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Explicit secular equation for Scholte waves
over a monoclinic crystal.

Michel Destrade
2004

1 Introduction

Scholte waves are acoustic waves propagating at a fluid /solid interface. They
are localized in the neighborhood of the phase boundary in the sense that
they decay exponentially in both directions along the normal to the interface.
Johnson [1] established the explicit secular equation for Scholte waves over
an orthorhombic crystal. In his case, the crystal is cut along a plane xy =0
containing two crystallographic axes Oz and Ox3; the wave propagates with
speed v in the x; direction; the solid is characterized by a mass density p;
and relevant elastic stiffnesses C1, Cia, Cso, and Cgg; the fluid by a mass
density ps and speed of sound c. The secular equation is
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For instance, consider a frozen lake with a layer of ice assumed thick enough
to be considered as a semi-infinite body. At 0.01°C under 1 bar, the density
of water is [2]: p; = 999.84 kg/m® and sound propagates at ¢ = 1402.4
m/s; the second line of Table 1 lists the elastic stiffnesses and density of
ice [3]; according to (1.1), Scholte waves propagate for this model at speed
vg = 1237.6 m/s. Ice however has the special property of being transversally
isotropic, which means that any plane containing the x3 axis is a symmetry



plane and so the speed vg is the same for any orientation of the water/ice
interface plane containing the x3 axis.

The aim of this Letter to the Editor is to derive explicitly the secular
equation for Scholte waves at the interface between a fluid and an anisotropic
crystal cut along a plane containing the normal to a single symmetry plane,
that is containing only one crystallographic axis. In effect, the crystal may be
a monoclinic crystal with symmetry plane at x5 = 0, or a rhombic, tetragonal,
or cubic crystal cut along a plane containing z3 and making an angle 6 # 0
with the other crystallographic planes; the higher symmetry cases (0 = 0 or
transversally isotropic and isotropic crystals) are covered by (1.1). For cases
with less symmetries, one can turn to approximate solutions [4] as long as
the anisotropy is weak .

2 Equations of motion and boundary condi-
tions

Consider two half-spaces delimited by the plane x5 = 0; the upper one x5 < 0
is filled with an inviscid fluid, the lower one x5 > 0 is made of a monoclinic
crystal with symmetry plane at x5 = 0 whose relevant non-zero reduced com-
pliances are s, Sho, 1o, S1¢» She, and sgg. At the interface, an inhomogeneous
plane wave travels with speed v and wave number k in the x; direction, and
decays rapidly in the x9 — £oo directions.

In the solid, the corresponding equations of motion are written as a first-
order differential system for the 4-component displacement-traction vector,
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where the functions U; and t;5 are related to the in-plane mechanical dis-
placements uq, uy and in-plane tractions o9, 099 through
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In (2.1), the 4 x 4 matrix N is given by [5, 6],
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These equations also cover the case of a wave (2.2) travelling in a crystal
of rhombic, tetragonal, or cubic symmetry, with acoustic axes XY x3 and
reduced compliances S7;, cut along the plane zo = 0 containing the z3 axis
and making an angle 6 with the crystallographic XY plane (see Figure 1).
In that case, the reduced compliances s}; along the z; axes are given in terms

of those along the crystallographic axes XYx3 by (see Ting [7]),

sy, = 91, cos* O+ (25, + Sg) cos? O sin® § + Si, sin 0,

Shy = Shycos® O + (28], + Sks) cos® O sin? @ + S}, sin* 6,

Shy = Siy + (81, + Shy — 25}, — Sk) cos® Osin? 6,

Sgs = Sge + 4(S1; + Shy — 257, — Sgg) cos® Osin” .

s = [25hy sin? 6 — 257, cos® O + (25, + Sgg) (cos® 6 — sin® 0)] cos O sin 0,

shs = [255, cos® § — 257, sin? 6 — (25}, + Sp) (cos® O — sin® 6)] cos O sin 6.
(2.5)

Note that for transversally isotropic crystals, the following relationships hold,

11 = Shy Sgg = 2(S7; — Siy), and the rotation does not affect the values
of the compliances (sj; = Sj;). This author [8] recently showed that for
waves vanishing with increasing distance from the plane x5 = 0, the following
fundamental relationships hold for any positive or negative integer power n

of the matrix N,
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Because of the Cayley-Hamilton theorem, only three consecutive powers of
N are linearly independent so that (2.6) reduces to only three linearly inde-
pendent equations.

In the fluid, the normal displacement and the normal stress component are
connected, as recalled by Barnett et al. [9], by the (real) normal impedance
Z defined in (1.2)s,

099 = kZUQ (27)

At the solid/fluid interface, the normal displacement and the normal
stress component are continuous, and the shear stress component is zero.
It follows from these boundary conditions and from (2.1),, (2.2), (2.7), that
the displacement-traction vector at the interface x5 = 0" is of the form,

£(0%) = Uy (0)[a, 1,0, —iZ]", (2.8)



where ao = U1(0)/U3(0).
Now the fundamental equations (2.6) read

(Nn)gg(Oé +a> + IZ(NTL)Ql (Oé —E) + (N”)glo@ = —(Nn)42 - Z2(Nn)24. (29)

Writing o as @ = a7 +ias and taking in turn n = —1, 1, 2, a non-homogeneous
linear system of equations follows,
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where N* denotes the adjoint of N. The unique solutions to the system are
b = Ag/A, where A = det A and Ay is the determinant of the matrix
derived from A by replacing the k-th column with d. However, the b, are
linked by b2 +03 = 4bs, which is the explicit secular equation for Scholte wave
over a monoclinic crystal with symmetry plane at x5 = 0,

A2 + A2 = 4AN;. (2.11)

As a check, the limit case of a solid/vacuum interface is examined. When
the density of the fluid ps is taken as zero, then by (1.2), Z = 0, and so
A = Ay = Az = 0. The secular equation reduces to Ay = 0 (written at
Z = 0), that is the following quartic in X = pv? [10, 5, 6],

Xlrarg — nos(X — )] (X = n)(1 +nesX) + 76X X[r3 — nes(X —n)]
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3 Examples

Calculations for usual combinations of a solid and a fluid show that in gen-
eral the speed of a Scholte wave is very close to the speed of sound in the
fluid. Hence, consider water (p; = 1025 kg/m?®, ¢ = 1531 m/s at 25°C [11])
over gypsum (monoclinic, p; and C;; in Table 1 [12]): the secular equation
(2.11) yields a Scholte wave speed within the interval [1519 m/s, 1526 m/s]
(depending on the orientation of the cut plane), which is within less than



0.8% of the speed of sound in the water and beyond reasonable accuracy for
measurements.

Yet for certain choices, the Scholte wave speed moves away from the speed
of sound in the fluid. One example is the combination ice/water presented
in the Introduction. A second example is the combination of pure water
(py = 998 kg/m?, ¢ = 1498 m/s at 25°C [11]) and Terpine Monohydride
(orthorhombic, ps and Cj; in Table 1 [3]): at § = 0° and 6 = 90° (crystal cut
along a plane containing two crystallographic axes) the wave propagates at
1228.3 m/s and 1249.5 m/s, respectively; Figure 2(a) shows how the Scholte
wave speed varies between these two extremes as a function of . Another
way of separating distinctly the Scholte wave speed from the sound speed is to
increase the pressure, and hence the speed of sound, in the fluid. Crowhurst
[13] et al. recently measured the Scholte wave speed for Methanol over Ger-
manium in a diamond anvil cell: as the pressure increases from 0.56 GPa
to 2.2 GPa, so does the speed of sound in Methanol, from about 2500 m/s
to 3500 m/s. In Table 1, the stiffnesses and density of Germanium (cubic)
at 20° are recalled [3]; the density of Methanol is 791.4 kg/m3 at 20° [11].
Figure 2(b) shows, in agreement with their results, the combined influence
of orientation and speed of sound on Scholte wave propagation; each curve
corresponds to a different speed of sound in Methanol, from ¢ = 2000 m/s
(bottom curve) to ¢ = 4000 m/s (top curve) by 500 m/s increments.

References

[1] W.W. Johnson, The propagation of Stoneley and Rayleigh waves in
anisotropic elastic media. Bulletin of the Seismological Society of America
60 (1970) 1105-1122.

[2] E.-W. Lemmon, M.O. McLinden, D.G. Friend, Thermophysical Prop-
erties of Fluid Systems, in: P.J. Linstrom, W.G. Mallard (Eds.),
NIST Chemistry WebBook, NIST Standard Reference Database Num-
ber 69, National Institute of Standards and Technology, Gaithersburg
(http://webbook.nist.gov), March 2003.

[3] V. Shutilov, Fundamental physics of ultrasound, Gordon and Breach,
New York, 1988.

[4] A.N. Norris and B.K. Sinha, The speed of a wave along a fluid/solid inter-
face in the presence of anisotropy and prestress. Journal of the Acoustical
Society of America 98 (1995) 1147-1154.



[5] M. Destrade, The explicit secular equation for surface acoustic waves in
monoclinic elastic crystals. Journal of the Acoustical Society of America
109 (2001) 1398-1402.

[6] T.C.T. Ting, Explicit secular equations for surface waves in monoclinic
materials with the symmetry plane at 1 = 0,29 = 0 or 3 = 0. Proceed-
ings of the Royal Society of London Series A 458 (2002) 1017-1031.

[7] T.C.T. Ting, Anisotropic elastic constants that are structurally invariant.
Quarterly Journal of Mechanics and applied Mathematics 53 (2000) 511-
523.

[8] M. Destrade, Elastic interface acoustic waves in twinned crystals. Inter-
national Journal of Solids and Structures (to appear).

[9] D.M. Barnett, S.D. Gavazza, J. Lothe, Slip waves along the interface
between two anisotropic elastic half-spaces in sliding contact. Proceedings
of the Royal Society of London Series A 415 (1988) 389-419.

[10] P.K. Currie, The secular equation for Rayleigh waves on elastic crystals.
Quarterly Journal of Mechanics and applied Mathematics 32 (1979) 163-
173.

[11] R.C. Weast (Ed.), Handbook of Chemistry and Physics, Chemical Rub-
ber Company, Cleveland, 1971, p.E-41 and p.C-370.

[12] P. Chadwick, N.J. Wilson, The behaviour of elastic surface waves polar-
ized in a plane of material symmetry, II. Monoclinic media, Proceedings
of the Royal Society of London Series A 438 (1992) 207-223 .

[13] J.C. Crowhurst, E.H. Abramson, L.J. Slutsky, J.M. Brown, J.M. Zaug,
M.D. Harrell, Surface acoustic waves in the diamond anvil cell: An appli-
cation of impulsive stimulated light scattering, Physical Review B (Con-
densed Matter and Materials Physics) 64 (2001) 100103/1-4.



)

Figure 1: Fluid/solid interface
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Figure 2: Scholte wave speeds for (a) Water/Terpine interface and (b)
Methanol/Germanium interface, where the speed of sound in the fluid is
[m/s]: 2000 (bottom curve), 2500, 3000, 3500, 4000 (top curve).
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Figure 1: Fluid/solid interface.

Figure 2: Scholte wave speeds (a) Water/Terpine interface and (b)
Methanol/Germanium interface, where the speed of sound in the
fluid is [m/s]: 2000 (bottom curve), 2500, 3000, 3500, 4000 (top
curve).

Figure 2(a):
Legend on graduated horizontal axes: “boundary plane/crystallographic plane
angle [deg].”
Legend on graduated vertical axis: “Scholte wave speed [m/s].”

Figure 2(b):
Legend on graduated horizontal axes: “boundary plane/crystallographic plane
angle [deg].”
Legend on graduated vertical axis: “Scholte wave speed [m/s].”



Table 1. Values of the elastic stiffnesses (10'° N/m?), density (kg/m3), and
surface (Rayleigh) wave speed (m/s) for 3 crystals.
crystal Chy Coo Cia Cis Oy Ces Ps UR
ice (=5°C) 138 1.38 0.707 0 0 0.3365 940 1766
gypsum 50.2 945 282 -75 -11.0 324 2310 3011
terpine 1.25 099 0.38 0 0 0.346 1110 1644
germanium 12.92 1292 4.79 0 0 6.70 5320 2936
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