP Shapiro scheme 

BTWNM_FULLW Fully weighted scheme 

 

The performance of the model with different interpolation schemes were determined by 

calculating the momentum fluxes across the nested boundary, the propagation of momen-

tum into the nested domain, and also with the use of time history analysis to determine the 

performance of the model in the updated coarse domain and the nested domain.  
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6.3.1 BTWNM_COPY 

 

The direct copy model was run and the performance of the model in relation to conserva-

tion of momentum is shown in Figures 6.32-6.33. The results show the percentage differ-

ence between the coarse domain and the nested domain has increased on the ebb tide in 

relation to the BTWNM_IV model, which had a difference of just 0.7% between the two do-

mains. The propagation of momentum into the nested domain performed correctly with a 

slight difference in boundary cell and adjacent cell fluxes. Time history analysis of points A-

D (see Figure 6.4) are represented in Figures 6.34-6.37. 

 

Figure 6: 32 Momentum fluxes across the boundary for BTWNM_COPY 

Table 6: 31 Peak ebb and peak flood momentum flux across the nested boundary for 

BTWNM_COPY 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution -24277.2 - 13724.28 - 

Nested bound-

ary -24516.6 +0.9% 12588.78 -8.27% 

Updates Coarse -25311.6 +4.2% 12901.91 -5.9% 

-40000

-30000

-20000

-10000

0

10000

20000

2 7 12 17 22 27

Time(hrs)

M
o

m
e
n

tu
m

 F
lu

x
(k

N
/s

)

UC

NB

HR



156 

 

 

 

Figure 6: 33 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_COPY 

Table 6: 32 Peak ebb and peak flood momentum fluxes across the boundary cells and cells 

adjacent to the boundary for BTWNM_COPY 

 

Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -24516.6 12588.78 

Adjacent -25764 13655.39 
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Figure 6: 34 Time history analysis of point A for BTWNM_ COPY. 

Table 6: 33 Peak flood and peak ebb velocities of point A for BTWNM_ COPY. 

 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 0.2338 -21.2% -0.2017 -16.3% 

BTWNM 0.2944 -0.87% -0.2316 -3.9% 
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Figure 6: 35 Time history analysis of point B for BTWNM_ COPY. 

Table 6: 34 Peak flood and peak ebb velocities of point B for BTWNM_ COPY. 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2306 - 

Low resolution 

(LR) -0.3111 +0.32% 0.2563 +11.14% 

BTWNM -0.3027 -2.3% 0.2238 -2.94% 
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Figure 6: 36 Time history analysis of point C for BTWNM_ COPY. 

Table 6: 35 Peak flood and peak ebb velocities of point C for BTWNM_ COPY. 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61.01% 0.3263 +80.87% 

BTWNM -0.2455 -11.88% 0.1782 -1.2% 

 

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

2 7 12 17 22 27

Time(hrs)

V
e
lo

c
it

y
 (

m
/s

)

BTWNM

LR

Series3



160 

 

 

Figure 6: 37 Time history analysis of point D for BTWNM_ COPY. 

Table 6: 36 Peak flood and peak ebb velocities of point D for BTWNM_ COPY. 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.9172 - 0.6944 - 

Low resolution 

(LR) -0.9694 +5.6% 0.7578 +9.1% 

BTWNM -0.9709 +5.8% 0.7537 +8.5% 

 

Results showed the error at the feedback interface was reduced at point A in comparison to 

the BTWNM_IV model with an average interpolation procedure, however, Figure 6.36-6.37 

showed that the accuracy of the model outside the feedback interface (points C and D) did 

not reach the same level of accuracy in relation to the average interpolation model 

BTWNM_IV. 
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The performance of the nested domain was also investigated and results shown in Figure 

6.38. Results generated showed a slight increase in the accuracy on the ebb tide of approxi-

mately 2%.  

 

 

Figure 6: 38 Time history analysis of point E for BTWNM_ COPY. 

Table 6: 37 Peak flood and peak ebb velocities of point E for BTWNM_ COPY. 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 -55.8% 

BTWNM -0.8206 -2.06% 0.5894 -8.5% 
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6.3.2 BTWNM_SHAP 

 

The Shapiro method was introduced into the two-way nested model and results for the con-

servation of momentum at the boundary of the nested domain are shown in Figures 6.39-

6.40. The consistency between the nested domain and the updated coarse domain did not 

reach the same level as the average interpolation technique in the BTWNM_IV model, which 

showed a difference of just 0.7 % on the ebb tide.  

 

Figure 6: 39 Momentum fluxes across the boundary for BTWNM_SHAP 

Table 6: 38 Peak ebb and peak flood momentum flux across the nested boundary for 

BTWNM_SHAP 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -24519.4 +0.9% 12651.07 -7.8% 

Updates Coarse 

(UC) -24979.2 +2.8% 12957.22 -5.58% 

-40000

-30000

-20000

-10000

0

10000

20000

30000

2 7 12 17 22 27

Time (hrs)

V
e
lo

c
it

y
 (

m
/s

)

UC

NB

HR



163 

 

 

 

Figure 6: 40 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_SHAP 

Table 6: 39 Peak ebb and peak flood momentum for the propagation into the nested domain 

for BTWNM_SHAP 

 

Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -24519.4 12651.07 

Adjacent -25750.3 13612.8 

 

 

Figures 6.41-6.44 show the performance of the model in the updated coarse domain at 

points A-D (see Figure 6.4) and results generated show the accuracy of the model with this 

interpolation technique  does not reach the level of accuracy achieved by the average inter-

polation technique.  
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Figure 6: 41 Time history analysis of point A for BTWNM_ SHAP. 

Table 6: 40 Peak flood and peak ebb velocities of point A for BTWNM_ SHAP. 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 

0.2338 

 -21.27% 

-0.2017 

 -16.3% 

BTWNM 0.2863 -3.6% -0.228 -5.39% 
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Figure 6: 42 Time history analysis of point B for BTWNM_ SHAP. 

Table 6: 41 Peak flood and peak ebb velocities of point B for BTWNM_ SHAP. 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2306 - 

Low resolution 

(LR) -0.3111 +0.32% 0.2563 +11.14% 

BTWNM -0.311 +0.29% 0.2251 --2.3% 
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Figure 6: 43 Time history analysis of point C for BTWNM_ SHAP. 

Table 6: 42 Peak flood and peak ebb velocities of point C for BTWNM_ SHAP. 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61.0% 0.3263 +80.87% 

BTWNM -0.2453 -11.95% 0.1845 +2.27% 
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Figure 6: 44 Time history analysis of point D for BTWNM_ SHAP. 

Table 6: 43 Peak flood and peak ebb velocities of point D for BTWNM_ SHAP. 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.9172 - 0.6944 - 

Low resolution 

(LR) -0.9694 +5.7% 0.7578 +9.13% 

BTWNM -0.9711 +5.8% 0.7588 +9.27% 

 

The accuracy of model in the nested domain was also analysed and results shown in Figure 

6.45. Time history analysis showed an increase in the performance of the model on the ebb 

tide, with an increase in accuracy of 3% in relation to the average interpolation model 

BTWNM_IV. 
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Figure 6: 45 Time history analysis of point E for BTWNM_ SHAP. 

Table 6: 44 Peak flood and peak ebb velocities of point E for BTWNM_ SHAP. 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 -55.8% 

BTWNM -0.8256 -1.4% 0.5899 -8.45 
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6.3.3 BTWNM_FULLW 

 

Figure 6.46-6.47 illustrates the results for the BTWNM_FULLW model containing the fully 

weighted interpolation technique for the conservation of momentum, and results generated 

show the conservation between the nested domain and updated coarse domain is of a 

higher standard in relation to the Shapiro and copy interpolation technique but did not 

reach the accuracy of the average technique with a reduction in consistency of 0.3%.  

 

Figure 6: 46 Momentum fluxes across the boundary for BTWNM_FULLW 

Table 6: 45 Peak ebb and peak flood momentum flux across the nested boundary for 

BTWNM_FULLW 

 

Peak ebb mo-

mentum flux 

(kN/m) % difference 

Peak flood mo-

mentum flux 

(kN/m) % difference 

High resolution 

(HR) -24277.2 - 13724.28 - 

Nested bound-

ary (NB) -24189.2 -0.36% 12707.43 -7.4% 

Updates Coarse 

(UC) -24608.4 -1.36% 13020.97 -5.12% 
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Figure 6: 47 Nested grid momentum fluxes across the boundary cells and cells adjacent to 

the boundary for BTWNM_FULLW 

Table 6: 46 Peak ebb and peak flood momentum for the propagation into the nested domain 

for BTWNM_FULLW 

 

Peak ebb momen-

tum flux 

(kN/m) 

Peak flood mo-

mentum flux 

(kN/m) 

Boundary -24189.2 12707.43 

Adjacent -25560.7 13624.43 

 

Figure 6.48-6.51 illustrates the results for the BTWNM_FULLW model for the updated 

coarse domain. The results indicate the accuracy of the model reached approximately the 

same level of accuracy in relation to the BTWNM_IV model in the feedback interface at 

points A and B (see Figure 6.4), however, the model does not reach the same level of accu-

racy outside the feedback interface at points C-D. 
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Figure 6: 48 Time history analysis of point A for BTWNM_ FULLW. 

Table 6: 47 Peak flood and peak ebb velocities of point A for BTWNM_ FULLW. 

Point A 

Peak flood ve-

locity 

(m/s) % difference 

Peak ebb veloc-

ity 

(m/s) % difference 

High resolution 

(HR) 0.297 - -0.241 - 

Low resolution 

(LR) 0.2338 -21.2% -0.2017 -16.3% 

BTWNM 0.2858 -3.77% -0.2261 -6.18% 
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Figure 6: 49 Time history analysis of point B for BTWNM_ FULLW. 

Table 6: 48 Peak flood and peak ebb velocities of point B for BTWNM_ FULLW. 

Point B 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.3101 - 0.2391 - 

Low resolution 

(LR) -0.3111 +0.32% 0.261 +9.1% 

BTWNM -0.3116 +0.48% 0.2273 -4.9% 
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Figure 6: 50 Time history analysis of point C for BTWNM_ FULLW. 

Table 6: 49 Peak flood and peak ebb velocities of point C for BTWNM_ FULLW. 

Point C 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.2786 - 0.1804 - 

Low resolution 

(LR) -0.4486 +61.01% 0.3263 +80.8% 

BTWNM -0.2424 +12.9% 0.1845 +2.27% 
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Figure 6: 51 Time history analysis of point D for BTWNM_ FULLW. 

Table 6: 50 Peak flood and peak ebb velocities of point D for BTWNM_ FULLW. 

Point D 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.9172 - 0.6944 - 

Low resolution 

(LR) -0.9694 +5.69% 0.7578 +9.12% 

BTWNM -0.9698 +5.73% 0.7557 +8.8% 

 

Figure 6.52 shows the result generated in the nested domain at point E (see Figure 6.9) and 

illustrates a minimal increase in accuracy on the ebb tide and a decrease on the flood tide in 

relation to the BTWNM_IV model.  
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Figure 6: 52 Time history analysis of point E for BTWNM_ FULLW. 

Table 6: 51 Peak flood and peak ebb velocities of point E for BTWNM_ FULLW. 

Point E 

Peak ebb veloc-

ity 

(m/s) % difference 

Peak flood ve-

locity 

(m/s) % difference 

High resolution 

(HR) -0.8379 - 0.6444 - 

Low resolution 

(LR) -1.0675 +27.4% 0.2848 -55.8% 

BTWNM -0.8228 -1.8% 0.5859 -9.07% 
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6.4 SUMMARY AND CONCLUSIONS 
 

During the second stage of development of the BTWNM, investigations were undertaken to 

determine a suitable feedback operator, which contains an appropriate feedback condition 

and interpolation technique. The optimum feedback operator was identified as one that 

contained a Dirichlet feedback condition with an average interpolation procedure.  

 Phase I of the model development incorporated the simplest form of the feedback condi-

tion, due to its ease of implementation. Results generated were of a high standard; however, 

literature has shown that wave reflection can be produced with this form for feedback con-

dition. An average interpolation technique was also employed due to its common appear-

ance in nesting modelling techniques.  

Alternative feedback conditions and interpolation techniques were implemented into the 

two-way nested model and assessed for their effect on the models performance to conserve 

momentum and the ability of the nested domain and the coarse domain to interact with 

each other.  

The feedback conditions were initially investigated. Three different types of feedback condi-

tions were assessed for accuracy: 1) Dirichlet, 2) momentum flow relaxation scheme and 3) 

kinetic energy flow relaxation scheme. It was found the momentum flow relaxation scheme 

with a variable feedback prescription of velocities and elevations alone and an average in-

terpolation technique reduced the accuracy of the models performance. The conservation of 

momentum between NB and UC decreased by 0.14% in this model, relative to the 

BTWNM_IV model containing a Dirichlet condition. Analysing the performance of the model 

in the updated coarse domain it was found that the effects of the momentum relaxation 

scheme on model performance were significant, with a reduction in accuracy at some points 

of 54%. This decrease in performance in the updated coarse domain resulted from a lack of 

data being passed from the nested domain, therefore, a variable feedback prescription simi-

lar to the BTWNM_I model was introduced. Results generated showed an increase in the 

model’s performance in the updated coarse domain, however, this increase did not meet the 

level of accuracy generated with the BTWNM_IV model containing the Dirichlet feedback 

condition. However, the performance of the model in the nested domain showed an in-
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crease in accuracy of 4% in relation to the BTWNM_IV model containing the Dirichlet feed-

back condition. 

 Similar analysis was performed with the kinetic flow relaxation scheme. The scheme was 

initially implemented into a model containing a variable feedback prescription similar to 

the BTWNM_IV model. The performance of the model to conserve momentum was analysed 

and showed to function adequately with a small difference in momentum fluxes between 

NB and UC. However, the performance of the model in the updated coarse domain did not 

reach the level of accuracy generated by the model containing the Dirichlet condition or the 

momentum flow relaxation condition. This scheme was also introduced into a model con-

taining a variable feedback prescription similar to the BTWNM_I model. The performance of 

the model increased but did not reach the same level of accuracy generated with the mo-

mentum relaxation scheme or the Dirichlet condition.   

Interpolation techniques were also investigated to assess their effects on the performance 

of the model. Four different interpolation techniques were assessed: 1) average, 2) direct 

copy, 3) Shapiro and 4) fully weighted. It was found the average interpolation scheme gave 

the highest level of model performance. The performance of the model containing the direct 

copy interpolation technique in the updated coarse domain was considerably high in the 

area directly overlaid with the nested domain (feedback area), however, outside the feed-

back interface model accuracy did not reach the same level achieved by the average interpo-

lation scheme. Momentum fluxes at the boundary of the nested domain also showed a re-

duction in consistency between NB and UC.  

The introduction of the Shapiro interpolation technique generated a reduction in the level 

of momentum conservation between NB and UC across the nested boundary interface. The 

performance of the model in the updated coarse domain outside the feedback interface in-

creased in accuracy in relation to the direct copy technique, however did not reach the same 

level as the average interpolation technique. The fully weighted interpolation scheme pro-

duced results that indicated the accuracy of the model reached approximately the same 

level of accuracy in relation to the BTWNM_IV model in the overlapping nested region; 

however, it did not reach the same level of accuracy outside the nested region.  



178 

 

The findings from this chapter showed that the two-way nested model containing a variable 

prescription of velocities and elevation at the feedback interface, with an average interpola-

tion technique and a Dirichlet feedback condition simulated the most accurate model solu-

tion. This approach had the advantage of enabling the conservation of momentum and the 

effective transmission of data to the coarse domain from the nested domain to insure the 

highest level of model performance. 
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CHAPTER 7: DEVELOPMENT OF TTWNM 

 

7.1 INTRODUCTION 
 

The development of the BTWNM was the first of two stages in the generation of a two-way 

nested model with the incorporation of tidal turbine farms (TTWNM). The second stage of 

the development was the incorporation of advanced features into the existing BTWNM to 

enable the simulation of tidal turbine farms.  This chapter outlines the development under-

taken to incorporate the effects of energy extraction by tidal turbine farms into the BTWNM 

with the use of the Linear Momentum Actuator Disc Theory (LMADT) (Houlsby 2008).  

The TTWNM was applied to the Shannon Estuary and tidal turbine farms of different densi-

ties were applied to a suitable site. The model was initially run to show the hydrodynamics 

of the estuary without the incorporation of tidal turbines. The model was then run with dif-

ferent density turbine fields and the results obtained were then compared to identify possi-

ble environmental impacts that could be generated from the inclusion of tidal turbine farms. 

Results generated from the TTWNM were tested against a high resolution single grid model 

to assess the models performance and identify changes in the tidal regime with the extrac-

tion of energy by tidal turbines. 

7.2 TURBINE REPRESENTATION 
 

Research undertaken by Houlsby (2008) in relation to the Linear Momentum Actuator Disc 

Theory (LMADT) was used as the basis for incorporating the tidal turbines into the BTWNM 

(Houlsby 2008). This theory involves using an actuator disc to represent a turbine rotor, 

which is enclosed in a stream tube, to extract energy and momentum from an open channel 

(Burton 2001). Figure 7.1 represents the LMADT in an open channel flow, which contains 

fives zones:  (1) far upstream of turbine, (2) immediately upstream of the turbine, (3) im-

mediately downstream of the turbine, (4) zone where the turbine wake merges with the  

by-pass flow and (5) zone where pressure becomes uniform. 
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Figure 7: 1 Linear Momentum Actuator Disc Theory in an open channel flow 

The area enclosed by lines 2 and 3 experiences a loss of velocity in accordance with work 

performed by Myers (2012). The merging  of this flow  with the bypass velocity results in 

the generation of a wake  in an area downstream of the turbine (3 to 4), which is generated 

to satisfy the conservation of momentum. The extraction of energy also has an effect on the 

water depth across the turbine of Δh similar to a hydraulic jump.  

A turbine induces an equal but opposite thrust force (T) on the initially undisturbed flow to 

comply with Newton’s third law. The following equation is used to express the thrust force 

(T): 

  
 

 
                 (7.1) 

where ρ represents the fluid density, u the current velocity, A the area of the turbine (repre-

sented by an actuator disc) and CT  is the coefficient of thrust that is calculated as follows: 

                      
    

                  (7.2) 

with β4 being the bypass flow velocity coefficient (usually >1) and the turbine wake coeffi-

cient is α4 (usually <1).                                                         

The turbine thrust force was incorporated into the momentum equation as a sink term, to 

simulate flow through turbines. Equation 7.3 shows the amended x-direction momentum 
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equation with the inclusion of the sink term highlighted in yellow for the incorporation of 

tidal turbines (a similar modification is performed on the y-direction momentum equation). 

 

   

  
  

    

  
 

    

  
       

  

  
 

   

 
 

   

 
  

 

  
  

  

  
 

 

  
  

  

  
 

  

  
 

   

 
     

            

          (7.3) 

with the axial thrust per unit area in the x-direction generated by the turbine represented 

with FTx. The following equation represents the total magnitude of the axial thrust induced 

by the turbines on the flow per unit area of a grid cell: 

   
 

    
 

 

 

 

    
        

                             (7.4) 

where      is the magnitude of the total velocity perpendicular to the sweep area of the tur-

bine. The coefficient of thrust is a function that is generated in relation to the turbine design. 

It is dependent on the number and geometry of the turbine blades. Research undertaken by 

Bahaj (2007) and  Ahmadian (2012) have assumed a constant value of 0.8 and 1 respec-

tively. The turbine design used for this research is a hypothetical design for which test data 

was not available, therefore a value of 0.9 was used for   .   

The model assumes that the turbines used have the ability to rotate and align themselves in 

an orientation that is always perpendicular to the flow to enable the maximum energy ex-

traction to be obtained. The following equations represent the axial thrust force generated 

by the turbine on the flow in the x and y direction, with θ representing the angle the turbine 

axis makes in the positive y-direction: 

                               (7.5) 

                                                                              (7.6) 

with sign(u) and sign (v) being sign convections that take into account the change in tidal 

flow, which take the value of +1 in the positive x and y direction and -1 in the negative direc-

tion.  
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7.3 IMPLEMENTATION 
 

The development of the TTWNM required the modification of the existing BTWNM code and 

the introduction of new code. New code was added to read input data pertaining to the tidal 

farm specifications. Modification of the existing code was required to enable the computa-

tional solution to take into account the presence of a tidal turbine farm.  

The TTWNM was developed so that it could run as a BTWNM in the absence of tidal turbine 

farms. Figure 7.2 shows a flowchart of the TTWNM and Table 7.1 lists the sections of code 

that were introduced into the BTWNM for the representation of a turbine farm. 

Table 7. 1 Sections of code added to BTWNM to enable the introduction of tidal turbines 

 

Subroutines MARTURBINIT and MARTURBINIT _F were introduced into the model to: iden-

tify the density of turbines per grid cell and calculate the cumulative area of the turbines per 

grid cell. The following equations represent these calculations: 

   
   

                         (7.7) 

      
   

 
                 (7.8) 
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where    represents the number of turbines in a grid cell, ΔTS is the spacing between tur-

bines and Δx is the grid spacing. The cumulative area of the turbine per grid cell is TA and 

the diameter of the turbine is D.   

Subroutines MARTURB and MARTURB_F are used in the model to calculate the projected 

area of the turbine in the x-direction (TAx) and y-direction (TAy). The following equations 

represent these calculations: 

          

   
          (7.9) 

  
 

 
                (7.10) 

                 (7.11) 

                 (7.12) 

These values are incorporated into the momentum equation to enable a sink term to be 

generated. This is performed in the coarse model in the HYDMODX and HYDMODY subrou-

tines and in the nested domain in the HYDMODX_F and HYDMODY_F subroutines. Equation 

7.13 represents the turbine thrust sink term added to the x-direction momentum equation. 

     
  

 
                

     
           (7.13) 

 

where ∆t is the model time step and CT is the thrust coefficient.  
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Figure 7: 2 Flow chart of TTWNM with new and modified subroutine highlighted in yellow 
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7.4 RESULTS 
 

The Shannon Estuary was identified in a study performed by Sustainable Energy Ireland 

(SEI 2009) as one of the most suitable sites for tidal energy extraction. The selection of a 

suitable site for the deployment of the tidal turbine farm was generated by analysing the 

theoretical power available in the Shannon. The following equation was used to calculate 

the mean power available (MW) in the estuary (SEI 2009). Assuming the tidal cycle is ap-

proximately sinusoidal in nature, the following Fraenkel formula was used for the estab-

lishment of the mean power available (MW) in the estuary (Wilson 2007; Denot 2012). 

                      
                (7.14) 

where Ks is the velocity shape factor, Kn is the neap/spring factor, A (=ΔxH) is the cross sec-

tional area of a grid cell and Vpeak is the maximum spring velocity. The Fraenkel formulation 

allocates a value of 0.424 to    and a value of 0.57 to   . Figure 7.3 shows the resource as-

sessment map for the estuary 

 

Figure 7: 3 Maximum available power (MW per grid cell) for the Shannon Estuary 

The tidal turbines used in the analysis were based on the SeaGen turbine device, which is 

the first commercially deployed tidal turbine and has a rotor diameter of 16m (Fraenkel 

2007). A minimum depth of 20m at low spring water was required for the installation of 

SeaGen turbines. In practice other factors need to be considered such as proximity to the 

navigational channel, military zones, sub-marine pipelines and cables. Figure 7.4 shows the 

area used for the deployment of the turbine farm.  

MW 
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Figure 7: 4  The Shannon Estuary with the extent of the turbine farm highlighted in red and 

the nested grid position highlighted by the black square. 

The spacing between turbines in a turbine farm can have a major effect on the extent of 

possible changes in the hydrodynamics due to the extraction of energy. Tidal farms of dif-

ferent array configurations were simulated, each containing turbines at different turbine 

spacing (measured tip to tip) to show the possible impacts. Three fields were generated that 

contained turbines spaced at 0.5, 2 and 5 rotor diameter spacing.  

Time history analysis of velocities at three points (see Figure 7.4) were used to determine 

the effects of different array configurations, and to also show the ability of the nested model 

to identify changes in the hydrodynamics with the extraction of energy. A low resolution 

model was initially run without the inclusion of tidal turbines (SDM); this low resolution 

model was then run with the inclusion of turbine farms of different densities (LR). Results 

generated were compared with results from an equivalent high resolution single grid model 

(HR) and the TTWNM with a high resolution nested region highlighted in Figure 7.4, both 

containing tidal farms of different configurations.  

Results generated for the high density turbine farm containing turbines of 0.5 diameter 

spacing are shown in Figures 7.5-7.7, with point 1 located outside the turbine farm, point 2 

located inside the turbine farm and point 3 located far upstream of the turbine farm. The 

percentage change in peak ebb and peak flood of the LR model, the HR model and the 

TTWNM relative to the SDM model are tabulated in Tables 7.2-7.4. 
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Figure 7: 5 Comparisons of velocities at point 1 outside the turbine farm for 0.5 rotor     

spacing 

Table 7. 2 Percentage change in peak ebb and peak flood velocities at point 1 for 0.5 rotor 

spacing. 

 Peak ebb ve-

locity (m/s) 

% change Peak flood 

velocity 

(m/s) 

% change 

SDM 0.334 - 0.362 - 

LR 0.475 +42.23% 0.588 +62.51% 

TTWNM 0.548 +64% 0.708 +95.8% 

HR 0.530 +59% 0.703 +94.39% 
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Figure 7: 6 Comparisons of velocities at point 2 inside the turbine farm for 0.5 rotor spacing 

Table 7. 3: Percentage change in peak ebb and peak flood velocities at point 2 for 0.5 rotor 

spacing. 

 

 Peak ebb ve-

locity (m/s) 

% change Peak flood 

velocity 

(m/s) 

% change 

SDM 0.624 - 0.512 - 

LR 0.535 -14.26% 0.455 -11.13% 

TTWNM 0.514 -17.62% 0.430 -16.01% 

HR 0.443 -29% 0.410 -19.92% 

 

Point 2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

2 4 6 8 10 12 14

Time (hrs)

V
e

lo
ci

ty
 (

m
/s

) HR

LR

TWNM

SDM



189 

 

 

Figure 7: 7 Comparisons of velocities at point 3 upstream of the turbine farm for 0.5 rotor 

spacing 

Table 7. 4 : Percentage change in peak ebb and peak flood velocities at point 3 for 0.5 rotor 

spacing. 

 

Peak ebb ve-

locity (m/s) % change 

Peak flood 

velocity 

(m/s) % change 

SDM 0.410 - 0.377 - 

LR 0.290 -29.26% 0.299 -30.75% 

TTWNM 0.340 -17.07% 0.343 -7.8% 

HR 0.335 -18.2% 0.345 -7.8% 

 

 

The presence of the high density turbine farm had an acceleration effect on the currents at 

point 1 located outside the turbine farm. The high resolution model and the TTWNM both 

simulated a more significant velocity change in comparison to the low resolution model. 

Results generated from TTWNM were shown to be of a high level of accuracy with a 5% dif-
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ference at peak ebb and a 1.4% difference at peak flood to the ‘correct’ high resolution 

model.   

Point 2, located inside the turbine farm, shows a reduction in the velocity with the inclusion 

of the 0.5 spaced turbine farm. Again, the TTWNM simulated results with a higher level of 

accuracy in comparison to the LR model.  

Upstream of the turbine farm the low resolution model incorrectly identifies a larger reduc-

tion in the velocities in comparison to the TTWNM and the high resolution model. The 

TTWNM results showed a higher level of accuracy, in comparison to the LR model, of ap-

proximately 10% at peak ebb and 22% at peak flood.  

Figure 7.8 shows a plot of the relative percentage change in velocities in the two-way nested 

model over a full tidal cycle with the inclusion of a tidal turbine farm with 0.5 rotor spaced 

turbines. The plot shows there is a significant change in the velocities in the area of the tur-

bine farm, however, changes were also exhibited upstream of the turbine farm especially in 

the River Fergus area, which contains large expanse of environmentally protected inter-

tidal zones. 

 

 

Figure 7: 8 Relative percentage changes in velocities with the inclusion of 0.5 rotor spaced 

turbine farm. 

River Fergus 

% 
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The four models were run again with the inclusion of a less dense turbine farm with turbine 

spacing of 2 rotor diameters. Figures 7.9-7.11 show the time history analysis for points 1-3 

and the percentage changes are tabulated in Table 7.5-7.7.   

 

Figure 7: 9 Comparisons of velocities at point 1 outside the turbine farm for 2 rotor spacing 

 

Table 7. 5 : Percentage change in peak ebb and peak flood velocities at point 1 for 2 rotor 

spacing. 

 

Peak ebb ve-

locity (m/s) % change 

Peak flood 

velocity 

(m/s) % change 

SDM 0.334 - 0.362 - 

LR 0.360 +7.78% 0.450 +24.3% 

TTWNM 0.400 +19.7% 0.494 +36.5% 

HR 0.397 +18.8% 0.495 +36.7% 
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Figure 7: 10 Comparisons of velocities at point 2 inside the turbine farm for 2 rotor spacing 

Table 7. 6 Percentage change in peak ebb and peak flood velocities at point 2 for 2 rotor 

spacing. 

 

 

Peak ebb ve-

locity (m/s) % change 

Peak flood 

velocity 

(m/s) % change 

SDM 0.624 - 0.512 - 

LR 0.520 -16.6% 0.420 -18% 

TTWNM 0.540 -13.46% 0.450 -12% 

HR 0.570 -8.7% 0.490 -4.3% 

 

Point 2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

2 4 6 8 10 12 14

Time (hrs)

V
e
lo

c
it

y
 (

m
/s

)

hr

LR

TTWNM

SDM



193 

 

 

Figure 7: 11 Comparison of velocities at point 3 upstream of the turbine farm for 2 rotor 

spacing 

Table 7. 7 Percentage change in peak ebb and peak flood velocities at point 3 for 2 rotor 

spacing. 

 

 

Peak ebb ve-

locity (m/s) % change 

Peak flood 

velocity 

(m/s) % change 

SDM 0.41 - 0.38 - 

LR 0.33 -19.51% 0.32 -15.78% 

TTWNM 0.35 -14.63% 0.35 -7.89% 

HR 0.38 -7.31% 0.37 -3% 

 

Results generated show the changes in the velocities are less significant in comparison to 

the previous turbine farm. The TTWNM generated a solution with a higher level of accuracy 

in comparison to the LR model at all points.  
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Figure 7.12 shows the relative percentage change in the velocities of the two-way nested 

model with the inclusion of a 2 rotor spaced turbine farm. The illustration shows the 

changes in velocities inside and outside of the turbine farm are less significant in compari-

son to the changes with a turbine farm containing 0.5 rotor spaced turbines. 

 

Figure 7: 12 Relative change in velocities in the two-way nested model with the inclusion of 

turbine farm with 2 rotor spaced turbines 

Finally, the four models were run again with the inclusion of a turbine farm with a 5 diame-

ter turbine spacing. Figures 7.13-7.15 show the time history analysis for points 1-3 and 

tabulated in Table 7.8-7.10.  The percentage relative change in velocities in the two-way 

nested model with the inclusion of a 5 rotor spaced tidal turbine farm are shown in Figure 

7.16. 

 

% 
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Figure 7: 13 Comparison of velocities at point 1 outside the turbine farm for 5 rotor spacing 

Table 7. 8 Percentage change in peak ebb and peak flood velocities at point 1 for 5 rotor 

spacing. 

 

Peak ebb ve-

locity (m/s) % change 

Peak flood 

velocity 

(m/s) % change 

SDM 0.334 - 0.362 - 

LR 0.340 +2.9% 0.390 +7.7% 

TTWNM 0.360 +9.5% 0.410 +13.4% 

HR 0.370 +11% 0.405 +11.9% 
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Figure 7: 14 Comparison of velocities at point 2 inside the turbine farm for 5 rotor spacing 

 

Table 7. 9  Percentage change in peak ebb and peak flood velocities at point 2 for 5 rotor 

spacing. 

 

 

Peak ebb ve-

locity (m/s) % change 

Peak flood 

velocity 

(m/s) % change 

SDM 0.624 - 0.512 - 

LR 0.610 -2.24% 0.501 -2.14% 

TTWNM 0.629 +0.8% 0.530 +3.5% 

HR 0.625 +0.2% 0.534 +4.2% 
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Figure 7: 15 Comparison of velocities at point 3 upstream of the turbine farm for 5 rotor 

spacing 

 

Table 7. 10  Percentage change in peak ebb and peak flood velocities at point 3 for 5 rotor 

spacing. 

 

 

Peak ebb ve-

locity (m/s) % change 

Peak flood 

velocity 

(m/s) % change 

SDM -0.4089 - 0.3776 - 

LR 0.3500 -14.26% 0.3200 -15.3% 

TTWNM 0.3519 -13.9% 0.3403 -9.8% 

HR -0.4000 -1.85% 0.3700 -2.1% 
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Figure 7: 16 Relative change in velocities in the two-way nested model with the inclusion of 

turbine farm with 2 rotor diameter spaced turbines 

The low density turbine farm with turbines spaced at 5 rotor diameters showed the magni-

tude of change is less significant in comparison to the higher density farms.  The results 

showed the TTWNM generated a solution that has a higher level of accuracy in comparison 

to the LR model.  

 

7.5 SUMMARY AND CONCLUSION 
 

The deployment of tidal turbine farms in an estuary were shown to effect the hydrodynam-

ics of the estuary in the area of deployment and also upstream of the turbine farm. High 

density farms were shown to generate the highest distortion in the hydrodynamics. Results 

showed the two-way nested model can identify hydro-environmental impacts to a greater 

level of accuracy in comparison to a low resolution model without a high computational 

cost. 

Tidal turbines were introduced into the two-way nested model to get a better understand-

ing of the possible environmental impacts that could be generated from the extraction of 

energy due to the deployment of tidal turbine farms in the Shannon Estuary. The effects of 

turbine farms were incorporated into the BTWNM with the use of the Linear Momentum 

Actuator Disc Theory to calculate the thrust force induced by the turbines and introduce it 

in the form of a sink term in the momentum equation.  

% 
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Analysis was performed on the estuary to identify an appropriate deployment site for the 

turbine farms. This was performed by calculating the mean available power in the estuary. 

Tidal farms of different densities were deployed with turbines based on the SeaGen tidal 

turbine. 

The model was initially run without the inclusion of tidal turbines to assess the hydrody-

namics in the tidal regime. Turbine farms with varying turbine densities were then included 

in a low resolution model, a high resolution single grid model and the TTWNM.  

The high density turbine farm with turbines spaced at 0.5 rotor diameters generated an ac-

celeration effect on the currents outside the turbine farm. The LR model simulated a less 

significant distortion of velocities in comparison to the TTWNM and the HR model. A high 

level of accuracy was generated with the TTWNM, with a difference at peak ebb of 5% and 

at peak flood of 1.4% in comparison to the ‘correct’ high resolution single grid model. This is 

an increase in accuracy of 10% on the ebb and 30% on the flood, to the LR model without 

two-way nesting.  

The presence of the high density farm had an attenuation effect on the velocities inside the 

turbine farm. Again, the TTWNM results showed to be of a higher level of accuracy in com-

parison to the LR model. Upstream of the farm the LR model identified a large decrease in 

the velocity in comparison to the HR and TTWNM. The results showed the LR model with 

the inclusion of nesting (TTWNM) increased the accuracy of the model by 10% on the ebb 

and 22% on the flood. 

The introduction of less dense tidal turbine farms, with turbines spaced at 2 rotor diameters 

and 5 rotor diameters, showed the magnitude of change decreased. The TTWNM showed to 

generate a solution with a higher level of accuracy in comparison to the LR model at all 

points, showing the TTWNM improves the ability of the low resolution model to identify 

possible hydro-environmental impacts.  
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CHAPTER 8: SUMMARY AND CONCLUSIONS 
 

8.1 SUMMARY 

 

In order to accurately represent hydrodynamic processes in coastal zones it is necessary to 

use high spatial resolution modelling. This high level of spatial resolution is computationally 

expensive which can, in some cases, be quite restrictive. Numerical models with a high 

computational cost can be problematic if one wishes to use them in a management scenario. 

One solution to this computational problem is nesting, which embeds a high resolution 

nested grid into a lower resolution coarse grid and interact occurs between the grids. The 

objective of this thesis was twofold: firstly, to expand the one-way nesting technique in the 

numerical model DIVAST to further reduce its computational needs and to increase flexibil-

ity and applicability, and secondly, to develop a two-way nested model where the high reso-

lution nested grid solution can be used to update and improve their coarse/parent grid so-

lution. These nesting techniques were introduced into the two-dimensional, depth inte-

grated, finite difference model DIVAST. 

The development of an advanced one-way nested model was carried out in two stages. The 

development of a nested domain with the ability to be orientated at different angles was the 

first advanced feature incorporated into the one-way nesting technique (RNM). This tech-

nique involved the transformation of the physical nested domain onto a computational ro-

tated domain. Transformations of the boundary conditions generated in the coarse domain 

were performed to force the model simulation in the rotated nested domain. The variable 

values computed in the nested domain were also transformed back to the original orienta-

tion after the nested domain solution scheme was performed to enable the variable to be 

described with respect to the non-rotated domain. The performance of the model was as-

sessed through its application to a gently sloped harbour of a low resolution embedded with 

a rotated nested grid with four open boundaries. Results showed that the RNM generated a 

solution with a level of accuracy equivalent to a high resolution single grid solution of the 

harbour domain with a reduction in the number of grid points. 

The second advanced feature incorporated into the one-way nested model was irregular 

geometry boundaries (IGB). This feature enables non-rectangular nested grids to be incor-
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porated into a low resolution grid. The IGB method was incorporated by the reconstruction 

of the matrices that identify the characteristics of the nested grid to allow integration of the 

model solution to be performed with respect to the IGB nested domain. The performance of 

the model was tested and results generated showed the accuracy of the model solution was 

equivalent to the original nested domain containing a much greater number of grid points.  

The development of the two-way nested model was carried out in two stages. A BTWNM 

was initially developed and used to test various elements of the feedback/update operator, 

the interpolation technique used on the nested domains data, the feedback conditions and 

the type and number of variables to be prescribed at the feedback interface. The final ver-

sion of the BTWNM was used in the second stage of the model development to incorporate 

tidal turbine farms to identify changes in the hydrodynamics of the model due to energy 

extraction (TTWNM). The final version of the model is a two-way nested model, which is 

used to simulate the interaction between tidal hydraulics and tidal turbine farms. Boundary 

conditions for the nested domain are linearly interpolated from the coarse domain using a 

Dirichlet condition and the incorporation of ghost cells in the boundary formulation 

scheme. Water elevations and velocities are specified at the feedback interface. This data is 

interpolated using the averaging technique from the high resolution nested grid solution 

and are assigned to overlapping coarse grid points using a Dirichlet feedback condition.  

The performance of the BTWNM was extensively tested before the development of the 

TTWNM. It was applied to the Shannon Estuary and the accuracy of the BTWNM solution in 

the updated coarse domain and the nested domain were determined by comparison with a 

high resolution single grid model solution for the entire domain. The Shannon Estuary pre-

sented a rigorous test of the models performance as the estuary contains complex bathym-

etry and hydrodynamic processes. The test results showed that the BTWNM successively 

enables the interaction between the nested domain and the coarse domain, resulting in a 

model with a higher level of accuracy. 

The final version of the BTWNM was adapted during the second stage of the two-way 

nested model development, to incorporate the mechanics of energy extraction by tidal tur-

bines. The Linear Momentum Actuator Disc approach was used to compute the turbine 

thrust on the water and was included in the momentum equation as a sink term. The 

TTWNM was applied to the Shannon Estuary, with the nested tidal turbine farm positioned 
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in an area identified as a possible location for the deployment of tidal turbines. The model 

investigated the hydro-environmental impacts of tidal turbine arrays, the effects of different 

array configurations and the performance of the TTWNM.  

Model results showed energy extraction by tidal turbines reduced tidal currents inside the 

turbine farm and upstream of the turbine farm. An acceleration of flow was shown around 

the turbine arrays. Regarding the effects of array configurations on the hydrodynamic im-

pacts, the impacts were most severe with higher density turbine farms. Results generated 

with the TTWNM showed the two-way nesting technique increased the accuracy of the 

model and enabled a better identification of possible environmental impacts without a large 

increase in the computational needs. 

8.2 CONCLUSION 
  

The research carried out by the Author has led to the following main conclusions: 

 

 An effective function was developed and incorporated into the one-way nesting 

technique in DIVAST to enable the specification of a rotated nested domain. Results 

showed that the rotated nested grid produced the same level of accuracy as the non-

rotated domain but with an increase in flexibility and applicability of the nested 

domain. To the Author’s knowledge, the RNM is the first rotational finite difference 

nesting procedure to be used to model hydrodynamic processes.  

 A methodology was developed to enable the incorporation of a nested domain with 

irregular geometry boundaries into a coarse hydrodynamic model and resulted in a 

reduction in the size of a nested domain without reducing the accuracy of the model 

solution. This, also, to the Author’s knowledge is the first such functionality to be in-

corporated into a nested model. 

 An effective two-way nested model for modelling tidal hydraulics in a coastal zone 

was developed. Results generated showed the two-way nested model can provide 

an accurate high resolution solution for an area of interest and allow high resolution 

data to update the lower resolution coarse domain resulting in an increase in accu-
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racy of the model. Positive results were demonstrated in the Shannon Estuary show-

ing the model is applicable to real coastal zones.  

 Results showed that the two-way nested model can provide an accurate high resolu-

tion solution with fifteen time’s lower computational effort to a standard single grid 

high resolution model. 

 Variable prescription at the feedback interface was found to be of high importance 

in the conservation of mass between the nested domain and the coarse domain. The 

use of a variable prescription containing velocities and elevations generated the 

best model solution.  

 The use of a Dirichlet feedback condition was found to work the best. Two other 

forms of feedback conditions were also tested: momentum flow relaxation method 

and kinetic flow relaxation method. The momentum and kinetic flow relaxation 

schemes produced an inferior model solution. The generation of noise with the 

Dirichlet condition is a recognised problem due to wave reflection, however, this 

was not found to be a problem.  

 Four types of interpolation schemes were tested: 1) copy 2) average 3) Shapiro and 

4) fully weighted. It was shown that the type of interpolation scheme was not a large 

factor in the performance of the model, but the best interpolation scheme was iden-

tified as the average method.  

 Tidal turbines were introduced into the two-way nested model to allow an effective 

simulation of a tidal turbine farm without large computational needs. The deploy-

ment of tidal turbine farms in an estuary were shown to effect the hydrodynamics of 

the estuary in the area of deployment and also upstream of the turbine farm. High 

density farms were shown to generate the highest distortion in the hydrodynamics. 

Results showed the two-way nested model can identify hydro-environmental im-

pacts to a greater level of accuracy in comparison to a low resolution model without 

a high computational cost. To the Author’s knowledge this is the first two-way 

nested model that simulates the energy extraction by tidal turbine farms.  

 



204 

 

8.3 FUTURE WORK 
 

The advanced one-way nested model and the two-way nested model are effective modelling 

systems that generate a high resolution solution at a low computational cost and have many 

uses in research and industry. The following are recommendations for future work that, in 

the Author’s opinion, could enhance the ability of the nested models: 

 

 Application of all nesting procedures into a three-dimensional model to enable both 

horizontal and vertical nesting. 

 Incorporation of solute transport into the TTWNM to identify the effects of energy 

extraction by tidal turbines on the flushing characteristics of the model. 

 Development of a seamlessly embedded two-way nested model and to compare it 

with the existing modelling procedure. 

 Incorporation of a parallel programming technique into the nested models, to fur-

ther reduce the running time of the model.  

 Incorporation of advanced features of the Linear Momentum Actuator Disc theory 

for the representation of tidal turbines. 

 Incorporation of a high resolution adaptive two-way nested domain into a three di-

mensional model to simulate the effects of a moving tidal turbine on the far-field 

hydrodynamics.  
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APPENDIX A 

Description of terms in the governing equations and 

finite difference methods. 
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A.1 Description of terms in the governing equations. 

 

Time derivative 

This term represents the local change in water elevation and momentum quantities with 

time, due to tidal action at the boundary. 

Advective terms 

Denotes the change of the momentum in the direction of flow. The velocity gradient in the 

same direction of flow is contained in the non-cross term  
   

  
 and the velocity gradient in 

the other co-ordinate direction is contained in the cross term 
   

  
. The importance of this 

term increases the larger the Reynolds number.  

The momentum correction factor 

The momentum correction factor can be calculated in the following way, assuming a loga-

rithmic vertical velocity profile: 

    
 

                         (A-1) 

where k= von Karman’s constant = 0.4. The value of β is 1.016 for an assumed seventh 

power law velocity profile and for an assumed quadratic velocity profile β = 1.2. 

Coriolis term 

This term describes the effect of the earth’s rotation on the flow. It acts at a right angle to 

the flow and is dependent on the velocity of the flow and the latitude. It changes the direc-

tion of currents in a channel and can effect sediment transportation and river alignment. It 

affects tidal currents and amplitudes on the coast; however, in estuaries its influence is 

minimal in comparison to other effects, unless the model domain is considerable large.  

Surface slope term 

Describes the action of gravity, while taking into account water elevation and topographical 

features. The term contains water elevation and mean depth and the derivative of water 

elevation, making the term non-linear.  
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The effect of wind 

As wind blows over the water surface a drag force is induced. The shear force at the inter-

face between air and water is calculated with the assumption that it is proportional to the 

square of the wind speed at a particular height above the surface of the water. Wilson’s 

value is used in DIVAST, which has a resistance height of z=20m. Wind stress in estuaries 

and rivers is often small in comparison to bottom shear stress.  

Bottom friction 

This term has a retarding effect on the flow. The Chezy coefficient is a coefficient of bottom 

friction that is semi-empirical and was developed originally to describe uniform flow in an 

open channel. With an assumed logarithmic velocity-depth profile and under turbulent 

rough flow, the Chezy coefficient of bottom friction varies due to the roughness of the bed 

and is independent of flow:  

              
 

      
                                           (A-2) 

However, in transitional flow conditions the coefficient varies due to the conditions of flow 

and is calculated as follows by iteration: 

              
 

      
 

 

       
                         (A-3) 

where k is the roughness length, Re is Reynolds number. This coefficient is calculated in 

time-steps specified by the user. 

Turbulence 

The flow resistance generated from the random fluctuation of water in time and space in 

represented with this term. The exchange in momentum generated by turbulence causes a 

more uniform distribution of velocity-depth in comparison to laminar conditions. The DI-

VAST model takes into account turbulent shear stress near the bed only and is related to 

Boussinesq’s approximation of the mean shear stress    in turbulent flow: 

    
  

  
                        (A-4) 

with ε being the eddy viscosity and is dependent on the characteristics of the turbulence 

flow. It is calculated in the following manner in DIVAST:  
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                                  (A-5) 

where     is the eddy viscosity coefficient and is given a value of ≈1.0 in DIVAST.  

A.2 Types of finite difference methods 

There are three types of finite difference methods: forward difference, backward differ-

ence and central difference. The following equations and graph represent these methods: 

Forward: 

     

  
 

              

  
         (A-6) 

Backward: 

     

  
 

              

  
        (A-7) 

Central: 

     

  
 

                 

   
       (A-8)  

 

Figure A -1 Finite Difference schemes (Kuzmin 2010) 

The central difference method is the most attractive method, due to the size of the trunca-

tion error. The equations A-9-A-11 show that the truncation error is half the value of the 
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forward and backward truncation error. The truncation errors are calculated by using the 

Taylor series expansion  method  (Chen 2012). 

 

Forward: 

  

  
 

         

  
 

  

 
 
   

    
 
 

     

 
 

   

    
 
        

           (A-9) 

Truncation error 

Backward: 

 

  

  
 

         

  
 

  

 
 
   

    
 
 

     

 
 

   

    
 
       

           (A-10) 

Truncation error 

Central: 

  

  
 

           

   
 

     

 
 
   

    
 
       (A-11) 

Truncation error 
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APPENDIX B 

Flow charts 
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Figure B-1 Flow chart of DIVAST 
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Figure B-2 Flow chart of one-way nested model 
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Figure B-3 Flow Chart of BTWNM 
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Figure B-4 Flow chart of TTWNM 
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