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Abstract

In this thesis, we study the analysis and numerical solution of second-order complex-valued reaction-
diffusion equations, and two families of fourth-order singularly perturbed problems. The problems
are all singularly perturbed, meaning that each has a parameter, £, multiplying the highest deriva-
tive. This parameter is positive but maybe arbitrarily small. However, as € — 0, the differential

equations become ill-posed, hence the singular nature of the perturbation.

The first problem we address is the numerical solution, by finite difference methods of a second-
order, complex-valued problem. We employ specialised fitted meshes: the well-known piecewise
uniform Shishkin mesh, and the graded Bakhvalov mesh. The numerical analysis of such methods
usually rely on maximum principles, but these do not hold, in a direct way, for complex-valued
problems. So we present an approach for rewriting the equation as a coupled system of real-valued
problems, and establish that the coefficient matrix for this system is positive definite. Then we
show how to adapt the analysis of Bakhvalov [2], in the style of Kellogg et al. [20], to prove

convergence.

The second problem we address is the numerical solution of a fourth-order, real-valued reaction-
diffusion problem. The ODE is “simply supported” (see Section 1.5.3), and so has boundary
conditions that allow it to be transformed into a (weakly) coupled system of second-order reaction-
diffusion equations, involving unknowns related to the solution to the fourth-order problem, and

its second derivative.

When analysing a finite element method for solving this system, it is usually assumed that the
coupling matrix of the coupled system is pointwise coercive. However, we show that the standard
transformation (see, e.g., [47]) cannot satisfy this condition. This motivates us to propose a new

transformation which resolves this issue.

Moving on to finite difference methods for this problem, we show how to adapt the transfor-
mation in a way that leads to a maximum principle-type result. Moreover, we present an iterative
scheme for solving the continuous problem in order to derive a stability result for the differential
operator. The convergence of the finite difference scheme on a Shishkin mesh, then follows from

standard arguments.

Finally, we address the numerical solution using a fourth-order, complex-valued reaction-
diffusion problem. We extend the transformation from earlier sections to deal with this case,
again focusing on how to ensure coercivity (for a finite element method) and monotonicity (for

analysis of a finite difference scheme).
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Through all these sections, numerical results are presented that verify the convergence of the

schemes, and test if the theoretical orders of convergence are observed in practice.
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Chapter 1

Introduction

1.1 Aims of the thesis

The aim of this thesis to devise new numerical algorithms that efficiently and accurately compute
solutions to differential equations whose solutions feature boundary layers. Moreover, we devise
new transformations of challenging problems which facilitate numerical analysis of finite difference
methods (FDMs) and finite element methods (FEMs).

The choice of problems we study are motivated by models based on the Rayleigh equation (see,
e.g., [11]) and the Orr-Sommerfeld equation for hydrodynamic stability, (see, e.g., [L1, 25]). The
physical meaning of these models is not important to this thesis. What is important is that they

are challenging to solve using standard numerical schemes. Therefore, novel methods are required.

The methods we consider are discretization based on finite difference and finite element meth-
ods, applied on Shishkin and Bakhvalov fitted meshes. Numerically, we see that these methods
are quite successful for the problems we consider. However, the true challenge that these problems
present is that their numerical analysis cannot be approached using standard techniques directly.
So we have devised novel transforms of the problems into ones for which standard methods and

results can be applied.

Here we give a short, chapter-by-chapter summary of the thesis; a detailed overview of the
thesis’ organisation is postponed until Section 1.4. Chapter 2 serves as an introduction to the area
of numerical methods for singularly perturbed problems, by analysing the solution of a second-order
complex-valued problem using a finite difference method. As we shall see, this can be re-cast as a
coupled system of second-order real-valued problems. Variations on this idea are then developed
in the rest of the thesis.

The rest of the thesis is concerned with fourth-order problems. Chapter 3 and 4 address real-
valued problems where the boundary conditions allow us to transform the problem into a system of
two differential equations. These problems are well-studied in the literature. However, we present
a novel approach for constructing the transformation so that it yields a system which is amenable
to finite element methods (Chapter 3) and finite difference methods (Chapter 4).
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Chapter 5 deals with the mathematical properties of a general fourth-order complex-valued
singularly perturbed problems with simple boundary conditions and these boundary conditions let

us re-cast the problem into coupled systems of real-valued second-order equations.

Finally, Chapter 6 and Chapter 7, we show how to analyse and solve, numerically, particular

fourth-order complex-valued singularly perturbed problems.

We conclude with some observations and suggestions for future work in Chapter 8.

1.2 Notation

We set
7] := V&TT for 7€ R%

If e RV*! then

[0 := _ mmax o],

and

If v and u are continuous functions on an interval D, then,
(u,v) = J. u(z)v(x)de,
D
[vlp = sup[v(z)],
zeD

HUHQ,D = (’l)7’l)),

and

|U|1,D = HU/|27D;

where D c R, and most typically is a domain (or its closure), 2, on which a differential equation is

posed, or a subdomain of that. Very often, D = [0, 1], and in those cases we omit the D subscript.

Given an arbitrary mesh QY = {0 = 7g < z; < -+ < zy = 1}, and a mesh function V on Q¥
the discrete maximum norm is

Vi = max Vil
By QF we denote QN n Q, ie., QN = {21, 22,...,25_1}. Then,

Vigy := | max  [Vj]

Finally, C' denotes a generic constant that is independent of € and the mesh. It can take different

values at different places.
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1.3 Background

1.3.1 Singularly perturbed problems

Singularly perturbed second- and fourth-order differential equations are considered in this thesis.
These problems have a small positive parameter € multiplying the highest derivative. The justifica-
tion for the name “singular perturbation” is that “the nature of the differential equations changes
completely in the limit case when the singular perturbation parameter is equal to zero”, to quote
directly from [22], which is one of the seminal works in this field. To explain the key ideas, we
present two types for singularly perturbed problem: algebraic equations and differential equations.
Each type has two examples of perturbation problem, one regular and one singular, to show how
their solutions differ as the perturbation parameter approaches zero. The examples are based on

a presentation in [30], see also [36, Section 2.2].

First, we consider the case for an algebraic equation where the problem is regularly perturbed:

fly,e) = (4—¢e)y* +2cy —4 = 0. (1.1a)

Its solutions are

y(e) ! (e £ Ve2 —4e + 16). (1.1b)

- —4+¢

If we set ¢ = 0 in (1.1a), and solve for y, we get y + 1. Alternatively, we can set € = 0 in (1.1b),

and again get y(0) = £1. So the perturbation problem is regular near ¢ = 0.

Now, suppose we have a similar problem (1.1a), but with the perturbation parameter multi-

plying the second-order term

fly,e) =2e> +(4—e)y—4=0. (1.2a)

Its solutions, for € # 0, are

1
y(e) = - (—4+ et V/e? + 24 + 16). (1.2b)

When ¢ = 0 in (1.2a), the only solution is y = 1. But when £ — 0 in (1.2b) the solutions tend to
1 and t+o0. So this perturbation is singular. Now, we consider the case of a differential equation

that features a regular perturbation:

—y" +4ey—4=0 on (0,1) with y(0) =0 and y(1) = 0. (1.3a)
Its solution is
1
y(x,e) = C1e22Ve 4 Cpe™27VE ¢ o (1.3b)
where e o
—eveE 1 € -1
Cy = —o and Cp=——

g(e2VE — e—2VE) g(e2ve — e=2VE)’

When ¢ = 0 in (1.3a), the solution is y(z) = —22? + 2. And when € — 0 in (1.3b) then

liH(I) y(z,e) = —222 + 22. So this a regular perturbation.
E—>
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In Figure 1.1 we show y with ¢ = 107! (left) and ¢ = 1073 (right); notice that there are

essentially identical. In addition, neither solution features a layer.

0.6 T T T T 0.6

0 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 1.1: The solutions y to (1.3) with e = 107" (left) and € = 107 (right).

Now, suppose we have a problem that is similar to (1.3a), but with the perturbation parameter

multiplying the second derivative term:

—ey”"+4y—4=0 on (0,1) with y(0) =0 and y(1) = 0. (1.4a)
Its solution is
y(z,€) = Ce™2/VE 4 Cue®/Ve 11, (1.4Db)
where
e2VE 1 e Ve 1

C3 = T STV and Cy =—

—62/\/5 + 672/\/5‘
When ¢ = 0 in (1.4a), and solution would have y(x) = 1 on (0,1), but y(0) = y(1) = 0, which is
not possible. That is, (1.4a) is ill-posed if & = 0. However, considering (1.4b), for example, the left
boundary, we note that

ilgg(slgg)g (z,€)) =0,

but
lim ( lim y(z,¢)) = 1.

e—0t z—0t

In Figure 1.2 we show y with e = 107! (left) and ¢ = 1073 (right); notice that they are completely

0 0.2 0.4 0.6 0.8 1
b3 X

Figure 1.2: The solutions y to (1.4) with ¢ = 107" (left) and ¢ = 1073 (right).



1.3 Background 2

different: for the smaller €, we see that a layer has formed.

Following these examples, we give a formal definition of a singularly perturbed problem.

Definition 1.3.1. [22] Let P. be a problem that depends on a parameter e, and let y. be its
solution for a fixed €. Let yg be the solution to Py. Then we say P. is singularly perturbed,

with respect to the norm | - |4, if

im e« # [yoll«-
e—0

1.3.2 Uniform convergence

As seen in Figure 1.2, solutions to singularly perturbed differential equations may change abruptly,
and usually exhibits layers at the boundaries and, possibly, also interior regions. Classical methods
are not suitable for solving these problems for two reasons. Firstly, the analysis of such methods
relies on having bounds on derivatives which are independent of the problem data. Clearly, this is

not possible in layer regions. Secondly, such methods may fail to resolve these layers.

Focusing on the first issue, considering classical methods that are not uniformly convergent
for (1.4), a careful examination of numerical results shows that for fixed e, the error may initially
decrease as the local (uniform) mesh width decreases, but then usually increases when the mesh

is further refined, because of the boundary layer, see [35, Section 2.1.3].

The classical bound for a standard finite difference method is
ly —y™ < CN2[ly"], (1.5)

where y is the exact solution to a second-order linear singularly perturbed ordinary differential
equation such as (1.4a), and y” is its numerical approximation (see [21, Chap. 1]). However,

from (1.2b), for example, we can see that
ly" ()| = e 4 — dy(x)| < Ce™t.

This does not (necessarily) mean that the error will blow-up as ¢ — 0, but, rather that the
bound (1.5) is meaningless in the singularly perturbed case. Therefore, (1.5) does not imply
convergence of the method unless N » e~!. Since we wish to solve problems for arbitrarily small
€, and the range of N is bounded by the limits of computing capacity, it is not possible to ensure

N » e ! for all .

It is very well-known that specialised methods, which are robust with respect to €, are necessary

for the accurate solution of such problems [14, 22, 35, 27].

Definition 1.3.2. [22] Let u. be the solution of a singularly perturbed problem, and let v be
a numerical approximation of u. obtained by a numerical method with N degrees of freedom.
The numerical method is said to be “uniformly convergent” or “robust ” with respect to the

perturbation parameter ¢ in the norm | - | if

|ue — ulN| < 9(N) for N = Ny,
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with a function ¢ satisfying
lim 9(N) =0 and d.9 =0,

N—0

and with some threshold value that is independent of e.

So, the goal of this thesis is to analyse methods which are uniformly convergent for singularly
perturbed problems and, moreover, to put in place the necessary analytical tools underpinning

such analyses.

1.3.3 A complex-valued example

Later chapters in this thesis are concerned with the solution of fourth-order complex-valued or-
dinary differential equations. These are somewhat neglected in the literature, so we introduce
a classic example here from hydrodynamic stability, the Orr-Sommerfeld equation, which can be

used in modelling wave-current interactions [25],

A AN
€<Mk>UZM+Z(k —a(k,z))u=0 for O0O<z<l, (1.6a)

with boundary conditions
u(0) =0, '(0)=0, wu(l)=uw, u"(1)=nuvi(k), (1.6b)

where uy is some specified value, and vy is a function of k. Notice that if one formally sets € = 0,

then it reduces to second-order, so it is singularly perturbed.

1.4 Organisation

The structure of this thesis is as follows.

In the remaining, final section of Chapter 1, we summarise some of the significant works on
the numerical solution of singularly perturbed fourth-order ordinary differential equations in the
literature, classified according to their boundary conditions. In Section 1.5.2, we discuss fourth-
order problems that can not be re-cast as a system of second-order problems, and in Section 1.5.3 we
focus on works on fourth-order problems that can be re-cast as a system of second-order problems;

the latter class are particularly of interest for Chapters 3-7.

Although the main contributions of this thesis are on fourth-order problems, we start, in Chap-
ter 2, with studying the robust numerical solution of second-order reaction-diffusion equations.

This serves two purposes:

(i) Since our approach for fourth-order problems is to reduce them to second-order systems, we

need a clear understanding of the analysis of these problems;

(ii) Since our eventual goal is to study complex-valued differential equations, we start with

complex-valued second-order problems.
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In Section 2.2, we present a model problem and explain the main properties of its solution by
showing the exact solution to a constant coefficient problem. Also, we compare real-valued and
complex-valued problems and see how the complex-valued problem differs from the real-valued one.
In Section 2.3, we introduce a suitable finite difference discretization. Furthermore, we show how
to construct standard Shishkin and Bakhvalov meshes. In Section 2.4, we transform the problem
into a system of real-valued equations. Then, we examine this system and prove an error estimate
for the computed solution. Finally, numerical results are presented in Section 2.5 as support of the

theoretical analysis.

In Chapter 3 we begin our investigation of fourth-order singularly perturbed problems, with
a note on the real-valued case, and its solution by a finite element method. In Section 3.2, we
present a problem studied by Xenophontos et al. [47]. However, as we show, the analysis of that
paper is somewhat faulty: it assumes the differential equation’s coefficients are such that a certain
coefficient matrix is, in their terminology, (pointwise) positive definite, but we observe that it
cannot be for any choice coefficients. We then propose a new transformation for the problem that
can resolve this problem. This transformation feature is a parameter that can be tuned, as needed.
We determine how this is done to ensures that the mentioned coefficient matrix is, indeed, positive
definite (although we prefer the term “coercive”). In Section 3.3, we describe a finite element
method for this problem, applied, initially, on an arbitrary mesh. We then present a suitable
Shishkin mesh for this problem. The section concludes with a report on our numerical results, for
problems with both constant and variable coefficients. We also present results in a selection of
norms, including the natural energy norm associated with system’s bilinear form, and the discrete

maximum norm, which is very commonly used for singularly perturbed problems.

In Chapter 4, we continue our investigation of real-valued fourth-order singularly perturbed
problems and their solution using finite difference methods. In Section 4.2, we introduce a family
of fourth-order ordinary differential equations, focusing on a problem studied by Shanthi and
Ramanujam [38]. As in Chapter 3, we transform the problem into into a system of two second-
order differential equations; the actual transformation is a slight simplification of that used in
Chapter 3. In Section 4.3 we present a stability result for the continuous problem, which is
analysed through a novel iterative method that we have proposed. In Section 4.4, we describe a
finite difference method for this problem, with a suitable layer-adapted mesh, and we show the
numerical analysis for this method. Finally, numerical results are presented in Section 4.5, in

support of the theoretical analysis.

In Chapter 5, we extend our work from Chapters 3 and 4, and apply it to a general fourth-
order, but now complex-valued, singularly perturbed problem. Specifically, we study a problem of
the form

—eu™ (z) + (1 + i)a(z)u” (z) — (1 + i)b(z)u(z) = f(x) on Q:=(0,1), (1.7)

with the homogeneous boundary conditions

In Section 5.2, we present a general fourth-order complex-valued problem, discuss how it can be
solved using the MATLAB Chebfun toolbox [12], and present a motivating example. In Section 5.3

we present ways of rewriting the problem in terms of real-valued systems. First, in Section 5.3.1,
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we transform our model problem into a system of two fourth-order real-valued problems. Then, in
Section 5.3.2 (following the exposition in Chapter 3) we present a further transformation into a real-
valued second-order system. Again we show how to solve this problem with Chebfun, and verify
that all three formulations are essentially equivalent. In Section 5.4 we show how to determine
the value of the parameters in the transformation (subject to reasonable assumptions) that ensure
that the resulting coefficient matrix of the system’s zero-order term is coercive. Such a result is
very important, especially in the context of finite element analysis; see Chapter 6. In Sections 5.4.2
we present a general framework for applying an eigenvalue analysis to verify coercivity, and then
in Section 5.4.3 we show how to apply this to specific cases of interest. In Section 5.5 we tackle
a different form of analysis of the differential operator. That is, we establish the stability result
of differential operator for the system of four equations solved using a Gauss-Seidel method. Such
stability results are key to proving the convergence of finite difference methods: see Chapter 7.
The approach is two-fold: first we present a new block-iterative version of the Gauss-Seidel, which
we prove to converge. Then we extend this to a fully iterative method, in order to give precise

bounds on each of the solution’s components.

Finite element methods are the main theme of Chapter 6. We, again, show that a special
transformation is required in order for a finite element analysis to work. In Section 6.2, we show
how to build on the work of Chapter 5 to ensure that the coupling matrix is coercive. This follows
some of the methodologies as Section 3.2.2, but the details are entirely different. In Section 6.3,
we describe a finite element method for this problem, applied, initially, on an arbitrary mesh.
We then present a suitable layer-adapted mesh, and we present the numerical analysis for this
method. Finally, in Section 6.4, numerical results are presented that investigate the convergence

and robustness of the method.

The final substantial chapter of the thesis is Chapter 7, where we consider a subclass of the
problems introduced in Chapter 5, and their solution using finite difference methods. Specifically,

we study
—eu™(z) + a(1 + Ci)u" (z) — b(1 +i)u(z) = (f, +ifi)(x) on Q:=(0,1),

with the same boundary conditions as applied to (1.7). In essence, a finite difference method is
more demanding than a finite element method on the properties of the coupling matrix, so the
transformation used is more general than that of Chapter 6; this is discussed in Section 7.2. In
Section 7.3, we establish the stability result of the differential operator for the system of four
equations solved using a Gauss-Seidel method, based on ideas in Section 5.6, leading to bounds
on the coefficients which ensure convergence of the iterative method, bounds on the solutions to
the iterates, and a maximum/minimum principle. In Section 7.4, we describe a finite difference
method for this problem, with a suitable layer-adapted mesh, and we discuss the numerical analysis
for this method. We conclude, in Section 7.5, with two examples to verify the sharpness of the

analysis outlined in Section 7.4.3.

In Chapter 8, we conclude with a review of the main results of this thesis. We also outline

some related open problems, potential topics for future research.
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1.5 Literature Review for singularly perturbed fourth-order

ordinary differential equations

1.5.1 Introduction

The majority of the published works on the numerical solution of singularly perturbed boundary
value problems are focused on second-order problems. There have been some papers on first-order
problems (usually systems), and a relatively small number of higher-order equations (i.e., order
three or more). In this short survey, we list some of the important papers on the numerical solution
of fourth-order reaction-diffusion boundary-value problems, and discuss, where appropriate, how

they relate to this study.

Broadly speaking, these fourth-order problems may be classified into two types: those which
can easily be rewritten as systems of two second-order problems, and those for which this is not
possible. More specifically, they can be classified according to their boundary conditions: where u

is the dependent variable in the boundary value problem, and we can have

Case 1: Fourth-order problems that can not be re-cast as a system of second-order problems; most
typically v and v’ are specified at the boundary. These are called a “clamped” problems in

the seminal paper of Semper [37], and are discussed in Section 1.5.2.

Case 2: Fourth-order problems that can be re-cast as a system of second-order problems, because
the boundary conditions specify u and u”. These are called “simply supported” problems

in [37], and are discussed in Section 1.5.3.

We will briefly survey both of these. However, our main interest in Case 2. So, we give just a brief

overview of the first case.

1.5.2 Casel

One of the earliest papers on the numerical analysis of fourth-order reaction-diffusion ordinary

differential equation was by Roos and Stynes [34]. They considered the problem
—eu® + (a(z)u') = b(z)u’ — c(z)u = f(z), 0 <z <1, (1.8a)
with zero- and first-order boundary conditions
u(0) = u/'(0) = u(1) = /(1) = 0. (1.8b)
The functions a, b, ¢, and f are assumed to be sufficiently smooth with

a(z) = a >0, (1.9a)

c(x) — <V (z) = B> —a. (1.9b)
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Based on the asymptotic analysis of O’Malley [29], they give that

[u® ()] < C(1 4 1R/2e=2/VEy, (1.10)

The numerical approach is quite novel: the authors consider the problem in a variational setting,
and replace the coefficients with piecewise polynomial approximations. Specifically, on a particular
mesh, they use piecewise constant approximations, which gives an approximation to the differential

equation that is first-order in the maximum norm. However, no numerical results are presented.

Sometime later, Sun and Stynes [45] began the study of arbitrarily high-order singularly per-
turbed reaction-diffusion problems. They studied the topic of high order elliptic two-point bound-

ary value problems of reaction-diffusion type of the form
Leu = (=1)™eu®™ 4 (=1)™ (ag(m-1yu™ )" + Liu = f(2),

u9(0) =uD(1) =0, for j=0,...,m—1,

where m > 2 is an integer, and

Liu = Z (_1)m_k+1(a2(m—k)+1u(m_k+1) + a2(m—k)u(m_k))(m_k)~
k=2
The functions a, for r = 0,...,2(m — 1) and f are assumed to be sufficiently smooth on [0, 1],
with

agm-1y(r) >a >0 on [0,1],

and

1
A(m—k) () — iaé(mfkr) () > Qp_p for k=2,....m,

for all € [0, 1] and some constants a;,—1 = @ and a,—i(k = 2,...,m) satisfying

k
Yomoi>0, for k=2,...,m.

i=1
In the case where m = 2, we get (1.8) by setting as = a, a1 = b, and ag = c.

The numerical scheme analysed in [45] is a Galerkin finite-element method with piecewise
polynomial basis functions, applied on a fitted Shishkin mesh. They present a uniform convergence
result in a weighted energy norm. Numerical results are presented for a fourth-order problem (i.e.,
m = 2) with

a(z) =1+2(1—=z), blz)=c(z)=0, (1.11a)

and f is chosen so that the solution to (1.8) is

(oD 4 0-DND 1 el
1+ o175 R PV

u(z) = e z(l—z) +22(1 —x)2 (1.11b)

Guo, Huang and Zhang [15] considered a version of (1.8), but the assumptions on the problem
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data are different to (1.9). The coefficient functions a, b and f are assumed to satisfy
a(r) > a >0, and c(z)—b'(x)/2=>p5>0,

for all z € [0,1]. The use a conforming finite element method (FEM) of (fixed) degree p applied
on a Shishkin mesh, they were able to prove a superconvergence error bound of (N~!In(N + 1))P

in a discrete energy norm. They present results for the example in (1.11), and also one for which
a(z) =1, blz) =c(x) =0, and f(z) = -1,

so, the exact solution is

e~ (1=a/VE) 4 o(—a/vE) _ 1 _ o(=1/vE) 1 )
3 — 20— 1/vo) e —2)

u(z) = e

Panaseti et al. [31] considered a version of (1.8) with b = 0, and different assumptions on the

coefficient functions.

a(z) >0, and c¢(z) = 0. (1.12)

They analysed a hp-FEM, which means both the local mesh width (k) and local polynomial degree
(p) are allowed to vary (by contrast, in this thesis I focus on the standard h-FEM where one fixes
p = 1 and allow only A to vary). They showed that this method applied on the Spectral Boundary
Layer Mesh gives a robust approximation that converges exponentially in an energy norm. They
present two examples: one with a = ¢ = f = 1, and the exact solution is available, and one with

—z241

variable coefficients a(z) = e™*, ¢(z) = 0, f(z) = e , for which the exact solution is not

available.

Constantinou et al. [10] considered a version of (1.8) with b = 0. The coefficient functions a, ¢
and f, which are assumed to be analytic on x € [0, 1], but with assumptions on the problem data

that are very slightly different to (1.12), specifically

a(x) >0, and c(z) > 0.

Again, a hp-FEM on the Spectral Boundary Layer Mesh gives robust exponential convergence
in a stronger, more balanced norm. Also, they get robust exponential convergence in maximum

norm. They present results for the same examples in [31], and also the case where

a(@) = (@) =1, f(z) = (@ +1/2)7".

In recent work, Xenophontos [46] considered a version of (1.8) with b = 0. He solved it
using a standard FEM with piecewise Hermite polynomials of (fixed) degree p > 3 defined on an
exponentially graded mesh. He showed that the method converges uniformly with respect to e,

and presented results for the same problems considered in [31].
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1.5.3 Case 2

Recall that a “simply supported” fourth-order equation can be re-cast as a system of second-order
problems because the boundary conditions specify v and u”. All of the papers reviewed here

employ this strategy. They are relevant to the work presented in Chapters 3 and 4.

Shanthi and Ramanujan [38] studied fourth-order singularly perturbed reaction-diffusion two-

point boundary value problem on the form
—eu™® (z) + a(z)u" (z) — b(z)u(z) = f(x) on x € (0,1), (1.13a)
subject to the boundary conditions
u(0) = p, u”"(0) = —r, u(l) = q, u"(1) = —s. (1.13b)

The coefficient functions satisfy the following conditions

a(z) = B >0, (1.14a)
0=b(z)=v, v>0, (1.14b)
B—2y=k>0 for some k. (1.14¢)

By using the boundary conditions they transformed the problem into a system of two differential

equations. They propose the transformation

w = —u". (1.15)

With this, (1.13) can be transformed into a system of two equations of the form

—E7" + AZ =T, (1.16a)

N (e O _aban-»:—f
()ore () ) ()

The assumptions in (1.14) ensure the system satisfies a maximum principle, which is the key to anal-

where

ysis. The authors solve the system using a combination of asymptotic and numerical techniques,
which combines a classical finite difference scheme and an exponentially fitted finite difference

scheme.
The components of the solution to (1.16a), and their derivatives, may be bounded as
[ul ()] < C[1 + '~ 2e(x, B)], (1.17a)

and
[w® (2)| < O[1 + e 2e(x, B)], (1.17b)
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where

e(x, ) = e oVP/E 4 e=(Ima)Vh/e,

Numerical results are presented for three linear fourth-order problems. The first has a constant

right-hand side, and no reaction term:
a(x) =4, bx) =0, and f(z)=—1,

with the boundary conditions

For the second example,

and

56(672‘77/\/‘E —_ 672(264»1)/\/&»‘ + 672(17w)/\/5 — 672(2717)/\/5)
1 —e—4/ve ’

flx) = f%G(Q:E(l —z) —5e+

with the boundary conditions

The third example has
a(x) =4, blx) =1, (1.18)
and

6725”/\/5 —_ 672(14»1)/\/5 + 672(1793)/@ —_ 672(27‘1’)/\/5
flz) = =2 = (2(1 - z)/8) — (5¢/16) — (5¢/16) [ oivE :

with the boundary conditions

They also consider the semilinear problem
—eu™ (2) + 4" (z) + u?(z) = — f(z),

with the boundary conditions

and f(z) the same as in the second example.

Notice that the example (1.18) does not satisfy (1.14b), since ¢ is positive. To deal with this,
they propose a so-called adjoint system for (1.16a) as

—K#" +D:=F, (1.19a)
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where
UuUq 1 0 0 O 0 -1 0 0
0 0 0 - —_ct N _
= | k=] ° ., D=| ¢ ¢ N el RS
U3 0 0 1 0 0 0 -1 0
Uy 0 0 0 ¢ ct c~ a
and
c i=c—ct, ct=

_ i 4 c ife=0
' 0 if otherwise

Shanthi and Ramanujan [39], describe the boundary value technique method to solve singularly

perturbed boundary value problems for fourth-order equations of the type

—eu™ (2) + a(x)u” (2) + b(x)u" (z) — e(z)u(z) = —f(x) on z e (0,1), (1.20)

with a version of boundary conditions on (1.13b). The coefficient functions a(z), b(z), ¢(x), and

f(z) are sufficiently smooth and satisfying the following conditions:
a(z) = a >0,

b(x) = >0,
0=c(x) 27, v>0,
a—2y(1+4A)>2 k>0 for some k and A > 0.

The differential equation’s domain is divided into two non-overlapping subintervals. The differen-
tial equation is solved in these intervals separately. The solutions obtained in these regions are
combined to give a solution in the entire interval. Zero-order asymptotic expansions are used to get
boundary values inside this interval. The method is applied to both linear and nonlinear equations,

the latter resolved using Newton’s method.

Numerical results are presented for a fourth-order problem with

Its equivalent system is a weakly coupled system. Their final example is the semilinear problem

—eu™ (2) — 4" () + " (x) + u?(z) = —f(x).

Shanthi and Ramanujan [40], considered a version of (3.1), but with different assumptions on
the data

a(z) < —a <0,

b(z) =6 =0,
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0= c(z) =7, 7>0,
a—0y=k>0 for some § arbitrary close to 1.

The proposed method involves a zero-order asymptotic approximation of the solution to the weakly
coupled system, to construct a type of decoupling of the first equation. Then the second equation
is solved by a fitted the numerical method involving a Shishkin mesh. An example is presented as
follows.

—eu™ () — 4" (z) + 4" (x) = —f(2),

where

0.7 for 0 <z < 0.5,
f(z) =
—0.6 for0.5<x<1.

Chandru and Shanthi [8] considered a version of (2.2), but with different assumptions on the
data
b(z) = >0,

0=c(x) 27, v>0,
B—60y=k>0 forsome @ arbitrarily close to 2.

Using a computational method for solving this system and involving non-overlapping Schwarz

method applied on a Shishkin mesh. An example presented has

2 + 1, for x < 0.5, —0.5, for x < 0.5,
b(x) = clx) =01, f(z)=
2(1—z)+1 forz>0.5, 0.5 for z > 0.5.

Xenophontos et al. [47] is one of the few studies to consider both the clamped and simply
supported cases. For the latter, the problem is transformed into a second-order system and then
solved using a hp-FEM on the Spectral Boundary Layer Mesh resulting in the exponential conver-
gence in the energy norm. Also, they studied the clamped case, which cannot be transformed into

a system, which is again solved with a hp-FEM. The example presented is the same as in [31].



Chapter 2

Second-order complex-valued

reaction-diffusion equations

2.1 Introduction

2.1.1 A model problem

In this chapter, we are interested in the numerical solution of a singularly perturbed, second-order,
complex-valued reaction-diffusion equation. Our model differential equation is: find u € C?[0,1]
such that

Lu:=—®u" +bu=f on Q:=(0,1), (2.1a)

subject to the boundary conditions
u(0) = uo, u(l) = uy. (2.1b)

Here ¢ is a positive, real-valued parameter. We assume 0 < ¢ < 1, but typically have that ¢ « 1.
The coeflicient function b and right-hand side function f are complex valued functions on the real
interval Q. Thatis, b: Q — C, and f : Q — C. Furthermore, we assume that b, f € C*(0,1)uC/[0, 1]
(see, e.g., [33, Remark 5.1.2]).

2.1.2 A motivating example
We consider the following example: find u € C?() such that

—%u" + (i +4)%u=(4+4i)e® onQ=(0,1), u(0)=0  wu(l)=0. (2.2)
The exact solution can be expressed as

—(4ti)e (4t (z—1) (4 + 4i)e*
=C = +C B 4+ — 2.3
(@) = Cre 2¢ 22 £ 15 + 8 (2.3)

16
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where
i —ie e vl ) e —jete = —e)
€y =— N X (—8—21) and Cy = N X (—8—21) . *
(—e2+15+8i))(1—e = ) (—e2+15+8i)(1—e = )

The first two terms on the right-hand side of (2.3) correspond to the left and right layer, respec-
tively.

In Figure 2.1 we show u with € = 1 (left), which does not features layers. In contrast, as shown
in the graph on the right for smaller € (in this case ¢ = 0.1), the solution possesses boundary layers

near x = 0 and z = 1, in both the real and the imaginary parts.

0.4 T T T— really) 0.8 p———Try
= = imag(ul = = imag(u|

0.35 1 0.7

03[ 1 0.6
025 1 051
0.2} =TT ~. E 0.4}
. \\
-
0.15 - N 0.3
- AN
’ -
0.1} ’ AR o2t _ae="
’ L
/ ) O N | R R
0osf/, W\ 01,
r
0 0
1] 0.2 0.4 0.6 0.8 1 1] 0.2 0.4 0.6 0.8 1
X X

Figure 2.1: Real and imaginary parts of the solutions to (2.2) with ¢ = 1 (left) and
e = 0.1 (right).

2.1.3 Comparing Real-Valued and Complex-Valued Problems

This section outlines how complex-valued problems have properties that are different from their
real-valued analogues. In particular, differential operators associated with many real-valued prob-
lems satisfy a maximum principle, a valuable tool for their analysis and the analysis of associated
numerical schemes. However, these principles do not usually directly apply to complex-valued

problems.

We begin by defining a maximum principle. Using examples of two simple cases, one for a
real-valued problem and another for a complex-valued problem, we will then illustrate how the
real-valued differential operator satisfies a maximum principle, but the complex-valued one does

not.

Definition 2.1.1. The differential operator L satisfies a maximum principle, if ¢(0) > 0 and
(1) = 0, and Lip(x) = 0, for all z € Q, imply that ¢(z) = 0, for all x € Q [27].

When an operator satisfies a maximum principle, solutions to associated differential equations
may be analysed using barrier function techniques. For example, let us consider an analysis that
gives upper and lower bounds for the solution to a real-valued differential equation. Having done
so, we can then progress to establishing an upper bound for the solution by using the barrier

function techniques. Establishing upper and lower bound gives the stability of the operator and,
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in particular, excludes oscillations from the solution.

If Lv = 0, v(0) > 0 and v(1) > 0, then, we know that v > 0. Moreover, suppose the constant
k is such that
Lk+v)>0, k+v(0)>0 and k +v(1) > 0.

Then,
kE+v=0.

So, it must be that |v]|g < k.
To see how a problem such as (2.1) differs from the real-valued case, consider the example
%" +u=0 wu(0)=1, wu(l)=0. (2.4)

The solution is u(x) = e~*/¢, which is positive and monotonic; see Figure 2.2. The associated

differential operator satisfies a maximum principle; for a proof, see [27, Chap. 6].

0.6 0.8 1
x

Figure 2.2: The solution to (2.4) with ¢ = 0.1.

Now consider the complex-valued problem:

e + (1 + %)Qu =0 w0)=1+d, u(l)=0. (2.5)

The solution shown in Figure 2.3 is
u(z) = e~/ (cos(z/2¢) + sin(x/2¢)) + ie /% (cos(x/2¢) — sin(z/2e)) + O(e~V/*).

Notice that the imaginary part of w is neither positive nor monotonic. The associated differential
operator does not satisfy a maximum principle, in the conventional sense, and the solution can

oscillate.

Nonetheless, we can apply ideas based on maximum principles. Specifically, in Section 4, we
show how to rewrite (2.1) as a system of real-valued problems. Of course, this system does not
satisfy a maximum principle itself, but we follow the example of Kellogg et al. [20] and use an
ingenious idea due to Bakhvalov to construct a related problem that does satisfy a maximum

principle [2].
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Figure 2.3: The solution to (2.5) with € = 0.01.

2.1.4 Outline

The structure of this Chapter is as follows. In Section 2.2, we give bounds on the solution to (2.2)
and its derivatives. In Section 2.3, we describe and analyse the finite difference method. Fur-
thermore, we show how to construct standard Shishkin and Bakhvalov meshes. In Section 2.4, we
transform the problem into a system of reaction-diffusion equations. We then examine the contin-
uous and discrete versions of this system and prove an error estimate for the computed solution.
Finally, numerical results are presented in Section 2.5 in support of the theoretical analysis. Some

standard technical results used are derived in full detail in Appendix 2.A.

2.2 Analysis of the continuous problem

Lemma 2.2.1. Let u be the solution of (2.1). Then, for 0 < k <4,

[[u®||q < C(1+e7). (2.6)

Proof. Rearrange (2.1) as
u” = e 2 (bu — f).
From this, we have the bound

lu”llg < Ce

Next, we differentiate equation (2.1) with respect to = to obtain

—2u" +bu’ +bu = f.
To derive a bound for u/, we use the following construction, which is based on [27, Lemma 6.1].

Let x € Q and construct an associated neighbourhood N, = (a,a + o) < €, that contains z. From
the Mean Value Theorem, there is a y € N, such that

u(a +0) —u(a) .

u'(y) =
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So, since |ullg < C,
W/ (y)] < Co .

Next, we use the Fundamental Theorem of Calculus:

Therefore

Also, by the Mean Value Theorem for Integrals
J u”"(s)ds = (x — y)u"(q) for some g€ N,.
Yy

Therefore

' (2)] < [/ ()] + |2 — yllw" ()]
< Co !+ Coe™2,

holds for any o € (0,1). But the bound is sharpest if we take o = ¢, giving
|u'(z)] < Ce™.

The bounds on the higher derivatives are obtained by using the differential equation and bounds

on u and u'. O

2.3 The numerical method

2.3.1 The finite difference method

Consider an arbitrary mesh, QY := {0 = 29 < 21 < -+ < 2n = 1}, where h; = z; —x,;_1. Suppose
we want to approximate u’(x;) by a finite difference approximation based only on values of u at a

finite number of points near x;. One obvious choice is to use the forward difference approximation

Ujt1 = Uj

D+Uj = h‘+1
J

Note that D*Uj is the slope of the line joining (z;,U;) and (z;,Uj4+1). Another one-sided approx-
imation is the backward difference approximation

_Ui=Uj

D_Uj : h,j

Finally, we have the centred approximation, which averages D~U; and DU,

1 B 1
D°U; = §(D+Uj +D7Uj) = (

FU (- ) -

Ujt1 I Uj—l)
3 .

hjia
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A standard second-order approximation of the second derivative is

1 (U;- 1 1 U,
§*U; =D D U; = n( ]Jl‘l —Uj(— + )+ J“), (2.7)
J J

where hj = (3}‘j+1 — xj—l)/2-

We are particularly interested in the operator §2. Using Taylor series, it can be shown that

Clu” (ay)l; (2.8a)
u”(x5) — 6%(x5)| = S Chjp1 — hy)lu" (ay)], (2.8b)
C((hjs1 — hyp)[u” ()| — (B2 = hjhjyr + h3 )™ (ay)]), (2.8¢)

for some «; € [x;_1,x;j11]. See the Appendix for details.

The finite difference operator is defined as
Lij = —852¢j + b(l‘])’(/)] for j7=1,...,N—1.

The finite difference method is

Uo = uo,
—28%U; + b(z;)U;j = f(x;), forall z;e QY (2.9)
UN = u(l)

Notice that we can treat u as a mesh function. In particular u; and u(z;) represent the same

quantity, and we use whichever is most convenient.

2.3.2 Shishkin mesh

We construct a standard Shishkin mesh with the mesh parameter
1 _e
=min{—,2—In N
Tg 1rnm{47 . n N},

where 0 < 0? < min R(b(z)). We now define two mesh transition points at z = 74 and z = 1 — 7.
That is, we form a piecewise uniform mesh with N /4 equally-sized mesh intervals on each of [0, 74|
and [1 — 7g,1], and N/2 equally-sized mesh intervals on [7g,1 — 7¢]. Typically, when ¢ is small,

Tg « 1/4, the mesh is very fine near the boundaries, and coarse in the interior; see Figure 2.4.

Remark 2.3.1. In this chapter, we use 7g to represent the Shishkin transition point, whereas in later
chapters we simply refer to it as 7. This is because, uniquely, this chapter considers fitted meshes
of both Shishkin and Bakhvalov meshes. Following standard notation, for Bakhvalov mesh, we use
T to represent the point in the co-domain of the mesh generating function where the transition to

a uniform mesh takes place.

The mesh may also be specified in terms of a mesh generating function, which we now define.

Definition 2.3.1. [22, p5] A strictly monotone function ¢ : [0,1] — [0,1] that maps a uniform
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Figure 2.4: The piecewise uniform Shishkin mesh QV.

mesh ¢t; = j/N,i = 0,...,N, onto a layer-adapted mesh by z; = ¢(t;), j = 0,..., N, is called a

mesh generating function.

The mesh generating function ¢, for Shishkin mesh described above, is

4tTS t < %7
e(t)={20—rg)t— ) +2r5(3—t) t<t<3,
41 —7g)(L—t) +4(t—3) t=3.

Notice that this is a piecewise linear function.

2.3.3 Bakhvalov mesh

We construct a standard Bakhvalov mesh with mesh parameters at o > 0, ¢ € (0,1/2), typical

values of the mesh parameters are o = 2, ¢ = 1/4, where the method has order o, and ¢ is the

proportion of mesh points in the layer. Mesh points are x; = j/N if oe > oq. However, when

oe < pq one sets

. w(j/N) for j < N/2, (2.10)
L= (N = j)/N)  forj>N/2,

with a mesh generating function ¢ defined by

o(t) = x(t) == =% In(1 - %) for t € [0, 7], (2.11)
w(t) == x(7) + X (7)(t — 1) for t € [1,1/2].

From (2.11) we can say that ¢ € C1[0,1]. Moreover, for (2.11) to generate a mesh on [0,1/2] we
want ¢(1/2) = 1/2. That will happen if T solves the nonlinear equation
1—2x(7
X' (1) = 1o2x@) (2.12)

1—-27

The generating function given in (2.11), defines the mesh on [0,1/2] and it is extended to [0, 1] by

reflection about « = 1/2, as shown in (2.10).

The mesh is very fine and graded near the boundary, but coarse in the sense that h; = O(N 1)
in the interior. Also, for later analysis, it is useful to note that 7 < ¢, because In(q — 7/q) is

undefined when ¢ — 7 < 0.

Remark 2.3.2. Our numerical analysis for the finite difference method on this mesh requires that
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¢'(7) > 1. This is stated without proof in [2] and [20]. To see why it must be true note that

But ¢'(t) < ¢/(7) for all t. Clearly

1—71

JT o' (t)dt + j o' (t)dt < 27¢'(1), and f p(t)dt = (1 —27)¢' (7).
0 1—7 o

So, if ¢’(7) < 1, then

Jl p(t)dt <0,

0

which is not possible.

The mesh generating functions for both the Shishkin and Bakhvalov meshes are shown in

Figure 2.5.

= = = Shishkin
Bakhvalov

08F

0.6

0.4

0.2F

0.8 1

t

Figure 2.5: Mesh generating functions for Shishkin and Bakhvalov meshes.

2.4 A system of reaction-diffusion equations

2.4.1 The continuous problem
We now consider the following system by rewriting (2.1) as

—e?(up 4 iuy)" + (by + ibg) (uy + i) = fr +ifi, (2.13)

where u = u, + iu;, b = b, +ib; and f = f. +if;, and all of u,, u;, b, f and f; are real-valued. It
is assumed that
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From (2.13), when we equate real terms and imaginary terms separately, we get

—&2u! + bpu, — biu; = fr, (2.14a)

—ezu;’ + bjuy + bru; = f. (2.14b)
We can write this system as

Li:= —*@" + Bii = f, (2.15)

where

T br _bi g r
U= “ , B= and f = f .

U; b; by fi
Since u = u, + tu;, Lemma 2.2.1 gives that

[@™) g < C(1 +e7F).

Lemma 2.4.1. Assume that b, > 0. Then the matriz B is coercive, meaning that there exists a
constant o such that \/Br >a>0 and

7' B = o?Tv for all 7 e R. (2.16)

Proof. Assume ¥ = (v1 v2), Then

i B — (1}1 v2) (Z _bb> (Z;)

So

T BY = brv% — bjv1vg + bjvive + brvg = br(v% + vg) = b, 77
This implies that the matrix B is coercive, with a < 1/b;.. O

Lemma 2.4.2. Let @ € C%(Q)% n C(2)2, Then

l@le < @ ?| Lidla + [@(0)] + |@(1)]- (2.17)

Proof. Set v = 3w, and note that (w''w)"” = 2(w@") + 2(w')T&’. Thus,

=207 " = — (') + 20 |* = — (W W) = —20". (2.18)
Taking the scalar product of @7 with —e2@” + B = L, we get

—2 5T + & Bw = @ L.
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Then invoking (2.16) and (2.18), we get

WL = — 2wt " + &' Bw

> — 2" + 2t

Vv

> — %" + 2a%.
Let us denote the differential operator on the right-hand side by
Lov = —e20" + 2020,

Since a > 0, this operator satisfies the maximum principle of Definition 2.1.1.

Also, clearly |v](o,13 < (|@(0)]* + [@(1)]|*)/2. Now the standard maximum principle of Defini-

tion 2.1.1 for the scalar problem, with a constant barrier function
k= sglalal Ll + 5 (O + [a(0)]?)
= — ||| Lw —(||w W
2q2 ! IO T g ’
gives
L P Lo ovi2 — 01312
lvle < 5z l@lalL@le + 5 ([0O0)[7 + [@(1)]7).

This implies that

—

[lG = 2lvla < [@lala™?| Lo + [@(0)] + [@(1)]),

because |w(0)| + [@W(1)|| < ||@|g. Dividing by |w|q gives
|@q < a™?| Lo + [@(0)] + [a(1)].
O

We now give sharp pointwise bounds on u and its derivatives. The argument is essentially the

same as in [20, Lemma 2.3], but simplified to the one-dimensional case.

Lemma 2.4.3. Let @ be the solution to (2.15). Let o € (0,4/b,.) be arbitrary but fized. Then there

exists a constant C', which is independent of €, such that

|7 ()] < C[1 + e F(em92/5 4 e7eU=2VEY] forall z €, (2.19)

and k =0,1,...,4.

Proof. For k = 0, this is just Lemma 4.2. Otherwise, we proceed by induction. Fix ¢ € (0,/b,)
and set By (z) = 1 + e F(e~0%/c 4 ¢=2(1=2)/) For k = 1,2, 3,4, differentiating (2.15) k times with
respect to x gives

k—1

2 4 B = B Y (?)B““‘”ﬁ“) —: G (e),
=0

with |Gk (z)| < CBy—_1(z) where the bound on ¢y is a consequence of the inductive hypothesis.
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2.4 A system of reaction-diffusion equations
Define @ by @*) = Bya. Consider (2.15)

—e%(Bya)" + B(Byt) = @y,

Then
and
—e? Byt — 262 B4’ — €® B}t + BByt = By
Dividing by Bj gives
B/ B// =
—t =2 kil o (B = I = %’;. (2.20)
B// =
22k Yg = a2
k

Take the scalar product of a7 with (2.20), we get
B/
- 25211TB—’;@’ +a"(B—¢

2T ~1
"

—E"uu
)” S _2'Uk

Set v, = (aT'a)/2 = |a|?/2, while noting that (a7a)” = 2(aTa”) + 2(a/)T@’. Thus,
('ELTﬂ)” + 2‘ﬂ/|2 Z _(ﬂTa

_2,&Tﬂ// _

Then invoking (2.16) and (2.20), we get
!
— 252—21123 +2(by — 0*)vx, < C|li] g,
Boundary conditions for v; follow from

—e%v],

because B (r) < €20’Bi(z) and Gi(r) < CBy(z)
Lemma 2.2.1, so now the standard maximum principle for scalar problem gives
1, . .9 .
Zlale = lokla < Clafo-

Dividing by |d[q gives |a]g < C.

2.4.2 The discrete problem
The finite difference method for equation (2.15) is: find U such that
LNU; == —€%6°U; + BU; = f; for j=1,..,N—1, (2.21)
Jo = @(0), Uy =i(1),

Uy =
where 62 is as defined in (2.7), U; is the approximation for @(z;), and the mesh, for now, is

arbitrary.
Lemma 2.4.4. The discrete operator LN satisfies the stability inequality
[Wla < a2 |LYW o + [W(O)[ + [W(1)],

for arbitrary vector-valued functions W defined on Q.
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-, -

Proof. Let V = T . Note that

1
2

So

" " 1 "W
WJ,T(SQW], = (J
J

One can show that, in fact,

P P 1 (Wi — W2
WIsw, = =82(WTwW), — — J 2.22
J J 9 ( )J 2h] hj+l + h] ( )

To see this starting from (2.22),

1 ((WIW),1 o 1 1 (WTW) -+1>
— —(W'W);(— + 4
2hj( h; ( ~ )J(@ R
_ 1(( j+1 — W]) (Wj+1 — Wj) + (W] - W]—l) (W7 - W—l))
2h; hj1 hja
_ 1<<VVTVV>]1 W) (WTW), W>m)
2h; h; h; i1 i1
(T WL,
2 ' h]+1 hj+1 h]+1 hj+1
+ S Wi WiaaWimn WiWio W 1Wj>
h; h; h; h;
B 1<(WTW)3 B WTW, B (WTW), - WIw;  WIW;, W, Wj_l)
h \ 2h, 2h, 2hj 41 2h; 1 Bt 2h,
1 (WIW, .y WTW,
—< g 91 —WIW;(— + ! 4 ]H)
h] hj h] hj+1 hj+1
= W] *W;

It follows immediately from (2.22) that
W?(SQWJ‘ > 0%V,

Using (2.16), we get
—26%V 4+ 202V < WTLNW on QV,

and
VO +IV) < (O] + 7))

A standard discrete maximum principle for scalar problems, with a constant barrier function
= 2
K = HWHQNHLNWHQN +3 (HW( )+ WD),

yields
P 2
Vg~ < HWIIQNHLNWHQN 3 (HW( )+ W (@)))”.

Hence
12 = 21V ] < [Wow (a2|ENW|QN )] + V‘t‘f<1>|).
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Dividing by |W g gives
[Wlaw < a 2| ZNW o + [W(0)] + [W(1)].
O

The first of our two main results of this chapter is the following theorem, which shows that
applying the finite difference method on a Bakhvalov mesh gives fully second-order e-uniform

convergence.

Theorem 2.4.5. Let QY be the Bakhvalov mesh defined in Section 2.3.3, and let U be the solution
to (2.21) on this mesh. Then, if @ solves (2.15),

|@ — Ulgn < CN72. (2.23)

Proof. Let 77 =i — U denote the error. Lemma 2.4.4 yields

i — Olan < a 2|V @ = 0oy = a=2|LVd - LN Ton
= a 2| LV~ Flov < a 2| EVi - Loy, (2.24)

because #(0) = U(0) and @(1) = U(1). From the definitions of L and LV, we get

LN — Lt = —£%6%0 + 2.
Then, from (2.8b),
(ENa@ — L) (x;) = 52( M?;Wﬂ,,,(xj) _(hd - hjhi;q + h?+1)ﬁ(4) (’Yj))-
Consequently,
IZNG — Lalgy <& (c<hj+1 )" + C2 = byl + 124 | Q) (2.25)

We construct a standard Bakhvalov mesh with mesh parameters at o > 0, ¢ € (0,1/2). If

o¢ = oq the mesh is uniform with mesh size N~—!. Furthermore ¢! < C. Thus
e2|6%i — @"|| < CN~2,
by Lemma 2.2.1 and (2.25).

We next examine the case og/p < ¢. To do so, we shall only consider the analysis where j is
such that z; = ¢(t;) < 1/2, which includes only the layer at z. The argument for z; > 1/2 are

essentially the same.

From the construction of ¢, one must have 7 < q. We start by showing that

1<x'(1) <

: 2.2
24 (2.26)



2.4 A system of reaction-diffusion equations

29

From Remark 2.3.2, x/(7) > 1. Next, recall that

x(t) = == In(1 - §>,

and x(t) at the mesh parameter 7 is

o, q—T

x(t)=——1In .
(1) Pl Sy
From (2.12), we have
1+ 2¢In(L£2
Vi) < +qn(q)< 11
1-27 1-27 1-2¢’
since 2¢In((¢ — 7)/q) > 0 and 7 < ¢. This implies that
1
’ A
X(m) < 1= og 0
which establishes (2.26).
0.5
0.4, X(r,))
I
03| \d
(7. x(r) 3
027
(s X(7,)
0.1} \
O L L " "
0 0.1 0.2 0.3 0.4 0.5

Figure 2.6: A plot of the function ¢ and the location of 7,71 and 2.

Let us introduce two points, 71, 72, both in (0, ¢) and defined so that x'(71) = ¢ and x'(12) = 1;

as we shall see, these bracket 7, as shown in Figure 2.6.

Recall that, for 0 <t < 7,

x(t) = ——1In(1 - -),
(t) . ( q)
so that
, o€
X (t) =
() o(g —1)
Because x/(11) = 1/(1 — 2q), then
, oe 1
X' (1) = = ,
() olg—m) 1-2¢
S0,
oe(l—2
=g (1—29)
0
A similar calculation shows that
oe
T2=4— —
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We know that x/(7) > 1 and x/(m2) = 1. Since x”(7) > 1, then ' is a strictly increasing function.

Therefore x'(7) > x/(72) for 7 > 5. Similarly 74 > 7. This shows that

To=q—ocfo<T<T =q—0e(l—2q)/o.

To bound all terms in (2.25), we separately analyse the layer regions, the interior, and transi-

tional regions between these.

Since (t) = x(7) for t € [0,7] and ¢'(t) = x/(7) for ¢t € [1,1/2], so ¢'(t) < x/(7) < § for
t €[0,1]. Thus,

t;
hj =z; —zj_1 = p(t;) — p(tj—1) = J ¢ (t)dt < §t; —tj—1) = gN ", (2.27)
t

j—1
forj=1,...,N.

Of course, in the region closest to the layer, the mesh width is very fine. Specifically, if j is

such that t; < ¢, then, for t < t;, we have that ¢'(t) < x'(7) = o¢/o(q — t) < o¢/0(q — t;). Hence,

o= [0 ood < Nl < N1 95 < N
i~ ), ¢'(t)dt < ¢'(t) < <

— = fort;<q— N1 2.28
i olq —t;) olg—tj—1) ! (2.28)

The difference between two adjacent mesh sizes on [7,1—7]is hjp1 —hj = x;41 —22;+2j_1 =

@"(t¥)N~2 for some t¥ € [tj_1,t41]. Now

which gives

>

0q .9
hiyi1—hj| < =—=N"". 2.29
‘ j+1 ]| c ( )

Also, we have to bound the difference between adjacent mesh sizes on [0, 7]. In this region

. o€ doe 1
O'(t¥) < < fort; <g—2N"7, 2.30
(t5) ola—tj-1)* = olg—1t;)? ’ (2:30)
which yields
4doe
hijjy1—hi| < ————— fort; <qg—2N"1. 2.31
|hj+1 il N2o(q—t;)2 Oor ij < ¢ ( )
From the mesh generating function, we have
ememi/e = (L2)o for ¢y < 1, (2.32)
q
and
emeTi/e < (E)U for t; = 7. (2.33)
oq

Recalling the assumption that o > 2, and using (2.25),(2.19), (2.27) and (2.33), we get

62‘(52’&— ﬂw)(l'j” < CN72 fOI‘ T2 < tjfl,
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which is the region outside the layer.

If j is such that ¢{; < ¢ — 2N —1 and consequently, the corresponding x; is the layer region,
using (2.25) and (2.19), we get

2|[6°G — @")(z)| < Ce3|hjr — hy| + Ce ™ hyj1 — hyle /¢
+ O RS — hjhjy1 + B3| + Ce™2|h3 — hyjhj1 + b3 le@mie,

To bound the first term, use (2.29); for the second term, use (2.31) and (2.32); for the third
term, use (2.27); and for the fourth, use (2.28), (2.32) and ¢ —t;_1 < 3(g —t;)/2. This yields

e2([6%d — @"](z;)| <CN~? fort; <qg—2N"".

If j is such that ¢; > ¢ — 2N~ ! and 7 > t;_1, the corresponding x; is the transition region. Thus,

2<t< —1—1* U€+1<+1
A A R A SV

It is clear that the first two inequalities here imply that e < 3p/(cN). Use (2.8a):
e2|[0%@ — @")(x;)| < C(e? + e72%-1/) < CN 72,
by (2.33) and e < CN~1L.

Consequently, we get the bound for the truncation error in the maximum norm on the Bakhvalov
mesh. Then, from (2.24), the bound in (2.23) follows immediately. O

Moving on from Theorem 2.4.5, we will prove an error estimate for the solution on the Shishkin

mesh.

Theorem 2.4.6. Let QF be the Shishkin mesh defined in Section 2.5.2, and let U be the solution
to (2.21) on this mesh. If @ solves (2.15), then

|7 — Ulgn < CN~21In®N. (2.34)

Proof. Let us first consider the case where ¢ is so large that 74 = 1/4, and, so, the mesh is

uniform with mesh size h; = N~! for all j. Then

1
1S oeo tIn N,

and, 50, €71 <4007 'In N < C'In N. Hence (4.21) and (2.25) give

|LN@ — Loy < CN~21In® N.

Now consider the case where ¢ is small enough (relative to N ) so that 74 = occp™!In N < 1/4.
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As a consequence, there exist a point 2% = 2ep~'In N € [0,1/2], for which we may define

Z?:o %“(i) () for 0 <z < a*,
v(x) = § u(x) for z* <x <1-— 2%,
Zfzo (‘”Zif*)u(i)(lfx*) for 1—z* <z <1,

and w(z) = u(xz) — v(z). Then Lemma 2.2.1, and the choice of x* demonstrate that

[0 (@) < O +*75), (2.35)

and
Hw(k:) (x)HQ < Csfk(efgx/s + 6*0(1*3”)/5) for 0 < k < 4. (236)

Thus, the solution @ to (2.15) has a decomposition
U =w+7. (2.37)

Here w is the boundary layer component and v is the regular component. Notice that @ is not

explicitly constructed as the solution to a differential equation.
The error in the regular and boundary components can be written as
[6%@ — @"qn = 10%0 — " gn + 6% — @ g
To bound the error in the ¥ term, use (2.8b) at the mesh transition points, and at other points
use (2.8¢). For the layer term o, use (2.8a) at the mesh points and (2.8¢) for other points. This

gives

CeN—' for je{& 3N},
e2|0% — @' |gn < CN72In® N + J e .
0 otherwise.

Next, suppose that 77 is the solution to
LNij = &*(8%a — @").
To get the bound to n we use the technique of Lemma 2.2.1. Set V= %ﬁTﬁ Then
—e0°V + 207V < Cllifla| LV 7.
We can apply a discrete maximum principle for scalar equation by using a barrier function
V(z;) = C|FIN>(In* N + 75e "))

where
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Then, we can obtain the bound for |V| and hence || < CN~'In? N, independent on C and «.

O

2.5 Numerical results

We now present numerical results in support of Theorem 2.4.5 and Theorem 2.4.6. For a specific
example, we tabulate global and pointwise errors and convergence rates. We do this for uniform,
Bakhvalov and Shishkin meshes. The theoretical results of Theorems 2.4.5 and 2.4.6 show that
the pointwise solutions are computed robustly on the fitted Bakhvalov and Shishkin meshes. To
verify this numerically, we compute the pointwise errors, which are defined as

EN = ,Jmax lu(x;) — Uil

EN
N .
pe = logy (Eéve/g)

The associated rate of convergence is
(2.38)

Recall our example problem (2.2)

—e%u" + (i + 4)*u = (4 + 4i)e”,
We begin our numerical investigations by presenting, in Table 2.1, the pointwise errors computed
when this equation is solved numerically by our finite difference method on a uniform mesh.
Table 2.1 gives the pointwise errors. For € = 1, it is clear that the error is approximately C'N 2
where C' ~ 3.05 x 1072, But for € = 1072 to ¢ = 1075, the error actually grows proportionally to

NZ2. From this, we can see that the error depends strongly and adversely on ¢.

Table 2.1: Errors, EY, for problem (2.2), solved on a uniform mesh.

€ N =16 N = 32 N = 64 N=128 | N=256 | N=512 [ N =1024

1 1.105e-03 | 2.781e-04 | 6.961e-05 | 1.741e-05 | 4.353e-06 | 1.088e-06 | 2.720e-07
oy 1.991 1.999 1.999 2.000 2.000 2.000
1le-01 || 3.988e-02 | 2.050e-02 | 5.595e-03 | 1.468e-03 | 3.694e-04 | 9.267e-05 | 2.318e-05
A 0.960 1.874 1.930 1.991 1.995 1.999
1le-02 || 1.359e-03 | 5.394e-03 | 2.016e-02 | 4.005e-02 | 2.794e-02 | 8.536e-03 | 2.257e-03
o -1.989 -1.902 -0.990 0.520 1.711 1.919
le-03 || 1.362e-05 | 5.448e-05 | 2.178e-04 | 8.703e-04 | 3.464e-03 | 1.355e-02 | 3.593e-02
o -2.000 -2.000 -1.998 -1.993 -1.968 -1.407
le-04 || 1.362e-07 | 5.448e-07 | 2.179e-06 | 8.717e-06 | 3.487e-05 | 1.394e-04 | 5.573e-04
A -2.000 -2.000 -2.000 -2.000 -2.000 -1.999
1le-05 || 1.362e-09 | 5.448e-09 | 2.179e-08 | 8.717e-08 | 3.487e-07 | 1.395e-06 | 5.579e-06
A -2.000 -2.000 -2.000 -2.000 -2.000 -2.000
le-06 || 1.362e-11 | 5.448e-11 | 2.179e-10 | 8.717e-10 | 3.487e-09 | 1.395e-08 | 5.579e-08
oY -2.000 -2.000 -2.000 -2.000 -2.000 -2.000

In essence, the problem with the results shown in Table 2.1 is that, since a uniform mesh is

used, and only pointwise errors reported, the error is not computed at any point inside the layers.

To address this, and to determine if layers are resolved, we compute the maximum global error,
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which is defined as

Gév = max |u(z) — U(z)],

o<w<l
where U(z) represents the piecewise linear interpolant to the mesh function U, evaluated at x.
Note that, since this interpolant is globally defined, we are estimating the maximum error at all
points, including within the layers (even when the numerical solution does not resolve the layers).
As we shall see, in practice, for layer resolving meshes GV satisfies the same bounds as EX; this is
explained for Shishkin meshes in [27, Thm. 8.3]. It is known that an analogous statement does
not hold for uniform meshes [14, Thm. 3.12].

In Table 2.2 we give the computed global errors, GY, for when (2.2) is solved on a uniform
mesh (the rates of convergence are defined in the obvious way based on (2.38)). For ¢ = 1, it is
again clear that the error is proportional to C N~2 where C' ~ 0.33. But for £ = 1072 to ¢ = 1076,
no convergence is observed. We conclude from this that uniform meshes are unsuitable for this

problem and a layer-adapted mesh is needed.

Table 2.2: Error, GY, for problem (2.2), solved on a uniform mesh.

€ N =16 N = 32 N = 64 N =128 | N=256 | N=512 | N =1024

1 6.874e-03 | 1.798e-03 | 4.594e-04 | 1.161e-04 | 2.918e-05 | 7.313e-06 | 1.831e-06
Rate 1.935 1.969 1.985 1.992 1.996 1.998
1le-01 || 2.683e-01 | 1.139e-01 | 3.716e-02 | 1.050e-02 | 2.779e-03 | 7.141e-04 | 1.809e-04
A 1.236 1.615 1.823 1.918 1.961 1.981
le-02 || 7.564e-01 | 6.657e-01 | 5.185e-01 | 3.304e-01 | 1.556e-01 | 5.445e-02 | 1.593e-02
o 0.184 0.361 0.650 1.086 1.515 1.773
le-03 || 8.592e-01 | 8.593e-01 | 8.316e-01 | 7.864e-01 | 6.986e-01 | 5.711e-01 | 3.930e-01
o -0.000 0.047 0.081 0.171 0.291 0.539
1le-04 || 8.592e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01 | 8.594e-01 | 8.493e-01 | 8.041e-01
o -0.000 -0.000 -0.000 -0.000 0.017 0.079
le-05 || 8.592e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01
o -0.000 -0.000 -0.000 -0.000 -0.000 -0.000
1le-06 || 8.592e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01 | 8.593e-01
o -0.000 -0.000 -0.000 -0.000 -0.000 -0.000

Tables 2.3 and 2.4 present numerical results for problem (2.2) on the Shishkin mesh. Table 2.3
shows pointwise errors. Since the Shishkin mesh is uniform for large values of €, we observe that
the first two rows of Tables 2.1 and 2.3 are the same. However, in Table 2.3, for ¢ = 1072 to
¢ = 1076 the error is independent of e and it is proportional to N2, verifying that Theorem 2.4.6
is sharp. To confirm that the layers are resolved, in Table 2.4 we show the global errors. We see
that, for ¢ < 1072, the method is robust with respect to e, and, just like the pointwise errors,

almost second-order convergent in N.
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Table 2.3: Errors, EY, for problem (2.2), solved on a Shishkin mesh

€ N =16 N =32 N =64 N =128 N = 256 N =512 | N =1024
1 1.105e-03 | 2.781e-04 | 6.961e-05 | 1.741e-05 | 4.353e-06 | 1.088e-06 | 2.720e-07
pN 1.991 1.999 1.999 2.000 2.000 2.000
le-01 || 3.988e-02 | 2.050e-02 | 5.595e-03 | 1.468e-03 | 3.694e-04 | 9.267e-05 | 2.318e-05
oy 0.960 1.874 1.930 1.991 1.995 1.999
1e-02 || 2.395e-02 | 3.844e-02 | 3.680e-02 | 1.986e-02 | 6.728e-03 | 2.291e-03 | 7.209e-04
o -0.683 0.063 0.890 1.561 1.554 1.668
le-03 2.395e-02 | 3.844e-02 | 3.680e-02 | 1.986e-02 | 6.728e-03 | 2.291e-03 | 7.209e-04
pN -0.683 0.063 0.890 1.561 1.554 1.668
le-04 2.395e-02 | 3.844e-02 | 3.680e-02 | 1.986e-02 | 6.728e-03 | 2.291e-03 | 7.209e-04
oy -0.683 0.063 0.890 1.561 1.554 1.668
le-05 || 2.395e-02 | 3.844e-02 | 3.680e-02 | 1.986e-02 | 6.728e-03 | 2.291e-03 | 7.209e-04
oy -0.683 0.063 0.890 1.561 1.554 1.668
1e-06 || 2.395e-02 | 3.844e-02 | 3.680e-02 | 1.986e-02 | 6.728e-03 | 2.291e-03 | 7.209e-04
pé\f -0.683 0.063 0.890 1.561 1.554 1.668
Table 2.4: Error, G, for problem (2.2), solved on a Shishkin mesh.
€ N =16 N =32 N =64 N =128 N = 256 N =512 | N=1024
1 6.874e-03 | 1.798e-03 | 4.594e-04 | 1.161e-04 | 2.918e-05 | 7.313e-06 | 1.831e-06
oy 1.935 1.969 1.985 1.992 1.996 1.998
le-01 || 2.683e-01 | 1.139e-01 | 3.716e-02 | 1.050e-02 | 2.779e-03 | 7.141e-04 | 1.809e-04
o 1.236 1.615 1.823 1.918 1.961 1.981
le-02 4.908e-01 | 3.624e-01 | 2.235e-01 | 1.108e-01 | 4.511e-02 | 1.615e-02 | 5.329e-03
A 0.438 0.697 1.013 1.296 1.482 1.599
le-03 4.908e-01 | 3.624e-01 | 2.235e-01 | 1.108e-01 | 4.511e-02 | 1.615e-02 | 5.329e-03
oy 0.438 0.697 1.013 1.296 1.482 1.599
le-04 || 4.908e-01 | 3.624e-01 | 2.235e-01 | 1.108e-01 | 4.511e-02 | 1.615e-02 | 5.329e-03
o 0.438 0.697 1.013 1.296 1.482 1.599
le-05 || 4.908e-01 | 3.624e-01 | 2.235e-01 | 1.108e-01 | 4.511e-02 | 1.615e-02 | 5.329e-03
pé\f 0.438 0.697 1.013 1.296 1.482 1.599
le-06 4.908e-01 | 3.624e-01 | 2.235e-01 | 1.108e-01 | 4.511e-02 | 1.615e-02 | 5.329e-03
oy 0.438 0.697 1.013 1.296 1.482 1.599

Finally, Tables 2.5 and 2.6 present the pointwise and global errors computed when (2.2) is solved

by the finite difference scheme on a Bakhvalov mesh. These numerical results are in agreement

with the theoretical result of Theorem 2.4.5:

now, rather than seeing only almost second-order

convergence (i.e., with the spoiling In® N term), we have full e-uniform second-order convergence.

Table 2.5: Errors, EY, for problem (2.2), solved on a Bakhvalov mesh.

€ N =16 N =32 N=64 | N=128 | N=256 | N =512 | N = 1024
I 1.105e-03 | 2.781e-04 | 6.961e-05 | 1.741e-05 | 4.353e-06 | 1.088e-06 | 2.720e-07
oY 1.991 1.999 1.999 2.000 2.000 2.000
le-01 || 1.258e-02 | 3.321e-03 | 8.419e-04 | 2.112e-04 | 5.291e-05 | 1.323e-05 | 3.308¢-06
o 1.921 1.980 1.995 1.997 2.000 2.000
1e-02 || 1.257e-02 | 3.319e-03 | 8.415e-04 | 2.111e-04 | 5.288e-05 | 1.322e-05 | 3.307e-06
oy 1.921 1.980 1.995 1.997 2.000 2.000
1e-03 || 1.257e-02 | 3.319e-03 | 8.415e-04 | 2.111e-04 | 5.288e-05 | 1.322e-05 | 3.307e-06
oY 1.921 1.980 1.995 1.997 2.000 2.000
le-04 || 1.257e-02 | 3.319¢-03 | 8.415e-04 | 2.111e-04 | 5.288e-05 | 1.322e-05 | 3.307e-06
oY 1.921 1.980 1.995 1.997 2.000 2.000
1e-05 || 1.257e-02 | 3.319e-03 | 8.415e-04 | 2.111e-04 | 5.288e-05 | 1.322e-05 | 3.307e-06
oy 1.921 1.980 1.995 1.997 2.000 2.000
1e-06 || 1.257e-02 | 3.319e-03 | 8.415e-04 | 2.111e-04 | 5.288e-05 | 1.322e-05 | 3.307e-06
A 1.921 1.980 1.995 1.997 2.000 2.000
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Table 2.6: Error, GY, for problem (2.2), solved on a Bakhvalov mesh.

5 N =16 N =32 N=64 | N=128 | N=256 | N=512 | N = 1024
1 6.874e-03 | 1.798e-03 | 4.594e-04 | 1.161e-04 | 2.918¢-05 | 7.313e-06 | 1.831e-06
pN 1.935 1.969 1.985 1.992 1.996 1.998
1e-01 || 1.051e-01 | 3.190e-02 | 8.714e-03 | 2.271e-03 | 5.795e-04 | 1.463e-04 | 3.676e-05
oy 1.720 1.872 1.940 1.971 1.986 1.993
1e-02 || 1.051e-01 | 3.191e-02 | 8.714e-03 | 2.272e-03 | 5.795e-04 | 1.463e-04 | 3.676e-05
oN 1.720 1.872 1.940 1.971 1.986 1.993
1e-03 || 1.051e-01 | 3.191e-02 | 8.714e-03 | 2.272e-03 | 5.795e-04 | 1.463e-04 | 3.676e-05
oy 1.720 1.872 1.940 1.971 1.986 1.993
le-04 || 1.051e-01 | 3.191e-02 | 8.714e-03 | 2.272e-03 | 5.795e-04 | 1.463e-04 | 3.676e-05
oy 1.720 1.872 1.940 1.971 1.986 1.993
1e-05 || 1.051e-01 | 3.191e-02 | 8.714e-03 | 2.272e-03 | 5.795e-04 | 1.463e-04 | 3.676e-05
oy 1.720 1.872 1.940 1.971 1.986 1.993
1e-06 || 1.051e-01 | 3.191e-02 | 8.714e-03 | 2.272e-03 | 5.795e-04 | 1.463e-04 | 3.676e-05
A 1.720 1.872 1.940 1.971 1.986 1.993
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2.A Derivation of truncation errors

In this appendix, we prove the following bound for u”(z;) — 6%u(x;) on © which have been stated

in (2.8) by using Taylor series techniques

Clu"(aj)l,
W (x5) = 62(x5)| = < Clhjy1 — hy)|u” (a;)],
C((hje1 — hj) " (z5)] = (h3 = hyhjir + B2, ) |[u™ (ay)]),

for some aj € [l’j_l,lﬂj+1].
First, to prove (2.8a), by the triangle inequality
" (a5) = 0%ula;)| < u(x))] + [6%u(z))] < [0 (@)1, 05001 + 167u())]-

So we need to show that
0%u(z;)| < Cllu(25)]q-

By using the second order Taylor series expansion of u(z;) about the points z;_; and x;41:
/ 1 2.1
u(wj-1) = ulz;) + (2j-1 — 5)u'(25) + 5 (251 — 25)"u"(ag),

and

1
u(@ji1) = u(z;) + (w41 — )’ (z5) + §($j+1 —a;)*u"(B)).
Multiplying hj4q in (2.40) and h; in (2.41)

1
hipru(@ia) = hjpru(e;) = hiahgd (@) + Shihju’(a)),

1
hju(l'j+1) = hju(xj) + hjhj+1u/(l'j) + §hjh§+1u”(ﬂj).
since h; = ; — ;1. Adding (2.42) and (2.43), gives

(hj +2hj+1 )

hjpru(zj—1) + hju(xj1) — (hy + hjr)u(z;) = hihjau” (),

for some ; € [z;_1,2;+41]. Dividing by hjh;1 gives

u(@jm) | ul@iey) (b + hjeulzy) B ().
h; hj hihj+1

where fi; = (z;41 — xj_1)/2. Dividing (2.44) by h;, we get

52 )= —
U(LEJ) FL]

1fu(wj—1) | w(@jer) (b +hjp)u() | _ 40
— o =u"(7;).
h; hjy1 hihjii

This implies that

" (25) = 6*u(@y)] < Ju" @)z, ,000 + 10" ()]

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)
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Second, to prove (2.8b), using the third order Taylor series expansion of u(z;) about the points

2j—1 and xj41, we get

2,1 3,,m

1 1
w(wj_1) = u(xj) + (xj_1 — z;)u'(x;) + i(xj_l —x;)*u" (x;) + é(xj_l —z;)°u" (ay), (2.46)
and
/ 1 2,1 1 3,.m
w(@jp1) = w(xj) + (241 — z5)u'(z5) + 5(:1:j+1 —xj)u" (x;) + 6(xj+1 — ;) u" (B;). (2.47)
Multiplying by hj41 in (2.46) and by h; in (2.47)
h =h hiv1h;u' 1h h2u” lh h3u" 2.48
jr1(5-1) = hjp1u(@;) = hjrhg'(z5) + ghivahju’(z;) — chjhiu®(ag), (2.48)

1 1
hju(@in) = hyu(e;) + hihj o (z5) + Shihg ' (z) + ghjh?+1u”'(5j)~ (2.49)
since hj = x; — xz;_1. Adding (2.48) and (2.49), gives

hy + b
hypau(y—1) + hyu(@an) = (hy + hy)uley) = (F—22) hyhy o’ (z)

By h2., = h2
+ ( J ?)]H)( J+12 L)u" (y;) for some v; € [zj-1,2j41].

Dividing by hjhjhji1 gives

1 [U(Ij—l) L @) (b A+ e u(zy)

1
4 m
= N S(h. 4 5
hil Ry hjt1 hihji ] u'(w;) + 3 (hyea = hy)u” (%), (2.50)

where i; = (241 — 2j—1)/2. This implies that
1
() = 0%ulw;) = 3 (hyen = hy)u" (),
which proves (2.8b).

Finally, to prove (2.8c) use a fourth order Taylor series expansion of u(z;) about the points
Tj—1 and Tj41
1 1
(i) = ulzy) + (251 — @)’ (25) + 5 (@50 — )" () + g @1~ i) u" (x5)

1
+ ﬂ(xj_l — a:j)4u”"(aj), (251)

and

1 1
w(wjir) = (@) + (xj41 — )’ (x)) + 5(1‘j+1 —z;)%u" () + 6(&3]‘4,_1 —x;)%u" (z;)

1
+ ﬂ($j+1 - ,Tj) ’LL””(BJ‘). (252)
Multiplying hj4q in (2.52) and h; in (2.51)

1 1 1
hypru(@s-1) = hypru(es) = hyhg! (25) + Shihju’ (@) = chjpahju” (2g) + ﬂhj-s-lh?“w (o),

(2.53)
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1 1 1
hiu(@jen) = hjw(es) + hihg o (@) + Shibi o (z5) + chihi " (8) + ﬂhjh?-k—lu@) (8;)-

(2.54)
since hj; = ; — z;_1. Adding (2.54) and (2.53), gives

hy + b
hj+1u(xj_1) + hju(xjH) — (hj + hj+1)u(xj) = (%)hjhjﬂu”(xj)
hjhji ; hjihj1

h?,, —h
+( 3 )( J+12 Ju" () + ( o )(h?H + h?))u(‘l)('yj) for some v; € Q. (2.55)

Dividing by hjhjhji1 gives

hij

1 [u(l"j—l) N u(zj1)  (hy +hj+1)u($j)]
h; hj1 hjhj

1
= u(2;) + 5 (hjr1 — hy)u" (z5)
1
+ E(hf — hihj1 + B3 ) u™ (y;),  (2.56)
where i; = (241 — 2j—1)/2. Since

1 hj+hj

1
5 )(h — hjhjp1 + B3, ) = —=hi(h3 — hihjq + B3 ).

L3 13
ﬂ(hj +hj) = =1

Then, ) )
u(x;) = 6%u(x;) — g(hj+1 — hy)u" (x;) — E(h? — hihjir + B2 ) u® ().

which proves (2.8¢).



Chapter 3

A note on a finite element analysis
of a fourth-order real-valued

singularly perturbed problem

3.1 Introduction

In this chapter, we are interested in the numerical solution of a singularly perturbed, fourth-order,

real-valued reaction diffusion equation. Our model differential equation is

—eu™ () + au” () — bu(z) = f(z) on Q:=(0,1), (3.1a)

subject to the boundary conditions

u(0) = u”(0) = 0, u(1l) =u"(1) = 0. (3.1b)

This problem is of the “simply supported” type reviewed in Section 1.5.3. As usual, ¢ is a positive,
real-valued parameter, and we assume 0 < € < 1, but typically have that ¢ « 1. The coefficient
functions, a and b, and right-hand side function, f, are real-valued functions on the interval €. For
these problems, it is typical to transform the problem into a (weakly) coupled system of second-
order reaction-diffusion problems. Then, when analysing a finite element method for solving this
system, it is usually assumed that the coupling matrix is pointwise coercive, which is sometimes
referred to as “positive definite but not necessarily symmetric”, in the literature. This is the
approach taken, for example, in [47]. However, in Section 3.2.1, we show that standard ideas for
transforming the problem into a system of two second-order differential equations do not yield a
coupling matrix that satisfies the coercivity condition. We then propose a new transformation,
in Section 3.2.2, which involves a coefficient-dependent parameter. We shall show how to, under
reasonable assumptions, determine the value of the parameter in the transformation that ensures
that the coupling matrix is coercive. In Section 3.3, we describe a variational formulation of (3.1)

and an associated energy norm. This leads to a finite element method for the problem, for which

40
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we present a suitable layer-adapted mesh. Finally, the section concludes with numerical validating

the expected error bounds.

We emphasise that the primary contribution of this chapter is the transformation that gives a
coercive system in Section 3.2.2. The remaining section validates the usefulness of this. Although
we briefly discuss the analysis of the finite element method and give numerical results, it is not our

main concern.

3.2 From a fourth-order problem to a coupled system

In this section we investigate how to transform (3.1) into a coupled system, in such a way that the

coupling matrix is coercive.

Definition 3.2.1. A matrix M is coercive, if there exists a constant v > 0 such that

7T M

Tg > for all ¥ e R?/{(0,0)7}. (3.2)

We have already introduced this in Lemma 2.4.1, but we have repeated it here to make the
presentation self-contained. We also note that some papers in the literature, such as [47], refer
to such as matrix as being “positive definite”. However, most standard references define posi-
tive definiteness as a property that applies only to symmetric matrices. So, we will avoid this

terminology.

It will be important to determine when a given matrix is coercive. The following classical

results are very useful.

Theorem 3.2.1. [18] A real-valued n x n matriz B satisfies
F'Bt >0 for all 7 RN /{0},

if and only if M = (B + BT)/2 is symmetric positive definite.

Theorem 3.2.2. [16, p. 402] A real-valued n x n symmetric matriz M is positive definite if and

only if all of its eigenvalues are positive.

3.2.1 A simple, and inadequate, transformation

Recall the problem stated in (3.1). In [47], it is assumed that the functions a, b and f are given
sufficiently smooth and that

a(z) >0 and b(x) =0 for zeQ. (3.3)

By using the boundary conditions, they transform the problem into a system of two differential

equations. They set Z = (u,w)’, where

w = —u". (3.4)
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With this, (3.1) can be transformed into a system of two equations of the form

where

g_<j>7E_<; g),A_G -Ob> and - <—Of>. (5.9)

In [47] it is written:

We assume that the matriz A is point-wise positive definite (but not necessarily sym-

metric), i.e., for some fized v > 0
T AV = 42515 for all 7 e R?/{(0,0)7}. (3.7)

That is, in our terminology, for all z € [0, 1], A is coercive. However, for any o € R?,

T - a —=b v
T AT = (vl ’Ug) (1 0 ) <v:> = av? + vive(1 — b).

So, for example, if a = 1 and b = 2, then 7 A% = —1 when @ = (1,2)%. More generally, if b = 1
then for any ¢ with v; = 0, one gets ¥7 A7 = 0. Moreover, if b # 1, then for any other b > 0 and
a = 0, we can find ¥ such that #7 AT < 0. So there is no sense in which both (3.3) and (3.7) are

satisfied.

3.2.2 Coercive system

In this section we propose a new transformation for (3.1), which transforms it into a system of two
differential equations. This transformation features a parameter that depends on the problem data.
We determine the parameter’s value that ensures that the coefficient matrix for the zero-order term

in the system is coercive.

In our case, we assume that a and b satisfy the following conditions:

aze+1r*>0, (3.8a)

b>1, (3.8b)

for some positive constant r*.

Remark 3.2.1. Since we place no other assumptions on a and ¢, other than their sign, the problem
(3.1) can be rescaled so that (3.8b) holds, providing, of course, that b > 0.

We propose the transformation

w = . (3.9)
That is,

v = aw + u, (3.10)
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where « is a non-zero constant chosen depending on the problem data. When (3.10) is used
repeatedly, it gives

u® = aw” + aw + u.

With this, (3.1) can be transformed into a system of two equations of the form

—caw” + ala—e)w+ (a —e—b)u = f, (3.11a)
—u" + aw+u =0, (3.11b)

subject to the boundary conditions

w(0) = w(0) =0, u(1) = w(1) = 0. (3.11¢)
We can write this system as
. ea 0) _, Y
LZ:=— 0o 17 + BZ = f, (3.12a)

where

- [w _[ala—¢e) a—e—b > (f
z—(u),B—< N ) ) andf—(()). (3.12b)

Next, we will use the conditions (3.8a) and (3.8b) to determine the value of the parameter
in the transformation that ensure that the coefficient matrix for the zero-order term in (3.12) is
coercive. Recall from Theorems 3.2.2 and 3.2.1 that the matrix B satisfies 7 B¥ > 0 for all ¢ if,

and only if, M = (BT + B)/2 is symmetric positive definite. Here

M- (1( ala—e) %(a—s—b—ka)). (3.13)

a—e—b+a) 1

Clearly, M is symmetric. In addition M is positive definite if and only if all of its eigenvalues
are positive. We now will show that it is possible to select a in (3.11) so that its eigenvalues are
positive. The eigenvalues of M are

)\1 2042

1
2[—a5+aa+1+(a252+52—2aa25—2a5+a

+ a® + 2be — 2ab + o® — 2ab + b + 1)<1/2>], (3.14a)

1
Ay = 2[—a€+aa+1— (a?e® + €% — 2a0’e — 2ae + a®a?
+a® + 2be — 2ab + a® — 2ab + b* + 1)<1/2>]. (3.14b)
Since M is symmetric, \; and Ay are real numbers. Clearly A\; > Ay for any a, b and a. We

need to find the set of values of a for which both A\; > 0, so we will find the range of « for which

A2 > 0. By inspection we can see that this is

—<4+a+b—2Vab—eb<a<—e+a+b+2vVab—eb. (3.15)
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For any choice of « that satisfies (3.15), M is positive definite for all @ and b satisfying (3.8).
For the simple case where a and b are constants, we propose taking
a=a+b—c¢, (3.16)

but we emphasise that any choice of a between —¢ +a +b—2+v/ab — b and —e +a+ b+ 2+/ab — eb

will suffice.

Suppose we use the same example as presented in [47], where a = 1, b = 1 and ¢ = 10~%. Then,

from (3.6)
1 0

(A4 AT))2 = <1 0) ,

which is not coercive, since

0 0

has zero as an eigenvalue. On another hand, from (3.12b) and (3.13), we have

B_ 1.9997 —0.00010 and M — 1.9997 0.9999 .
1.9999 1 0.9999 1

The eigenvalues of M are \; = 2.617727 and Ay = 0.381972. So, M is symmetric positive matrix,

and, consequently, the matrix B is coercive.

For the analysis, it is helpful not only to show that the eigenvalues of M are positive but also
to give an e-independent lower bound for them, which, in turn, gives an e-independent bound for

v in (3.7). This, we now do.

Lemma 3.2.3. Let M be the matrix defined in (3.13). If we set a = a + b — ¢ as in (3.16), then

M is positive definite, and its smaller eigenvalue Ao, is bounded below as

b(a —¢€) br*

Ao > 5
2T @ tab+1 aZ+abt1

(3.17)

independently of €, where r* is as given in (3.8).

Proof. First, we will show that both of eigenvalues of M are positive, and, consequently, M is

symmetric positive definite. When a@ = a + b — &, we have

M= <(a+b—5)(a—6) a—s).
a—¢ 1

The smaller eigenvalue of M is A, as given in (3.14b), and with « = a + b — ¢, it is

1
)\2=2[(a2+ab—2a5—b5+52+1)

- (a4 + (2b — 4e)a® + (b* — 6be + 662 + 2)a® + (—2b%¢ + 6be? — 4¢3 — 2b — 4e)a

(1/2)
+0%e% 4+ (=26 + 2e)b + (2 + 1)2> ] (3.18)
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We can write Ay as the difference of two functions in a, b and &:
)\2 = Q(a/a b7€) - N(a, b,E),

where
Q(a,b,e) = (1/2)(a* + ab — 2ae — be +? + 1),

and

N(a,b,e) = (1/2)(a* + (2b — 4e)a® + (b* — 6be + 6 + 2)a”
+ (—26% + 6be? — 4e® — 2b — 4e)a + b2 + (—2¢% + 2e)b + (2 + 1)2) P,

Note that Q(a,b,e) > 0, N(a,b,e) = 0, and

Q(a,b,e)? — N(a,b,¢)* = b(a —¢) > 0, (3.19)

for any a, b and ¢ satisfying (3.8). From this we can see that Q(a,b,e) > N(a,b,¢) and, so, Ay > 0.

To establish a lower bound for Ay, we write

Q(a,b,e)*> — N(a,b,e)? = (Q(a,b,e) + N(a,b,e))(Q(a,b,e) — N(a,b,e)).

Therefore,

— _ Q(avb’5)2 —N(a,b,g)2 _ b(a—g)
A2 = Q(a,b,e) — N(a,b,e) = Q(a,b,2) + N(a,b,e)  Qa,b,e) + N(a,b,e)’

We know that
Q(a,b,e) + N(a,b,e) < 2Q(a,b,¢)

because Q(a,b,e) > N(a,b, ). Furthermore,
2Q(a,b,e) = a® + ab—2ae —be + >+ 1= (a—e)> +bla—¢) + 1 < a® +ab + 1.
So this, combined with (3.19) yields

- bla —¢) - br*
2Q(a,b,e) =~ a?+ab+1’

A2

for all a, b and ¢ satisfying (3.8a) and (3.8b).

L
Ezample 3.2.1. Suppose we take ¢ = 1074, @ = 2 and b = 4 in (3.1). Then
11.9992 —2.0001
B= 7 (3.20)
5.9999 1

and

o (119992 1.9999) (3.21)
1.9999 1
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The eigenvalues of M are
A1 =12.3515 and Ay = 0.6476.

Clearly, M is symmetric. In addition M is positive definite since the eigenvalues are positive.

Using the same data in (3.17), we get that
Ao > 0.6153,

which shows that the bound in (3.17) is sharp.

Theorem 3.2.4. Let B be the matriz in (3.12). If « = a + b — ¢, then B is coercive (see
Definition 3.2.1), with

br*

_. 3.22
a2+ ab+1 ( )

v =
Proof. Let M = (BT + B)/2. The quantity
Ryg(M) = —7—
is called the Rayleigh quotient of M, for the vector ¢. From, e.g., [44, Thm 5.12],
Rs(M) = Xy for all 7€ R%/{(0,0)T},
where \j is the smaller of the eigenvalues of M. But, for any v,
MG =1/2 (UT(BTU + Ba)) =1/2 (UTBTE + 17TBz7> = o B,

which completes the proof. U

3.3 The numerical method

3.3.1 Variational formulation

First, we denote the usual L?-inner product on the unit interval as

@)= [ a@pr
Then, the variational formulation of (3.11) is: find Z e (H{(0,1))? such that
B(z,7) = F(¥) forall ¥e (HL(0,1))?% (3.23)
where
B(Z,0) = ea(z],v]) + (25, v5) + (b1121,v1) + (b12z2,v1) + (b2121,v2) + (bazz2, v2), (3.24)

and

F(?0) := (f,v1)
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where b1; = a(a —¢), bija =a—e —b, ba; = o, and bes = 1.

The energy norm on (H}(0,1))? associated with the bilinear form B(-,-) on (Hg(0,1))%is | - ||5,
defined by

2 2 2 2 2
1215 := ea||1]]5 + [|z2]l5 + v(Ilz1ll5 + [l22115), (3.25)
where, as usual, v is the (coercivity) constant for the matrix B as in Definition 3.2.1.

Lemma 3.3.1. Let B be a bilinear form defined in (3.24). If we set o« = a+b— ¢ as in (3.16)
and v defined in (3.22), then B is is coercive, with respect to ||-||z; that is

B(#,4) = |l for all T = (v1,v2) € (H}(0,1))%. (3.26)

Also, B is continuous (bounded), i.e., there exists on constant C' such that

B(2,9)| < Czllg 1Tl for all 2,5 € (Hy(0,1))% (3.27)

Proof. From (3.24), we get
B(v1,03) := ea(v],v]) + (v, vh) + (br1vi, v1) + (b1av1, v2) + (ba1ve, v1) + (bagva, va).
Note that (v, v]) = ||v'1\|§ and (vh,v}) = ||v§\|§ Also, from Theorem 3.2.4,

B(U,7) = (bi1v1,v1) + (b12v2, v1) + (ba1v1, v2) + (baova, v2)

= J T (z)B(z)0(x)dx
0

1
> j 2 (2)3()dz = (o2 + [foa]2)-

Then (3.26) follows.
For the continuity result, using the Cauchy-Schwarz inequality, there is a constant C' such that

|B(Z,0)| < ea|(2],v])| + [(25, v5)] + [(br1z1,v1) + (b12z2,v1) + (ba121,v2) + (bazza, v2)|
< a2 [|vi] + 25 ]vs] + (2" B, D)

< eaf A lvil + Iz 0val + 127 Bl |5
< ealzi[|or]l + 125 01v2] + | Blmax] 21 ]

< Cleaf 21 [lvill + lz2lllval + 12117 < ClI218]7] 6,

where here | B|max denotes max; ; maxo<z<1 |bij(2)|, which is clearly bounded above. Thus (3.27)
holds. O

Note that the demonstration of Theorem 3.3.1 is largely elementary, once the coercive property

of B are established. In Chapter 6 identical reasoning will be applied for a system of four equations.

The results of Lemma 3.3.1 apply directly to show that (3.23) has a unique solution. This
result is called the Lax-Milgram Lemma, and is standard in any text addressing the mathematics

of finite element methods, e.g., [6, Theorem 2.7.7] or [35, Theorem 2.43].
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3.3.2 Shishkin mesh
We construct a standard Shishkin mesh with the mesh parameter

T = min{i,?x/gln]\f}. (3.28)

We now define two mesh transition points at x = 7 and x = 1 — 7. That is, we form a piecewise
uniform mesh with N/4 equally-sized mesh intervals on each of [0,7] and [1 — 7,1], and N/2
equally-sized mesh intervals on [7,1—7]. Typically, when ¢ is small, 7 « 1/4, the mesh is very fine

near the boundaries, and coarse in the interior. We refer to Section 2.3 for more details.

3.3.3 Finite element method

We define S to be the subspace of (H}(0,1))? made up of piecewise linear functions on the mesh
of Section 3.3.2. Then the discrete version of (3.23) is: find Z € S such that

B(Z,V)=F(V) forall Ves. (3.29)

Then, noting Lemma 3.3.1, standard finite element numerical analysis can proceed based on quasi-
optimal approximation properties of the finite element space, and interpolation error estimates.
This is due to Céa’s Lemma (e.g., [6, Theorem 2.8.1] or [35, Theorem 2.44]). That is, Céa’s

Lemma gives that, for any function Zin S.

2

)

B

7=Z|| <—|7-Z2

<5
By

where C and ~y are the constants in Lemma 3.3.1. This means, to conclude the analysis, we can

N 2
consider any Z € S for which one has a bound on ||Z— Z H . The most popular choice is to take
B

7 to be the piecewise linear interpolant to Z, see, e.g., [44, Chap. 11]. The details are standard,

so we do not give that here (see, e.g., Liu et al. [24]), but we can conclude that

-2 -
|2= 2|, = I = U"ll; +ea |’ = W[l3 + v (lu = UI + = W3) |7 - 2
< Cie’N7'InN + CoN~' + CsN 72, (3.30)

7= (:) and 7 = (?;) (3.31)

We are specifically interested in the singularly perturbed case, where ¢ « N~!. Thus, for

where

sufficiently small e, and large enough N, on expects the bound in (3.30) to simplify to

<CN™L. (3.32)

This is investigated in the following section.
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3.3.4 Numerical results

In this section, we present two examples. The first equation features constant coefficients and can
be solved exactly. The second equation has non-constant coefficients, and so we estimate the errors
in the numerical solutions based on a computed benchmark solution. Even though the coefficients

are non-constant, we show it is possible to find a constant o which satisfies (3.15).

We are primarily interested in the convergence of the finite element solution in the energy norm.
In particular, we would like to verify (7.32) and examine the contribution of each component in

(3.30). Although not covered by theory, we will also verify pointwise convergence.

We denote the error for given N and ¢ as
el
5 B

where Z is the finite element solution, and Z'is either the true or benchmark solution, as appropriate.

In addition, p& denotes the convergence rate of the error in the energy norm. It is computed as
EN
N ._ B
pg = log, ( gﬂ). (3.33)

By E¥(u) and EY(w) we denote the true or estimated maximum pointwise error in u and w,

respectively, and by p¥ (u) and pl¥ (w) the corresponding rates of convergence of v and w, i.e.,

EJ (u) EJ (w)
N © N ©
P (u) = log () and pg(w) := log () (3.34)
- T\EN ) - BN (w)
Ezample 3.3.1. We consider the following specific example of (3.1)
—eu®(2) + (4 + E)u”(ac) —u(z)=1+=z on Q:=(0,1), (3.35)

4

with boundary conditions

The solution is

5(32“”/\/5(6*2/\/g —-2)— 66*21/\/5(62/\/5 -2)
(e — 16)(e~2/VE — e2/VE)

u(z) = —(1+4+2x) +

16e=2/2(e!/2 — 2) — 16e*/2(e~1/2 — 2)
(e — 16)(e=1/2 — €1/2)

+

As per (3.15), we take v = 5 — 3¢/4, and then the system we solve is

- (E(? ?) ? +BzZ= ], (3.36a)

where

L (w [(5-3e/4)(4—3/4) 3 3¢/4 o (142
z<u>,B< 5 3c/4 ) ) andf( >, (3.36b)
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with boundary conditions

u(0) = w(0) = u(1l) = w(l) = 0. (3.36¢)

For this system, v is bounded by using Corollary 3.2.4, giving v ~ 0.1394. It can be verified
numerically that v ~ 0.1922 for all &, so this is quite sharp.

In Figure 3.1 we show u with e = 107! (left) and ¢ = 10~3 (right), which does not features
layers. In Figure 3.2 we show w with ¢ = 107! (left), which does not features layers. In contrast,
as shown in the graph on the right for smaller £ (in this case ¢ = 1072), the solution possesses

boundary layers near x = 0 and x = 1.

0 : 0
0.01
0.01
002}
0.02
003}
0.03
004
0.04 ' ' : T 005 ' ' : —
0 0.2 0.4 06 0.8 1 0 0.2 0.4 06 0.8 1
X X

Figure 3.1: The solution u to (3.35) with ¢ = 107" (left) and £ = 1072 (right).

0.08 . . : gE— 01—
0.081
0.06
0.06
0.04 |
0.04
0.02f
0.02
0 : 0
0 0.2 0.4 06 0.8 1 0 0.2 0.4 06 0.8 1
X X

Figure 3.2: The solution w in (3.35) with € = 107" (left) and & = 1073 (right).

In Tables 3.1 and 3.2, we present the error in the energy norm and the associated rates of
convergence computed when (3.35) is solved by the finite element method on the Shishkin mesh
of Section 3.3.2, but with a minor change to the transition point in (3.28), since the effective
perturbation parameter in (3.36) is ae. The numerical solution converges at a rate that is fully
first-order, independently of . For large ¢, it is clear that the error increases as ¢ initially decreases.
But for e = 1078 to € = 107'2, the method is clearly robust.

From (3.30), we see that Eév is comprised of four components. We now investigate each of
these. First in Table 3.3, we present |u’ —U’|2; it clearly shows that v’ is robustly estimated. Also,

the associated rates of convergence are fully first-order. Note that, particularly for smaller ¢, the
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Table 3.1: Ef for problem (3.35) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 1.103e-02 | 5.515e-03 | 2.758e-03 | 1.379e-03 | 6.895e-04
1.0e-02 || 2.750e-02 | 1.439e-02 | 7.285e-03 | 3.654e-03 | 1.828e-03
1.0e-04 || 2.120e-02 | 1.825e-02 | 1.384e-02 | 9.107e-03 | 5.465e-03
1.0e-06 || 1.434e-02 | 8.548e-03 | 5.381e-03 | 3.272e-03 | 1.891e-03
1.0e-08 || 1.359e-02 | 6.953e-03 | 3.627e-03 | 1.907e-03 | 9.994e-04
1.0e-10 || 1.351e-02 | 6.774e-03 | 3.403e-03 | 1.712e-03 | 8.610e-04
1.0e-12 || 1.351e-02 | 6.756e-03 | 3.380e-03 | 1.691e-03 | 8.460e-04

Table 3.2: pg for problem (3.35) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 1.000 1.000 1.000 1.000
1.0e-02 0.934 0.982 0.996 0.999
1.0e-04 0.216 0.399 0.604 0.737
1.0e-06 0.747 0.668 0.718 0.791
1.0e-08 0.967 0.939 0.928 0.932
1.0e-10 0.996 0.993 0.991 0.991
1.0e-12 0.999 0.999 0.999 0.999

quantities in Table 3.1 agree with those in Table 3.3, up to 3 or 4 digits, showing that |u' — U’||2

is the dominating term in Hé’— ZH . That is,
B

572“ ~ v = U|s.
B

Table 3.3: |u' — U’|2 for problem (3.35) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N = 256

1 1.719e-03 | 8.592e-04 | 4.296e-04 | 2.148e-04 | 1.074e-04
1.0e-02 || 6.176e-03 | 3.089e-03 | 1.545e-03 | 7.725e-04 | 3.862e-04
1.0e-04 || 1.126e-02 | 5.370e-03 | 2.558e-03 | 1.218e-03 | 5.798e-04
1.0e-06 || 1.327e-02 | 6.609e-03 | 3.290e-03 | 1.638e-03 | 8.153e-04
1.0e-08 || 1.348e-02 | 6.739e-03 | 3.368e-03 | 1.683e-03 | 8.414e-04
1.0e-10 || 1.350e-02 | 6.752e-03 | 3.376e-03 | 1.688e-03 | 8.440e-04
1.0e-12 || 1.350e-02 | 6.754e-03 | 3.377e-03 | 1.688e-03 | 8.442e-04

Next, in Tables 3.4, 3.5 and 3.6 we present the three other components in (3.30). From Table 3.4,
we can see that, for small ¢, the error term \/ae|w’ — W'||y (for fixed N) scales like £¥/2. Since
typically £ < In? N, this term does not dominate in Table 3.1. Furthermore, we can see that the
associated rates of convergence is only J(N~1In N). Table 3.5 verifies that |u — Ulg is 9(N—2),
uniformly in e, while in Table 3.6 we see that |w — W||y is 9(e'/2N~"In N). But in all three cases,

as expected, the quantities are dominated by those in Table 3.3.

Finally, for curiosity, we verify the pointwise convergence of the method. Tables 3.7 and 3.9
show that, for sufficiently small e, the pointwise convergence is parameter uniform. Tables 3.8
and 3.10 demonstrate that this convergence is fully second-order for u, and almost second-order
for w. This is not surprising, since, as shown in Figure 3.1 and Figure 3.2 there is no (strong)

boundary layer in w, but there is in w. This will be investigated more deeply in Chapter 4.



3.3 The numerical method

Table 8.4: /ae|w’ — W’|2 for problem (3.35) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 1.089e-02 | 5.448e-03 | 2.724e-03 | 1.362e-03 | 6.811e-04
1.0e-02 || 2.678e-02 | 1.406e-02 | 7.119e-03 | 3.571e-03 | 1.787e-03
1.0e-04 || 1.911e-02 | 1.775e-02 | 1.370e-02 | 9.062e-03 | 5.448e-03
1.0e-06 || 6.041e-03 | 5.614e-03 | 4.332e-03 | 2.866e-03 | 1.723e-03
1.0e-08 || 1.910e-03 | 1.775e-03 | 1.370e-03 | 9.062e-04 | 5.448e-04
1.0e-10 || 6.041e-04 | 5.614e-04 | 4.332e-04 | 2.866e-04 | 1.723e-04
1.0e-12 || 1.910e-04 | 1.775e-04 | 1.370e-04 | 9.062e-05 | 5.448e-05

Table 3.5: ||u — UJ2 for (3.35) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N =256

1 5.407e-05 | 1.353e-05 | 3.384e-06 | 8.460e-07 | 2.115e-07
1.0e-02 || 1.250e-04 | 3.126e-05 | 7.816e-06 | 1.954e-06 | 4.886e-07
1.0e-04 || 2.542e-04 | 5.150e-05 | 1.044e-05 | 2.192e-06 | 5.103e-07
1.0e-06 || 4.924e-04 | 1.211e-04 | 2.978e-05 | 7.323e-06 | 1.800e-06
1.0e-08 || 5.219e-04 | 1.303e-04 | 3.252e-05 | 8.116e-06 | 2.026e-06
1.0e-10 || 5.249e-04 | 1.312e-04 | 3.280e-05 | 8.199e-06 | 2.049e-06
1.0e-12 || 5.252e-04 | 1.313e-04 | 3.283e-05 | 8.207e-06 | 2.052e-06

Table 3.7: EZX (u) for problem (3.35) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N =256

1 2.863e-05 | 7.147e-06 | 1.786e-06 | 4.465e-07 | 1.116e-07
1.0e-02 || 3.280e-05 | 7.310e-06 | 1.841e-06 | 4.569e-07 | 1.140e-07
1.0e-04 || 7.744e-06 | 1.741e-06 | 9.876e-07 | 3.947e-07 | 1.183e-07
1.0e-06 || 1.378e-05 | 3.399e-06 | 8.413e-07 | 2.075e-07 | 5.118e-08
1.0e-08 || 1.443e-05 | 3.601e-06 | 9.021e-07 | 2.252e-07 | 5.624e-08
1.0e-10 || 1.449e-05 | 3.622e-06 | 9.082e-07 | 2.270e-07 | 5.675e-08
1.0e-12 || 1.450e-05 | 3.624e-06 | 9.088e-07 | 2.272e-07 | 5.680e-08

Table 3.8: p% (u) for problem (3.35) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 2.002 2.001 2.000 2.000
1.0e-02 2.166 1.990 2.010 2.002
1.0e-04 2.153 0.818 1.323 1.738
1.0e-06 2.019 2.015 2.019 2.020
1.0e-08 2.002 1.997 2.002 2.002
1.0e-10 2.001 1.996 2.000 2.000
1.0e-12 2.001 1.995 2.000 2.000

Table 3.6: |w — W|2 for (3.35) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N = 256

1 9.123e-05 | 2.281e-05 | 5.702e-06 | 1.426e-06 | 3.564e-07
1.0e-02 || 1.939e-03 | 5.136e-04 | 1.304e-04 | 3.272e-05 | 8.187e-06
1.0e-04 || 6.424e-03 | 3.763e-03 | 1.801e-03 | 7.103e-04 | 2.463e-04
1.0e-06 || 2.033e-03 | 1.190e-03 | 5.695e-04 | 2.246e-04 | 7.788e-05
1.0e-08 || 6.471e-04 | 3.768e-04 | 1.802e-04 | 7.103e-05 | 2.463e-05
1.0e-10 || 2.179e-04 | 1.206e-04 | 5.716e-05 | 2.249e-05 | 7.794e-06
1.0e-12 || 1.017e-04 | 4.247e-05 | 1.867e-05 | 7.208e-06 | 2.482e-06




3.3 The numerical method 53

Table 3.9: EZX (w) for problem (3.35) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N = 256

1 1.290e-04 | 3.221e-05 | 8.050e-06 | 2.013e-06 | 5.032e-07
1.0e-02 || 1.350e-02 | 3.018e-03 | 7.542e-04 | 1.873e-04 | 4.683e-05
1.0e-04 || 1.029e-01 | 7.394e-02 | 4.005e-02 | 1.586e-02 | 4.742e-03
1.0e-06 || 1.029e-01 | 7.394e-02 | 4.005e-02 | 1.586e-02 | 4.742e-03
1.0e-08 || 1.029e-01 | 7.394e-02 | 4.005e-02 | 1.586e-02 | 4.742e-03
1.0e-10 || 1.029e-01 | 7.394e-02 | 4.005e-02 | 1.586e-02 | 4.742e-03
1.0e-12 || 1.029e-01 | 7.394e-02 | 4.005e-02 | 1.586e-02 | 4.742e-03

Table 3.10: pX(w) for problem (3.35) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 2.002 2.000 2.000 2.000
1.0e-02 2.161 2.001 2.010 2.000
1.0e-04 0.477 0.885 1.336 1.742
1.0e-06 0.477 0.885 1.336 1.742
1.0e-08 0.477 0.885 1.336 1.742
1.0e-10 0.477 0.885 1.336 1.742
1.0e-12 0.477 0.885 1.336 1.742

Ezample 3.3.2. We consider another example, but with variable coefficients. We will take
a=2rx+1, b=4x+1 and f=1+z,

n (3.1). That is, we solve

—eu™ () + (22 + D" (z) — (4 + Du(z) =1+ = on Q:=(0,1), (3.37a)
with boundary conditions

w(0) = u”(0) = u(1) = u"(1) = 0. (3.37b)

We can not take a as in (3.16), since then it will be variable so (3.10) could not directly apply.
However, we can still choose an « that is constant (in x), and that satisfies (3.15). Specifically, we

choose v =2 — €.
In Figure 3.3, we show that « satisfies (3.15).

The system we solve is

e(2—¢) 0)\ _, 2-¢e)2r+1-¢) —2x—¢)_, (l+ux
—( 0 1)2 +( 2-2) ) )z—( 0 ), (3.38a)

with boundary conditions

u(0) = w(0) = u(1) = w(1) = 0. (3.38h)
For this system, v is bounded numerically, giving v ~ 0.38197.

In Figure 3.4 we show u (left) and w (right) both for e = 1073; as with u from Example 3.3.1,

the former does not features layers, but the latter does.

We will report the error for given N and €. As before, Z is the finite element solution, but

since the exact solution to (3.37) is not available to us, Z will be taken from a benchmark solution.
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= -e+a+b(ab-¢ b)"?
e} -
-e+a+b-(ab-¢ b) "2 -

X

Figure 3.3: Our chosen «, and its upper and lower bounds from (3.15).

x x

Figure 3.4: The solutions z1 = u and z2 = w to (3.38) with € = 1073,

Specifically, suppose Z is computed on a mesh with N intervals. In that case, z' is calculated
on a mesh with 8V intervals, but the same transition points (that is, the computational mesh is

uniformly refined three times to obtain the mesh on winch the benchmark solution is computed).

In Tables 3.11 and 3.12, we present the error in the energy norm, and the associated rates of
convergence computed when (3.37) is solved by the finite element method on the Shishkin mesh.
The numerical solution converges at a rate that is fully first-order, independently of e: although

the error increases as ¢ initially decreases, for ¢ = 1078 to e = 107'2, the method is clearly robust.

From (3.30), we see that Ef is comprised of four components. But we will present the first
component |u’ — U’||z in Table 3.13, which the results of this component are smaller to 3.11, up to

3 or 4 digits, showing that ||u’ — U’|2 is the dominating term in HZ— Z“B.

As discussed for Example 3.3.1, although EJ is comprised of four other error terms, it is
dominated by |« — U’|2. This is verified in Table 3.13: The entries shown in it agree with those
in Table 3.11, up to three or four digits.

Table 3.14 shows pointwise errors for the solution u. The results are qualitatively similar to
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Table 3.11: EJ for problem (3.37) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 2.812e-03 | 1.405e-03 | 7.025e-04 | 3.513e-04 | 1.756e-04
1.0e-02 || 1.126e-02 | 5.631e-03 | 2.816e-03 | 1.408e-03 | 7.040e-04
1.0e-04 || 1.889e-02 | 8.774e-03 | 4.079e-03 | 1.902e-03 | 8.913e-04
1.0e-06 || 2.445e-02 | 1.214e-02 | 6.026e-03 | 2.992e-03 | 1.486e-03
1.0e-08 || 2.506e-02 | 1.252e-02 | 6.254e-03 | 3.125e-03 | 1.561e-03
1.0e-10 || 2.512e-02 | 1.256e-02 | 6.277e-03 | 3.138e-03 | 1.569e-03
1.0e-12 || 2.512e-02 | 1.256e-02 | 6.279¢-03 | 3.139e-03 | 1.570e-03

Table 3.12: pg for problem (3.37) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 1.001 1.000 1.000 1.000
1.0e-02 1.000 1.000 1.000 1.000
1.0e-04 1.107 1.105 1.101 1.093
1.0e-06 1.010 1.010 1.010 1.010
1.0e-08 1.001 1.001 1.001 1.001
1.0e-10 1.000 1.000 1.000 1.000
1.0e-12 1.000 1.000 1.000 1.000

Table 3.7: for sufficiently small e, the method is e-uniformly pointwise convergent. Table 3.15
shows, however, that the rate of convergence is fully second-order again. Table 3.16 show that the
numerical approximation of w converges pointwise, uniformly in €, at an almost second-order rate.

We speculate that. Therefore, there is a constant C' independent of € and NV, such that

[u—Ullp v < CN™? and |w-— Wlpon < CN~2In’ N.

Table 3.14: EXY (u) for problem (3.37) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N = 256

1 3.746e-05 | 9.383e-06 | 2.345e-06 | 5.863e-07 | 1.466e-07
1.0e-02 || 5.862e-05 | 1.368e-05 | 3.362e-06 | 8.370e-07 | 2.090e-07
1.0e-04 || 9.283e-05 | 2.076e-05 | 4.616e-06 | 1.020e-06 | 2.241e-07
1.0e-06 || 1.302e-04 | 3.219e-05 | 7.975e-06 | 1.977e-06 | 4.901e-07
1.0e-08 || 1.340e-04 | 3.337e-05 | 8.329e-06 | 2.080e-06 | 5.197e-07
1.0e-10 || 1.344e-04 | 3.349e-05 | 8.365e-06 | 2.091e-06 | 5.226e-07
1.0e-12 || 1.344e-04 | 3.350e-05 | 8.368e-06 | 2.092e-06 | 5.229e-07

Table 3.13: |u’ — U’||2 for problem (3.37) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 1.988e-03 | 9.936e-04 | 4.968e-04 | 2.484e-04 | 1.242e-04
1.0e-02 || 1.115e-02 | 5.576e-03 | 2.788e-03 | 1.394e-03 | 6.971e-04
1.0e-04 || 1.887e-02 | 8.771e-03 | 4.079e-03 | 1.902e-03 | 8.913e-04
1.0e-06 || 2.442e-02 | 1.213e-02 | 6.026e-03 | 2.992e-03 | 1.486e-03
1.0e-08 || 2.502¢-02 | 1.251e-02 | 6.253e-03 | 3.125¢-03 | 1.561e-03
1.0e-10 || 2.509e-02 | 1.255e-02 | 6.276e-03 | 3.138e-03 | 1.569e-03
1.0e-12 || 2.509e-02 | 1.255e-02 | 6.279e-03 | 3.139e-03 | 1.570e-03
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Table 3.15: pX(u) for problem (3.37) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 1.997 2.000 2.000 2.000
1.0e-02 2.100 2.024 2.006 2.002
1.0e-04 2.161 2.169 2.178 2.186
1.0e-06 2.016 2.013 2.012 2.012
1.0e-08 2.006 2.002 2.001 2.001
1.0e-10 2.005 2.001 2.000 2.000
1.0e-12 2.005 2.001 2.000 2.000

Table 3.16: EZ (w) for problem (3.37) solved on a Shishkin mesh.

€ N =16 N = 32 N =64 N =128 | N = 256

1 1.061e-04 | 2.651e-05 | 6.628e-06 | 1.657e-06 | 4.142e-07
1.0e-02 || 2.575e-02 | 5.903e-03 | 1.442e-03 | 3.600e-04 | 8.977e-05
1.0e-04 || 1.176e-01 | 7.448e-02 | 3.511e-02 | 1.232e-02 | 3.671e-03
1.0e-06 || 1.173e-01 | 7.448e-02 | 3.516e-02 | 1.234e-02 | 3.678e-03
1.0e-08 || 1.173e-01 | 7.448e-02 | 3.517e-02 | 1.234e-02 | 3.679e-03
1.0e-10 || 1.173e-01 | 7.448e-02 | 3.517e-02 | 1.234e-02 | 3.679e-03
1.0e-12 || 1.173e-01 | 7.448e-02 | 3.517e-02 | 1.234e-02 | 3.679e-03

Table 3.17: p2 (w) for problem (3.37) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 2.001 2.000 2.000 2.000
1.0e-02 2.125 2.033 2.002 2.004
1.0e-04 0.659 1.085 1.511 1.746
1.0e-06 0.655 1.083 1.511 1.746
1.0e-08 0.655 1.083 1.511 1.746
1.0e-10 0.655 1.083 1.511 1.746
1.0e-12 0.655 1.083 1.511 1.746




Chapter 4

Finite differences for fourth-order
real-valued singularly perturbed

problems

4.1 Introduction

In this chapter we study the numerical solution, by finite difference methods, of a singularly
perturbed, fourth-order, real-valued reaction diffusion equations. Our model differential equation

is the same as Chapter 3:

—eu (@) 4o () ~bue) = f(x)  om  Q:=(0,1), (4.10)

subject to the boundary conditions
u(0) = u"(0) =0, u(1l) =u"(1) = 0. (4.1b)

As in Chapter 3, ¢ is a positive, real-valued parameter that is always at most 1, but the cases of
particular interest are when € « 1. The coefficient functions, a and b, and right-hand side function,

f, are real-valued functions on the interval ).

4.1.1 Outline

In Section 4.2, we introduce a family of fourth-order ordinary differential equations, focusing on a
problem studied by Shanthi and Ramanujam [38]. As in Chapter 3, we propose a new transfor-
mation for the problem, which transforms it into a system of two differential equations. However,
whereas in Chapter 3, this was to ensure the resulting system matrix is positive definite, here we
wish to use maximum/minimum principle techniques. In Section 4.3, in Lemma 4.3.1, we establish

a stability result and maximum principle for the differential operator of the system. Also, we

o7
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state and prove the bounds for the solution and its derivatives in Lemma 4.3.5. Section 4.4, we
describe a finite difference method for this problem, applied, initially, on an arbitrary mesh. We
then present a suitable layer adapted mesh, and the numerical analysis of method on this mesh.

Finally, in Section 4.5, numerical results are shown in support of the theoretical analysis.

4.2 Analysis of the continuous problem

We consider the real-valued fourth-order ordinary differential equation (4.1), and begin by dis-
cussing the assumptions made by Shanthi and Ramanujam [38]. They assumed that there exist

positive constants a*, b* and k that satisfy the following conditions:

a(z) = a* >0, (4.2a)
0= b(x) = —b*, b* >0, (4.2b)
a* — 2" >k > 0. (4.2¢)

In our case, we assume that a and b satisfy the following conditions:

aze+1r*>0, (4.3a)
b= s* >0, (4.3b)
b<e+r¥ (4.3¢)

for some positive constants r* and s*.

It appears that (4.3a) is a stronger assumption than (4.2a), since the latter gives no specific
lower bound on a. Also, (4.2b) is quite different to (4.3b), in our case the function b is positive
and having the upper and lower bound, but in (4.2b) the function is negative. Finally, note that
(4.2¢) is quite restrictive. For example, (4.3b) is not satisfied for —eu® + u” —u = f. For that
Shanthi and Ramanujam present another technique in [38, Section 6]. This so-called “adjoint”

‘

approach involves a system of four equations. For details, see Section 1.5.3

4.2.1 A second-order system

To analyse and solve (4.1), we follow the approach presented in Chapter 3, and transform it into

a system of two differential equations. We propose the transformation

wi=u" —u. (4.4)

That is,
' =w+ u, (4.5)
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which, when used repeatedly, gives

4)

u = w" +w + u.

With this, (4.1) can be transformed into a system of two equations of the form

—ew’" + (a—e)w+ (a—e—bu=f, (4.6a)
—u" +w+u=0, (4.6b)

subject to the boundary conditions

u(0) = w(0) =0, u(1l) = w(l) = 0. (4.6¢)
We can write this system as
L[7:=— (g ?) ' +BZ=f, (4.72)

where

7= (Z))’B:<a1€ “ib> and f = (é) (4.7b)

The boundary conditions are
0
Z(0) = Z(1) = < ) . (4.7¢)

4.3 Stability result and maximum principle

This section considers how a maximum principle analysis may be applied to the system. We will
use a Jacobi-type analysis to prove stability, which follows ideas from [19]. In doing so, we will

assume that all of the conditions in (4.3) hold.

From (4.3a) and (4.3b) note that the diagonal entries of B are positive. We can now define

decoupled operators associated with the diagonal entries of B,

Liw := —cw” + bjyw, (4.8a)
Lou:= —u" +u, (4.8b)
where by; = a — €.
Let us recall the standard concept of a mazximum principle.
Definition 4.3.1. A differential operator L, satisfies a maximum principle on the domain 2, if,

for any 1 for which Li)(z) is defined and non-negative, and |r > 0, then ¢ (z) = 0, for all x € (.

Note that, if L satisfies a maximum principle and, furthermore, Lt (z) < 0 and v|r < 0, then
P(r) <0, for all z € Q.
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Lemma 4.3.1. Let 7 = (v1,v2)T € C?(Q)? n C(Q)?, Then

lville < [L1vi/brae, (4.9a)

and

lv2llg < [[L2vz]e, (4.9b)

where byp = a — €.

Proof. Since the arguments are analogous, only the details for L; are given. Define the barrier
function & (z) = ||(Lv1)/b11]lq for all z € . We have

Li&i(z) = Li([(L1v1)/bifle) (z) = bua(@) ([(L1v1)/birlle) = buu(z) ([(Lavi)/bua(@)]) = [Livi(@)]-
Applying the maximum principle of Definition 4.3.1 with this barrier function gives
Li(&i(z) £ vi1(z)) = Li&i(x) & Livi(x) = 0,
since L1&1(z) = |Lyvi(2)|. Thus & (x) £ vi(x) = 0, and, therefore, |v1(z)| < [(L1v1)/b11]q- O
Next, let us define py := b12/b11 = (a —e —b)/(a — €) and py := be; = 1. Then, from (4.3)

(a—e—b)

W @<L (4.10)

0 < (p1p2)(z) =

for all x € Q.

Lemma 4.3.2. Let 7 = (w,u)T be the solution to (4.7). Fork =0,1,2,..., we define the sequence

of vector-valued functions

5K () ),

where 219 = 0, and Z¥1 solves

Lyw* = f — bput*=1 on Q, and w*(0) = wl*(1) = 0, (4.11a)
Loultfl = —lkl on Q) and u™(0) = w1 (1) = 0, (4.11b)
fork=1,2,.... Then limy_,o Z¥1 = Z. Moreover
12l < —— (If1/lbui])
o< —— .
- pP1p2 H

Proof. For k =0,1,2,..., we set ilkl = (ngk],ngk])T and 7ilFl = 7 2tk For k > 1, from (4.8)

and (4.11), we have
Llngk] = —bungk_l] on , (4.12a)

and

Lgngk] = —ngk] on ). (4.12b)
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From Lemma (4.3.1), we get

I q < [or2n 1 /b1 ]la < prlnd e, (4.13)
and
k
175 1q < n{q < pofnl]q. (4.14)

So, [A|g < prpa|AE=H| < (p1p2)*|AlY|. Tt follows from (4.10) that ||7il¥]|g — 0, and so

hmkaoo Z{k] = Z.

Setting RI¥ = #k] — Zk=1] for k= 1,2,..., (4.11) implies that

LiRM = b, RETY on @ (4.15a)
LoRY = by R on . (4.15b)
From Lemma (4.3.1), we have
IR g < [612RY 1 /bus e, (4.16)
and
|RY o < IR fboz o (4.17)

Thus |R¥|q < p1po||RF|q. Therefore |RI¥|q < (p1p2)* 1 |RM|q for k& = 1,2,3,.... Also,
since #10 = 6,

IR Yo = prpa| 0 < [71/1bus],

and, consequently,
IR o < (pap) " (1£1/ 1)

Finally, since z1% = 0, and

Ak _ gl 4 g1 44 R

18] = Jim | Z R < dim 37 (prp2) (1711 ]) = (HfH/anH)

k 1

O

Lemma 4.3.3. Let 7 = (w,u)? be the solution to (4.7) with f(0) > 0 for all x € [0,1], then
w(z) =0 and u(z) < 0.

Proof. Consider the sequence z{1], 7121 ... of solutions to (4.11). We use induction on k. For
k =0, we have z19 = 0 and
Llw[l] = f — blgu[o].

Since ul® = 0, and f = 0, so Lyw!!] > 0. Thus, from Definition 4.3.1,

Next, we have
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Since w!'l > 0, we get Loul'l <0, and thus
w1 <.

For k = n, suppose w!™ > 0 and ul™! < 0. Then

Lywl"™ = f — byl > 0,

since ul™ < 0. Thus w[®*1 < 0. Next

Loulrt1] = _ylnt1] 5

b

since wl™ 1 > 0. So

w1 <.

Thus, by induction, wl*] > 0 and ul*! < 0 for all k. Combining with Lemma 4.3.2, w(x) > 0 and

u(z) <0 for all x. O

Now we give an expression for the solution and its derivative for the non-singularly perturbed
problem, which we will use on the proof for the following lemma. The proof is elementary: substi-
tute (4.19) into (4.18) to verify it, and differentiate it to verify (4.20).

Lemma 4.3.4. If u(x) solves

—u"(z) + u(z) = g(x) on (0,1), subject to u(0) = u(1) = 0, (4.18)
then ) N .
u(x) = 5 ( — e*IJ e’g(s)ds + e“JJ esg(s)ds) +c(e”® —e”), (4.19)
0 0
where ¢ is a constant that ensures u(1) = 0, and depends on (integrals of ) g, but not its derivatives.
Furthermore,
( 1 z z k/2—1
= ( —e " J e’g(s)ds + e”J e_sg(s)ds> + Z g ()
2 0 0 20
+c(e™™ —e¥) k is even,
k
u® (z) = ) . N (k1)/2-1 (4.20)
= (e_’” J. e’g(s)ds + e* f e_sg(s)ds) + g @+ (z)
2 0 0 o
—c(e™™ +€%) k is odd.
where k =1,2,....

We now give sharp pointwise bounds on u, w and their derivatives.

Lemma 4.3.5. Let 7= (w,u)” be the solution to (4.7). Then there exists a constant C, which is

independent of €, such that
B (@) < C[1+ 012 B ()], (4.21)

and

w® ()] < O[1 + VDB ()], (4.22)
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where B.(z) 1= e Ve 4 e=(=0)VE gpd 1 =0,1,...,4.

Proof. From Lemma 4.3.2, we have (w!*l ul*l) — (w,u) as & — co. We use induction on
k. For k = 0, we have
[P =0 and @] =0,

for all I. Next, for k = 1, note that w!'! solves
Llw[l] = f7

since ul% = 0. So we can apply the result in e.g., [27, Lemma 6.2] to get that

(MO (@)] < O[1 + VDB (2)], (4.23)
forl =0,1,...,4.
Next, ulll solves
Loultl = —, (4.24)
From (4.23), it clear that
(@) < C. (4.25)

Also, |(ul)”(2)] < C, because from (4.11), we have
Loull = —(uMy” 4 4l = —yl1,

Therefore
(') (2) = w(2) + ul ().

Now, we need to check |(ulM)(z)|, |(ul™)”(z)|, and |(ul")®) (z)|. From Lemma 4.3.4, we can

see that

(u)(z) = % (e_z JCL e*wlll(s)ds — e” fl

e_sw[l](s)ds> —wl(a).
0 0

Combining this with (4.23), we get

(WY (@) < C. (4.26)
Differentiating (4.11), we get
()" (@) = (M) (@) + (V) (2), (4.27)
and so
(Y (@)] < CT1 + ™28, (a)]. (4.28)

Differentiating (4.27), we get

(W)@ (@) = ()" (2) + ()" (). (4.29)
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From (4.23) and |(ul')"(x)| < C, we can see that

(B (@) < e[t + VB ()] (4.30)
For k = n, suppose
(W™D ()] < C[1 + V2 B ()], (4.31)
and
\(u[”])(l)(x)\ <C[1+ E(1—1/2)55(35)]7 (4.32)

hold for all { = 0,1,...,4.
For k = n + 1, note that w(™*! solves
Lywlm ) = F— pouln], (4.33)

From (4.25), we can see that

w1 (z)] < C. (4.34)

We need to check |(w!t1) (), [(w!* 1) (2)|, |(w** 1) ()|, and |(w!*+*1)H) (z)]. By differenti-
ating (4.33) we get

(L™ ) = (f = bioul"Y (2) = f'(2) = bra(ul") (z) = bipul") (). (4.35)
From (4.32), we can see that
[(w" ™Y (2)] < C[1 + Y2 B ()] (4.36)

Repeating the process, and using the bounds established for the lower-order derivatives, gives

|(w[n+1])//(l,)| < C[l + 6(71)56(1')]3 (437)
(w7 ()] < C[L + 32 B.(2)], (4.38)
and
|(w[n+1])(4)(£17)| <C[1+ 5(*2)&5(1;)]. (4.39)
Next, ul»*1 solves
Lgu[n+1] = _b21w[n+1]. (440)

So, using the above bounds, along with Lemma (4.3.4), gives
ul"* (@) < C, (4.41)

(") (@) < C, (4.42)

(") (2)] < €,
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|(uP ) (2)| < C[1 + e Y2B.(2)], (4.43)
and
Thus, by induction,
(Wl D ()] < CL + eV B ()], (4.45)
and
(YD (2)] < C[1 + e B, (2)], (4.46)
for all k. =

4.4 The numerical method

4.4.1 The finite difference method for system

Consider an arbitrary mesh, QY := {0 = 7p < 2y < -+ < oy = 1}, where h; = x; — x;_; and

hi = (zi4+1 — x;—1)/2. The standard second-order approximation of a second derivative is

1 1

(i) ~ D?uy = ——ui1 — (7 + 77—
w(=i) B hihiu ! (hihi - hit1h;

Ju; Uit (4.47)

* hihiyt

The finite difference method for equation (4.7) is: find Z(x;) = (W;, U;)T fori=1,...,N —1.
such that

INZ(x;) = — (g ?) D?Z(x;) + B(x:)Z(x) = flx), (4.48)
with the boundary conditions
Z(xo) = Z(zn) = 0. (4.49)

Writing this as a system of two equations gives

SN { —eD*W; + (a(z;) — e)W; + (a(z;) — b(z;) — e)Ui = f(w;), (4.50a)
. - D2U1 +W; +U; =0, (450b)

with the boundary conditions

Uo = Wo = UN = WN =0. (4.50C)

4.4.2 Shishkin mesh
We construct a standard Shishkin mesh with the mesh parameter

1
T = min{IQ\/glnN}. (4.51)
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We now define two mesh transition points at © = 7 and x = 1 — 7. That is, we form a piecewise
uniform mesh with N/4 equally-sized mesh intervals on each of [0,7] and [1 — 7,1], and N/2
equally-sized mesh intervals on [7,1 —7]. Typically, when ¢ is small, 7 « 1/4, the mesh is very fine

near the boundaries, and coarse in the interior.

4.4.3 Numerical analysis

Define the decoupled operators

L{VW = —eD?W + b1 W, (4.52&)
LYU := —D?U + U. (4.52b)

We also mention that these scalar operators satisfy a discrete maximum principle for finite

difference operators.

Definition 4.4.1 (Discrete maximum principle). A finite difference operator LV, satisfies a dis-
crete maximum principle on the domain Q¥ if, for any v for which L™ (z;) is defined and
non-negative, and ¢|p = 0, then (x;) > 0, for all z; e QN fori =1,... N — 1.

Note that, if LY satisfies a maximum principle, then, L™ (x;) < 0 and |r < 0, furthermore,
Y¥(z;) <0, for all z € QV.

Lemma 4.4.1. Let V = (Vi,Va)T € C2(Q)2 A C(Q)2, Then
IVillg < 1(LYV1)/bus e, (4.53)

and

IVallo < I(L37V2) e (4.54)

Proof. Since the arguments are analogous, only the details for LY are given. Define the barrier
function 1y (z) = ||[(LNV2)/b11|q for all z € Q. We have

Li'm(z) = L (|(L2 V1) /bu ) () = bua (@) (| (L1 V2) /b1 ])) = bua (2) (|(L2 V) /oua]) = L2 VA ().
Applying the maximum principle of Definition 4.4.1 with this barrier function gives
Ly (m(2) £ Vi(x)) = LY'm(z) + LY Vi(z) =0,

since LYV (z) = |LYVy(x)|. Thus n;(z) + Vi(z) = 0, and, therefore, |V (z)| < (LY V1) /b11]o. O

4.4.4 Theorem

We can now state the error result for the method. The proof result follows from the standard
arguments (e.g., [27, Chapter 6]) thanks to the e-uniform stability that we have established, and

so is not included.
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Theorem 4.4.2. Let QO be the Shishkin mesh defined in Section 4.4.2, and let 7 = (W,U)T be
the solution to (4.48) on this mesh. If 7= (w,u)T solves (4.7), then

12— Z|an = |6 — Ullgn + |0 — W]y < CN~2In® N, (4.55)

for some constant C.

Remark 4.4.1. From the result of (4.55), we can see that

[ — Wy < C1N"2In*N, (4.56)
and
i — Ulgy < CoN~21In? N, (4.57)

for some constants C7 and Csy. From the numerical results in Section 4.5, we can see that the error
bound in (4.56) appears sharp, but, in the bound in (4.57) appears not to be, and, in practice on
observes that

|6 — Ulgy < CoN72, (4.58)

4.5 Numerical results

In this section, we will present two examples, The first one has constant coefficients, and so the
exact solution is available to us when computing errors. The second one has variable coefficients,
we do not have its exact solution, so we estimate the error using the benchmark solution computed

numerically. We report the error for given N and ¢ as

EN = max |u(z;) — Uyl

1=0,...,

The associated rate of convergence is
~ EY
N = log, (1\‘;0/2) (4.59)
Ex
Ezample 4.5.1. Consider the following specific example of (4.1). We will take
a=4, b=2 and f =1,

so the problem is
—eu®(2) + 40" (z) — 2u(x) = 1.
Written as a system this is
—ew”" +(d—)w+ (2—¢e)u=1, (4.60a)
—u"+w+u=0, (4.60b)

subject to the boundary conditions

u(0) = w(0) =0, u(1l) = w(l) = 0. (4.60c)
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B ((4—5) 2—5>'
1 1

We can see that py := b1a/b1; = (2—¢)/(4 —¢) and ps := by; = 1. Then, from (4.3)

The coupling matrix is

2—¢
< 1. 4.61
1 : (4.61)

lp1p2| =

In Figure 4.1 we show u with e = 107! (left), and ¢ = 1073 (right), neither of which features
layers. In Figure 4.2 we show w with ¢ = 107! (left), which does not features layers. In contrast,
as shown in the graph on the right for smaller £ (in this case ¢ = 1073), the solution possesses

boundary layers near x = 0 and = = 1.

0
0005
-0.01
-0.015
-0.02
0.025 " " . . =u 003 " " " " L " L " "
0 0.2 0.4 0.6 0.8 1 o 01 02 03 04 05 06 07 08 09 1
X X
Figure 4.1: The solutions u to (4.60) with ¢ = 107" (left) and ¢ = 1073 (right).
0.25 : . ; — = 0.3 : . ‘ — =
0.25
02f
02}
0.5
0.15
01f
01
005 |
0.0
0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 4.2: The transformation w to (4.60) with ¢ = 107" (left) and £ = 107> (right).

Tables 4.1 and 4.3 present the pointwise computed when (4.60) is solved by the finite difference
scheme on Shishkin mesh. So, for small £, we can see that the pointwise convergence is parameter
uniform. Tables 4.2 and 4.4 demonstrate that this convergence is fully second-order for u which, as
previously noted in Remark 4.4.1, suggests that the error bound is suboptimal for this component.
For the w component, we observe almost second-order convergence. That is, we observe the

logarithmic factor in practice, suggesting the bound for w is sharp.
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Table 4.1: EX (u) for problem (4.60) computed on a Shishkin mesh.

€ N =16 N =32 N = 64 N =128 N = 256

1 1.8824e-05 | 4.7130e-06 | 1.1787e-06 | 2.9470e-07 | 7.3676e-08
1.00e-02 || 1.1731e-05 | 3.2272e-06 | 8.6635e-07 | 2.1815e-07 | 5.4638e-08
1.00e-04 || 8.6333e-06 | 1.7469e-06 | 3.5013e-07 | 6.9793e-08 | 1.3938e-08
1.00e-06 || 1.6993e-05 | 4.1795e-06 | 1.0273e-06 | 2.5245e-07 | 6.2028e-08
1.00e-08 || 1.8054e-05 | 4.5095e-06 | 1.1257e-06 | 2.8097e-07 | 7.0127e-08
1.00e-10 || 1.8163e-05 | 4.5434e-06 | 1.1359e-06 | 2.8394e-07 | 7.0972e-08
1.00e-12 || 1.8174e-05 | 4.5468e-06 | 1.1369e-06 | 2.8423e-07 | 7.1059e-08

Table 4.2: 5" (u) for problem (4.60) computed on a Shishkin mesh.

€ N=16—-32 | N=32-64 | N=64—-128 | N =128 — 256

1 1.998 1.999 2.000 2.000
le-02 1.862 1.897 1.990 1.997
le-04 2.305 2.319 2.327 2.324
1le-06 2.024 2.024 2.025 2.025
1le-08 2.001 2.002 2.002 2.002
le-10 1.999 2.000 2.000 2.000
le-12 1.999 2.000 2.000 2.000

Table 4.3: EXY (w) for problem (4.60) computed on a Shishkin mesh.

€ N =16 N = 32 N = 64 N =128 N = 256

1 6.6395e-05 | 1.6617e-05 | 4.1553e-06 | 1.0389e-06 | 2.5973e-07
1.00e-02 || 5.1087e-03 | 1.3945e-03 | 3.6594e-04 | 9.2109e-05 | 2.3112e-05
1.00e-04 || 1.0325e-02 | 7.8559e-03 | 3.7418e-03 | 1.3257e-03 | 4.5039e-04
1.00e-06 || 1.0325e-02 | 7.8560e-03 | 3.7419e-03 | 1.3257e-03 | 4.5039e-04
1.00e-08 || 1.0325e-02 | 7.8560e-03 | 3.7419e-03 | 1.3257e-03 | 4.5039e-04
1.00e-10 || 1.0325e-02 | 7.8560e-03 | 3.7419e-03 | 1.3257e-03 | 4.5039e-04
1.00e-12 || 1.0325e-02 | 7.8560e-03 | 3.7419e-03 | 1.3257e-03 | 4.5039e-04

Table 4.4: 5 (w) for problem (4.60) computed on a Shishkin mesh.

€ N=16—-32 | N=32—-64 | N=64—-128 | N =128 — 256

1 1.998 2.000 2.000 2.000
le-02 1.873 1.930 1.990 1.995
le-04 0.394 1.070 1.497 1.558
1le-06 0.394 1.070 1.497 1.558
1e-08 0.394 1.070 1.497 1.558
le-10 0.394 1.070 1.497 1.558
le-12 0.394 1.070 1.497 1.558

Ezample 4.5.2. We consider another example for (4.1), but with variable coefficients. We will take
a(z) =2z +1, bx)=4x+1, and f(z)=1+=z.

We have
—ew” + (2 +1—e)w+ (-2 —e)u =1+, (4.62a)
—u" +w+u=0, (4.62Db)

subject to the boundary conditions

u(0) = w(0) = 0, u(1) =w(1) = 0. (4.62¢)
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We can write this system as

P (w>7B=<(2x+1—6) —2x—5> andf= <1+x>.
U 1 1 0

We can see that py := b12/b1; = (=22 — ¢)/(2x + 1 — ) and psy := by; = 1. Then, from (4.3)

where

—2r —e¢

—| <1 4.64
2x+1—€| ’ ( )

p1p2| = |
providing € < 1/2.

For this system, we will report the maximum pointwise error for given N and ¢ as Eg (u) and
EN (w) in u and w, respectively, and by p% (u) and p (w) the corresponding rates of convergence

of v and w.

In Figure 4.3, we plot solutions to u (left) and w (right) with ¢ = 1073. As in the previous

example, w exhibits a layer, but u does not.

[—w]
-0.01 4 08 1
-0.02 4 0.7
-0.03 1 06
-0.04 | 1 0.5}
-0.05 1 0.4 [}
-0.06 [ 1 0.3
-0.07 1 0.2
-0.08 1 0.1
p—

008 . . ‘ ‘ o ‘ . . ‘

] 0.2 0.4 0.6 0.8 1 ] 0.2 0.4 0.6 0.8 1

X X

Figure 4.3: The solutions to u (left) and w (right) with ¢ = 1072 to (4.62).

Tables 4.5 and 4.7 present the pointwise errors computed when (4.62) is solved by the finite
difference scheme on Shishkin mesh. The error initially increases as € decreases, but for the
smallest values of €, the method is robust. Tables 4.6 and 4.8 we can see that the numerical
solution converges at a rate that is a full second-order for u, and an almost second-order for w,

independently of e.

Table 4.5: EX (u) for problem (4.62) computed on a Shishkin mesh.

€ N =16 N = 32 N = 64 N =128 N = 256

1 3.7820e-05 | 9.4743e-06 | 2.3698e-06 | 5.9253e-07 | 1.4814e-07
1.00e-02 || 6.5015e-05 | 1.7221e-05 | 4.3392e-06 | 1.0904e-06 | 2.7275e-07
1.00e-04 || 1.0654e-04 | 2.2285e-05 | 5.8369e-06 | 1.4701e-06 | 3.5802e-07
1.00e-06 || 2.1411e-04 | 5.2935e-05 | 1.3039e-05 | 3.2015e-06 | 7.8587e-07
1.00e-08 || 2.2798e-04 | 5.7489e-05 | 1.4366e-05 | 3.5885e-06 | 8.9557e-07
1.00e-10 || 2.2940e-04 | 5.7959e-05 | 1.4503e-05 | 3.6291e-06 | 9.0718e-07
1.00e-12 || 2.2954e-04 | 5.8006e-05 | 1.4517e-05 | 3.6332e-06 | 9.0835e-07
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Table 4.6: 5" (u) for problem (4.62) computed on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 1.997 1.999 2.000 2.000
le-02 1.917 1.989 1.993 1.999
le-04 2.257 1.933 1.989 2.038
1e-06 2.016 2.021 2.026 2.026
1e-08 1.988 2.001 2.001 2.002
le-10 1.985 1.999 1.999 2.000
le-12 1.984 1.998 1.998 2.000

Table 4.7: EY (w) for problem (4.62) computed on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 N =256

1 7.5637e-05 | 1.8954e-05 | 4.7427e-06 | 1.1857e-06 | 2.9645e-07
1.00e-02 || 1.1253e-02 | 3.0288e-03 | 7.7268e-04 | 1.9439e-04 | 4.8742e-05
1.00e-04 || 2.6725e-02 | 1.7795e-02 | 7.6278e-03 | 2.7326e-03 | 9.0323e-04
1.00e-06 || 2.6581e-02 | 1.7723e-02 | 7.5971e-03 | 2.7210e-03 | 8.9932e-04
1.00e-08 || 2.6567e-02 | 1.7716e-02 | 7.5940e-03 | 2.7198e-03 | 8.9894e-04
1.00e-10 || 2.6566e-02 | 1.7715e-02 | 7.5937e-03 | 2.7197e-03 | 8.9890e-04
1.00e-12 || 2.6566e-02 | 1.7715e-02 | 7.5937e-03 | 2.7197e-03 | 8.9889%e-04

Table 4.8: 5 (w) for problem (4.62) computed on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 1.997 1.999 2.000 2.000
le-02 1.893 1.971 1.991 1.996
le-04 0.587 1.222 1.481 1.597
1le-06 0.585 1.222 1.481 1.597
1e-08 0.585 1.222 1.481 1.597
le-10 0.585 1.222 1.481 1.597
le-12 0.585 1.222 1.481 1.597




Chapter 5

A general fourth-order
complex-valued singularly

perturbed problem

5.1 Introduction

In this chapter, we are interested in the properties of certain fourth-order, complex-valued reaction-
diffusion differential equations. Specifically, we discuss how these equations can be reformulated
as coupled systems in various ways and what these formulations reveal about the equations and
their solutions. For example, they can be used to study the stability of the differential operators

or the positivity /negativity of their solutions.

Specifically, this chapter aims to present a new technique for transforming general fourth-order
complex-valued singularly perturbed problems into coupled systems of real-valued second-order
equations. This then allows us to prove the coercivity of the coupling matrix of this system,
subject to certain conditions on the coefficients. Such results can be used, in turn, in finite element

analyses; see Section 3.3.3.

We also propose an iterative approach for solving (exactly) this system, and we show that it
converges uniformly with respect to the singular perturbation parameter. This iterative process is
useful for several theoretical reasons: it allows us to establish bounds on the components of the
solution, determine their sign, and derive bounds on their derivatives. All these are useful in the

analysis of finite difference methods for these problems.

Since this chapter features a study of the mathematical properties of the equations, and not
their numerical solution, we do not discuss the approximation of solutions in this chapter. That is
the subject of Chapters 6 and 7. However, to help with the exposition, we will present the results
of some computations based on the MATLAB “Chebfun” package [12].

This chapter is organized as follows. In Section 5.2, we present a general fourth-order complex-
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valued problem, discuss how it can be solved using Chebfun, and present a motivating example.
In Section 5.3 we show ways to rewrite such a problem in terms of real-valued systems. First, in
Section 5.3.1, we transform our model fourth-order complex-valued problem into a system of two
fourth-order real-valued problems. Then, in Section 5.3.2 (following the exposition in Chapter 3)
we present a further transformation into a real-valued second-order system. Again we show how to
solve this problem with “Chebfun”, and verify that all three formulations are essentially equivalent.
In Section 5.4 we show how to determine the value of the parameters in the transformation (subject
to reasonable assumptions) that ensure that the resulting coefficient matrix of the system’s zero-
order term is coercive. Such a result is very important, especially in the context of finite element
analysis; see Chapter 6. In Sections 5.4.2 and 5.4.3 we demonstrate how to use an eigenvalue test

to apply this analysis to different cases.

In Section 5.5 we tackle a different form of analysis of the differential operator. That is, we
establish the stability result of the differential operator for the system of four equations solved using
a Gauss-Seidel method. Such stability results are key to proving the convergence of finite difference
methods: see Chapter 7. We present a new block-iterative method that extends the analysis to
this system. Also, we present a fully iterative method by using the ideas from Lemma 4.3.2 to
show that the method converges. In Section 5.6 we establish the Maximum Principle of differential
operator for the system of four equations solve by the fully iterative method. Also, we state the

bounds for the solution and its derivative in Lemma 5.6.2.

5.2 A general fourth-order problem

5.2.1 The equation

The fourth-order complex-valued reaction-diffusion differential equation we will study is, in its

most general form,

—eu®(z) + au’ (z) — bu(z) = f(2) on  Q:=(0,1), (5.1a)

subject to the boundary conditions
u(0) = u"(0) =0, u(l) =u"(1) = 0. (5.1b)

Here, as usual in this thesis, £ € (0,1]. However, unlike Chapters 3 and 4, we assume that the
coeflicient functions, a and b, and the right-hand side function, f, are complex-valued functions on
the interval 2, and may have non-zero imaginary parts. However, it is often convenient to express

(5.1a) in terms of real-valued coefficients:

—eu(2) + (ar + i) (@) — (b +ibu@) = (fr +if)(@) o Q:i=(0,1), (5.2)

where
a=a,+ia;, b=b.+ib;, and f=f.+if; (5.3)

and a,, a;, b, b;, f and f; are all real-valued functions; of course, i = v/—1 is the imaginary unit.
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As alluded to earlier, we are interested in the properties of the differential operator when recast
as a coupled system. Throughout this chapter, we shall endeavour to make minimal assumptions
on the problem data, and will distinguish between those needed to ensure that, for example, the
operator is coercive (see Section 5.4) and those that ensure an iterative algorithm for the system
converges (see Section 5.5). However, in all instances, we will assume that there exists a positive
o such that

ar(z) =2 0>0 for all z € €. (5.4)

5.2.2 Solving with Chebfun

As mentioned in the introduction, in this chapter, we are not interested in the numerical solution
of this equation. However, we do wish to compute (extremely accurate) solutions as part of the

exposition.

Chebfun [12] is a freely available MATLAB [26] toolbox for working with functions of real
variables. It aims to combine the efficiency of numerical computing systems (like MATLAB or
Octave [13]) and the ease of use of symbolic computing systems (like Maple [28], SageMath [41]
or Mathematica [17]). It does this by representing functions that a user defines by extremely
accurate polynomial approximations, and then performing computations on these polynomials.
Chebyshev methods are used to construct these polynomial approximations (called “chebfuns”).
Then the toolbox allows the user to perform standard tasks, such as integration or differentiation
of the functions, or even solving differential equations with these Chebfuns as coefficients. The
software makes use of MATLAB’s object-oriented programming, so that the technical details are

hidden from the user while making the package very easy to use.

The original version of Chebfun dates from 2004 [4]. However, it is under continuous develop-

ment, particularly to extend its functionality to higher-dimensional problems [12].

There has been relatively little work on applying Chebfun to solving singularly perturbed
problems, particularly because representing functions with layer-type behaviour can be difficult.

However, it is known to be feasible, if the correct splitting is used [1].

In this chapter, we wish to present methods of solving fourth-order problems iterative, where
each iterate is a second-order equation. If each of these equations can be solved exactly (rather

than numerically), we will see that the sequence converges. This is why we use Chebfun.

First, however, we will solve (5.2) non-iteratively. In Figure 5.1 to do this, where ¢, a,, a;, b,
b;, fr and f; are defined terms.

Figure 5.1: MATLAB/Chebfun code to solve (5.2)

L = chebop(@(x,u) -epsilon*diff(u,4) + (ar+ixai)x*diff(u,2) - (br+i*bi)*u -
f, domain) ;

rhs=0;
L.bc = @(x,u) [u(0); feval(diff(u,2),0); u(l); feval(diff(u,2),1)];

u = solvebvp(L, rhs, options);
w = diff(u,2);
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5.2.3 A motivating example
We consider an example of (5.2) with a, =4, a;, =2,b.=6,b; =2, f, =1and f; =0, i.e,
—eu () + (4 4 20)u" (z) — (6 + 2i)u(z) = 1 on Q:=(0,1). (5.5a)
subject to the boundary conditions
u(0) = u"(0) = 0, u(l) =u"(1) = 0. (5.5b)
This is easily solved using the code presented in Figure 5.1, setting the appropriate values for the

coefficients. In Figure 5.2, we show the real and imaginary parts of u computed with ¢ = 107!
(left) and € = 103 (right). Note that neither feature obvious layers.

0.01

0.015

0.01
0.005

-0.005 [

-0.015

x x

Figure 5.2: Solutions to (5.5) with ¢ = 107" (left) and € = 1072 (right).

However, there are weak layers present in the solutions to (5.5). These can be seen in Figure 5.3,
where we plot the second derivative of the solution, v”. Again, on the left, we have ¢ = 1071,
which does not feature layers, while, in contrast, on the right, for smaller € (in this case e = 1073),

there are layers near x = 0 and « = 1, in both the real and the imaginary parts.

0.2 . . . Rola 0.2
= = Imag(u")
0.15 0.15
0 01
0.05 0.05
— Real(u")
- = Imagiu")
[ 3 of
~ rd
”
= ~ - n
-~ - I
-0.05 ~a - 0.05 [ 1
- - ! B
______ \
N il e P 7
0.1 " " . . 0.1 . " . .
a 0.2 0.4 0.6 0.8 1 a 0.2 0.4 0.6 0.8 1
X X

Figure 5.3: The second derivative of solutions to (5.5) with € = 107" (left) and ¢ = 1073
(right).
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5.3 From a 4th-order complex-valued problem to a real-

valued system of 2nd-order problems

In this section, we investigate how to transform (5.2) into a coupled system of four second-order
real-valued problems in such a way that the coupling matrix is coercive. The first step is to
transform (5.2) into a system of two real-valued fourth-order problems. Then we transform this

into a system of four real-valued, second-order differential equations.

5.3.1 Writing (5.2) as a system of real-valued, fourth-order equations

We will show how to transform a fourth-order complex-valued problem into a coupled system of
two fourth-order problems, following the ideas in Section 2.4.1 for a second-order complex-valued
problem. That is, we equate the real and imaginary parts in (5.2) separately. Specifically, as

with (5.3), we let u, and wu; be real-valued functions such that
U = Up + LUy,

and which satisfy

_Eur4) + G‘Tu;”/ - aiu;/ — beuy + biu; = fr, (56&)
—eul” + agu + apul — b, — bpu; = fi. (5.6b)

Tt is clear that the solution to (5.6) satisfies (5.2). Although it is not crucial to our approach,
we note that each of these problems could be solved using the real-valued finite difference method
of Section 4.4.

The system in (5.6) can also be solved using Chebfun, with, for example, the code in Fig-
ure 5.4. We don’t present graphs of the results since they are indistinguishable from those shown

in Figure 5.3: they differ by approximately 10716,

Figure 5.4: MATLAB/Chebfun code for solving (5.6)

domain = [0,1];
L_system = chebop(@(x,ur,ui)

[-epsilon*diff (ur,4) + ar*diff (ur,2) - aixdiff(ui,2) - br*ur + bi*ui - fr;
-epsilon*diff (ui,4) + ai*diff(ur,2) + ar*diff(ui,2) - bi*ur - brxui - fi],
domain) ;

; options = cheboppref ();

rhs_system = [0;0];
L_system.bc = @(x,ur,ui)
[ur (0); feval(diff (ur,2),0); ur(1); feval(diff (ur,2),1);
ui(0); feval(diff(ui,2),0); ui(1); feval(diff (ui,2),1)];
[ur, ui] = solvebvp(L_system, rhs_sys2, options);
wr = diff (ur,2);

5 wi = diff (ui,2);

However, (5.6) is just an interim transformation: we actually wish to reduce (5.6) to a system
of four second-order real-valued equations. But there is more than one way to do this, and different

approaches may have different properties (desirable or otherwise).
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5.3.2 Writing (5.2) as a system of real-valued, second-order equations

In this section, we will propose a transformation for converting the pair of real-valued fourth-order
equations (5.6) into a system of four second-order real-valued equations. The transformation fea-
tures two parameters that can be chosen to ensure that the resulting system has certain properties.

We'll discuss a specific example that ensures that the coupling matrix is coercive.
We propose a transformation defined by introducing the term

u”—,@u
wi= —,

. (5.7)

where « and 3 are non-zero, real-valued constants chosen depending on the problem data. Clearly

(5.7) makes sense only when « # 0. We discuss why S # 0 in Remark 5.4.1.

The expression in (5.7) can be written as

v’ = aw + Bu. (5.8)

Differentiating twice, we get

u® = aw” + afw + fu.

With this, (5.6) can be transformed to a system of four equations of the form

—caw! + ala, — ef)w, — aa;w; + (a8 — f® — by )u, + (b — a;if)u; = fr, (5.9a)
—eaw! + aa;w, + ala, —ef)w; + (a; — bi)uy + (a8 — B — by u; = fi, (5.9b)
—uy + aw, + Bu, = 0, (5.9¢)
—u) + aw; + Bu; =0, (5.9d)
with boundary conditions
u(0) = w(0) =0, u(l)=w(l) =0 (5.9¢)
Setting 2’ = (wy, w;, uy, u;)", we can write (5.9) in matrix form:
e 0 0 O
- 0 0 0 -
[7:=— = # +BZ= T, (5.10a)
0 0 1 0
0 0 01
where
a(ar - Eﬁ) —Qa; ar/B - 552 - br bz - aiﬁ fr
7 r (1 bz rM z_ br v i
B= ad alar =) af arf = eb and = | 7] (5.10m)
a 0 8 0 0
0 a 0 38 0

It is easy to verify that any Z satisfying (5.10) will correspond to a solution (5.1). However,

the form of the problem in (5.10) has numerous advantages, in theory and practice, over (5.1).
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From a theoretical view point, the analysis of second-order problems is more developed than that
for fourth-order problems, so these analyses can be applied to (5.10) (most books on boundary
value problems are primarily focused on second-order equations; few even mention fourth-order

problems).

From a practical view-point, there are far more numerical solvers available for second-order
problems compared to fourth-order ones. If these solvers are for coupled systems, they can be
applied directly to (5.10); this is done in Figure 5.5 below where the Chebfun solver in MATLAB is
used. (Later, in Section 5.5 we discuss how to apply solvers for scalar equations to this problem).
We have verified that the solution given by the code in Figure 5.5 agrees with that given in

Figure 5.4 up to machine precision.

Figure 5.5: MATLAB/Chebfun code that solves (5.10)

B = [alpha*(ar-epsilon*beta),-alpha*ai, ar*beta-br-epsilon*beta”2, bi-aix*beta;
alpha*ai, alpha*(ar-epsilon*beta), ai*beta-bi, ar*beta-br-epsilon*beta”2;
alpha, 0, beta, 0;

0, alpha, 0, betal;

L_system = chebop(@(x,wr,wi,ur,ui)...

[-epsilon*alpha*diff (wr,2)+B(1,1)*wr + B(1,2)*wi + B(1,3)*ur + B(1,4)*ui - real(f);
-epsilon*alpha*diff (wi,2)+B(2,1)*wr + B(2,2)*wi + B(2,3)*ur + B(2,4)*ui - imag(f);
-diff (ur,2)+B(3,1)*wr + B(3,2)*wi + B(3,3)*ur + B(3,4)*ui - 0;
-diff(ui,2)+B(4,1)*wr + B(4,2)*wi + B(4,3)*ur + B(4,4)*ui - 0],
domain) ;
options = cheboppref ();
rhs_system = [0;0;0;0];
L_system.bc = @(x, wr, wi, ur, ui) [wr(0); wi(0); ur(0); ui(0);
wr(1); wi(1); ur(1); ui(1)];
[Wr, Wi, Ur, Ui] = solvebvp(L_system, rhs_system, options);

For the remainder of this chapter, we will consider the problem (5.1) in the form given in (5.10),

for a coercivity analysis (Section 5.4.2) and convergence of an iterative method (Section 5.4.3).

5.4 Ensuring a coercive system matrix

5.4.1 Coercivity

Recall from Definition 3.2.1, that a matrix A is coercive, if there exists a constant v > 0 such that

T Av
Ty

> for all ¥ e R%/{(0,0)T}. (5.11)

Furthermore, it is coercive if, and only if, the symmetric part of A, M = (A + AT)/2, has positive

eigenvalues.

Remark 5.4.1. It is important to note that, although for any particular problem’s data, there may a
large range of possible o and 5 in (5.7), that can be chosen to ensure the coercivity of the coupling
matrix, it is typically required that 8 # 0. This is significant, because it excludes the most common

form of transformations from fourth-order problems to second-order systems: setting w := u”.
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To see this, suppose that we did choose 8 = 0. Now let @ = (1,0,0,v4)”. Then we have

aa, —aa; —b, b; 1

i T _bi _br
5T36:(1 0 0 v4) @i aa

giving

7' BT = aa, + bjv,.
So, for any «, a, and b; # 0, we can choose vy, such that 7 A7 = —1 < 0. For example, for
the problem in (5.5) where a, = 4 and b; = 2, if, for example, a = 1, then #7 A7 = —1 when
Vg = —5/2.

In the case where b; = 0, a similar calculation can be preformed with o = (0, 1,0, v4)7 to show

that, if 3 = 0 then for any «, one can chose a vy such that o7 B7 < 0.

A further justification that one cannot take S = 0, but based on a spectral analysis of B, is

given in Remark 5.4.2.

5.4.2 The eigenvalue test for coercivity
In this section, we apply the eigenvalue test of Section 3.2.2 to the matrix B in (5.10b), in order
to determine values of o and [ that ensure it is coercive.

Recall from Theorems 3.2.2 and 3.2.1 that the matrix B satisfies #7 B > 0 for all @ if, and
only if, M = (BT + B)/2 is symmetric positive definite. From (5.10b), we have

ala, — ef) —oa; arf —ef? —b, b; — a; 3
) _ B _ b _ B2 _
B oa; a(ar —f) aif} = b; arff =B =br | (5.12)
« 0 15} 0
0 « 0 I}
and
M= (BT +B)/2 = (5.13)
52 Ba. b
a(aa, — B) 0 Ba, 5[32 b+« ﬂa;+ b;
b, _ 32 _
ﬂar_gﬂz_br+a 6ai_bi
2 2 B 0
—pa; + b; —ef% + Ba, — b, + «
2 2 0 b

Obviously, the matrix M is symmetric. Furthermore, M is positive definite if and only if all

of its eigenvalues are positive. By direct calculation, one can observe that M has two distinct
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eigenvalues, both with geometric multiplicity two:

1

A1 = 3 [(—ﬂs +ar)a+p

+ (5264 —2¢a,3% + (a?e? + a? + a? + 2b,e + 1)52
1/2
+ (=2a%a,e — 2a;b; — 2a,:b,)B + (a? + 1)a® — 2b.a + b7 + bi) ] (5.14a)
and

Ao = ;[(—56 +ar)a+p

- (82/34 —2¢a, % + (o®e® + af + a} + 2bye +1)5°

1/2
+ (=20%aqe — 2a;b; — 2a,:b,)B + (a2 + 1)a® — 2b.a + b7 + bi) ] (5.14b)

Since M is symmetric, A\; and Ao are real numbers. Consequently, we can see that \; > Ay for any

Qr, A4, b'fa bia a and /8

Ezample 5.4.1. Recall the example in (5.5) where a, = 4, a; = 2, b, = 6, b; = 2 and ¢ = 107
Suppose we choose that & = 14 and 8 = 2. Then, from (5.10b), we have

55.9972 -28 1.9996 -2
28 55.9972 2 1.9996
14 0 2 0 ’
0 14 0 2

B =

and
55.9972 0 7.9998 -1

0 55.9972 1 7.9998
7.9998 1 2 0
-1 7.9998 0 2

M= (B+B")/2=

The eigenvalues of M are A\; = 57.17521 and Ay = 0.821993. So, M is symmetric positive matrix,

and, consequently, the matrix B is coercive, and v ~ 0.821993.

Remark 5.4.2. As discussed in Remark 5.4.1, it is important to note that, although typically there
maybe some freedom to chose a and 8 in (5.7), this freedom is not absolute. Specifically, one may
not take 8 = 0. This can be observed from the calculation given in (5.14), as the following example

illustrates.
Suppose 8 = 0 in (5.8). Then, we have

(5.15)

With this, we get

(5.16)

Suppose we use the same example as presented in (5.4.1) with a, =4, a; = 2, b, = 6 and b; = 2.
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Then, from (5.16)

which is not coercive, because from Theorems 3.2.1 and 3.2.2, since

4o 0 -3+ /2 1

0 4o -1 -3+ /2
B+ BT)/2 = :
( )/ 3+a/2 -1 0 0

1 —3+0a/2 0 0

has the eigenvalues A\ = (da + v/17a2 — 12 + 40)/2 and Ay = (da — v/17a? — 12« + 40) /2.

Suppose (for argument) that Ay > 0 for some a. In that case one would have 4a—+/17a2 — 12 + 40 >
0, which would imply 160? > 1702 — 12« + 40. But it is easy to verify that —a? + 12a — 40 is

negative for all o (with a maximum value of —4). Thus there is no real « for which Ay > 0.

Of course, one can also directly verify that the quantity Ao = 2a — v/17a? — 12 + 40)2 is
maximized when o = (6 + 8v/171)/17 ~ 6.324, which would give Ay ~ —0.00405.

5.4.3 Using (5.14) to determine « and f

Equipped with the results of the calculation in (5.14), for specific problem data, one can determine
if there are values of « and 8 for which (5.11) is satisfied and, if so, what are suitable choices. In
certain sub-classes of (5.2) one may also derive general bounds for a and 5. As a demonstration,
in this section, we show how to do that for two cases. To simplify the presentation, we will always
take 8 = 1; it is our experience that for any reasonable problem data, unless S is exceptionally

small, one can still find a suitable «.

Case 1: Suppose that a; = 0 in the problem data. Then, from (5.14b), Ay > 0 providing that

G+ by — = \[Aayb, — dbe — B2 <@ < a, + by — e+ y[dasb, —dbe — B2 (5.17)

Suppose we use the same example as presented in (5.5) but with a; = 0, a, = 4, b, = 6,

b; =2 and € = 107%, so from (5.17), then one can choose any « such that
0.4083620628 < o < 19.59143794.

If one wants to maximise «, then (to 8 digits) one should take oo = 2.89811046, which would
yield v = 0.88774662.

Case 2. Suppose that b; = 0 in the problem data. Then, from (5.14b), A2 > 0 providing that

G+ by~ —\[Aasb, —a? —4b,e < a < a, + b, — <+ /Aa,b, —a? b, (5.18)

Suppose we have another example with a,, = 7, a; = 5, b, = 3 and € = 1074, so from (5.18),
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we have (to 8 digits)
2.318832366 < v < 17.68096763.

Again, if one wants to maximise 7y, then one should take a = 6.4617817, which would yield
v = 0.251261318.

5.5 Iterative solution of the second-order system

In this section, we establish a stability result for the differential operator in (5.9). To do this,
we show that (5.9) may be solved using a Gauss-Seidel method. This is for theoretical (rather
than practical purposes) since it allows us to invoke the stability theory developed for uncoupled
problems. Our general approach is quite different from that presented in [19, §IT], and which we
used in Section 4.3, since that was only for two equations. Especially, the analysis in [19, §II],
for a general system of ¢ > 2 equations require that the coupling matrix be strictly diagonally
dominant, a property which our system does not enjoy. In Section 4.3 we exploited the observation
in [19, Remark 2.4] to gave much less stringent conditions, but only in the case of a system of
two equations. However, we now present a new block-iterative method that extends the analysis

to a system of four equations.

To ensure convergence, we require that the problem data, and our choice of the positive
transformation parameters, o and 3, satisfy the following conditions. Recalling from (5.4) that

a-(z) = o > 0, we shall, in addition, assume

0 < |a;(z)| < ar(z) —ep for all x € [0,1]. (5.19)

Note that this implies 0 < £ < a,.(x), which we also use.

5.5.1 A block iterative method

To prove the convergence of the method, we’ll introduce a new “block” iterative scheme. This is
similar in style to the version for two systems, but used recursively. The key idea is that we split

the system of four equations into two systems of two equations. The semi-decoupled operators are

—eaw” + By w, (5.20a)

oy
g
I

Lot := —a" + Eggfl (520b)

~ b11 b12 a(ar — Eﬁ) —Qa;
By = = )
bor  boo aa; ala, —ep)

- b3z b3y g 0
d By = = . (5.20
an 2 <b43 b44> (0 5) (5.20c)
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For later use, we also define

Bio — biz bia\  [aB— eB? —b, b; —a;f8
- baz  bas a;ff —b; aB—eB? =0, )’

and  Boy— [0 92} (@ O} (5.900)
ba1 bao 0 «

We’ll also denote

We define
b£| _ |b21 |ai

b11 E _ar—Eﬂ’

pi=|
and

) i (o] — i e 2.
i, min [b;;(2)] = min (a(ar —ef))

Note that, from (5.19), we have
0<p(x)<1l foralxeQ.

Now we can state that, if a w solves

) < =12l (5.214)
Also, if 0 solves
Lya=g,  (0)=a(0) =0,
then,
lal < Il (5.211)

which comes from the standard maximum principle, since Bss is a diagonal matrix.

Theorem 5.5.1. Let W = (w,,w;)T and @ = (u,,u;)T be solution to (5.20). For k =0,1,2,...,

let wl*! and al*] be defined as follows: set Wl and al% to be the vector-valued zero functions,

and, for k=1,2,3,..., Wikl and al*! to be the solutions to
Liwl* = £, — Bypal—U subject to wF(0) = wlF (1) =0 on (0,1), (5.22a)
Loul®l = — By wik] subject to al*(0) = al*(1) =0 on (0,1), (5.22b)
If
a |Bis]
0 <1, 5.23
B(1—p*)b (5:23)

then limy_, o, wiFl = W, and lim;_, o, al*! = a.



5.5 Iterative solution of the second-order system 84

Proof. For k = 0,1,2,..., we set ml*l = a — al*!, and al*! = w — wl¥l. For k& > 1, from

(5.20a) and (5.22a) we have
.Z/lfl[k] = —Blzﬁl[k_l] on 2. (524)

Then, from (5.21a),

1 T 1 - Tk
HIIBlzm[’“ ) < 79\1312\|Hm[’“ 11, (5.25)

N [k] = < -
n <
” HQ (1 pg) (1 pZ)

where here | Bis| is the usual (sub-multiplicative) matrix norm induced by the maximum vector

norm || - |. Furthermore, since
Loml® = — By al* on Q. (5.26)
we get from (5.21D),
Mg < 5o (5.27)
Combining these we get that
Il < & e Bl ) (5.28)

It follows from (5.23) that |ml®l|q — 0, and so limy_,, ¥l = @. This in turn implies that

limyg o Wikl = W O

In Figure 5.6, we show the way to solve the system of two equations by a block-iterative method

that extends the analysis to a system of four equations using Chebfun.

We now turn to investigate how one can ensure that (5.23) holds for a specific example. First
note, that all the terms in inequality are positive, so it is enough to ensure that the upper bound

holds. We start by writing out the full expression:

a B _ alaB—ep? b+ b —aif 1
BU—p0 B e min,cq a(ar — 28)
1 la,B —eB% — b,| + |b; — a; ] 1
B 1—p? min,eq a, —
<l|arﬂ—€ﬂ2—br|+\bi—aiﬂ| 1
=B 1—p2 a, —ef3’

Notice that this expression is independent of the choice of a. Furthermore, we are interested in
the case where ¢ is small; specifically, where a, — 8 ~ a,. In this case we get that p ~ a;/a,, and
so 1/(1 — p?) ~ a?/(a? — a?). In addition, 1/(a, — 8) ~ 1/a,. Thus

B 1 21
a_|Bul < B“a’”ﬁ —by| + |b; — a;)]) %

p—=p4)0 =~

a?—a?a,’
This quantity can be (approximately, up to terms of O(e)) minimised by taking
8= br/ar or 8= bi/aia (529)

as appropriate to the specific case.

Remark 5.5.1. We stress that the calculation leading to (5.29) is only with regard to the optimal
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Figure 5.6: MATLAB/Chebfun code that implements the block-iterative algorithm

in (5.20)
domain = [0, 1];
B = [alpha*(ar-epsilon*beta), -alpha*ai, ar*beta-br-epsilon*beta”2, bi-ai*beta;
alpha*ai, alpha*(ar-epsilon*beta), ai*beta-bi, ar*beta-br-epsilon*beta”2;
alpha, 0, beta, 0;

0, alpha, 0, betal;
L1 = chebop(@(x,wr,wi) [-epsilon*alphaxdiff (wr,2)+B(1,1)*wr + B(1,2)*wi;
-epsilon*alpha*diff (wi,2)+B(2,1)*wr + B(2,2)*wi], domain);

F1 = £(1:2);

Ll.bc = @(x, wr, wi) [wr(0); wi(0); wr(1); wi(1)];

L2 = chebop(@(x,ur,ui) [-diff(ur,2) + B(3,3)*ur;
-diff(ui,2) + B(4,4)*ui], domain);

F2 = £(3:4);

L2.bc = @(x, ur, ui) [ur(0); ui(0); ur(1); ui(1)]l;

Wr = chebfun(@(x)0, domain); Wi = chebfun(@(x)0, domain);

Ur = chebfun(@(x)0, domain); Ui = chebfun(@(x)0, domain);

MaxIterations = 12;

BlockTOL = 1.0e-12;
Diff _k = BlockTOL+1;
wr=Wr; wi=Wi; ur=Ur; ui=Ui;

k=0;
while ( (k<MaxIterations) && (Diff_k > BlockTOL) )
k=k+1;

RHS1 = F1 - B(1:2,3:4)*[Ur;Uil;
[Wr,Wi] = solvebvp (L1, RHS1);
RHS2 = F2 - B(3:4,1:2)*[Wr;Wil;
[Ur,Ui] = solvebvp (L2, RHS2);
Diffs(k, :) = [norm(wr-Wr), norm(wi-Wi), norm(ur-Ur), norm(ui-Ui)];
fprintf (’Iteration: (%3d) |lwr-Wr|l|=%9.3e, [lwi-Will|=%9.3e |lur-Ur|[=%9.3e, |lui
-Uil|1=%9.3e \n’, k, Diffs(k,:));
Diff_k = max(Diffs(k,:));
wr=Wr; wi=Wi; ur=Ur; ui=Ui;
end

choice of §, with respect to optimising the rate of the convergence of the method. Indeed, in
certain cases of constant coefficients, it can ensure convergence to machine precision in two or
three iterations. But we emphasise that any choice of 8 for which (5.23) holds is acceptable in

theory.

Ezample 5.5.1. Suppose we use the same example as presented in (5.5) with a, =4, a; = 2, b, =6

and b; = 2, also, we suppose we choose a = 14 and 5 = b,./a, = 1.5 . Then, from (5.23) we have

o [Bu

—0.2223 < 1.
B(1—p?)0

In Figure 5.7, we show the convergence of the block iterative method, implemented in Chebfun,
for a solving system of four equations of the example (5.5.1). Notice that it converges rapidly:

after 8 iterations, the errors are essential “machine epsilon” (roughly 2.2 x 10716).

Theorem 5.5.2. Let W = (w,,w;)T and & = (u,,u;)T be solution to (5.20). Define

and  pg = %.

" 1 1Y &
w| < —, 5.30
&l (1—P1p2>(1—P2) 0 ( )

Then
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Figure 5.7: Convergence of a block iterative method for solving Example 5.5.1

and A
o« 1 LY
) < - |w| < 5 —. 5.31
regm13 () () o
Proof. Set RE’“] = wlt — wlF=1 and figk] = alkl —alk—1. Since wl% = 0 and al% = 0, we
have

for k=1,2,.... From (5.21) we get

~ L 1 A A [ fe—
IR < gl Bral 1R (5.32)
and
S [k Qo [k—
R < IR (5.33)

So, from (5.32), we have

[k S [kE—1 — 5 [1
IR < prpo | RYETH) < (prpo) YR

To get a bound for Rgl], use that RP] = vAvEl]. Since vAvEl] satisfies

Lywl = £, subject to  wl(0) =wM@) =0

]

we can deduce that

X [1] <
W <

1 R
fi].
Sl

Therefore,

IR < (p1p2)"t £

1
(1- p2)9|
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Since wltl =3 ?:1 ng] and W = limy,_,, wl¥, we get that
: R : R
vl = 1i < I
hl klm I j§=1 | kmgol j§=1 IR

k ~
| L1 i 1\

<1 k=1 £l = )
kl—{%oj;(plfh) (1_/)2)9” IH <1_p1p2)<1_p2) 0

Since the operator Lo is uncoupled, it easily follows that

[wl,

which concludes the proof. O

The bounds given in Theorem 5.5.2 shows that || and |w]|| are bounded independently of e
(p and p; do depend on &, but upper and lower bounds on them to not). These bounds can be

verified numerically. The following example does that and investigates their sharpness.

Ezample 5.5.2. Suppose we use the same example as presented in (5.5) with a,, =4, a; =2, b, =6
and b; = 2, also, we suppose we choose a@ = 14 and § = b,./a,, = 1.5. The solutions are shown in

Figure 5.8. One can observe that
Wi ~ 1.46 x 1072 and | ~ 2.20 x 1072.

Applying from (5.30) and (5.31) we get

[l < ((— L VI _ 0306
S\ l—pip2)\1—=p2) 6 ' ’

N o, .
ol < B”WH = 0.2858.

and

These bounds are also shown in Figure 5.8: Notice that the bounds are correct, but especially in
the case of |a|, not particularly sharp. This is largely because the bound we use in (5.21a) is quite

sharp for small ¢, the same is not true of (5.21b), where the diffusion coefficient is 1.

0.3 T T T T 0.035

0.03

0.25

—lu]

Ju —w|
- = bound 0.025 1 w|

02}

= = bound

0.02
0.15
0.015 [,

ol | i )

0.01

0.05 0.005

X X

Figure 5.8: The bound of 4 (left) and the bound of @ (right) of the example (5.5.2).
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5.5.2 A fully iterative method

In Section 5.5.1 we presented the following block-iterative method for solving (5.9): set wl% and

al®! to be the vector-valued zero functions, and, for k = 1,2, 3, ..., wl*! and al*! to be the solutions
to
.quAV[k] = fl - Blgﬁ[k_l], (534&)
Loul®l = — By wikl (5.34b)
where

"
fowlkl . _[ge 0 i) n b bio) (@l
e 0 ea) \w* bor b ) \ oM
AN ) 0 (k]
I: - [k] — Uy 33 Uy
2 (a?] "o o) \a®

So the operator Ly is itself a coupled pair of linear differential operators, since typically b1 # 0

and

and by; # 0 (on the other hand, Lo is also a pair of linear differential operators, but they are
uncoupled). So, to get a fully iterative method, we can solve (5.34a) and (5.34b) in an iterative

way.

We now define decoupled operators associated with the diagonal entries of B in (5.12):

Ligy = —eay)” + by, (5.35a)
Lipy i= —ea)” + baat), (5.35b)
Lg;lw = —wﬂ + b33¢, (535C)
L2;2'(/) = —’Lﬁ” + b44’(/). (535d)
Then we can solve (5.34a) and (5.34Db) iteratively, for a fixed k, as follows. We set d)i[k;ol = w£k71]7
and solve
Lyl = (= Biya* =) — by subject to wl*1(0) = wlF1(1) = , (5.360)
‘ K K _ D D . .36a
Ly = (£ — Broal* 1), — byyaplki] subject to w!*71(0) = wl*71(1) = 0,
for j =1,2,3,..., setting @w[*] to be the limit of the sequence {w[’“%ﬂ};ozo. Then solve
Lol = (=Byywl™);  subject to all(0) = alM(1) = G, (5.36b)

L2;2a£k] = (=Bywlt, subject to alk] (0) = ﬂl[k](l) =0.

%

Using the ideas from Lemma 4.3.2, and the fact that by1(x)baa(z) > bi2(x)ba1 (), the iteration in
(5.36a) converges in the sense that wl¥7] — Wwl* as j — oo, where wl*l is as defined in (5.22a).

So this now gives a fully iterative method (i.e., we solve scalar equations at every step).

As mentioned previously, standard maximum principle results for coupled systems of two linear
reaction-diffusion operators, such as L, assume the coupling (i.e., reaction) matrix is an M-matrix:
it is strictly diagonally dominant with positive diagonal entries, and non-positive off-diagonal
entries. But, of course, this last assumption cannot hold for ﬁl, since by; = —b1o. However, we

still have diagonal dominance, so, using the iterative method just described, one can adapt the
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arguments [19, Lemma 2.3], to show that, if w(*] solves
Liw = fon(0,1),  andw@(0)=w(1)=0,

and f is such that f; > 0 and fo < 0, then @y (z) > 0 and y(x) < 0; the arguments only require

applying the appropriate maximum/minimum condition for scalar problems.

5.6 A monotonicity result for the differential operator de-
fined in (5.9)

In this section, we consider how a maximum principle-type analysis may be applied to the system
n (5.9), by using the iteration in (5.36). This is for theoretical (rather than practical purposes)
since it allows us to invoke the stability theory developed for uncoupled problems. As such, we
are using the idea of Gauss-Seidel Iteration, which was introduced as a theoretical tool in [19,
§IT], and which we applied earlier in Section 4.3. However, that was for a much simpler setting,
involving just two equations. So, although the iteration presented here is similar to that of [19,
§II], the supporting theory is very different. Specifically, in that work it is assumed that the
coupling matrix is row-diagonally dominant, which is not the case here. Thus, the details are quite
different.

Recall the concept of a maximum principle (Definition 4.3.1) and the associated minimum
principle. We now wish to investigate how related ideas can be extended to the system we consider

here.
For this analysis we require the assumption on a and b given in (5.19), which gives that

|b12] B ba1
< ——— —_

b11 = b2 >0 d 0 = 1.
11 22 ) an b1t Do <
In addition, we assume that we can choose § sufficiently large that
24+
0< P tbr (5.37a)
g
and
b;
— < a;. 5.37b
3 (5.37b)
Respectively, these ensure that
b13 = 624 > 0, and b14 = 71)23 < 0.

It transpires that the signs of the terms w,, u;, w,, and w; depend on the signs of f, and f;
(of course, other assumptions on the problem data determine if w,, u;, w,, and w; change sign or

not). The results of several examples are shown in Table 5.1, where we have taken

ay(xr) =4 +z, a;(z) = e*, br(z) =6 +x, and bi(x) =e ", (5.38)
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and, for simplicity, only one of f. and f; are non-zero.

In Figure 5.9 we show u, and u; (left) and w, and w; (right) with ¢ = 1074, @ and b as given

in (5.38), and

fr=1 fi=0, a=14, and pf=2. (5.39)

In Figure 5.10 we corresponding results, but for

f,=0, fi=1 a=14, and B=2. (5.40)

Table 5.1: How the signs of components of u and w depend on the sign of f,. and f;,
with problem data as in (5.38)

fr fi Wy w; Ur U;
>0 fi=0|w,>0] wi<O0 | u <0 | u >0
fr= fi>0 | wr>0| w;i>0 | ur<0 | u; <0

fr<0| fi=0|wr<0| wi>0|u>01|u; <0
fr=0| fi<0|w,<0]| wi<O0|u>01|u >0

0.02
0.015
0.01

0.005

0005 T T T T T T e e e e 1l

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x x

Figure 5.9: The solutions, u and w to (5.9), with data as in (5.38) and (5.39).
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Figure 5.10: The solutions, u and w to (5.9), with data as in (5.38) and (5.40).

First note, as is easy to prove, that the sign of u, is always the opposite of w,, and the sign of
u; is always the opposite of w;. In addition, if the sign of f, (say) does not change for any x, and

fi =0, then sign of w, is the same as f,.
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Remark 5.6.1. One can also investigate the signs of the components of © and w in the cases where
neither f, and f; are zero. The deductions are somewhat more complex, since very particular
assumptions on the relative magnitudes of f,. and f; are needed to ensure that each component
is of a particular sign (i.e., does not change the sign on the interval). Detailed derivation on the
necessary conditions to avoid this is beyond the scope of this thesis, but would make for some

interesting future work.

To establish one of these results formally, and thus establish a maximum/minimum principle
for the differential operators in (5.20), we will study the case where f, > 0 and f; = 0. We will

use all the assumptions on the coefficient functions, a and b in (5.37).

Remark 5.6.2. Recall the problem stated in [27, Chap. 6]

Lu:=—eu" +bu=f on Q:=(0,1), (5.41a)

with the boundary conditions
w©0) =0,  wu(l)=0, (5.41b)
where b > By > 0 for all . For follows directly from the usual Maximum Principle that [ju] <

[ £1l/Bo- In our case we have

L@ = f, — bl =1, (5.42)

T

SO
1

R 5.43
minxeg(bn)uf 2@; (5.43)

fafs) <
fork,j=1,2,....
Theorem 5.6.1. Let w = (w,,w;)T and @ = (u,,u;)T be solution to (5.36) with f.(x) > 0,

fi(x) =0 for all x € [0,1], and a and b satisfying the assumptions in (5.19) and (5.37). Then

wr(z) 20, wi(x) <0, wur(zr)<0, and wu;(x)=0. (5.44)

Proof. Consider the sequence wll, wl?! ... of solutions to (5.36a), and al*, al?, ... of solu-

tions to (5.36b). We use induction on k, and on j for each k, to show that

w(z) =0, w(z)<0, uM@) <0, and ulF@)>o0. (5.45)

T

For k = 0, we have wl% = 0 and al% = 0. For k = 1 we have

Ll;MZ)?[};j] — (f‘l _ Blzﬁ[o])l o bmwz[l;j—q

Recall that w9 = w0, So, when j = 1, we have
Lygwlt = (ﬂ — Bpul®hy, — blzwl[l;o] = fr>0,
.+ [1;0] ~[151

since f. > 0, al” = 0 and @ ™ = 0. Consequently, by 1'> 0. Also, ||1I)£1;1] | < fr/lb11]. Next,

Ll;g’lf)l[l;l] = —bgﬂf)Llﬂ] < 0,
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since f; = 0, ul% =0, Wkt 1]( ) =0, ba; > 0 (from the assumption in 5.19). Furthermore, this also

gives that, for all 2, |61 (2)] < ([bar ||/ [baz )02 (2).

Next, for j = 2,3,... we have
Lyl = fy = b1 > 0,

since

bryill91 < |\512||\|b21\\w£1;j_1] < 1612l D21 [oraflbaa ] (5.46)
b2z 1011 b2z
Hence, w7[ > 0. Also,
Lyl = (£ — Brpal®)y — by o) = —byy 1) < 0,
SO wl[“ﬂ < 0. Since this holds for all j, and because wP’j] — wP], while wl[l’j] — wl[l], we conclude
that

w7[}] (r) = 0 and wl[l] (z) <0 for all z € [0,1].
For k = 2, we have

Lia @9 = () = By, — 010071 = £, — bygult — byyul — 100771, (5.47)

and
L1209 = (£ = By — bo1029) = —bygull — bogul — by 2], (5.48)

By — biz bua)  [arf— eB? — b, b; — a;f8
2 \bys boa) a;3 —b; aB—eB>—=b,)’

When j = 1, we have

Recall that

(1]

L1;1w7[n2;1] = fr — blguy] — b14u1[1] *blg’wip;o] > fr — buﬁ)i >0 (549)

<0 <0
from (5.46).
Also, we have

~[2:5]

L1 2w = —b237.l/£,1] —b24uz[1] —bglﬂf)?;l] < —b23U7[ql] — b2112}7[2;1].
—_——

<0

But

b21w 2] = ozaﬂu[2 il > aaigu[.l] = q;pal > (a;8 — bi)ﬁg] = b23’a7[.1].

[2:5] 29 _ o

So we can conclude that Li,0w; < 0, and, hence, that ;

The same reasoning applies for j = 2,3, ..., showing that, for all these j, that zi)7[-2;j] > (0 and
u?i[z;j] < 0. Again this shows that (5.45) holds for k = 2. Repeating the arguments inductively

gives (5.44). O
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As a corollary Theorem 5.6.1, we now give pointwise bounds on w,, w;, u,, u; and their

derivatives, which are useful when deriving error estimates for finite difference and finite element
methods. The arguments are the same as those used to prove Lemma 4.3.5.

Lemma 5.6.2. Let W = (w,,w;)T and 6 = (u,,u;)T be solution to (5.36), where the assumptions

required by Theorem 5.6.1 hold. Then there exists a constant C, which is independent of €, such
that

lw, D ()] < C[1 4 YD (2)],

(5.50)
i (z)] < C[L + e ()], (5.51)
O ()] < C[1 + D ()], (5.52)
and
;D (2)] < C[1 4+ M2y (2)], (5.53)

where . () == e */VE 4 e~ (=DINVE and 1 = 0,1,...,4.

Ezample 5.6.1. Recall the example presented in (5.5), which has a, =4, a; =2, b, = 6 and b; = 2.

We choose a@ = 14 and 8 = b./a, = 1.5. Figure 5.11 shows plots of scaled fourth derivatives
(computed using Chebfun), which suggest that

w, (@) < O+ e (@), [P (@)] < C[L+ = 2 ()],

[ur ()] < 1+ V()] and - |u; D (@)] < C[L+ TV ()],

That is, the results are shown in Figure 5.11 support the assertion that the results of Lemma 5.6.2
are sharp.

1.2
€ u(r4)(x)
1s - - Ui(4)(X)
E ------ 2 X
0.8 Lt E
0.6 :
0.4}
0.2 \
Or ‘Q..-.__d | " L _— ‘_‘__-“
0 0.2 0.4 0.6 . . 0.4 0.6 0.8
X X

Figure 5.11: Scale fourth-order derivatives of the solution to the problem in Exam-
ple 5.6.1 with e = 1072, showing that e2w® (z) and eu® (z) are bounded.

Remark 5.6.3. As shown in Lemma 5.6.2, it is important to note that, if we chose a; = 0 and

b; =0 and f; = 0 in (5.2), then we will have the case of real-valued fourth-order problem that was
proved in Chapter 4 with |u£l)(x)| =0 and |wz(l)(a:)| =0, forl=0,1,..,4



Chapter 6

A finite element analysis of a
fourth-order complex-valued

singularly perturbed problem

6.1 Introduction

In this chapter we are interested in the numerical solution of the singularly perturbed, fourth-order,
complex-valued reaction-diffusion equation introduced in Chapter 5, by finite element methods,
specifically focusing on transforming a special case of this problem into a coupled system of second-
order reaction-diffusion problems. As in Chapter 3, a key step in the analysis involves determining

if and then the coupling matrix is pointwise coercive.

In Chapter 5, the general problem, (5.2), was stated as
—eu™ () + (ar + ia;)u" (x) — (by + ib)u(x) = (fr +ifi)(x) on Q:=(0,1), (6.1a)
subject to the boundary conditions
u(0) = u"(0) = 0, u(l) =u"(1) = 0. (6.1b)
To focus on a specific sub-class of problems of the form in (6.1), we will consider the case where
a, =a; =:a, and b, =0b; =:b, (6.2)

for some real-valued functions a and b. Then our model differential equation is

—eu™(z) + a(1 + i) (x) — b(1 + D)u(x) = (fr + if)(2) on Q:=(0,1), (6.3a)

94
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subject to the boundary conditions
u(0) = u"(0) = 0, u(l) =u"(1) = 0. (6.3b)

As is always the case in this thesis, the singular perturbation parameter ¢ lies in the interval (0, 1].

The right-hand side terms, f, and f; denote real-valued functions on the interval ).

As in Chapter 5 we transform the problem to a real-valued, second-order one. The simplification
of (6.2), i.e., taking a, = a; and b, = b; is largely for exposition, since it simplifies the calculations
enough so that we can provide explicit formulae for bounds on the problem’s coefficients, and the
parameters in the transformation, that ensure the couple matrix is coercive. This is different from
what was possible Chapter 5 where we showed how to choose the parameters numerically, rather

than via a formula.

6.1.1 A motivating example
We consider the following example with a =2, b =4, f, =1, and f; =0

—eu® (z) + 2(1 + i)u" (x) — 4(1 + P)u(z) = 1 on Q:=(0,1). (6.4a)

subject to the boundary conditions

u(0) = u"(0) =0, u(1l) =u"(1) = 0. (6.4Db)

In Figure 6.1 we show u with ¢ = 107! (left) and e = 1072 (right), note that the graphs are
very similar, and neither feature strong layers. However, (6.4) is still singularly perturbed, in the
sense that, as ¢ — 0, it becomes ill-posed: it reduces to a second-order differential equation with
four boundary conditions. Furthermore, as we shall see, derivatives of u are not bounded as ¢ — 0,

and so classical numerical methods cannot be analysed with standard techniques.

——Real(u) 0.04 —— Real(u)
—— Imagiu) —— Imagiu)

-0.02

-0.04

0.2 0.4 0.6 0.8 1
X X

Figure 6.1: Real and imaginary parts of u to (6.4) with ¢ = 107" (left) and ¢ = 1073
(right).
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6.1.2 Outline

In Section 6.2, we apply ideas based on those in Section 5.3 to rewrite (6.1), first as a system of two
fourth-order real-valued problems, and then as a coupled system of four second-order ones. As in
Section 3.2, we show that if this is done naively, the resulting coupling matrix can not be coercive
(in the sense of Definition 3.2.1). This is done in Section 6.2.2. However, most of Section 6.2 is
devoted to show how the transformation, from fourth-order to second-order, can be adapted so
that the coupling matrix is coercive. This follows the methodology of Section 3.2.2, but the details
are entirely different. In Section 6.3, we describe a finite element method for this problem, applied,
initially, on an arbitrary mesh. We then present a suitable layer-adapted mesh, and we present
the numerical analysis for this method. Finally, in Section 6.4, numerical results are presented in

support of the theoretical analysis.

6.2 From a 4th-order complex-valued problem to a coupled

system of real-valued 2nd-order problems

Recalling the ideas in Section 5.3, we show how to change the 4th-order complex-valued prob-
lem (6.3) first into coupled system of two fourth-order real-valued problems, and then into a
coupled system of four second-order equations. We begin by writing (6.3) as

—e(up + 1) P (2) + (a + ia) (uy + 1w;)" (x) — (b + i) (uy + iug) = (f + ifi), (6.5)

where u = u, +tu;, When we equate real terms and imaginary terms separately, we get the system

—eu® + au! — au — bu, + bu; = f,, (6.6a)

—5u§4) + aul + au] — bu, — bu; = f;. (6.6b)

Following the technique of Section 5.3, we will use the transformation in (5.7) to transform
this system of real-valued fourth-order into real-valued, second-order system of four differential
equations. The aim of this is to determine how to parametrise the transformation in order to

ensure that the resulting system matrix is coercive.

6.2.1 Coercive system

We begin by assuming that a, and b satisfy the following conditions:

b>0. (6.7a)

a € [3b—2v/2b2 — b, 3b + 21/2b2 — £b). (6.7b)

Although this is a restriction on the range of problems that can be considered, we do not consider
to to be excessively so. For example, if b = 4 and ¢ = 1074, the analysis we will present is viable
for any a with 0.6863 < a(z) < 23.3136.
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Now we use a variation on the transformation (5.7) to convert (6.6) into a system of four
differential equations. As before, this transformation features a parameter that depend on the
problem data.

The transformation we propose is

uw —u

which is (5.7) but with 8 = 1. So now

v = aw + u, (6.9)
where « is a non-zero constant chosen depending on the problem data. From (6.9),

1)

u( = ow” 4+ aw + u.

With this, (6.6) can be transformed to a system of four equations of the form

—eaw! + a(a — e)w, — aaw; + (a — & — b)u, + (b —a)u; = fr, (6.10a)
—caw] + aaw, + a(a —e)w; + (a — b)u, + (a —e — b)u; = fi, (6.10b)
—uy + aw, + u, = 0, (6.10c)
—u] + aw; +u; =0, (6.10d)
with boundary conditions
u(0) = w(0) =0, u(l) = w(l) = 0. (6.10e)
We can write (6.10) in matrix form, this is
e 0 0 O
- 0 ea 0 O -
L7:=— # + BZ = f, 6.11
: o 0o 10| "7 (6.11a)
0O 0 01
where
Wy ala—c¢) —aa a—b—e b-a fr
o | wi B- aa ala—e) a—-b a—-b-—c¢ and J = fi (6.11b)
Uy le’ 0 1 0 0
Us; 0 « 0 1 0

Recall from Theorems 3.2.2 and 3.2.1 that the matrix B satisfies 7 B¢ > 0 for all ¥’ if, and only
if, M = (BT + B)/2 is symmetric positive definite. Here

ala—c¢) 0 (a—b—ec+a)/2 (b—a)/2
_ 0 ala —¢) (a —b)/2 (a—b—e+a)/2
M= (a—b—c+a)/2 (b—a)/2 1 0 (6.12)
(b—a)/2 (a—b—c+a)/2 0 1

We now will show that it is possible to select « in (6.8) so that the eigenvalues of M are positive.
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The eigenvalues of M are

1
A = 3 [aa —eca+1+ (a2a2 — 2a0’e + o%e?
+2a% — dab — 2ae + o — 2ab + 262 + 2be + % + 1)(1/2)], (6.13)
and

1
Ay = 3 [aa —eca+1— (a2a2 — 2a0’e + o%e?

+2a% — dab — 2ae + o — 2ab + 262 + 2be + % + 1)(1/2)], (6.14)

which both have geometric multiplicity two. Since M is symmetric, A\; and Ay are real numbers.
Clearly A1 = A for any a, b and a. We need to find the set of values of « for which both \; > 0,

so we will find the range of o for which A2 > 0. By inspection, we can see that this is

a+b—c—~/—a2+6ab—b—4be <a<a+b—e++/—a?+ 6ab— b2 — Abe. (6.15)
For any choice of « that satisfies (6.15), M is positive definite for all a and b satisfying (6.7).

For the simple case where a and b are constants, to fix a value, we choose

a=a+b—e. (6.16)

But we emphasise that any choice of o between a +b —& —+/—a2 + 6ab — b2 — 4bc and a +b — ¢ +
vV —a? + 6ab — b2 — 4be will suffice.

Ezxample 6.2.1. Suppose we use the same example as presented in Section 6.1.1, where a = 2, b = 4
and e = 107%. As stated in (6.15), we can choose any « € [0.7085,11.2912], but prefer a = 5.9999,
as per (6.16). Then, from (6.11b) and (6.12), we have

11.9992 —11.9998 —2.0001 2

~ 1 11.9998  11.9992 -2 —2.0001
5.9999 0 1 0 '
0 5.9999 0 1

and
11.9992 0 1.9999 1

0 11.9992 -1 1.9999
1.9999 -1 1 0
1 1.9999 0 1
The eigenvalues of M are A\ = 12.436366 and A\ = 0.5628331. So, M is a symmetric positive

matrix, and, consequently, the matrix B is coercive.

6.2.2 A non-coercive transformation

We briefly digress to explain that it is not possible to choose § = 0 in (5.7), even though this is

the most common approach in the literature.
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Recall the transformation in [47], they set 7 = (u,w)”, where

w = —u", (6.17)

which is equivalent to (5.7) but with a = —1 and 8 = 0. Note that this choice of o will not satisfy
(6.15). With (6.17), the transformed (6.6) can be expressed as

—E7' +BZ=f, (6.18)
where
Wy e 0 0 O —a b —b —fr
i 0 0 0 b b R —f;
z= |V E=| ° , B= ¢ and F= | I, 619
Uy 0 01 0 -1 0 0 O 0
U; 0 0 01 0 -1 0 0 0
with boundary conditions
u(0) = w(0) =0, u(l) =w(l) = 0. (6.20)

For B to be coercive, we need the symmetric part of B, denoted M = (B + B7)/2 to be
positive definite: equivalently, to have positive eigenvalues. It is easy to show, using either of these

approaches, that M is not positive definite.

First, suppose we choose @ = (1,0,0,v4)T, then for any a and b, we can choose vy, such that

9T B¥ < 0. For example, if a = 1 and b = 2, then ¥7 B¥ = —1 when vy = 1.

Alternatively, one can use the spectral approach. Suppose we use the same example as presented
in Section 6.1.1, with @ = 2 and b = 4. Then, from (6.19)

2 -2 4 —4
B 2 2 4 4 7
-1 0 0 O
0 -1 0 0O
which is not coercive, because
2 0 3/2 -2
2 2 2
B+B)2= | 3/

32 2 0 0 [
-2 3/2 0 0

has the negative eigenvalue Ay = —1.692582. It follows then from Theorems 3.2.1, and 3.2.2 that

B is not coercive.
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6.2.3 Bounds on v

Because of the theoretical development of Section 6.2.1, we now know that it is acceptable to set
a = a + b — ¢ in the constant coefficient case. This allows us to deduce a bound on the coercivity

parameter 7 (i.e., the minimum Rayleigh quotient).

Lemma 6.2.1. Let M be the matriz defined in (6.12). If we set a = a +b— ¢ as in (6.16), then
M s positive definite, has two distinct eigenvalues, and the smaller of them As, is bounded below

as
—b% + (6a — 4¢)b — a?

A
27 2y (—8a — 4b)e + 4a? + 4ab + 4’

(6.21)

independently of €.

Proof. Recall that M has two distinct eigenvalues, given in (6.13) and (6.14). First, we
will show that both of eigenvalues of M are positive, and, consequently, M is symmetric positive

definite. When o = a + b — ¢, we have

ala+b—¢c)—(a+b—e)e 0 a—e (b—a)/2
M= 0 ala+b—e)—(a+b—c)e (a—b)/2 a—c¢
a—¢ (b—a)/2 1 0
(b—a)/2 a—¢ 0 1

The smaller eigenvalue of M is Ag, as given in (6.14), and with a = a + b — ¢, it is

1
Ag—z[(a2+ab—2as—ba+52+l)

— (a4 + (2b — 4e)a® + (b* — 6be + 662 + 2)a® + (—2b% + 6be? — 4 — 2b — 4e)a

(1/2)
+0%e? + (=26 + 2e)b + (2 + 1)2> ] (6.22)

We can write Ay as the difference of two functions in a, b and &:
A2 = Q(a,b,e) — N(a,b,e),
where
Q(a,b,e) = (1/2)(a* + ab—ca — b + & + 1),
and

N(a,b,e) = (1/2)(a* + (2b — 4e)a® + (b* — 6be + 6% + 3)a®
+ (—2b% + 6be? — 4e® — 4b — de)a + (2 + 1)b* + (—2¢% + 20)b + (2 + 1)2) (/2.

Note that Q(a,b,e) > 0 for any a, b and ¢ satisfying (6.7), and N(a,b,e) > 0, since Aq is real
valued. Furthermore, Q(a,b,£)? — N(a,b,e)? = (Q(a,b,e) + N(a,b,¢))(Q(a,b,e) — N(a,b,¢)), so,
if

Q(a,b,¢)*> — N(a,b,e)?> >0 and Q(a,b,e) + N(a,b,e) > 0,

then Q(a,b,e) — N(a,b,e) > 0. We already have that Q(a,b,e) + N(a,b,e) > 0, where a and b
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satisfy (6.7). By squaring Q(a,b,e) and N(a,b,e) and subtracting them, we have
Q(a,b,€)* — N(a,b,e)? = —(1/4)(b* — 6ab + 4¢b + a?).
So, A2 > 0, since a, b and ¢ satisfy (6.7a).

To get a sharper lower bound, note that

Q(a,b,e)* — N(a,b,e)>  —(1/4)(b*> — 6ab + 4eb + a?)

Ar=Qlabe) = Nlabe) = = S N be) ~  Qlabe) + N{a.b,e)

We know that
Q(a,b,e) + N(a,b,e) > 2Q(a, b, )

because Q(a,b,e) > N(a,b,e). Furthermore,

2Q(a,b,e) = a® + ab —ca — b+ &% + 1.

Therefore
. —(1/4)(b* — 6ab + 4eb + a?) —b% + (6a — 4e)b —a® + 4
2 2Q(a, b, ¢) " 422 + (—8a — 4b)e + 4a? + dab + 4
for all a, b and ¢ satisfying (6.7a) and (6.7b). O

Recall Example 6.2.1, which had ¢ = 2, b = 4, ¢ = 107* and « = 5.9999. In that case,
A2 = 0.5628331. The same data in (6.21) gives the bound A2 > 0.53841, which is reasonably sharp.

6.3 The numerical method

6.3.1 Variational formulation
The variational formulation of (6.10) is: find z'e (H}(0,1))? such that

B(z,7) = F(¥) forall ve (H(0,1))?, (6.23)

where

1
(¢,p) = f a(@)p()dz,

0

B(Z,) 1= cal#, ) + calzh, vh) + (2, 0h) + (24 1f)
+ (bi1z1,v1) + (b1222,v1) + (bi323,v1) + (b1aza,v1)
+ (ba121,v2) + (bazz2,v2) + (baszs, v2) + (baaza, v2)

+ (b3121,v2) + (bsszs, v3) + (bagze, v2) + (baaza, v4), (6.24)

and
F(U) = (fT7 fi7 U17U2)7
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where b1 = ala—¢), b1 = —aa, bz =a—b—¢,byy =b—a, bay = aa, bas = a(a—¢), bag = a—b,

b24 =a—b—€, b31 =, b33 = 1,7 b42 = Q, and b44 =1.
The energy norm associated with the bilinear form B(w,, w;, u,,u;) on (Hg(0,1))? is
2 2 2 2 2 2 2 2 2
12l = ea [|wi]|, + ea|Jwilly + [lur [y + [Juilly +y(Nwellz + llwilly + llurllz + luilly).  (6.25)

Because we have shown that the coupling matrix is coercive, it is easy to show that the bilinear

form is too, with respect to |||z, i.e.,

B(w,7) = ||7]%  for all = (vy,vs) € (HE(0,1))%. (6.26)

The arguments are identical to those in Section 3.3, and, specifically, Lemma 3.3.1. The reasoning

there can also be adapted to show that B is continuous, i.e.,

B(z,7) < C||Z||z |U]l 5 for all z,v€ (Hg(0,1))% (6.27)

It follows from the Lax-Milgram Lemma that there exists unique solution to (6.23).

6.3.2 Shishkin mesh

We construct a standard Shishkin mesh with the mesh parameter

T= min{i, Ve/olog(N)}, (6.28)

where ¢ = ming(a — €). Note that this transition point does not depend of «, since it scaled
the diffusion and reaction terms equally (and, thus, cancelled in the mesh parameter). We now
define two mesh transition points at © = 7 and z = 1 — 7. That is, we form a piecewise uniform
mesh with N/4 equally-sized mesh intervals on each of [0, 7] and [1 — 7, 1], and N/2 equally-sized
mesh intervals on [7,1 — 7]. Typically, when ¢ is small, 7 « 1/4, the mesh is very fine near the

boundaries, and coarse in the interior. We refer to Section 2.3 for more details.

6.3.3 Finite element method

We define S to be the subspace of (H{(0,1))? made up of piecewise linear functions on the mesh
of Section 6.3.2. Then the discrete version of (6.23) is: find Z € S such that

B(Z,V)=F(V) forall Ves. (6.29)

As previously noted in Section 3.3.3, the standard finite element numerical analysis can proceed
based on quasi-optimal approximation properties of the finite element space, and an interpolation

error estimates. That is, the error

[7= 2] =l — 0203 + st = 0212+ = W1+ et~ W7
+Y(lur = Uplly + llui = Uills + llwe — Wells + [lw; — Will3), (6.30)
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is bounded as

7 ZHB S CIN"2 4 Coe/2N"'In N + C3N~ L (6.31)

If the constants Cy and Cj5 are of the some order, we expect the e-robust estimate

7 ZHB <CN7L. (6.32)

This is verified in the following section.

6.4 Numerical results

In this section, we present two examples. The first equation features constant coefficients and
the second equation has variable coefficients, and in both examples, we estimate the errors in the
numerical solutions based on a computed benchmark solution. Even though the coefficients are

variable in the second example, we show it is possible to find a constant o which satisfies (6.15).

We denote the error for given N and € as

Eg =

z-zH ,
B

where Z is the finite element solution, and Z'is either the true or benchmark solution, as appropriate.
In addition, pg denotes the rates of convergence of the error in the energy norm. It is computed
as

EN
oy = log, (15/2) (6.33)
EB

By E¥(u) and EY(w) we denote the true or estimated maximum pointwise error in u and w,

respectively, and by pX(u) and p%(w) the corresponding rates of convergence of u and w, i.e.,

EJ (u) , E3 (w)
P (u) := log, (EOCN/2(u)) and  pX(w) := log, (Eg/z(w)) (6.34)

Ezample 6.4.1. Suppose we take a =2, b =4, f, =1 and f; = 0 in (6.3). That is, we solve

—eu™® () + 201 + )’ (z) — 4(1 + i)u(x) = 1 on Q:=(0,1), (6.35)

with boundary conditions
uw(0) = u"(0) = u(1) = u"(1) = 0.

The solution u with ¢ = 1071 (left) and e = 1072 (right) was already shown in Figure 6.1. In
Figure 6.2 we show w with ¢ = 1071 (left), which does not feature layers. In contrast, as shown in
the graph on the right for smaller € (in this case, ¢ = 1073), w does possess boundary layers near

x =0 and z = 1, in both the real and the imaginary parts.
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Figure 6.2: Real and imaginary parts of w to (6.4.1) with € = 107" (left) and ¢ = 1073
(right).

From (6.16), we take oo = 6 — &, and then the system we solve is

e(6—¢) 0 0 0 w? Wy 1
- 0 e(6—¢) 0 0 wy Lplwi| 0
0 0 10 ull U 0]
0 0 0 1 ul U; 0
where
e2 -8 +12 1242 -2-¢ 2
B_ 12 — 2¢ g2 —8 +12 -2 —2—¢

6—¢ 0 1 0
0 6—c¢ 0 1

For this system, we have verified numerically that v ~ 0.5631.

In Tables 6.1 and 6.2, we present the error in the energy norm and the associated rates of

convergence computed when (6.35) is solved by using the finite element method on the Shishkin

mesh. We can see that the numerical solution for this problem converges at a rate that is at an

almost first-order, independently of €. Also, the error increases as ¢ initially decreases, for e = 1076

to e = 10712, the method is clearly robust.

Table 6.1: Ef for problem (6.35) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 7.271e-03 | 3.636e-03 | 1.818e-03 | 9.089e-04 | 4.545e-04
1.0e-02 || 1.846e-02 | 9.494e-03 | 4.782e-03 | 2.395e-03 | 1.198e-03
1.0e-04 || 1.269e-02 | 7.198e-03 | 4.063e-03 | 2.271e-03 | 1.259e-03
1.0e-06 || 1.110e-02 | 5.651e-03 | 2.886e-03 | 1.477e-03 | 7.577e-04
1.0e-08 || 1.094e-02 | 5.482e-03 | 2.747e-03 | 1.377e-03 | 6.907e-04
1.0e-10 || 1.093e-02 | 5.465e-03 | 2.733e-03 | 1.367e-03 | 6.837e-04
1.0e-12 || 1.093e-02 | 5.463e-03 | 2.732e-03 | 1.366e-03 | 6.830e-04

In Table 6.3, we present |u]. — Ul||l2 + |u} — Ul|2; it clearly shows that, for sufficiently small

€, the quantities in Table 6.1 agree with those in Table 6.3, up to 3 or 4 digits, showing that

u'. — U] + |u) — U!|s is the dominating term in ||z — Z|| . That is,
T T (3 3 B

7 ZHB ~ |l = Ul + i — Ul
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Table 6.2: p§ for problem (6.35) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 1.000 1.000 1.000 1.000
1.0e-02 0.959 0.989 0.997 0.999
1.0e-04 0.818 0.825 0.839 0.851
1.0e-06 0.974 0.970 0.966 0.963
1.0e-08 0.997 0.997 0.996 0.996
1.0e-10 1.000 1.000 1.000 1.000
1.0e-12 1.000 1.000 1.000 1.000

Given the close agreement between the data in Tables 6.1 and 6.3, we do not present rates of
convergence for the latter; for small € they would essentially be the same as those shown in
Table 6.2.

Table 6.3: |u;. — U/|2 + ||uj — Uj|2 for problem (6.35) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N =256

1 1.290e-03 | 6.450e-04 | 3.225e-04 | 1.612e-04 | 8.062e-05
1.0e-02 || 4.935e-03 | 2.469e-03 | 1.234e-03 | 6.173e-04 | 3.086e-04
1.0e-04 || 9.543e-03 | 4.609e-03 | 2.225e-03 | 1.074e-03 | 5.179e-04
1.0e-06 || 1.078e-02 | 5.374e-03 | 2.678e-03 | 1.335e-03 | 6.651e-04
1.0e-08 || 1.091e-02 | 5.454e-03 | 2.726e-03 | 1.363e-03 | 6.811e-04
1.0e-10 || 1.092e-02 | 5.462e-03 | 2.731e-03 | 1.365e-03 | 6.827e-04
1.0e-12 || 1.092e-02 | 5.462e-03 | 2.731e-03 | 1.366e-03 | 6.829e-04

Finally, as we did for the real-valued problem in Section 3.3.4, we verify the pointwise conver-
gence of the method. This is not covered by the theory of the method, but it is interesting, at least
to compare the accuracy of the FEM and the finite difference method of Chapter 7. Tables 6.4
and 6.6 show that, for sufficiently small e, the pointwise convergence is parameter uniform. In
Table 6.5 we show that the rate of convergence is fully second-order for u. This is to be expected
since, as shown in Figure 6.1, there is no (strong) boundary layer in u. That is u”(z) is bounded
independently of €. In contrast, in Table 6.7 one sees only almost second-order for w, due to the

presence of the layer: see Figure 6.2.

Table 6.4: EZX (u) for problem (6.35) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N = 256

1 2.129e-05 | 5.313e-06 | 1.328e-06 | 3.319e-07 | 8.296e-08
1.0e-02 || 1.494e-05 | 3.564e-06 | 8.904e-07 | 2.226e-07 | 5.564e-08
1.0e-04 || 4.630e-05 | 1.102e-05 | 2.623e-06 | 6.235e-07 | 1.480e-07
1.0e-06 || 5.406e-05 | 1.342e-05 | 3.340e-06 | 8.315e-07 | 2.070e-07
1.0e-08 || 5.484e-05 | 1.367e-05 | 3.413e-06 | 8.527e-07 | 2.131e-07
1.0e-10 || 5.492e-05 | 1.369e-05 | 3.420e-06 | 8.548e-07 | 2.137e-07
1.0e-12 || 5.492e-05 | 1.369e-05 | 3.421e-06 | 8.550e-07 | 2.137e-07

Table 6.5: p% (u) for problem (6.35) solved on a Shishkin mesh.

3 N=16| N=32 | N=64 | N=128

1 2.002 2.001 2.000 2.000
1.0e-02 2.067 2.001 2.000 2.000
1.0e-04 2.071 2.071 2.073 2.075
1.0e-06 2.010 2.007 2.006 2.006
1.0e-08 2.005 2.002 2.001 2.001
1.0e-10 2.004 2.001 2.000 2.000
1.0e-12 2.004 2.001 2.000 2.000
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Table 6.6: EZ (w) for problem (6.35) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 1.406e-05 | 3.518e-06 | 8.795e-07 | 2.199e-07 | 5.497e-08
1.0e-02 || 1.154e-03 | 2.723e-04 | 6.706e-05 | 1.670e-05 | 4.172e-06
1.0e-04 || 2.841e-03 | 1.100e-03 | 3.739e-04 | 1.263e-04 | 4.095e-05
1.0e-06 || 2.841e-03 | 1.100e-03 | 3.738e-04 | 1.263e-04 | 4.095e-05
1.0e-08 || 2.841e-03 | 1.100e-03 | 3.738e-04 | 1.263e-04 | 4.095e-05
1.0e-10 || 2.841e-03 | 1.100e-03 | 3.738e-04 | 1.263e-04 | 4.095e-05
1.0e-12 || 2.841e-03 | 1.100e-03 | 3.738e-04 | 1.263e-04 | 4.095e-05

Table 6.7: pZ(w) for problem (6.35) solved on a Shishkin mesh.

€ N=16| N=32 | N=64 | N=128

1 1.999 2.000 2.000 2.000
1.0e-02 2.084 2.022 2.005 2.001
1.0e-04 1.369 1.557 1.565 1.625
1.0e-06 1.369 1.557 1.565 1.625
1.0e-08 1.369 1.557 1.565 1.625
1.0e-10 1.369 1.557 1.565 1.625
1.0e-12 1.369 1.557 1.565 1.625

Example 6.4.2. We consider another example, where a and b are variable coefficients. We will take
a=2x+1, b=4x+1, f,=1+2 and f; =0,

in (6.3). That is, we solve

—eu® (z) + (22 + 1)(1 +i)u"(z) — 4z + 1)(i + Du(z) =1+x on Q:=(0,1), (6.36a)
with boundary conditions

u(0) = u”(0) = u(1) = u"(1) = 0. (6.36b)

We can not take « as in (6.16), since then it will be variable, and thus (6.9) would not ap-
ply directly. However, we can still chose an « that is constant (in z), and that satisfies (6.15).

Specifically, we choose o = 2 — ¢; in Figure 6.3, we show that this « satisfies (6.15).

The system we solve is

e(2—¢) 0 0 0 wy! wy 1+z
B 0 e(2—¢) 0 O wy Lalel 0
0 0 1 of|w " o |
0 0 0 1 ul U; 0
where
—2—-ge+(2x+1)(2—¢) —2z+1)(2—-¢) —e— 2z 2z
B 2x+1)(2—¢) —2—-¢e+R2zx+1)2—-¢) 22 —e—2

2—c¢ 0 1 0
0 2—c¢ 0 1

For this system, we have verified numerically that v ~ 0.382.
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Figure 6.3: Our chosen «, and its upper and lower bounds from (6.15).

In Tables 6.8 and 6.9, we present the error in the energy norm and the associated rates of
convergence computed when the coefficient functions are variable of the problem (6.36) which
solved by the finite element method on the Shishkin mesh.

We can see that the numerical solution converges at a rate that is an almost first-order, in-
dependently of €. Again, as observed with the constant-coefficient problem, the error initially

increases as € decreases, but for the smallest values of e, the method is clearly robust.

Table 6.8: Ef for problem (6.36) solved on a Shishkin mesh.

€ N =16 N =32 N =64 N =128 | N =256

1 2.460e-02 | 1.230e-02 | 6.150e-03 | 3.075e-03 | 1.537e-03
1.0e-02 || 4.783e-02 | 2.472e-02 | 1.247e-02 | 6.249e-03 | 3.126e-03
1.0e-04 || 3.199e-02 | 2.096e-02 | 1.294e-02 | 7.618e-03 | 4.357e-03
1.0e-06 || 1.960e-02 | 1.069e-02 | 5.852e-03 | 3.187e-03 | 1.727e-03
1.0e-08 || 1.794e-02 | 9.075e-03 | 4.600e-03 | 2.335e-03 | 1.186e-03
1.0e-10 || 1.777e-02 | 8.898e-03 | 4.456e-03 | 2.232e-03 | 1.118e-03
1.0e-12 || 1.775e-02 | 8.881e-03 | 4.441e-03 | 2.221e-03 | 1.111e-03

Table 6.9: pg for problem (6.36) solved on a Shishkin mesh.

3 N=16| N=32 | N=64 | N=128

1 1.000 1.000 1.000 1.000
1.0e-02 0.952 0.987 0.997 0.999
1.0e-04 0.610 0.696 0.764 0.806
1.0e-06 0.875 0.869 0.876 0.884
1.0e-08 0.983 0.980 0.979 0.977
1.0e-10 0.998 0.998 0.998 0.997
1.0e-12 0.999 1.000 1.000 1.000

Finally, Tables 6.10 and 6.12 present the pointwise errors computed when (6.36) is solved by
the finite element method on a Shishkin mesh, and these tables show for sufficiently small e, the
pointwise convergence is a parameter uniform. In Tables 6.11 and 6.13 demonstrate that this

convergence is fully second-order for u, and almost second-order for w.
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Table 6.10: EZY (u) for problem (6.36) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 3.294e-05 | 8.248e-06 | 2.061e-06 | 5.153e-07 | 1.288e-07
1.0e-02 || 3.330e-05 | 7.829e-06 | 1.927e-06 | 4.800e-07 | 1.199e-07
1.0e-04 || 5.239e-05 | 1.217e-05 | 2.822e-06 | 6.527e-07 | 1.504e-07
1.0e-06 || 6.573e-05 | 1.629e-05 | 4.045e-06 | 1.005e-06 | 2.499e-07
1.0e-08 || 6.708e-05 | 1.670e-05 | 4.170e-06 | 1.042e-06 | 2.603e-07
1.0e-10 || 6.721e-05 | 1.675e-05 | 4.183e-06 | 1.045e-06 | 2.614e-07
1.0e-12 || 6.722e-05 | 1.675e-05 | 4.184e-06 | 1.046e-06 | 2.615e-07

Table 6.11: pX (u) for problem (6.36) solved on a Shishkin mesh.

€ N=16| N=32 | N=64 | N=128

1 1.998 2.001 2.000 2.000
1.0e-02 2.089 2.022 2.006 2.001
1.0e-04 2.106 2.108 2.112 2.117
1.0e-06 2.013 2.009 2.009 2.008
1.0e-08 2.006 2.002 2.001 2.001
1.0e-10 2.005 2.001 2.000 2.000
1.0e-12 2.005 2.001 2.000 2.000

Table 6.12: EZY (w) for problem (6.36) solved on a Shishkin mesh.

€ N =16 N =32 N =064 N =128 | N =256

1 1.008e-04 | 2.519e-05 | 6.300e-06 | 1.575e-06 | 3.938e-07
1.0e-02 || 6.946e-03 | 1.583e-03 | 3.912e-04 | 9.778e-05 | 2.442e-05
1.0e-04 || 2.575e-02 | 1.304e-02 | 4.779e-03 | 1.521e-03 | 4.938e-04
1.0e-06 || 2.574e-02 | 1.306e-02 | 4.788e-03 | 1.524e-03 | 4.948e-04
1.0e-08 || 2.573e-02 | 1.306e-02 | 4.789e-03 | 1.525e-03 | 4.949e-04
1.0e-10 || 2.573e-02 | 1.306e-02 | 4.789¢e-03 | 1.525e-03 | 4.949e-04
1.0e-12 || 2.573e-02 | 1.306e-02 | 4.789¢-03 | 1.525e-03 | 4.949e-04

Table 6.13: p%(w) for problem (6.36) solved on a Shishkin mesh.

€ N=16 | N=32 | N=64 | N =128

1 2.000 2.000 2.000 2.000
1.0e-02 2.134 2.016 2.000 2.001
1.0e-04 0.981 1.448 1.651 1.623
1.0e-06 0.979 1.448 1.651 1.623
1.0e-08 0.978 1.447 1.651 1.623
1.0e-10 0.978 1.447 1.651 1.623
1.0e-12 0.978 1.447 1.651 1.623




Chapter 7

The analysis of a finite difference
method of a fourth-order
complex-valued singularly

perturbed problem

7.1 Introduction

In this chapter, we study the numerical solution of the singularly perturbed, fourth-order, complex-
valued reaction-diffusion equation introduced in Chapter 5, by finite difference methods. As in
Chapter 6, we transform a special case of this problem into a coupled system of second-order
reaction-diffusion problems. However, whereas in Chapter 6, this was to ensure that the resulting
system matrix is positive definite, and here we show how to derive a maximum/minimum-type
principle principal for this system, which is typically required for the numerical analysis of finite

difference methods.

Recall the general singularly perturbed, fourth-order, complex-valued reaction diffusion equa-

tions from (5.2),
—eu (z) + (ar + ia;)u" (x) — (by + ib)u(z) = (fy +if;)(z) on Q:=(0,1), (7.1a)
subject to the boundary conditions
u(0) = u"(0) = 0, u(l) = u"(1) = 0. (7.1b)
We focus on a special case of problems of the form in (7.1) where

a:=a., a; =Ca, and b.=0b;=:0b,

109
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where ¢ € (0,1 — €), for some real-valued functions a and b (a slightly stronger upper bound on ¢
is given in (7.8), along with other assumptions on a and b). Then our model differential equation

becomes
—eu™ (@) + a1 + ¢)u"(z) — b1 + Du(z) = (fr +ifi)(x) on Q:=(0,1), (7.2a)

subject to the boundary conditions
u(0) = u"(0) = 0, u(l) = u"(1) = 0. (7.2b)

The singular perturbation parameter, ¢, is in the interval (0,1]. Also, the right-hand side terms,

fr and f; denote real-valued functions on the interval Q.

7.1.1 Outline

In Section 7.2, we apply ideas similar to those in Section 5.3, to show how to first rewrite (7.2) as
a system of fourth-order real-valued problems, and then as a coupled system of second-order ones.

This yields a coupled system of four second-order real-valued differential equations.

In Section 7.3, we establish the stability result of differential operator for the system of four
equations solved using a Gauss-Seidel method ideas based on those in Section 5.6, leading to
bounds on the coefficients which ensure convergence of the Gauss-Seidel method (Corollary 7.3.1),
bounds on the solutions to the iterates (Corollary 7.3.2), and a maximum/minimum principle
(Corollary 7.3.3).

In Section 7.4, we describe a finite difference method for this problem, applied, initially, on
an arbitrary mesh. We then present a suitable layer-adapted mesh, and we outline the numerical
analysis for this method. We conclude, in Section 7.5, with two examples to verify the sharpness

of the analysis outlined in Section 7.4.3.

7.2 Transformation into a system of four second-order, real-

valued problems

In Section 5.3 we showed how to transform a general, fourth-order complex-valued problem into
a coupled system of four real-valued second-order ones. Here, we reuse that approach but restate
it since there are some simplifications in the choice of coeflicients, but also because we are not

interested in the coercivity of the resulting coupling matrix.

Starting as before, we rewrite (7.2) as the fourth-order real-valued system:

—eul® + au” — Canu!! — bu, + bu; = f, (7.3a)
—eul™ + Cau! + au! — bu, — bu; = f;. (7.3b)
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Using the transformation in (5.7), we set

. u// _ ﬂu
wi=— (7.4)

where a and ( are non-zero constants chosen depending on the problem data. This gives

v’ =oaw+ Bu, and, thus, u® =aw” + afw + B3u. (7.5)

With this, (7.3) is transformed to a system of four equations of the form

—caw!! + ala — eB)w, — alaw; + (af — b —eB*)u, + (b — CaB)u; = fr, (7.6a)
—caw! + alaw, + ala —eB)w; + (CaB — b)u, + (af —b—eBHu; = fi, (7.6b)
—uy + aw, + Bu, = 0, (7.6¢)
—u + aw; + Bu; = 0, (7.6d)
with boundary conditions
u(0) = w(0) =0, u(l) = w(l) = 0. (7.6¢)
Writing (7.6) in matrix form gives
e 0 0 O
- 0 ea 0 O >
LZ:=— 7' + BZ = 7.7
z o o0 1 0l? + BZ , (7.7a)
0 0 01
where
W,y ala —ef) —ala aB —b—¢ep? b— Caf fr
) _ _ _bh— B2 5 .
B R B e T U Bl B
Uy @ 0 B 0 0
Uu; 0 o 0 15} 0
(7.7b)

7.3 Stability result and maximum principle

In this section, we consider how a maximum principle analysis may be applied to the system in
(7.7). We will use the Gauss-Seidel analysis approach presented in Section 5.5. When doing so,

we assume that a, b, and ( satisfy the following conditions:

a—efB>Ca>b>0. (7.8)
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In addition, we assume that we can choose 8 such that

e’ +b

0< < a,
B

(7.9a)

and

% < a(. (7.9b)

These assumptions, with ¢ € (0,1 —¢), mean that all the results of Section 5.5 and Section 5.6 now
hold for this problem, including the results of Theorem 5.5.1, Theorem 5.5.2, Theorem 5.6.1, and

Lemma 5.6.2.

Recall the block iterative method from Section 5.5, and we apply to this system (7.6) The

semi-decoupled operators are
LW = —eaw” + By w, (7.10a)
Loti:= —0" 4 Byotr (7.10b)

Bl — b1 b2 . a(a—epB) —a(a
U b bae) aga ala—ep))’
By — b1z bisa _ aB —b—ef? b—Cap
2 baz  bas CaB—b af—b—ep?)’
s (b b  [a O A [bss bsa) (B O
B = <b41 b42> - <0 a> oand Ba= <b43 b44> - (0 5) P

We’ll also denote
B (7).
Ji

We define . ) |Ca|
pi il o et (7.11)
and
0 := jr211nz I;lelél bj(x)| = I;lelél (aa —eB)). (7.12)
Note that, from (7.8), we have
0<p(x)<1l forallxeQ. (7.13)

We restate the specific version of Theorem 5.5.1 for the ODE formulated as in (7.6).

Corollary 7.3.1. Let w = (w,,w;)" and & = (u,,u;)T be solution to (7.10). For k =0,1,2,...,
let wl*l and al¥] be defined as follows: set Wl and al% to be the vector-valued zero functions,
and, for k=1,2,3,..., wl¥l and al*! to be the solutions to

Lywl = £ — Byalk—1 subject to wF(0) = wlFl(1) =G on (0,1), (7.14a)
Loul®l = — By wikl subject to al*1(0) = al*(1) =0 on (0,1), (7.14b)
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Taking p and 0 as defined in (7.11) and (7.12) if

o |Buy

0<,6’(1—p2)9

<1, (7.15)

then limy_, o wiFl = W, and lim;_, o, alF! = a.

7.3.1 Using (7.15) to determine [

We now turn to investigate how to use (7.15) in order to determine § to ensure the sequence defined
in Corollary 7.3.1 converges. First note that a, 8, |Biz|, (1 — p?) and @ are all positive, so the
lower bound in (7.15) must always hold. Also,

a_[Bul _|af—ef?—bl+|aBC—b _ (a—=B)laf — 6> — bl + |aBC — bl]

B=p)0 B - E5m)(a—ep) Bla—ep —al)(a—epf +af)

We are interested in case where ¢ is small; specifically, a — e ~ a. In this case, our goal is to chose
[ so that
afaB —b] + |aB¢ — b]
Bla —aC)(a + aC)

For any positive 3, and since (a — a()(a + al) = a®> — a?¢? > 0, the inequality (7.16) is equivalent

<1. (7.16)

to

a(laB —b| + [aB¢ — b]) < Ba® — a*C?).

If af — b > 0 (which, we shall see presently is consistent with (7.15)), then we are attempting to
ensure that
a’fB — ab + alaB¢ —b| < a®B — a*¢?B.

That is,
—b+ |aB¢ —b| < —al?B,

or, equivalently,

b—al?B —|aB¢ —b| > 0.
By inspection, we can see that this can be rearranged as

2b

mg‘a«<+n

) > 0. (7.17)

Since ( is positive, we can see that this requires

20

Pt

In fact, not only can one ensure that the convergence factor in (7.15) is less that 1, one can also

minimize it. From (7.16), one should choose § in the range

Q| o
o>

<B< — (7.18)
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for constant a and b. For variable a and b, (7.18) becomes

max M < B < min b(z)
0<z<1 a(x) o<z<1 Ca(x

(7.19)

~

We discuss this further in Section 7.5

Example 7.3.1. We consider particular case of (7.2) with e =107%, a =6, b =4, and ( = 0.9. We
choose = 0.7407 as in (7.18). If we take aw = 10 — ¢, then from (7.11) we have

p = 0.900011 < 1.

Furthermore,

a |Bu|
a_ B2l _ 5063 < 1,
B(1—p?)0

which demonstrates that (7.15) is satisfied. Although we don’t present it here, we have verified
the algorithm converges in a manner that is very similar to that shown for Example 5.5.1; see
Figure 5.7.

The bounds on the solution to (7.10) are given in Theorem 5.5.2, and yield the following result.

Corollary 7.3.2. Let w = (w,,w;)T and & = (u,, ;)T be solution to (7.10). Define

|51z

= —"— and _ 2
SRR S
Then A
. 1 L[]
w| < —, 7.20
&l (1—p1p2>(1—02) 0 (7:20)
and A
L« 1 L[]
ul < = |wl € = — 7.21
hal 5” H 5(1_/?1/)2)(1_[’2) ¢ ( )

Recalling (5.35), we define decoupled operators associated with the diagonal entries of B
in (7.7b):

Ly = —ea)” + by19p, (7.22a)
Liot i= —car)” + by, (7.22b)
Lot i= =" + b1, (7.22¢)
Loty = =" + baatp. (7.22d)
[F;0]

As before, one can solve (7.14a) and (7.14b) iteratively, for a fixed k, as follows. We set
k—1]

i
uA)l[ , and solve

Lya 9 = (§ — Byga*=1); — o1 subject to wlF71(0) = wlk4l(1) = 0,

)

T
Ll;gﬁ)z[k’j] = (%1 — Blgﬁ[k_l])g — bgl’uA)yc;j] subject to Tf}[k;j] (0) = ’Lf}[k;j](l) = 6

A %

(7.23a)
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for j =1,2,3,..., setting @w[*] to be the limit of the sequence {w[k5j]}3°=0. Then solve

LoaalM = (= By wlkly, subject to al*(0) = al*(1) = 0,
Logil = (= Byywl), subject to a*(0) = al¥(1) = 0

i

(7.23b)

The following result comes from Theorem 5.6.1.

Corollary 7.3.3. Let w = (w,,w;)? and 0@ = (uy,u;)T be solution to (7.23) with f.(x) > 0,
fi(x) =0 for allz € [0,1], and a and b satisfying the assumptions in (7.8), (7.9a) and ¢ € (0,1—¢).
Then

wr(z) 20, wi(x) <0, ur(z)<0, and wui(x)=0. (7.24)

Ezample 7.3.2. Suppose we use the same example as presented in (7.3.1) with f. = z + 1 and
fi = 0. Then, from (7.6) we have

—£(10 — e)w! + (10 — €)(6 — Be)w, — 4.4(10 — &)w; + (0.4 — 0.5¢)u, + 0.0002u; = x + 1, (7.25a)
— (10 — )w! + 4.4(10 — £)w, + (10 — £)(6 — B)w; — 0.0002u, + (0.4 — 0.5¢)u; =0,  (7.25b)
—ul + (10 — e)w, + Bu, =0, (7.25¢)
—u] + (10 — e)w; + Bu; = 0, (7.25d)

where 8 = 0.7407.

-
- —

Figure 7.1: The solutions u,, u;, w, and w; to 7.3.2 with € = 1073,

In Figure 7.1 we can see that the signs of components of v and w are consistent with Corol-
lary 7.3.3. That is

wr(z) 20, wi(x) <0, wuy(r)<0, and wu(x)=0.

Also, we have straight from Lemma 5.6.2 the following result.

Corollary 7.3.4. Let W = (w,, w;)T and @ = (u,,u;)T be solution to (7.23), where the assump-
tions required by Corollary 7.3.3 hold. Then there exists a constant C, which is independent of €,
such that

Jw, D ()] < C[1 4 YD ()], (7.26a)
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[ (@) < CTL+ 2y () (7.26b)

jur V()| < C[1 4+ M2y (2)], (7.26¢)
and

00 (2)] < O+ £y ()], (7.264)

where . (x) = e Ve 4 e (=0)/VE gnd 1 =0,1,...,4.

Ezample 7.3.3. Suppose we use the same example as presented in (7.3.1) with f, = z + 1 and
fi = 0. Then, in Figure 7.2 we can see that the bound of components of u(*) and w® satisfied as

per Corollary 7.3.4, and are, in fact quite sharp. That is that we observe

lw, P (2)] ~ 1.2e 2 (2),  |w;® (2)] ~ 1.2e 2. (2),

25

—Zwin —eufy
=t - - 2wy 2L - - ¥
-------- 1.2 0(x) e 29(X)

083

06 fs

05 :5
&‘1"‘ .f:
L i, a

02 L " L " " L L L " s L "
[ 01 02 03 04 05 08 07 o8 09 1 [ 01 02 03 04 05 08 07 o8 09 1

x

Figure 7.2: Plots of u,»(‘l)7 ui(4), w7-(4) and wi(4) to the problem in Example 7.3.3 with
e = 1073, showing that the bounds in (7.26) are quite sharp in this case.

7.4 The numerical method

7.4.1 The finite difference scheme

First, for convenience, we recall from (4.47) that the definition of the standard second-order finite

difference operator on an arbitrary mesh {zg < 21 <+ <zy_1 < zn}, is

1 1 1 1

—Uj—1 — + Ui + Ujt1,
hihi i—1 ) 7 hz‘hi+1 i+1

.D2 i =
B (hihi hiv1h;
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where h; = x; — x;_1, and h; = (h; + hi11)/2, and {u;}}¥, is any mesh function. Then the finite
difference method for (7.7) is: find Z(xl) = (W (), Wy(w;), Uy (2;), Ui (2;))T such that

e 0 0 O
i@y —— | 0 Y D220 4 B Z() = Fla), (7.27a)
0 0 1 0
0 0 0 1
fori=1,...,N—1, and
Z(xo) = Z(zn) = 0. (7.27h)

7.4.2 Shishkin mesh

We construct a standard Shishkin mesh with the mesh parameter

T= mm{i,\/e/*glog(m}, (7.28)

where ¢ = ming(a — €). Notice that, although the perturbation parameter in (7.27) appears to be

e, in fact the o term cancels with that in B.

We now define two mesh transition points at x = 7 and £ = 1 —7. That is, we form a piecewise
uniform mesh with N/4 equally-sized mesh intervals on each of [0,7] and [1 — 7,1], and N/2
equally-sized mesh intervals on [7,1— 7]. Typically, when ¢ is small, 7 « 1/4, the mesh is very fine

near the boundaries, and coarse in the interior. We refer to Section 2.3 for more details.

7.4.3 Numerical analysis

We have shown that the (continuous) iterative method applied to (7.7) converges, which has allowed
us to deduce the stability of the continuous operator, subject to the choice of 3 in the transforma-
tion. That is the primary result of this chapter. But of course, we also wish to establish that we
can compute a uniformly convergent solution using the finite difference method of Section 7.4.1 on
the mesh described in Section 7.4.2. In some sense, such a result is standard, as there are many
papers and books on this topic. However, the problem we consider is a little different from many
of those in the literature, especially regarding the finite difference solution of coupled systems of
second-order equations. Specifically, many papers consider systems which are “fully singularly
perturbed”, meaning that each equation features an arbitrarily small parameter multiplying its
leading term. However, (in the terminology of Valarmathi and co-authors, e.g. [32]) our system is
“partially singularly perturbed”, since two of the equations do not feature a small parameter. This
is different from the analysis of many papers (e.g., [23]) requires that all parameters are small,
so that the solution can be decomposed into regular and layer parts; thus, their analysis does not

apply directly to our scenario.

Fortunately, the arguments of Paramasivam et al. [32] can be applied, with some minor modi-

fications.

First, we can see that in our problem, the coefficients of the terms in the first two differential
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equations are singular perturbation parameters, ea, but the leading term in the third and fourth
equations are not singular perturbation parameters (i.e., they are 1). So this fits into the notation
of [32], with n = 4, and m = 2. (In [32], the presentation is also more general in that they allow

for e1 < €2, but we have g1 = g9, which is still covered by the theory).

Next, in [32] paper it is assumed that the coupling matrix, which we denote as B in (7.7), has
non-negative off-diagonal entries, positive diagonal entries and is strictly diagonally dominant for
all . That is, B is an M-matrix (e.g., [5]). This in turn leads to a maximum principle, for the

continuous and discrete operators, which are then applied in the analysis; see [32, Lemma 1].

In our setting, we do not have these properties on B; indeed, as we have discussed, there is no
set of problem coefficients or choices of the transformation parameters, a and S that would give
this. But, nonetheless, we have shown the stability of the operator in Corollary 7.3.3, which is

essentially a combined maximum/minimum principle, analogous to [32, Lemma 2].

The bounds on the solution and its derivatives are presented [32, Lemma 3]. These are
for a very general problem, and so are somewhat pessimistic when translated into our simpler
setting. But, importantly, the bounds presented in Corollary 7.3.4 imply those in [32, Lemma 3].
However, in Section 3 of [32] “improved estimates” are presented for a decomposed solution which
agree exactly with those (for the undecomposed problems) in Corollary 7.3.4; see [32, Lemma 6],
where the scenario we consider is a simplified version of Case 2 in the proof (which allows for more

than one O(1) term in the second order coefficients).

Next, we note that the Shishkin mesh and finite difference schemes presented in Sections 6 and 7,
respectively, of [32], are exactly the same as we use in Sections 7.4.2 and 7.4.1. The stability results
for the discrete operator follow by standard arguments, but the proof of the robust convergence of
the numerical method, culminating in [32, Thm. 3], follows detailed numerical analysis. However,
the complications are largely due to the presence of multiple singular perturbation parameters. In

our simpler setting, we can deduce from [32, Thm. 3| the following result.

Theorem 7.4.1. Let QV be the Shishkin mesh defined in Section 7.4.2, and let W and G be the
solution to (7.23) on this mesh. If W and U solves (7.27), then

|12 = Z|gn := [0 —Ulgy + |[W — W]ay < CN"2In? N, (7.29)

for some constant C.

Proof. This follows from inspecting the arguments leading to [32, Thm. 3]. O

Note that (7.29) implies both

W — Wgy < CiN"2In* N, (7.30)

and

[a—Ulgy < CoN"2In% N, (7.31)

for some constants C; and C3. As we shall see in Section 7.5, the error bound in (7.30) appears
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sharp, but, in fact the bound in (7.31) appears not to be, and, in practice on observes that

Ja - Ulgy < CoN72, (7.32)

7.5 Numerical results

In this section, we will present numerical results for two examples. The first example has constant
coefficient functions, a and b are constants, which simplifies the transformation, since the (constant)
parameter 8 can be expressed as an expression in a and b. For the second example, the coefficient
functions, a and b, and right-hand side function, f, are variable. Even though the coefficients are

variable in the second example, we show it is possible to find a constant 5 which satisfies (7.19).

In both examples, we estimate the errors in the numerical solutions based on a computed
benchmark solution: the errors in the tables below are computed by comparing a numerical solution
on N intervals with one computed on a mesh with 100V intervals, but using the same transition
point (so interpolation is not required). Then, for given N and e, we denote by E¥ (u) and EY (w)
the estimated maximum pointwise error in u and w, respectively. In addition, pY (u) and p2 (w)
represent the estimated rates of convergence for u and w, computed in the same way as in earlier

chapters (see, e.g., Section 4.5).

7.5.1 A constant coefficient example

Ezample 7.5.1. In our first example, we use the data from Example 7.3.2; see (7.3.1). That is, we
will solve

—eu™® (@) + 6(1 + 0.9i)u" (x) — 4(1 + DJu(w) = x + 1. (7.33)

For the simple case we choose a = 10 — ¢ as in (3.16), and 8 = 0.7407 as in (7.18). The

transformed system can be written in matrix form (7.7) with

e(10 —¢) 0 00 w? Wy 1
0 10 — 00 ’.' i 0
- e(10-¢) e IEO:0 B e g (7.34)
0 0 1 0 U, Uy 0
0 0 0 1 ul u; 0
where
(10 — £)(6 — 0.7407¢) —4.4(10 — ¢) 0.4—0.5c  0.0002
B 4.4(10 — €) (10 — €)(6 — 0.7407¢)  —0.0002 0.4 — 0.5¢
B 10—¢ 0 0.7407 0
0 10—¢ 0 0.7407

In Figure 7.3 we show the solutions wu,, u;, w, and w; to (7.34) with € = 107!; note that layers
are not obvious in either component. This contrasts with Figure 7.1 where, for smaller ¢ (in this
case, ¢ = 1073), w does possesses boundary layers near z = 0 and x = 1, in both the real and the

imaginary parts.
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01 02 03 04

Figure 7.3: The solutions u,, u;, w, and w,; to Example 7.5.1 with ¢ = 10_1; compare

with Figure 7.1

We now present numerical results for Example 7.5.1, where the solution is computed on the

Shishkin mesh of Section 7.4.3. Tables 7.1 and Tables 7.2, we present the pointwise errors for

the solutions z present it in (7.29), and the rate of convergence, respectively. We can see that

the numerical solution for this problem converges at a rate that is at an almost second-order,

independently of €. Also, the error increases as € initially decreases, for reported values of ¢ less
than 102 the method is clearly robust.

Table 7.1: EY(z) for problem (7.5.1) computed on a Shishkin mesh

Real part
€ N =16 N =32 N =64 N =128 N = 256
1 3.754e-05 | 9.404e-06 | 2.353e-06 | 5.883e-07 | 1.471e-07
1.0e-02 8.268e-04 | 3.014e-04 | 7.869e-05 | 2.021e-05 | 5.067e-06
1.0e-04 8.294e-04 | 3.846e-04 | 1.438e-04 | 5.006e-05 | 1.640e-05
1.0e-06 || 8.331e-04 | 3.857e-04 | 1.441e-04 | 5.014e-05 | 1.642¢-05
1.0e-08 8.335e-04 | 3.858e-04 | 1.442e-04 | 5.015e-05 | 1.642e-05
1.0e-10 || 8.336e-04 | 3.858e-04 | 1.442e-04 | 5.015e-05 | 1.642¢-05
1.0e-12 8.336e-04 | 3.858e-04 | 1.442e-04 | 5.015e-05 | 1.642e-05

Table 7.2: pY(2) for problem (7.5.1) computed on a Shishkin mesh

Real part

€ N=16 | N=32 | N=64 | N =128

1 1.997 1.999 2.000 2.000
1.0e-02 1.456 1.938 1.961 1.996
1.0e-04 1.109 1.419 1.523 1.610
1.0e-06 1.111 1.420 1.524 1.611
1.0e-08 1.111 1.420 1.524 1.611
1.0e-10 1.111 1.420 1.524 1.611
1.0e-12 1.111 1.420 1.524 1.611

Tables 7.3 and Tables 7.4, we present the pointwise errors for the solutions u, and the rate of

convergence, respectively. For the former, we see that the error in both the real and imaginary

components of u is, essentially, robust for all values of £, with minor fluctuations in the error for

larger €. From the latter, we see that the rate of convergence is fully second-order. Note that this

suggests that the result in Theorem 7.4.1, which predicts the usual logarithmic factor in the rate

of convergence, is not entirely sharp. However, since (as we shall see) the error is dominated by

the w component, this is not consequential.
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Table 7.3: EN(u) for problem (7.5.1) computed on a Shishkin mesh.

Real part
5 N =16 N =32 N =64 N =128 | N =256
1 1.377e-05 | 3.462e-06 | 8.663e-07 | 2.167e-07 | 5.425e-08
1.0e-02 || 5.362e-06 | 2.635e-06 | 7.083e-07 | 1.804e-07 | 4.562e-08
1.0e-04 || 1.081e-05 | 2.584e-06 | 6.168e-07 | 1.478e-07 | 4.037e-08
1.0e-06 || 1.382e-05 | 3.435e-06 | 8.534e-07 | 2.120e-07 | 5.259e-08
1.0e-08 || 1.416e-05 | 3.543e-06 | 8.884e-07 | 2.220e-07 | 5.543e-08
1.0e-10 || 1.420e-05 | 3.554e-06 | 8.920e-07 | 2.230e-07 | 5.573e-08
1.0e-12 || 1.420e-05 | 3.555e-06 | 8.924e-07 | 2.231e-07 | 5.579e-08
Imaginary part
€ N =16 N =32 N =64 N =128 | N = 256
1 1.290e-05 | 3.233e-06 | 8.085e-07 | 2.022e-07 | 5.061e-08
1.0e-02 || 8.828e-06 | 2.595e-06 | 6.838e-07 | 1.724e-07 | 4.326e-08
1.0e-04 || 8.972e-06 | 2.150e-06 | 5.153e-07 | 1.298e-07 | 3.556e-08
1.0e-06 || 1.135e-05 | 2.821e-06 | 7.005e-07 | 1.740e-07 | 4.317e-08
1.0e-08 || 1.163e-05 | 2.909e-06 | 7.293e-07 | 1.822e-07 | 4.550e-08
1.0e-10 || 1.166e-05 | 2.918e-06 | 7.323e-07 | 1.831e-07 | 4.575e-08
1.0e-12 || 1.166e-05 | 2.918e-06 | 7.326e-07 | 1.831e-07 | 4.580e-08

Table 7.4: pY (u) for problem (7.5.1) computed on a Shishkin mesh.

Real part

€ N=16 | N=32 | N=64 | N =128

1 1.992 1.999 1.999 1.998
1.0e-02 1.025 1.895 1.973 1.984
1.0e-04 2.065 2.067 2.061 1.873
1.0e-06 2.008 2.009 2.009 2.011
1.0e-08 1.999 1.995 2.001 2.001
1.0e-10 1.999 1.994 2.000 2.000
1.0e-12 1.998 1.994 2.000 1.999

Imaginary part

€ N=16 | N=32 | N=64 | N =128

1 1.996 2.000 1.999 1.998
1.0e-02 1.767 1.924 1.988 1.995
1.0e-04 2.061 2.061 1.989 1.868
1.0e-06 2.008 2.010 2.009 2.011
1.0e-08 2.000 1.996 2.001 2.002
1.0e-10 1.999 1.994 2.000 2.000
1.0e-12 1.999 1.994 2.000 1.999

In Table 7.5 we present the errors for the w component, along with the estimate rates of

convergence in Table 7.6. The errors in Table 7.5 follow those typically observed for a second-order

reaction-diffusion equations: the error initially increases as ¢ decreases, but for the smallest values

of €, the method is robust. Further, we see almost second-order for w, independently of ¢, which

is entirely in agreement with Theorem 7.4.1
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Table 7.5: EN(w) for problem (7.5.1) computed on a Shishkin mesh.

Real part
5 N =16 N =32 N =64 N =128 | N =256
1 1.885e-05 | 4.720e-06 | 1.181e-06 | 2.951e-07 | 7.373e-08
1.0e-02 || 7.815e-04 | 2.979e-04 | 7.771e-05 | 1.997e-05 | 5.005e-06
1.0e-04 || 7.804e-04 | 3.809e-04 | 1.425e-04 | 4.986e-05 | 1.635e-05
1.0e-06 || 7.804e-04 | 3.808e-04 | 1.425e-04 | 4.985e-05 | 1.635e-05
1.0e-08 || 7.804e-04 | 3.809e-04 | 1.425e-04 | 4.985e-05 | 1.635e-05
1.0e-10 || 7.804e-04 | 3.809e-04 | 1.425e-04 | 4.985e-05 | 1.635e-05
1.0e-12 || 7.804e-04 | 3.809e-04 | 1.425e-04 | 4.985e-05 | 1.635e-05
Imaginary part
€ N =16 N =32 N =64 N =128 | N = 256
1 3.124e-06 | 7.873e-07 | 1.972e-07 | 4.935e-08 | 1.237e-08
1.0e-02 || 2.742e-04 | 9.834e-05 | 2.494e-05 | 6.254e-06 | 1.565e-06
1.0e-04 || 2.747e-04 | 1.192e-04 | 4.534e-05 | 1.555e-05 | 5.122e-06
1.0e-06 || 2.744e-04 | 1.192e-04 | 4.534e-05 | 1.555e-05 | 5.122e-06
1.0e-08 || 2.728e-04 | 1.191e-04 | 4.534e-05 | 1.555e-05 | 5.122e-06
1.0e-10 || 2.725e-04 | 1.191e-04 | 4.534e-05 | 1.555e-05 | 5.122e-06
1.0e-12 || 2.725e-04 | 1.191e-04 | 4.534e-05 | 1.555e-05 | 5.122e-06

Table 7.6: p2 (w) for problem (7.5.1) computed on a Shishkin mesh.

Real part

€ N=16 | N=32 | N=64 | N =128

1 1.998 1.999 2.000 2.001
1.0e-02 1.391 1.939 1.961 1.996
1.0e-04 1.035 1.418 1.516 1.608
1.0e-06 1.035 1.418 1.516 1.608
1.0e-08 1.035 1.418 1.516 1.608
1.0e-10 1.035 1.418 1.516 1.608
1.0e-12 1.035 1.418 1.516 1.608

Imaginary part

€ N=16 | N=32 | N=64 | N =128

1 1.988 1.997 1.999 1.997
1.0e-02 1.479 1.979 1.996 1.999
1.0e-04 1.205 1.394 1.544 1.602
1.0e-06 1.203 1.395 1.544 1.602
1.0e-08 1.195 1.394 1.544 1.602
1.0e-10 1.194 1.394 1.544 1.602
1.0e-12 1.194 1.394 1.544 1.602

7.5.2 A variable coefficient example

Ezample 7.5.2. In this example, we take a = v/x + 2, b =€%/2,( = 0.4, and f, = 2> +2 and f; = 0

in (7.2). Then the problem we are solving is

x

eul(@) + Va +2(1+ 040" (@) = (1 +Du(e) = 2” +2

with, as usual, homogeneous Dirichlet boundary conditions.

on (0,1),

(7.35)

As per (7.5), @ and § must be chosen to be constant when transforming to a system of four

second-order equations. Recalling (7.19), we must choose § so that

max

b(x)

< B < min
0<a<1 a(x) <h< 0<z<

b(x)
1 ¢a(x)’

~



7.5 Numerical results 123

That is, for this data of this problem,

b(1) b(0)
— L~ 0.7847 < B < — - ~ 0.8839.
2 ~ VT < B < g ~ 08839

~—

Therefore, we choose 5 = 0.8 for the numerical results in this example; see Figure 7.4;

2
— — biz=ta’s) [Upper] T : | I | | | |
b [Lower] :
-~
18| )
-~
-
-
16 )
-
_/
14 B
12 F
1k
o0&
iE: N
04 —________________
0z |
[i] [N} 02 03 04 05 05 P —- . !

Figure 7.4: The upper and lower bounds for 8 from (7.19) when e = 10~*. Notice we
can choose, e.g., § = 0.8.

We are free to choose «, since it does no impact on the convergence of the scheme; arbitrarily,

we take o = 1. From (7.11) we have

max p(z) = 0.400018 < 1,

0<z<l1
so (7.13) is satisfied. Furthermore, from (7.15) when ¢ = 10~%, we have and

o |Bu

ﬁm < 0.7143 < 1,

for all x € [0, 1], so convergence is assured via Corollary 7.3.1.

The system we solve is

e 00 0\ [uw wy 1
0 ¢ 00 " ; 0

. o IS0 R B gl B (7.36)
0 010 U, Uy 0
000 1) \u " 0

where
Ve+2—e —04r+2 Jr+2—€"/2—¢ €%/2—04x+2
04V +2 r+2—-e 04V +2—¢"/2 Jr+2—e%/2—¢
1 0 0.8 0
0 1 0 0.8

B =
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In Figure 7.5 we show u with ¢ = 1071 (left) and e = 1072 (right), note that the graphs are
very similar, and neither feature layers. In Figure 7.6 we show w with e = 10! (left), which does
not features layers. In contrast, as shown in the graph on the right for smaller £ (in this case,

e = 1073), w does possesses boundary layers near z = 0 and x = 1, in both the real and the

imaginary parts.

01
ey

_————

01

Figure 7.5: Real and imaginary parts of the solutions u to (7.36) with ¢ = 107" (left)
and € = 1073 (right)

o

Figure 7.6: Real and imaginary parts of w to (7.36) with ¢ = 107" (left) and & = 107°
(right).

Tables 7.7 and 7.9 present the pointwise errors for the solutions v and w computed when (7.5.2)
is solved by the finite difference scheme on Shishkin mesh. The results are qualitatively similar to

Tables 7.3 and 7.5: the error initially increases as ¢ decreases, but for the smallest values of ¢, the

method is clearly robust.

Tables 7.8 and 7.10, we can see that the numerical solution converges at a rate that is a full

second-order for u, and an almost second-order for w, independently of €.
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Table 7.7: EN(u) for problem (7.5.2) computed on a Shishkin mesh.

Real part
5 N =16 N =32 N =64 N =128 | N =256
1 5.779e-05 | 1.450e-05 | 3.625e-06 | 9.065e-07 | 2.266e-07
1.0e-02 || 7.110e-05 | 1.782e-05 | 4.458e-06 | 1.115e-06 | 2.787e-07
1.0e-04 || 1.596e-04 | 3.420e-05 | 7.271e-06 | 1.541e-06 | 3.551e-07
1.0e-06 || 2.674e-04 | 6.622e-05 | 1.640e-05 | 4.044e-06 | 9.973e-07
1.0e-08 || 2.805e-04 | 7.043e-05 | 1.763e-05 | 4.403e-06 | 1.100e-06
1.0e-10 || 2.818e-04 | 7.086e-05 | 1.776e-05 | 4.441e-06 | 1.110e-06
1.0e-12 || 2.819e-04 | 7.090e-05 | 1.777e-05 | 4.444e-06 | 1.111e-06
Imaginary part
€ N =16 N =32 N =64 N =128 | N = 256
1 8.618e-06 | 2.152e-06 | 5.384e-07 | 1.346e-07 | 3.365e-08
1.0e-02 || 3.086e-05 | 8.163e-06 | 2.055e-06 | 5.160e-07 | 1.290e-07
1.0e-04 || 4.010e-05 | 8.810e-06 | 1.896e-06 | 4.070e-07 | 9.481e-08
1.0e-06 || 6.669e-05 | 1.645e-05 | 4.069e-06 | 1.004e-06 | 2.478e-07
1.0e-08 || 6.987e-05 | 1.744e-05 | 4.359e-06 | 1.089e-06 | 2.719e-07
1.0e-10 || 7.019e-05 | 1.754e-05 | 4.389e-06 | 1.098e-06 | 2.744e-07
1.0e-12 || 7.022e-05 | 1.755e-05 | 4.392e-06 | 1.099e-06 | 2.747e-07

Table 7.8: p2 (u) for problem (7.36) computed on a Shishkin mesh.

Table 7.9: EY (w) for problem (7.36) computed on a Shishkin mesh.

Real part

€ N=16 | N=32 | N=64 | N =128

1 1.995 2.000 2.000 2.000
1.0e-02 1.996 1.999 2.000 2.000
1.0e-04 2.223 2.234 2.239 2.117
1.0e-06 2.014 2.014 2.019 2.020
1.0e-08 1.994 1.998 2.002 2.002
1.0e-10 1.992 1.996 2.000 2.000
1.0e-12 1.991 1.996 2.000 2.000

Imaginary part

€ N=16 | N=32 | N=64 | N =128

1 2.002 1.999 2.000 2.000
1.0e-02 1.919 1.990 1.994 2.000
1.0e-04 2.186 2.216 2.220 2.102
1.0e-06 2.019 2.016 2.019 2.019
1.0e-08 2.002 2.000 2.001 2.002
1.0e-10 2.000 1.999 1.999 2.000
1.0e-12 2.000 1.999 1.999 2.000

Real part
€ N =16 N =32 N =64 N =128 | N = 256
1 1.441e-04 | 3.613e-05 | 9.034e-06 | 2.259e-06 | 5.647e-07
1.0e-02 || 1.701e-02 | 4.458e-03 | 1.145e-03 | 2.871e-04 | 7.189e-05
1.0e-04 || 4.111e-02 | 1.854e-02 | 7.014e-03 | 2.423e-03 | 7.968e-04
1.0e-06 || 4.104e-02 | 1.851e-02 | 7.004e-03 | 2.420e-03 | 7.956e-04
1.0e-08 || 4.102e-02 | 1.851e-02 | 7.003e-03 | 2.419e-03 | 7.955e-04
1.0e-10 || 4.102e-02 | 1.851e-02 | 7.003e-03 | 2.419e-03 | 7.955e-04
1.0e-12 || 4.102e-02 | 1.851e-02 | 7.003e-03 | 2.419e-03 | 7.955e-04
Imaginary part
€ N =16 N =32 N =64 N =128 | N = 256
1 4.127e-05 | 1.033e-05 | 2.583e-06 | 6.459e-07 | 1.615e-07
1.0e-02 || 2.948e-03 | 7.454e-04 | 1.868e-04 | 4.680e-05 | 1.170e-05
1.0e-04 || 7.199e-03 | 3.129e-03 | 1.146e-03 | 3.916e-04 | 1.281e-04
1.0e-06 || 7.269e-03 | 3.126e-03 | 1.144e-03 | 3.909e-04 | 1.279e-04
1.0e-08 || 7.298e-03 | 3.127e-03 | 1.144e-03 | 3.908e-04 | 1.279e-04
1.0e-10 || 7.302e-03 | 3.127e-03 | 1.144e-03 | 3.908e-04 | 1.279e-04
1.0e-12 || 7.302e-03 | 3.127e-03 | 1.144e-03 | 3.908e-04 | 1.279e-04
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Table 7.10: pY (w) for problem (7.36) computed on a Shishkin mesh.

Real part

€ N=16 | N=32| N=64 | N=128

€ N=32| N=64 | N=128 | N =256

1 1.996 2.000 2.000 2.000
1.0e-02 1.932 1.961 1.996 1.997
1.0e-04 1.149 1.402 1.533 1.605
1.0e-06 1.148 1.402 1.533 1.605
1.0e-08 1.148 1.402 1.533 1.605
1.0e-10 1.148 1.402 1.533 1.605
1.0e-12 1.148 1.402 1.533 1.605

Imaginary part

€ N=16 | N=32| N=64 | N=128

1 1.998 2.000 2.000 2.000
1.0e-02 1.984 1.996 1.997 2.000
1.0e-04 1.202 1.450 1.549 1.611
1.0e-06 1.217 1.450 1.549 1.612
1.0e-08 1.223 1.451 1.549 1.612
1.0e-10 1.223 1.451 1.549 1.612
1.0e-12 1.223 1.451 1.549 1.612




Chapter 8

Conclusion

8.1 Summary of thesis

The aim of this thesis has been to design algorithms for the accurate and efficient analysis and solu-
tion of second-and fourth-order boundary-layer problems, with a particular emphasis on complex-
valued problems. Although complex-valued problems are very important in applications, they have
not received much attention in the literature concerning the parameter robust solution singularly
perturbed problems. Thus there are numerous fundamental questions to be addressed, and oppor-
tunities to contribute to the emerging science in this area. This has been achieved through the

following contributions.

e We have introduced the numerical analysis of complex-valued singularly perturbed differential
equations, beginning with the convergence of a finite difference scheme for a second-order
equation on a layer-adapted mesh (Chapter 2). This is important to the rest of the thesis
because it shows, in great detail, how to analyse a finite difference method for a coupled

system of second-order equations.

e We have proposed a new transformation for a real-valued fourth-order problem to a coupled
system which gives a simple resolution to a short-coming in some published literature. There
is a parameter in the transformation that depends on the problem data, but we have shown
how it can be chosen when the problem at hand is to be solved by a finite element method
(Chapter 3), or a finite difference method (Chapter 4).

e Next we have approached the problem of analysing complex-valued fourth-order problem; in
a general setting we have shown how this can be transformed into a system of four real-valued
second-order equations. We then discussed a framework for ensuring the coupling matrix is
coercive, or the operator satisfies a monotonicity result, when given very specific values of
the problem data. (Chapter 5).

e We have investigated the applicability of that framework in the context of a special case of

problem in Chapter 5:

—eu™® () + (1 + )a(z)u”(x) — (1 + i)b(z)u(z) = f(x) on Q:=(0,1),

127
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(Chapter 6). We have shown how formulate the problem to ensure coercivity of coupling
matrix, without having to consider specific values of the problem data (other than certain
assumptions). The exact choice of the special case is mainly for exposition; the approach we

present can be applied to other, or more general, cases.

e Finally, we study another special case of the problem from Chapter 5, this time of form
—eu™ () + a(1 + Ci)u"(z) — b(1 + i)u(x) = (f, +ifi)(x) on Q:=(0,1),

u(0) = u"(0) = 0, u(l) =u"(1) =0,

but from the perspective of a maximum/minimum principle-type result, which is often re-

quired for the numerical analysis of finite difference methods (Chapter 7).

8.2 Future work

There are many possible extensions of the work of this thesis that can be addressed in the future.
Of course, we do not aim to discuss all possibilities of further work related to this thesis. Instead,
I mention some directions which I think would be particularly interesting. Of course, this is my

own view and is based on my own mathematical interests.

1. In this thesis we have considered so-called “simply supported” fourth-order problems, where
the boundary conditions allow for relatively direct reframing of the problem as coupled sys-
tems. The so-called “clamped” problems are also of huge interest, but are more difficult to
solve in several ways. Firstly, it is not as clear to express the problems as lower-order sys-
tems. Secondly, the layers present are more strongly dependent on €. That is, for the simply
supported problems, the solution and its first two derivatives are bounded independently of
€. But for the clamped case, only the solution and its first derivative are bounded. This will

complicate both the numerical methods and their analysis.

2. The complex-valued problems we have studied feature the same boundary conditions on the
real and imaginary parts, and so, the layers present in the two components are very similar,
In particular, a simple layer-adapted mesh with a single transition point is needed near
each boundary. However, one can formulate a complex-valued problem where the boundary
conditions are different for each component, requiring a more complicated mesh for their

solution.

3. It would be very interesting to apply the methods presented here to the full Orr-Sommerfeld
problem (mentioned briefly in (1.6)), which is a complex-valued, parametrised problem, with
mixed boundary conditions (see, e.g, [11]). Moreover, the solution and its derivatives pos-
sess boundary layers. A particular version of interest, from a model of wave-current inter-

actions [25], can be expressed as follows: find the function, u, and (complex) parameter k,



8.2 Future work 129

such that

a2 N\ Pu
e(dx2—k;)u—2dx2—|—z(k —a(k,z))u=0 for 0<uz<l, (8.1a)

with boundary conditions
w(0) =0, 4(0)=0, u(l)=wu;, u"(1)=uwv1(k), (8.1b)

where uy is some specified value, and v1 is a function of k. Since the parameter k is to be

determined, an extra condition is needed. This is provided by the “extra” boundary condition
u”(1) = g(u(1),u'(1), k). (8.1c)

This problem is complicated, and interesting, for a number of reasons.

(a) It is a boundary layer problem, so suitable layer-adapted meshes are required for accu-

rate numerical solutions.

(b) It has mixed boundary conditions, and most papers on fourth-order problems in the
literature consider only first or second-order boundary conditions. At first, the problem
(8.1a)—(8.1b) is not suitable for conversion to a coupled system. However, it can be
shown that if the boundary condition on w'(0) is replaced with one on «”(0), then
the solution remains largely unchanged away from x = 0. So, as a first step towards

investigating this problem, one could make this simplification.

(¢) This problem is parametrised meaning that we must also solve for the unknown (com-
plex) number & using (8.1c). For that, a very accurate estimate of u/(1) is needed, again

demonstrating that layer-adapted meshes are important.

4. In [11] a version of the Orr-Sommerfeld equation is proposed which features Robin-type
boundary conditions at one boundary. These have been studied in the context of coupled
systems of singularly perturbed problems (see, e.g., [7]) and would be worthy of further

consideration, especially for complex-valued problems.

5. It would be interesting to construct a transformation based on non-constant parameters. In
various places in this thesis, we have transformed a fourth-order problem to a system by

using the transformation
u” — Bu
)

. (8.2)

w =

where o and 3 are constants chosen depending on the problem data. (In some cases, we have

taken o = 1 or 8 = 1, but (8.2) shows the most general version to date). This gives
v = aw + Bu. (8.3)
To proceed with the transformation, we then differentiate to get

u® = aw” + pu" = aw” + Bow + Fu. (8.4)

For certain ranges of values of the problem data, we have shown how to determine values of
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«a and S so that, for example, the coupling matrix is coercive. Outside of those ranges, it
may be that there there are no suitable constants o and 5. To circumvent this, one could
generalise (8.2) further, and allow « and § to be non-constant. That is, one would set

u”(x) = a(r)w(x) + B(x)u(x). In such a scenario, instead of (8.4), we would have

u® = aw” + 20w + o"w + Baw + Bu + 28'v + B"u. (8.5)

With this, the singularly perturbed, fourth-order, real-valued reaction-diffusion equation
(3.1), which presented in Chapter 3 can be transformed into a system of two equations

of the form

—caw” — 2ed’w’ — 2ef'U + (aa — e — caf)w + (aff — B —eB” — b)u = f, (8.6a)

—u" + aw+u =0, (8.6b)

subject to the boundary conditions

u(0) = w(0) =0, u(l) =w(l) = 0. (8.6¢)

We can write this system as

- 2¢a)  2eB’ -
[z (5 O) s (% E) 2T (8.7a)
0 1 0 0

5 <w>, B (aa—eo/’—eaﬁ aﬁ—sﬁQ—eﬁ”—b> ond = (f) (8.7b)
U o 1 0

This is feasible, but leads to other challenges.

e A system has first-order derivatives. That is, (8.6a) is a convection-diffusion problem.
This presents difficulties for the finite element and finite difference solution of the equa-
tions, since the discrete systems are not stable on arbitrary meshes: solution can have
large oscillations. So the numeric methods needed would need upwinding (or similar)
for stability. The literature on the numerical solution of these problems is vast (see

surveys [35, 42, 43]) and beyond the scope of this thesis.

e The resulting system, which would be reaction-convection-diffusion in nature, would be
coupled by both first derivative and second derivative terms. That is, whereas as the
systems we have previously studied are considered to be weakly coupled, (8.6) is strongly
coupled, at least in the first equation. Again, this makes it more difficult to solve, and

to analyse.

e The task of determining the range of values of the functions o and 8 that ensure that
the bilinear form (for example) is coercive is clearly more challenging since, instead of

computing a single value, we need to determine suitable functions.

6. We have considered only one-dimensional differential equations, but problems in higher di-
mensions are also very interesting. Furthermore, here the coercivity results for finite element

methods will be even more important. This is because, even if an operator does not satisfy
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a maximum/minimum principle, one still finds that finite difference methods can be applied
and may give accurate solutions: only the proofs are harder. But with finite element methods,

coercivity is required for even the existence of the solutions.

Furthermore, although just about any differential equation in one dimension can be solved
by one’s choice of finite difference or finite element method, the same is not true in higher
dimensions. This is because finite difference methods are mainly applied only on simple
domain shapes (like rectangles or circles, in two-dimensions), and on tensor product grids.
For arbitrary shaped domains finite difference methods may not be feasible, and so finite

elements are required.

7. We have considered only problems with smooth data. If, for example, the right-hand side has
a discontinuity, then layers can develop in the interior of the domain. There are some very
recent papers considering this topic, see, e.g., [3, 9]. So it would be interesting to consider

such problems in the context of complex-valued problems.

8. Recall Section 5.6 where we investigated the signs of solution components under strong
assumptions on the right-hand side function f. We restricted our attention to the case
where f was strictly real or purely imaginary. As mentioned in Remark 5.6.1 more general
problems would required much more detailed analysis. This is because the sign of the solution
components would depend on relative size of f, and f;, and in a way that depends on the
other problem data. Indeed, it is possible to construct cases where solutions change sign
in the interior of the domain. A full investigation would interesting, but necessarily very
detailed.
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