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Abstract

In this thesis, we study the basis sets of pure difference ideals, that is, ideals that are
generated by differences of monic monomials. We examine the action of the hyper-
octahedral group on the defining ideal of the Segre variety in the multi-dimensional
case and present some striking computational results. We characterise the universal
Gröbner basis for the 4-dimensional binary case of this ideal. Separately, in order
to create a classification of non-toric pure difference ideals, we introduce and study
the concept of a Gröbner-reversible pure difference ideal. We also outline a method
for enumerating the Graver bases of some pure difference ideals that are not lattice
ideals.

Binomial edge ideals are binomial ideals that arise naturally from simple graphs.
We show that the universal Gröbner basis and the Graver basis of a binomial edge
ideal coincide. We provide a description for this basis set in terms of certain paths in
the underlying graph. We conjecture a similar result for a parity binomial edge ideal
and prove this conjecture for the case when the underlying graph is the complete
graph.

The maximum likelihood degree (ML degree) of an algebraic variety V is a measure
of the complexity of the problem of maximum likelihood estimation for a statistical
model corresponding to V . We demonstrate that the ML degree of a scaled Segre
variety Vc depends on certain algebraic and geometric properties of the scaling pa-
rameter c. We give a sufficient condition for a scaled Segre variety Vc to have ML
degree one and describe how the ML degree drops when c has a particular multiplica-
tive structure. We also put forward a number of conjectures and give a closed form
expression for the solutions to the likelihood equations for the simplest non-trivial
case.
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1 Introduction

1.1 Overview

This thesis focusses on finding characterisations. To characterise something is to de-

scribe its distinctive nature or features or to establish its critical property. Schwartz-

mann [72] notes that the adjective characteristic has its origin in the Greek word

kharax, meaning, ‘a pointed stake’:

‘From Greek kharax came kharakhter, an instrument used to mark or

engrave an object. Once an object was marked, it became distinctive, so

the character of something came to mean its distinctive nature’.

We are concerned with the study of pure difference ideals. A pure difference ideal

is a binomial ideal that is generated by differences of monic monomials. Well-known

examples of pure difference ideals are toric ideals, and lattice ideals. Specifically, we

are interested in two distinguished basis sets of pure difference ideals, the universal

Gröbner basis and the Graver basis. One of the best known characterisations in this

area of mathematics is Bernd Sturmfels’ geometric characterisation of the universal

Gröbner basis of a toric ideal, which appeared in his 1996 book ‘Gröbner bases and

Convex Polytopes’ [75, Theorem 7.8]. That characterisation proved a one-to-one

correspondence between the elements of the elusive universal Gröbner basis and the

edges of a distinguished convex polytope, thereby establishing a fundamental link

between commutative algebra and polyhedral geometry.

For over thirty years, mathematicians have made many attempts to characterise

the universal Gröbner bases and the Graver bases of various collections of binomial

ideals, and to study the relationships between these fundamental basis sets. The

common denominator in the vast majority of these attempts is the setting of toric

ideals. There is very little in the literature dealing with the universal Gröbner bases

or the Graver bases of pure difference ideals that are not lattice ideals, or even pure

difference ideals that are not toric ideals. Breaking out of the current paradigm, and

motivated by pure mathematical interest, in our research we take tentative steps in

exploring the basis sets of the much wider class of general pure difference ideals.
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1 Introduction

In Chapter 2, we begin in familiar territory, in the setting of toric ideals. We study

the universal Gröbner basis and the Graver basis of the defining ideal of the Segre

variety in the multi-dimensional case. In Section 2.2, we introduce the concept of

combinatorial types in the Graver basis and use this as a tool to characterise the uni-

versal Gröbner basis and the Graver basis for the 3-dimensional and 4-dimensional

binary case. To aid our characterisation we also study the action of the hyperoc-

tahedral group on the ideal and present some striking computational results in this

line. In Section 2.3, we move on to general pure difference ideals and consider the

composition of their universal Gröbner bases. We examine the frequencies of ele-

ments appearing in the various reduced Gröbner bases, and, in order to create a

classification of non-toric pure difference ideals, we introduce and study the concept

of a Gröbner-reversible pure difference ideal. In Section 2.4, we examine the Graver

basis of a pure difference ideal. Our main result here is a method for enumerating

the Graver bases of some pure difference ideals that are not lattice ideals. I am es-

pecially grateful for the assistance of Emil Sköldberg in some of the computational

aspects of this chapter.

Binomial edge ideals and parity binomial edge ideals are pure difference ideals that

arise naturally from simple graphs (see [42] and [53]). These ideals are not prime,

and are not lattice ideals. In Section 3.2 of Chapter 3, we show that the universal

Gröbner basis and the Graver basis of a binomial edge ideal coincide. In other

words, we prove that the critical property of the universal Gröbner basis elements

is precisely the ‘primitiveness’ of binomials. We provide a characterisation for this

special basis set in terms of certain paths in the underlying graph. We conjecture a

similar result for a parity binomial edge ideal in Section 3.3 and prove this conjecture

for the case when the underlying graph is the complete graph. We understand that

these are the first results of their kind in the literature, in that two large classes

of pure difference ideals, which are not lattice ideals, are specified, for which the

universal Gröbner basis and the Graver basis agree. The research in Chapter 3 is

joint work with Mourtadha Badiane and Emil Sköldberg. This chapter is an updated

and expanded version of the paper at [8].

In Chapter 4 we take somewhat of a diversion, though not completely. Here we

study the maximum likelihood degree (ML degree) of scaled Segre varieties. The

ML degree of an algebraic statistical model counts the number of complex critical

points of the likelihood function over the model viewed as a variety. The concept

was introduced by Catanese, Hoşten, Khetan and Sturmfels [15, 47] as a tool to

study the complexity of the maximum likelihood estimation problem in statistics.
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1 Introduction

In Section 4.2 we provide an in-depth introduction to the ML degree problem, and

then carefully refine the problem to our area of interest, that of scaled toric varieties.

In Section 4.3 we set out the connection between arrays and scaled Segre embed-

dings. We define a scaled Segre variety Vc and show that the likelihood equations

for Vc admit a surprisingly uncomplicated description. Our main results are given

in Section 4.4. We demonstrate that the ML degree of the scaled Segre variety Vc

depends on certain algebraic and geometric properties of the scaling parameter c.

We give a sufficient condition for a scaled Segre variety to have ML degree one and

describe how the ML degree drops when c has a particular multiplicative structure.

We also put forward a number of interesting conjectures and give a closed form ex-

pression for the solutions to the likelihood equations for the simplest non-trivial case.

Some of the research in Chapter 4 was published in in [4, Section 6], a paper that

I co-authored with Carlos Améndola, Nathan Bliss, Courtney R. Gibbons, Martin

Helmer, Serkan Hoşten, Evan D. Nash, Jose Israel Rodriguez and Daniel Smolkin.

The remainder of the work in this chapter is my own work and is as yet unpublished.

1.2 Background

In this section we will briefly recall some fundamentals of binomial ideals, Gröbner

basis theory and basis sets of binomial ideals. Throughout the thesis, unless oth-

erwise specified, R is the polynomial ring F [x1, ..., xn] where F is a field and R is

equipped with a fixed monomial order �. The characteristic of F is arbitrary unless

otherwise noted. For an up-to-date overview of current knowledge about binomial

ideals, we recommend the recent monograph by Herzog, Hibi and Ohsugi [43].

Definition 1.1. For a monomial xu = xu11 · · ·xunn ∈ R, where u ∈ Zn≥0, the set {i :

ui 6= 0} ⊆ [n] is called the support of xu and is denoted by supp(u). We say that the

monomials of the binomial xu−xv have disjoint supports if supp(u) ∩ supp(v) = ∅,

or, equivalently, if gcd(xu,xv) = 1.

Given a binomial b ∈ R whose monomials have disjoint supports, this implies that

b can be written as xu+−xu− where u = u+−u− ∈ Zn and supp(u+) ∩ supp(v−) =

∅ and both u+ and u− are non-negative.

Definition 1.2. An ideal I of R is a pure difference ideal (also known in the liter-

ature as a pure binomial ideal) if I is generated by differences of monic monomials

i.e. binomials of the form xu− xv with u,v ∈ Zn≥0, called pure difference binomials.

3



1 Introduction

Definition 1.3. A lattice is a subgroup of the additive abelian group Zn. Let L ⊆ Zn

be a lattice. The ideal IL ⊆ R defined by IL = 〈xu−xv : u,v ∈ Zn≥0 with u−v ∈ L〉
is called a lattice ideal.

A description of the minimal binomial generating sets of IL is given in [18]. Bi-

nomial generating sets of lattice ideals were called Markov bases by Diaconis and

Sturmfels in [22]. Recall that if I ⊆ R is any polynomial ideal, and f ∈ R is fixed,

then the saturation of I with respect to f is the set

(I : f∞) := {g ∈ R : fmg ∈ I for some m > 0}.

The set (I : f∞) is an ideal of R. Furthermore, if I ⊆ R is a pure difference ideal,

and f ∈ R is a monomial, then (I : f∞) is a pure difference ideal. Every lattice

ideal is clearly a pure difference ideal, but the converse does not hold. The following

propositions provide insight on the nature of the relationship between pure difference

ideals and lattice ideals (see also [61, Section 7.1]).

Proposition 1.4 ([43]). Let I ⊆ R be a pure difference ideal. Then (I : (x1 · · ·xn)∞)

is a lattice ideal. Let JL ⊆ R be a lattice ideal, where L ⊆ Zn is a lattice. Then

(JL : (x1 · · ·xn)∞) = JL.

Corollary 1.5 ([43]). Let I ⊆ R be a pure difference ideal. Then the ideal I is a

lattice ideal if and only if (I : (x1 · · ·xn)∞) = I.

Proposition 1.6. A pure difference ideal I ⊆ R, with I 6= R, contains no monomial.

Proof. If I is a lattice ideal IL, then the proof follows from the previous results.

Any ideal J ⊆ R contains at least one monomial if and only if (J : (x1 · · ·xn)∞)

is the unit ideal R. Suppose that IL contains a monomial. From Proposition 1.4

we have that (IL : (x1 · · ·xn)∞) = IL. This forces IL = R i.e. L = Zn, which is a

contradiction. If I is an arbitrary pure difference ideal, then the result follows from

[17, Theorem 1.8].

We note that the more general question of how to find all monomials in an ar-

bitrary polynomial ideal was considered by Miller in [60]. A pure difference ideal

I ⊆ R is prime if and only if I is a toric ideal [26, Section 5.1]. The relationship be-

tween lattice ideals and toric ideals is as follows. A lattice L ⊆ Z is called saturated

if for u ∈ Zn and a ∈ Z \ {0}, au ∈ L implies u ∈ L. Equivalently, L is saturated

if the additive abelian group Zn/L is torsionfree. Equivalently, L is saturated if

4



1 Introduction

L = kerZA = {u ∈ Zn : Au = 0} for some matrix A ∈ Zd×n. A lattice ideal is a

toric ideal if and only if L is saturated.

Definition 1.7. A configuration matrix is a matrix A = (aij) = (a1, . . . ,an) ∈
Zd×n. The toric ideal IA associated to A is the kernel of the map

π : R = F [x1, . . . , xn]→ F [t±1
1 , . . . , t±1

d ]

given by π : xi 7→ tai , where tai is the monomial obtained by reading down column ai

of A i.e. tai := ta1i1 ta2i2 · · · t
adi
d . Given α ∈ Zd, the fiber of α is the set Fα = {u ∈ Zn :

Au = α} ⊆ Zn. The binomial xu−xv ∈ R lies in the ideal IA, or equivalently, is A-

homogeneous, if and only if Au = Av. We may write IA = 〈xu+−xu− : u ∈ kerZA〉.

We refer the reader to [75, Chapter 4] for more information on toric ideals. When

studying toric ideals, the configuration matrices A that we consider will always

satisfy kerZA ∩ Zn≥0 = {0}, that is, the integer kernel of A is a positive lattice.

Such toric ideals are called positively graded toric ideals [67]. As Charalambous,

Thoma and Vladoiu pointed out in [18], almost all results in the literature relate to

positively graded toric ideals. For binomial ideals in R we have the strict inclusions

(positively graded) toric ideals ⊂ lattice ideals ⊂ pure difference ideals.

Toric ideals have been the most studied. This is because of their wide applications.

Indeed, in most applications in the growing field of algebraic statistics, the lattice L

in a lattice ideal arises as the kernel of some integer matrix A [23, Section 1.3].

We now briefly recall some fundamentals of Gröbner basis theory. A total order �
on the set of all monomials xu = xu11 xu22 · · ·xunn in R is said to be a monomial order

on R if the constant monomial 1 is the unique minimal element, and xu � xv implies

xu+w � xv+w for all u, v, w ∈ Zn≥0. If n ≥ 2, R has infinitely many monomial orders.

The best-known monomial order is perhaps the lexicographic monomial order, which

is defined as follows.

Definition 1.8 (The lexicographic monomial order). Let xu,xv ∈ R, where u 6= v.

Then xu � xv if, in the vector difference u− v ∈ Zn, the leftmost nonzero entry is

positive.

Given a monomial order �, every polynomial f ∈ R has a unique initial monomial,

the �-largest monomial that occurs with non-zero coefficient in the expansion of f ,

denoted in�(f). All other monomials in f are called trailing monomials. If I is an

ideal in R, then its initial ideal in�(I) is the monomial ideal generated by the initial

5



1 Introduction

monomials of all the polynomials in I i.e. in�(I) = 〈in�(f) : f ∈ I〉. Any ideal

I ⊆ R has only finitely many distinct initial ideals [75, Theorem 1.2]. A finite subset

G of I is a Gröbner basis with respect to � if it is true that

in�(I) = 〈in�(g) : g ∈ G〉.

If we wish to draw attention to the monomial order � being used and the ideal I,

we sometimes use the notation G�(I) to denote a Gröbner basis of I with respect

to �. A Gröbner basis G is said to be a reduced Gröbner basis if the following three

additional conditions are met:

• no monomial in {in�(g) : g ∈ G} is redundant;

• no trailing monomial of any g ∈ G lies in in�(I);

• the coefficient of in�(g) in g is 1 for each g ∈ G.

Recall that by Hilbert’s Basis Theorem, every ideal in R is generated by a finite set

of polynomials. Given a fixed monomial order �, every ideal I ⊂ R has a unique

reduced Gröbner basis. This unique basis can be computed from any generating set

of I by a method called Buchberger’s algorithm (briefly described below). Due to

their use in solving systems of polynomial equations, Gröbner bases have become

fundamental objects in algebra. A comprehensive introduction to Gröbner bases and

Buchberger’s algorithm can be found in the monograph by Adams and Loustaunau

[2] or the monograph by Cox, Little and O’Shea [20]. The importance of Gröbner

bases was aptly phrased by Zeilberger several years ago when he suggested that their

impact ‘is worth ten Fields medals’ [82].

Definition 1.9. Let f, h ∈ R and let G = {g1, ..., gt} ⊆ R be a finite set of nonzero

polynomials. Then f reduces to h modulo G if and only if f can be written in the

form

f = a1g1 + · · ·+ atgt + h, ai ∈ R

such that whenever ai 6= 0, in�(f) � in�(aigi). We say that f has been reduced

by the polynomials gi where ai 6= 0. If h = 0 then f is said to reduce to zero

modulo G. If f = 0 or if no monomial that appears in f is divisible by any one of

the in�(gi), i = 1, ..., t, then f is said to be reduced (or irreducible) modulo G. If

G = G�(I) is a Gröbner basis for I then we say that h is the normal form of f with

respect to �, denoted NG�(I)(f). Note that we may leave out the phrase ‘modulo

G’ if the identity of the set G is clear from the context.

6



1 Introduction

Definition 1.10 (S-polynomial). Let f, g ∈ R be nonzero polynomials. Let xγ be

the least common multiple of in�(f) and in�(g). The S-polynomial of f and g is

spol(f, g) =
xγ

c · in�(f)
· f − xγ

d · in�(g)
· g

where c, d ∈ F are the coefficients of in�(f) and in�(g) respectively.

Theorem 1.11 (Buchberger’s criterion). Let I ⊆ R be a polynomial ideal. A basis

G = {g1, ..., gt} for I is a Gröbner basis if and only if spol(gi, gj) reduces to zero

modulo G for all i 6= j.

Buchberger’s criterion immediately provides an algorithmic method for construct-

ing a Gröbner basis for I from a given basis for I. This method is known as Buch-

berger’s algorithm [2, Algorithm 1.7.1], [20, Theorem 2.7.2]. The next proposition

is a well-known fact regarding the reduction of S-polynomials that can prove to be

very useful when proving that a given basis set for I is a Gröbner basis. It is a

slightly strengthened version of [20, Proposition 2.9.4].

Proposition 1.12. For any polynomials f, g ∈ R and monomials xu,xv ∈ R, if the

initial monomials of f and g are relatively prime then spol(xu · f,xv · g) is reduced

to zero by f and g. In particular, spol(f, g) is reduced to zero by f and g. Moreover,

if f = g then spol(xu · f,xv · g) = 0.

There are several distinguished basis sets in any pure difference ideal I ⊂ R, two

of which we now mention. A binomial xu − xv ∈ I is called primitive if there exists

no other binomial xu′−xv′ ∈ I such that xu′ divides xu and xv′ divides xv. The set

of primitive binomials in I is called the Graver basis of I and denoted Gr(I). The

union of all of the reduced Gröbner bases of I is called the universal Gröbner basis

of I and denoted U(I). It is known that for any pure difference ideal I ⊆ R, the

Graver basis Gr(I) is a finite set and the inclusion U(I) ⊆ Gr(I) holds (see [75] and

[17]). In other words, every binomial in the universal Gröbner basis is primitive.

It is the convention in the literature to identify a binomial with its negative when

dealing with ‘universal’ basis sets such as the universal Gröbner basis and the Graver

basis. This is because, for the most part, these basis sets have been studied in a

context where a binomial is a member if and only if its negative is a member. As we

will see, however, this does not hold for the universal Gröbner basis of an arbitrary

pure difference ideal. We therefore depart from the usual convention in this thesis

and typically make a distinction between the binomial b and its negative −b.
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To close this section, we note a special property of toric ideals that will be relied

on in Section 2.2. Naturally, there are binomials in IA whose monomials do not have

disjoint supports. However, if xw(xu−xv) ∈ IA then xu−xv ∈ IA. This is because

IA is a prime ideal that does not contain any monomial (see Proposition 1.6). It

follows directly from this that each minimal generating set (minimal Markov basis)

and reduced Gröbner basis of IA consists of A-homogeneous binomials of the form

xu+ − xu− where u ∈ kerZA. The same is true of the the universal Gröbner basis

and the Graver basis of IA. Thus we can freely identify binomials in these basis sets

with vectors in Zn. Notice that

b = xu+ − xu− ∈ Gr(IA) ⇐⇒ −b = xu− − xu+ ∈ Gr(IA)

or, equivalently, u ∈ Gr(IA) ⇐⇒ −u ∈ Gr(IA).

8



2 From toric to pure difference in the

study of basis sets

2.1 Research background

The study of basis sets of binomial ideals is a vibrant area of research in contem-

porary mathematics. The concept of the universal Gröbner basis was formally in-

troduced over thirty years ago independently by Volker Weispfenning [80] and Niels

Schwartz [71]. Graver bases were introduced by Sturmfels several years afterwards,

around the same time Eisenbud and Sturmfels wrote their seminal paper on bino-

mial ideals [25]. From then to the present time, many attempts have been made to

characterise the minimal Markov bases, the Gröbner bases, the universal Gröbner

bases and the Graver bases of various collections of binomial ideals, and to study

the relationships between these basis sets.

The problem of describing these sets, however, is well-known to be a very difficult

one. It is perhaps most difficult in the case of the universal Gröbner basis. In

[65], Petrović described the problem of obtaining ‘an explicit description’ of either

the universal Gröbner basis or the Graver basis as ‘a nontrivial task’. In [28], the

authors deal with the characterisation of the universal Gröbner basis of a collection of

non-binomial ideals. They say that ‘there are few classes of ideals whose universal

Gröbner bases are known’. They add that such characterisations ‘in general are

known to be computationally difficult’.

Progress, however, has been made. One of the areas of research where this is best

seen is the study of the toric ideal associated to a simple graph G. This ideal was

introduced by Rafael Villareal [79]. In 1995, De Loera, Sturmfels and Thomas gave

an explicit characterisation, in terms of binomial types, of the universal Gröbner

basis of this ideal, but limited to the case when G is the complete graph Kn and

when the number of vertices is less than eight [58]. Over fifteen years later, Tatakis

and Thoma characterised in explicit graph theoretical terms the elements of the

universal Gröbner basis of this ideal, for any simple graph G [78]. In the same

9



2 From toric to pure difference in the study of basis sets

article, Tatakis and Thoma also gave a characterisation of the binomials which lie

in the Graver basis but are not members of any reduced Gröbner basis. This toric

ideal should not be confused with the non-toric binomial edge ideal (or the non-toric

parity binomial edge ideal) associated to G studied in Chapter 3 of this thesis.

Another area in which some progress has been made in this line is that of robust

toric ideals. A robust ideal is an ideal whose universal Gröbner basis is a minimal

generating set for the ideal. For example, the ideal generated by the 2-minors of a

2×n matrix of variables is robust [75, Example 1.4]. A determinantal ideal is an ideal

generated by the minors of a homogeneous polynomial matrix [62]. Many well-known

classes of toric ideals, such as the class we will study in Section 2.2, are determinantal.

Recently, Boocher and Robeva showed that all robust toric ideals generated by

quadratic binomials are determinantal [14]. However, they encountered significant

obstacles in attempting to characterise robustness for toric ideals generated in higher

degrees. In further recent work, Boocher, Brown, Duff, Lyman, Murayama, Nesky

and Schaefer showed that if I is a toric ideal associated to a simple graph, then

robustness is a strong enough condition to ensure that the universal Gröbner basis

and the Graver basis are equal [13]. In other words, I is minimally generated by its

universal Gröbner basis if and only if I is minimally generated by Graver basis. Very

recently, the extensive work of Petrović, Thoma and Vladoiu [66, 67] has provided a

framework for the characterisation of all toric ideals whose Graver basis, the universal

Gröbner basis, any reduced Gröbner basis and any minimal generating set coincide.

In the early 1990s, Sturmfels proved that the universal Gröbner basis and the

Graver basis coincide for toric ideals of unimodular matrices, that is, matrices that

are invertible over the integers [74]. Almost twenty years later, Bogart, Hemmecke

and Petrović studied toric ideals associated to matrices defining rational normal

scrolls and toric ideals associated to matrices encoding homogeneous primitive col-

ored partition identities [12]. Motivated partly by an earlier conjecture of Petrović

[65], they were successful in characterising all matrices within these two infinite

families for which the universal Gröbner basis and the Graver basis coincide.

The common denominator in all of the aforementioned research is the setting of

toric ideals. There is very little in the literature dealing with the universal Gröbner

bases or the Graver bases of pure difference ideals that are not lattice ideals, or

even pure difference ideals that are not toric ideals. Breaking out of the current

paradigm, and motivated by pure mathematical interest, in our research we take

tentative steps in exploring the basis sets of the much wider class of general pure

difference ideals.

10



2 From toric to pure difference in the study of basis sets

In Section 2.2, we stay in the setting of toric ideals and study the universal Gröb-

ner basis and the Graver basis of the defining ideal of the Segre variety in the

multi-dimensional case. We introduce the concept of combinatorial types in the

Graver basis and use this as a tool to characterise the universal Gröbner basis and

the Graver basis for the 3-dimensional and 4-dimensional binary case. To aid our

characterisation we also study the action of the hyperoctahedral group on the ideal

and present some striking computational results in this line.

In Section 2.3, we consider the composition of universal Gröbner bases of pure

difference ideals. We examine the frequencies of elements appearing in the various

reduced Gröbner bases, and, in order to create a classification of non-toric pure

difference ideals, we introduce and study the concept of a Gröbner-reversible pure

difference ideal.

In Section 2.4, we examine the Graver basis of a pure difference ideal. Our main

result here is a method for enumerating the Graver bases of some pure difference

ideals that are not lattice ideals.

I am especially grateful for the assistance of Emil Sköldberg in some of the com-

putational aspects of this chapter. Specifically, Sköldberg wrote a Python script

which sorted the elements of the Graver basis of a toric ideal into combinatorial

types (see Example 2.7). He also wrote a Python script that interfaced elements

from the software 4ti2 and polymake [29] to retrieve the universal Gröbner basis

from the Graver basis (see Subsection 2.2.1).

2.2 Toric ideals arising from independence models

Let n1, . . . , nk be k fixed positive integers, each larger than one. Recall that the

Segre embedding may be defined as the natural embedding

Pn1−1 × · · ·Pnk−1 → P(Πkl=1nl)−1

given by sending the point [θ
(1)
1 , . . . , θ

(1)
n1 ; . . . ; θ

(k)
1 , . . . , θ

(k)
nk ] to the point with homo-

geneous coordinates made out of all the monomials θ
(1)
i1
· · · θ(k)

ik
, il ∈ [nl], l ∈ [k].

We may extract a configuration matrix from the Segre embedding, as follows.

Definition 2.1. The configuration matrix for the Segre embedding is the
∑k

l=1 nl×∏k
l=1 nl zero-one matrix A whose columns are indexed by ai1...ik , ordered lexico-

graphically, where the column ai1...ik has a 1 in the i1-th place, the (n1 +i2)-th place,

the (n1 +n2 +i3)-th place, . . . , the (
∑k−1

l=1 nl+ik)-th place, and zeros elsewhere. The

11



2 From toric to pure difference in the study of basis sets

∑k
l=1 nl rows of A are indexed by the elements of {θ(l)

il
: il ∈ [nl], l ∈ [k]}, ordered

lexicographically. The rows consist of k blocks that correspond to the k dimensions

of the Segre embedding.

Let n = Πk
l=1nl and let d =

∑k
l=1 nl. Thus the configuration matrix A for the

Segre embedding is an element of Zd×n. In this section we study the toric ideal IA

associated to A. Let the k-tuple index set [n1] × · · · × [nk] be denoted by J . In

a slight abuse of notation we sometimes write n1 × · · · × nk for J . Sometimes we

will denote IA by IJ or In1×···×nk . Likewise, we may sometimes denote A by AJ or

An1×···×nk . We demonstrate some of this notation in Example 2.2.

Example 2.2. Let k = 3, and let n1 = n2 = n3 = 2. The matrix AJ ∈ Z6×8 is

A2×2×2 =



1 1 1 1 0 0 0 0

0 0 0 0 1 1 1 1

1 1 0 0 1 1 0 0

0 0 1 1 0 0 1 1

1 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1


.

The ideal IJ ⊆ F [x1, . . . , x8] is minimally generated by 9 binomials, as follows:

I2×2×2 = 〈x1x8 − x4x5, x1x8 − x3x6, x1x8 − x2x7,

x1x4 − x2x3, x1x7 − x3x5, x1x6 − x2x5,

x2x8 − x4x6, x3x8 − x4x7, x5x8 − x6x7〉.

The determinantal ideal IA is perhaps best known as the defining ideal of the Segre

variety (see for example, [62, Section 1.2]). It is generated by squarefree quadratic

binomials. Whilst the generating set for the two-dimensional case (the 2-minors

of a n1 × n2 matrix of variables) is ubiquitous in the literature, the generators for

the multi-dimensional case k ≥ 3 are not as well-known. These are, however, none

other than the 2-minors of the box-shaped n1 × · · · × nk matrix of variables, which

are explicitly described in [36]. There are many areas of mathematics in which

IA naturally arises. One example of such is the field of algebraic statistics. As

we will see in Chapter 4, a recurring theme in algebraic statistics is that algebraic

statistical models for discrete data are typically identified with certain algebraic

subvarieties of high-dimensional complex projective spaces. In this setting, IA is

the defining ideal of the complete independence model for k random variables [23],

12



2 From toric to pure difference in the study of basis sets

or alternatively, the complete independence model of k-way contingency tables [6,

Section 6.2.1] (hence the title of this section). The ideal IA also arises, for example,

in the study of transportation polytopes. It is the model toric ideal for the axial

k-way transportation polytopes studied in [57].

The following problem was posed by Thomas Kahle at the Summer School on

Algebraic Statistics held in Nordfjordeid, Norway, in June 2013.

Problem 2.3. Characterise U(I2×2×···×2).

In this section we investigate Problem 2.3 and describe the current status of the

problem. We also investigate and suggest a solution to the following problem.

Problem 2.4. Characterise U(I2×2×m).

Recall from Chapter 1 that binomials xu+ − xu− in the various basis sets of the

ideal IA can be freely identified with vectors u = u+ − u− ∈ Zn. Now consider the

following. Let Sn be the symmetric group on n elements. Sn acts on Zn by permuting

coordinates and acts on R = F [x1, . . . , xn] by permuting variables. Given σ ∈ Sn
and u = (u1, . . . , un) ∈ Zn let σ(u) = (uσ(1), . . . , uσ(n)) ∈ Zn. For u ∈ Zn, we let

Sn(u) = {σ(u) ∈ Zn : σ ∈ Sn} denote the orbit of u under the action of Sn.

Definition 2.5. We say that u = (u1, . . . , un) and v = (v1, . . . , vn) in Zn are of the

same combinatorial type, or c-type, if v is an element of the set Sn(u)∪Sn(−u). For

any configuration matrix A ∈ Zd×n, we let ct(A) denote the total number of distinct

c-types in Gr(IA). We say that the binomials xu+ − xu− and xv+ − xv− in Gr(IA)

are of the same c-type if the corresponding vectors u,v ∈ Zn are of the same c-type.

Given a binomial b = xu+−xu− ∈ Gr(IA), where u = u+−u− ∈ Zn, let u+
i1
, . . . , u+

is

be the positive coordinates of u+ and let u−i1 , . . . , u
−
it

be the positive coordinates of

u−. We say that b is of c-type (u+
i1
, . . . , u+

is
)(u−i1 , . . . , u

−
it

). For consistency and ease

of notation when specifying c-types, we typically arrange the coordinates in non-

increasing order from left to right within each of the two brackets, place the bracket

containing max{u+
ij
, u−ik : 1 ≤ j ≤ s, 1 ≤ k ≤ t} on the left, and drop the commas.

Example 2.6. The binomials x1x4−x2x3 and x6x7−x5x8 in I2×2×2, corresponding

to the vectors (1,−1,−1, 1, 0, 0, 0, 0) and (0, 0, 0, 0,−1, 1, 1,−1) in kerZ(A2×2×2), re-

spectively, are both of c-type (11)(11). The binomial x1x4x7−x2
3x6 in I2×2×2, corre-

sponding to the vector (1, 0,−2, 1, 0,−1, 1, 0) in kerZ(A2×2×2), is of c-type (21)(111).

The c-types (11)(11) and (21)(111) are the only c-types in Gr(I2×2×2), the Graver

basis of I2×2×2. The number of c-types in Gr(I2×2×2) is given by the leftmost data

entry in the first row of Table 2.1.
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2 From toric to pure difference in the study of basis sets

Example 2.7. Table 2.1 gives the values of ct(AJ ) for various J . For example,

the table indicates that there are 69 distinct combinatorial types in Gr(I2×2×2×4).

A dash (-) denotes a computation that is currently infeasible (in terms of time). We

used the software 4ti2 to compute Gr(IJ ) and then used a Python script to count

the frequencies of c-types in the 4ti2 output. We predict that for m ≥ 8, the value

of ct(A2×3×m) is constant.

m 2× 2×m 2× 2× 2×m 2× 2× 2× 2×m 2× 3×m
2 2 10 89 4
3 4 35 - 11
4 5 69 - 23
5 5 - - 31
6 5 - - 35
7 5 - - 37
8 5 - - -

Table 2.1: See Example 2.7. Values of ct(AJ ) for various J . A dash (-) denotes a
computation that is currently infeasible.

2.2.1 Status of Problem 2.3

This problem is still open for the general case. Using computational methods, we

have been able to characterise U(I2×2×···×2) for k = 3, 4 but no further than this. In

the case that k = 3, we have verified computationally that U(I2×2×2) = Gr(I2×2×2).

For k = 4, we have verified computationally that U(I2×2×2×2) 6= Gr(I2×2×2×2).

However, those elements of Gr(I2×2×2×2) that are not elements of U(I2×2×2×2) have

a striking characterisation. This characterisation follows and is the main result of

this subsection.

Before continuing, we note that |Gr(I2×2×2)| = 40, |Gr(I2×2×2×2)| = 3,176 and

|Gr(I2×2×2×2×2)| = 4,527,712. These cases correspond to the first, second and third

data entries, respectively, in the first row of Table 2.1. Notice the combinatorial

explosion in the Graver basis as k goes from 4 to 5 (the number of c-types increases

from 10 to 89, as the size of the Graver basis increases from 3,176 to 4,527,712).

Recall that we freely identify binomials in U(IA) and Gr(IA) with vectors in Zn.

We note that the software 4ti2 computes the elements of the Graver basis up to

multiplication by −1. To be precise, for u,−u ∈ Gr(IA), the output of a Graver basis

14



2 From toric to pure difference in the study of basis sets

computation in 4ti2 contains only the element of {u,−u} whose leftmost non-zero

coordinate is positive.

In the case that k = 4 we were able to use Sturmfels’ geometric characterisation of

the universal Gröbner basis of a toric ideal [75, Theorem 7.8] to retrieve U(I2×2×2×2)

from Gr(I2×2×2×2). Our method interfaced elements from the software 4ti2 and

polymake [29] similar to the approach of Bogart, Hemmecke and Petrović [12, Sec-

tion 2]. In this case |Gr(I2×2×2×2)| = 3,176 and ct(A2×2×2×2) = 10. We found that

precisely 96 of the Graver basis elements do not belong to the universal Gröbner basis

i.e. |U(I2×2×2×2)| = 3,080. Interestingly, these rogue Graver basis elements, that is,

the elements of Gr(I2×2×2×2) that are not elements of U(I2×2×2×2), all belong to the

c-type (1111)(1111) and thus belong to the fiber Fα where α = (2, 2, 2, 2, 2, 2, 2, 2).

It turns out that there is a very nice way to enumerate them.

The hyperoctahedral group BCk of order 2kk! is the wreath product S2 o Sk.
As a permutation group, it can be realised as a subgroup of Sn, where n = 2k.

It corresponds to the group of symmetries of an k-cube. For more information

on the action of BCk, we refer the reader to [19, 54, 55]. For u ∈ Zn, we let

BCk(u) = {σ(u) ∈ Zn : σ ∈ BCk} denote the orbit of u under the action of BCk.

We also let −BCk(u) = {−σ(u) ∈ Zn : σ ∈ BCk}. The ideal I2×2×···×2 is naturally

invariant under the action of BCk. In the case where k = 4, BC4 ≤ S16 corresponds

to the group of symmetries of a 4-cube or tesseract.

The action of BC4 on Gr(I2×2×2×2) splits the 160 Graver basis elements of c-type

(1111)(1111) into two orbits, up to sign, with sizes 96 and 64 respectively. The

former, denoted O1, contains precisely the rogue elements of the Graver basis i.e.

those Graver basis elements that are not elements of any reduced Gröbner basis.

The latter, denoted O2, contains precisely the elements of c-type (1111)(1111) that

are elements of the universal Gröbner basis. This is striking. There is an slight

difference between the action of BC4 on the elements of O1 and the action of BC4

on the elements of O2. We used the following commands

G := WreathProductProductAction

(SymmetricGroup(2),SymmetricGroup(4));

u := [0,1,1,-1,-1,0,0,0,-1,0,0,0,0,1,1,-1];

O := Orbit(G,u,Permuted);

in the computer algebra system gap [35] to compute the orbit BC4(u) of the bino-

mial x2x3x14x15 − x4x5x9x16 ∈ Gr(I2×2×2×2) \ U(I2×2×2×2) = O1. This orbit has

size 48 and coincides, up to sign, with O1. To get all of O1, however, one needs to
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take the union of the orbit of u and the orbit of −u. To be clear, for any u ∈ O1, it

is the case that BC4(u) ∩BC4(−u) = ∅ and BC4(u) = −BC4(−u) and

BC4(u) ∪BC4(−u) = O1.

To examine the other orbit of c-type (1111)(1111), we take x1x4x6x15−x3x5x8x10 ∈
U(I2×2×2×2) as the representative. Note that, just as in the previous case, we could

have taken any vector u ∈ O2 as the representative. As before, the gap commands

G := WreathProductProductAction

(SymmetricGroup(2),SymmetricGroup(4));

u := [1,0,-1,1,-1,1,0,-1,0,-1,0,0,0,0,1,0];

O := Orbit(G,u,Permuted);

compute the orbit BC4(u). In contrast to the previous case, this time we find that

the orbit has size 64 and coincides exactly with O2. To be clear, for any u ∈ O2, it

is the case that BC4(u) = BC4(−u) = O2.

It is not currently known whether this intriguing behaviour continues in higher

dimensions and/or can be characterised. In Section 2.3 we will briefly mention the

composition of U(I2×2×2×2) from a different perspective (see Problem 2.22).

2.2.2 Status of Problem 2.4

This problem is still open for the general case. However, we do have a predicted

characterisation for U(I2×2×m). We conjecture that

U(I2×2×m) = Gr(I2×2×m) (2.1)

for all m ≥ 2. We have verified this computationally for 2 ≤ m ≤ 8. Notice from

Table 2.1 that it also seems likely that ct(A2×2×m) = 5 for all m ≥ 4, in contrast to

the behaviour of Problem 2.3. Table 2.2 allows us to also conjecture that for m ≥ 2

|U(I2×2×m)| = |Gr(I2×2×m)| = f(m) = 2m(4m3 − 12m2 + 17m− 8) =
5∑
i=1

fi

since the sequences fi in Table 2.2 are given by f1 = m(5m−4), f2 = m(4m−4), f3 =

f2(m− 2), f4 = f3 · 2, f5 = f3(m− 3). To obtain the data in Table 2.2, we used 4ti2

to compute Gr(I2×2×m) and then used a Python script to count the frequencies of

c-types in the 4ti2 output.
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2 From toric to pure difference in the study of basis sets

It turns out that our predicted characterisation of U(I2×2×m) actually fits within

a bigger prediction that has already been made. The configuration matrix for the

collection of toric ideals I2×2×m has a special structure which has been the object of

some study in the literature. If we let M = (1 1 1 1), and let

B =


1 1 0 0

0 0 1 1

1 0 1 0

0 1 0 1

 ,

then the configuration matrix A2×2×m coincides with the generalised Lawrence lifting

Λ(M,B,m) (see [16, Section 1]). Generalised Lawrence configurations were intro-

duced by Santos and Sturmfels [70]. In [41], Hemmecke and Nairn suggested that

the universal Gröbner basis and the Graver basis would coincide for all generalised

Lawrence liftings and left it as an open problem (as of the time of writing of this

research, the problem has not been solved). Thus the conjecture at (2.1) is a special

case of this bigger prediction, and indeed provides more evidence for its veracity.

c-type: 2 3 4 5 6 7 8 ... m

(11)(11) 24 66 128 210 312 434 576 ... f1
(21)(111) 16 48 96 160 240 336 448 ... f2
(211)(211) 0 48 192 480 960 1,680 2,688 ... f3
(111)(111) 0 96 384 960 1,920 3,360 5,376 ... f4

(1111)(1111) 0 0 192 960 2,880 6,720 13,440 ... f5

|Gr(I2×2×m)| 40 258 992 2,770 6,312 12,530 22,528 ... f(m)

Table 2.2: Frequencies of c-types in Gr(I2×2×m). The conjectured cubic polynomial
f(m) = |Gr(I2×2×m)| is given in Subsection 2.2.2.

2.3 Composition of reduced Gröbner bases

Let I ⊆ R = F [x1, . . . , xn] be a pure difference ideal and b ∈ I a binomial. It is

obvious that b ∈ Gr(I) if and only if −b ∈ Gr(I). However, a similar statement

cannot be made for U(I) (unless, of course, the characteristic char(F ) of F is 2).

Suppose that char(F ) 6= 2 and consider the following examples.

Example 2.8. Fix i ∈ Z≥0, i > 1. Let I ⊆ F [x1, x2] be the pure difference ideal

generated by the two binomials b1 = xi1x2 − x1x2 and b2 = x1x
i
2 − x1x2. Given any
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monomial order �, there is only one conceivable case: xi1x2 � x1x2 and x1x
i
2 � x1x2.

The S-polynomial spol(b1, b2) = xi−1
2 b1 − xi−1

1 b2 = xi1x2 − x1x
i
2 reduces to zero with

respect to {b1, b2}. It follows that U(I) = {b1, b2}. In particular, −b1 6∈ U(I) and

−b2 6∈ U(I).

Example 2.9. Let I = 〈x1−x3, x2x
2
3−x2

2〉 ⊆ F [x1, x2, x3]. I has 4 distinct reduced

Gröbner bases:

G1 = {x1 − x3, x
2
2 − x2x

2
3},

G2 = {x1 − x3, x2x
2
3 − x2

2},

G3 = {x3 − x1, x
2
2 − x2

1x2},

G4 = {x3 − x1, x
2
1x2 − x2

2}.

From the above we deduce that U(I) has 6 elements. Notice that b ∈ U(I) if and

only if −b ∈ U(I).

Example 2.10. Let I be the homogeneous ideal 〈x1 − x3, x
2
2 − x2

1, x
3
3 − x3

2〉 ⊆
F [x1, x2, x3]. I has 4 distinct reduced Gröbner bases:

G1 = {x1 − x3, x
2
2 − x2

3, x2x
2
3 − x3

3},

G2 = {x1 − x3, x
2
3 − x2

2, x
2
2x3 − x3

2},

G3 = {x3 − x1, x
2
1 − x2

2, x1x
2
2 − x3

2},

G4 = {x3 − x1, x
2
2 − x2

1, x
2
1x2 − x3

1}.

From the above we deduce that U(I) has 10 elements. Notice, for example, that

b = x2x
2
3 − x3

3 ∈ U(I) but −b = x3
3 − x2x

2
3 6∈ U(I).

For the previous two examples we used the software gfan [51] by Anders N.

Jensen to compute the reduced Gröbner bases and the universal Gröbner basis. The

examples suggest the following problem.

Problem 2.11. Let R = F [x1, . . . , xn] where char(F ) 6= 2. Characterise (nicely)

all pure difference ideals I ⊆ R for which it is true that b ∈ U(I) if and only if

−b ∈ U(I).

We note at this point that the computations using gfan and Macaulay2 [32] in

this section were all carried out over the rationals. However, the results of these

computations are automatically valid over any field of characteristic different from
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two. This is because, for any pure difference ideal I ⊆ R = F [x1, . . . , xn], where

char(F ) 6= 2, Buchberger’s algorithm does not depend on the underlying field F .

If f, g ∈ R are pure difference binomials, then c = d = 1 in Definition 1.10, and

thus spol(f, g) is also a pure difference binomial. The operation of reduction also

preserves the pure difference binomial structure. Thus, given a finite set of pure

difference binomials generating I, any new polynomial occurring during any run

of Buchberger’s algorithm is also a pure difference binomial. The absence of any

nonzero coefficients other than 1 and −1 in the process allows us to safely ‘forget’

about F when computing (universal) Gröbner bases of pure difference ideals, as long

as char(F ) 6= 2 (see also [10, 11]).

We may further develop the idea of Problem 2.11 in the following way. In Ex-

ample 2.10 the binomials x1 − x3 and x3 − x1 each appear in precisely two of the

four distinct reduced Gröbner bases whilst the other elements of U(I) appear in only

one reduced Gröbner basis. Let I be some fixed pure difference ideal I ⊆ R and let

b ∈ U(I). Denote by Freq(b) the number of distinct reduced Gröbner bases of I of

which b is a member. Let Freq(I) be the set of all possible values of Freq(b). Now

consider the following examples.

Example 2.12. Let I ⊆ F [x1, x2, . . . , x8] be given by

I = 〈x2x4 − x2
5x6, x1x7 − x2x8, x4x8 − x3x7, x1x

3
3 − x2〉.

I has 1,374 distinct reduced Gröbner bases and U(I) has 240 elements. |Freq(I)| =
123. The binomial b = x2x4 − x2

5x6 appears in 1,238 reduced Gröbner bases and

its negative −b = x2
5x6 − x2x4 appears in 47 reduced Gröbner bases. The binomial

b′ = x2
5x6x7 − x1x

7
3x7 appears in one reduced Gröbner basis and its negative −b′ =

x1x
7
3x7−x2

5x6x7 also appears in one reduced Gröbner basis. This sort of chaos is what

we would naturally expect from a typical inhomogeneous ideal with no symmetric

structure.

Example 2.13. Let I be the ideal I2×2×2 from Section 2.2. Then I has 80 distinct

reduced Gröbner bases and U(I) has 40 elements. |Freq(I)| = 3. Table 2.3 gives

us information about the composition of the reduced Gröbner bases. The rightmost

column in the table reports whether Freq(b) = Freq(−b).

Example 2.14. Let I be the ideal I2×2×3 from Section 2.2. Then I has 24,132

distinct reduced Gröbner bases and U(I) has 258 elements. |Freq(I)| = 8. From

Table 2.4 we conclude that most of these bases consist of quadratic binomials. The
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rightmost column in the table reports whether Freq(b) = Freq(−b). In the case of

c-type (111)(111), Freq(b) = Freq(−b) ⇐⇒ Freq(b) = 87.

For ease in investigating Problem 2.11 we will use the term Gröbner-reversible to

refer to a pure difference ideal I ⊆ R for which it is true that b ∈ U(I) if and only

if −b ∈ U(I). As noted earlier in this thesis, we depart from the convention in the

literature of identifying a binomial with its negative when dealing with U(I). The

basis set U(I) is defined to be the union of all of the reduced Gröbner bases of I. Set

union does not operate up to multiplication by −1, however. If I = 〈x−y〉 ⊆ F [x, y],

then I has two reduced Gröbner bases {x−y} and {y−x} and U(I) = {x−y, y−x}.
Whilst it is true that any one of x− y and y− x constitutes a basis for I, we would

lose information about I if we threw either of them away when defining U(I).

c-type(b) Freq(b) ∈ + = −
(11)(11) {40, 20} Always
(21)(111) {1} Always

Table 2.3: See Example 2.13. Composition of the reduced Gröbner bases for I2×2×2

where b ∈ U(I2×2×2).

c-type(b) Freq(b) ∈ + = −
(11)(11) {12,066, 6,033} Always
(21)(111) {397, 367} Never
(111)(111) {132, 105, 87} Sometimes
(211)(211) {46} Always

Table 2.4: See Example 2.14. Composition of the reduced Gröbner bases for I2×2×3

where b ∈ U(I2×2×3).

We note that for a given binomial ideal I ∈ R, the output of the command

universalGroebnerBasis I in the interface for gfan in Macaulay2 [32] does not

distinguish between a binomial and its negative. There is an easy workaround in

Macaulay2, however, that enables the user to compute the universal Gröbner basis

in the strict sense (see https://sums.ie/m2gfan).

We have defined Freq(b) to be the number of reduced Gröbner bases of I of which

b is a member and have defined Freq(I) as the set of all possible values of Freq(b).

Thus for b ∈ U(I), Freq(b) counts the popularity of b in the various reduced Gröbner

bases of I. The intuition is that Freq(I) is a type of complexity measure for U(I) (see
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e.g. Example 2.13). Notice that if I is Gröbner-reversible and Freq(I) is {1} then

each binomial xu − xv ∈ U(I) appears in precisely one reduced Gröbner basis (and

its negative xv − xu appears in precisely one reduced Gröbner basis). In the rest of

this section, we will briefly investigate Problem 2.11 and the concept of Freq(I) for

various classes of pure difference ideals.

Example 2.15. In [2, Section 1.8] it was posed as an exercise by Adams and Lous-

taunau to determine U(I) for the pure difference ideal I = 〈x− y2, xy−x〉 ⊆ F [x, y]

by considering all possible choices of initial monomials at each stage of Buchberger’s

algorithm. The exercise is instructive in relation to Problem 2.11. Let b1 = x − y2

and b2 = xy − x. Given any monomial order � there are two possible cases:

case(1) : x � y2 and xy � x

case(2) : y2 � x and xy � x.

Taking case(1) we find that spol(b1, b2) = x − y3 whose initial monomial may

be x or y3. If in�(x − y3) = x the division algorithm [2, Algorithm 1.5.1] yields

x− y3 = 1(x− y2)− 1(y3 − y2) i.e. x− y3 reduces to y3 − y2 modulo {b1, b2}. Note

that x � y3 � y2. Thus b3 = y3 − y2 is included in the Gröbner basis for case(1).

Similarly if in�(x− y3) = y3 then −y3 + x reduces to b3 modulo {b1, b2}. It is clear

that in�(b3) = y3 for any monomial order. By Proposition 1.12 we do not need

to check spol(b1, b3) or spol(b2, b3). Thus {b1, b2, b3} is a Gröbner basis for case(1).

Notice that b2 is an unneeded generator since in�(b1) divides in�(b2). By inspection

we see that G�1(I) = {b1, b3} is the reduced Gröbner basis for case(1).

Taking case(2) we find that spol(b1, b2) = xy− x2 whose initial monomial may be

xy or x2. If in�(xy − x2) = xy the division algorithm yields xy − x2 = 1(xy − x)−
1(x2−x) i.e. xy−x2 reduces to x2−x modulo {b1, b2}. Note that xy � x2 � x. Thus

b4 = x2−x is included in the Gröbner basis for case(2). Similarly if in�(xy−x2) = x2

then −x2 + xy reduces to b4 modulo {b1, b2}. It is clear that in�(b4) = x2 for any

monomial order. By Proposition 1.12 we do not need to check spol(b1, b4). We find

that spol(b2, b4) = xy − x2 = spol(b1, b2) and hence we are done (xy − x2 reduces

to zero modulo {b1, b2, b4} regardless of whether in�(xy − x2) is xy or x2). Thus

G�2(I) = {−b1, b2, b4} is a Gröbner basis for case(2). By inspection we see that

G�2(I) is the reduced Gröbner basis for case(2).

We conclude that I has two reduced Gröbner bases and U(I) = {±b1, b2, b3, b4}.
Notice that this set differs slightly from the universal Gröbner basis given in [2].

There the authors identified b1 with −b1 but here we distinguish them. Clearly I is
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not Gröbner-reversible. For all b ∈ U(I), we have Freq(b) = 1. Thus Freq(I) = {1}.

We now address Problem 2.11 for straightforward cases where the pure difference

ideal I has a particularly basic structure e.g. I is a principal ideal, is generated

by relatively prime binomials or is generated by linear forms. It turns out that

Sturmfels has already shown that if the pure difference ideal I is prime, then I is

Gröbner-reversible [75, Corollary 7.9]. As we will see, the converse is not true.

Proposition 2.16. Let I ⊆ R be a principal pure difference ideal i.e. I = 〈xu −
xv〉 ⊆ R. There are at most two reduced Gröbner bases. Freq(I) = {1} and I is

Gröbner-reversible if and only if lcm(xu,xv) 6∈ {xu,xv}.

Proof. If lcm(xu,xv) ∈ {xu,xv} then xu − xv has the same initial monomial with

respect to any monomial order. The rest is straightforward.

Proposition 2.17. Let I = 〈xu1 − xv1 , ...,xus − xvs〉 ⊆ R where every monomial

in the set {xui ,xvi : 1 ≤ i ≤ s} is relatively prime to all the other monomials in the

set. I is Gröbner-reversible and Freq(I) = {2s−1}. I has 2s reduced Gröbner bases

and #U(I) = 2s.

Proof. Given any monomial order there are 2s possible cases. By Proposition 1.12

every S-polynomial reduces to zero modulo the given generating set and thus each

case gives rise to a different reduced Gröbner basis of size s. Any binomial b ∈ U(I)

appears in precisely 2s−1 reduced Gröbner bases.

Proposition 2.18. Let I ⊆ R be the ideal generated by the polynomials f11, ..., f1t,

f21, ..., f2t, ..., fs1, ..., fst such that each of the s groups of generators involves only

variables that are not found among any of the other s− 1 groups of generators. For

1 ≤ k ≤ s let Ik = 〈fk1, ..., fkt〉 ⊆ R. Then U(I) is the union of the disjoint sets

U(Ik).

Proof. Fix any monomial order. By Proposition 1.12 the S-polynomial spol(f, f ′)

reduces to zero modulo {f, f ′} for all choices of polynomials f, f ′ where f belongs

to one group of generators and f ′ belongs to another. Likewise, if spol(f, f ′) is an

S-polynomial that does not reduce to zero modulo {fij | i ∈ [s], j ∈ [t]}, it must be

that f and f ′ belong to the same group of generators.

If I ⊆ R is a pure difference ideal that is generated by linear forms then I is

generated by binomials of the form xi − xj . Notice that I is a prime ideal. Notice

also that if xi − xj , xi − xk ∈ I then xj − xk ∈ I. For such an ideal I define
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C = {i1, ..., ik} ⊂ [n] to be a connected component of I of size k if xip − xiq ∈ I for

all ip, iq ∈ C. For example, if I = 〈x1−x2, x2−x4, x5−x7, x1−x6〉 ∈ F [x1, ..., x7] then

the connected components of I are {1, 2, 4, 6} and {5, 7} of sizes 4 and 2 respectively.

In the next proposition we spell out the composition of the reduced Gröbner bases

of a pure difference ideal that is generated by linear forms. We note that this

proposition is essentially the specialisation of [75, Proposition 1.6] to linear forms of

length two.

Proposition 2.19. Let I ⊆ R be a pure difference ideal that is generated by linear

forms. I is Gröbner-reversible and Freq(I) = {1}. If I has s connected components

C1, ..., Cs with sizes c1, ..., cs respectively then I has
∏s
i=1 ci reduced Gröbner bases

and #U(I) =
∑s

i=1 ci(ci − 1).

Proof. It suffices to examine one connected component C = {i1, ..., ik} of I cor-

responding to the ideal I ′ = I ∩ F [xi1 , ..., xik ]. Fix any monomial order � on

F [xi1 , ..., xik ] and let xiq be the smallest of the k variables with respect to �. Since

xip −xiq ∈ I ′ for all p ∈ [k], p 6= q it follows that xip ∈ in�(I ′) for all p 6= q. Clearly

we also have xiq 6∈ in�(I ′). We claim that

G�(I ′) = {xip − xiq | p ∈ [k], p 6= q}

is the reduced Gröbner basis for I ′ with respect to �. G�(I) is clearly a basis

for I ′, and by construction its elements are already reduced with respect to �. It

remains to show that G�(I ′) satisfies Buchberger’s criterion (Theorem 1.11). Let

b1, b2 ∈ G�(I). Since b1 and b2 have relatively prime initial monomials, spol(b1, b2)

reduces to zero modulo G�(I) by Proposition 1.12 and thus G�(I ′) is the reduced

Gröbner basis for I ′ with respect to �. Given any monomial order �, the structure

of G�(I ′) is completely determined by the smallest variable with respect to �. This

implies that I ′ has k reduced Gröbner bases each containing k − 1 elements. The

intersection of any two reduced Gröbner bases is empty (recall that we do not identify

a binomial with its negative). It follows that I ′ is Gröbner-reversible, Freq(I ′) = {1},
and #U(I ′) = k(k − 1). Moving to the parent ideal I, Proposition 2.18 gives the

result.

Recall that for a pure difference ideal I ⊆ R, I is prime if and only if I is toric.

The next result was shown by Sturmfels in [75, Corollary 7.9]. It arose as a corollary

to Sturmfels’ geometric characterisation of the universal Gröbner basis of a toric

ideal [75, Theorem 7.8].
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Proposition 2.20 ([75]). If I ⊆ R is a toric ideal then I is Gröbner-reversible.

Equivalently, if I ⊆ R is a prime pure difference ideal then I is Gröbner-reversible.

The converse of Proposition 2.20 does not hold in general. The ideal in Exam-

ple 2.9 is Gröbner-reversible but not prime. Indeed, there are many examples of

non-prime pure difference ideals that are Gröbner-reversible. The next result gives

two large classes of such ideals. We study these ideals in more depth in Chapter 3.

Proposition 2.21. If I ⊆ R is a binomial edge ideal or a parity binomial edge ideal

then I is Gröbner-reversible.

Proof. For binomial edge ideals it is the case that the universal Gröbner basis and

the Graver basis coincide (see Theorem 3.13). For any pure difference ideal I ⊆ R,

it is always true that b ∈ Gr(I) if and only if −b ∈ Gr(I). Thus binomial edge ideals

are Gröbner-reversible. For any parity binomial edge ideal I ⊆ R, it is the case that

U(I) = S(I), where S(I) is the set described in Section 3.3. It is clear from the

description of S(I) that b ∈ S(I) if and only if −b ∈ S(I). Thus parity binomial

edge ideals are also Gröbner-reversible.

To summarise, Problem 2.11 is still open. Some light has been shed on the prob-

lem, but it is still not clear what the critical property of Gröbner-reversible ideals

is, or indeed whether they have any critical property. As a final remark on this

topic, we note that the ideals in the previous proposition are not lattice ideals (see

Proposition 3.3), and yet are Gröbner-reversible. We point out that there are many

lattice ideals that are not Gröbner-reversible. To see this, one needs only to consider

the lattice ideal IL = 〈x5 − 1〉 ⊆ F [x] where L = 5Z ⊆ Z.

To conclude this section, we put forward a second open problem. The calculation

of Freq(I) for any I necessitates the enumeration of all of the reduced Gröbner bases

for I. The optimal software for doing so is gfan, but even so, this enumeration is

currently infeasible in gfan (in terms of time) even for the case k = 4 of Problem 2.3

(an ideal in 16 variables, minimally generated by 55 quadratic binomials). The com-

putational results in Example 2.13 reveal an interesting fact about the composition

of the reduced Gröbner bases for the case k = 3 of Problem 2.3. In that case, each

non-squarefree binomial in the universal Gröbner basis is a member of precisely one

reduced Gröbner basis. It is currently not known to what extent (if at all) this

interesting behaviour persists for k ≥ 4.

Problem 2.22. Let I be the ideal I2×2×2×2 from Section 2.2. Find the value of

|Freq(I)| and discuss the implications (if any) for Problem 2.3.
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2.4 The Graver basis of a pure difference ideal

In the study of lattice ideals, the Graver basis plays a central role (see [16, 39, 40, 66,

67] to name only a few references). The set of primitive binomials in a lattice ideal

I ⊆ R was first called the“Graver basis”of I by Sturmfels [75] in the mid-1990s, who

named it after Jack Graver in reference to Graver’s work on integer programming in

[31]. In the early 2000s, Raymond Hemmecke’s algorithm [39] for the computation

of the Graver basis of a lattice ideal was implemented in the software 4ti2 [1] by

Hemmecke and others. An introduction to Graver bases of prime lattice ideals

(toric ideals) in the setting of algebraic statistics is given in [6, Section 4.6]. The

key property that makes the Graver basis of a lattice ideal I so useful is that it

contains all the other bases of interest of I e.g. the (minimal) Markov basis, all

reduced Gröbner bases, the universal Gröbner basis, etc. An accessible overview of

this hierarchy of bases is given in [23, Section 1.3].

By contrast, there is very little in the literature concerning the Graver basis of an

arbitrary pure difference ideal (in particular, the Graver basis of a pure difference

ideal that is not a lattice ideal). Recently, Charalambous, Thoma and Vladoiu [17]

generalised the concept of the Graver basis to an arbitrary pure difference ideal

I ⊆ R. In particular, they showed that Gr(I) is finite (just like in the lattice case)

and extended an argument of Sturmfels to prove that U(I) ⊆ Gr(I) (again, just

like in the lattice case). Dück and Zimmermann [24] have also, relatively recently,

considered the concept of the Graver basis in relation to ideals that are not lattice

ideals. In the next chapter, we will examine the Graver bases of two classes of pure

difference ideals that are not lattice ideals, namely, binomial edge ideals and parity

binomial edge ideals.

Unlike the case of lattice ideals, where 4ti2 may be used to compute the Graver

basis, we are not currently aware of any algorithm for computing the Graver basis of

an arbitrary pure difference ideal. This lack of a computational tool is a hindrance

to the proper study of the concept. In this section, we briefly consider some of the

ingredients that might comprise such an algorithm. The next definition recalls some

terminology from [17].

Definition 2.23 ([17]). Denote by Tn the set of monomials of R. Let I ⊆ R be

a pure difference ideal. F ⊆ Tn is an I-fiber if there exists an xu ∈ Tn such that

F = {xv ∈ Tn : xu − xv ∈ I}. If xu ∈ Tn, and F is an I-fiber containing xu, we

write Fxu for F . MF is the monomial ideal of R generated by the elements of F .

For any I-fiber F ⊆ Tn we let Gen(MF ) denote the minimal monomial generating
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set of MF . For a monomial m = xu ∈ Tn, we let Hm = {xv ∈ Tn : vi ≤ ui, i ∈ [n]}.
Thus Hm is the set of all monomials in Tn that divide m = xu. Notice that the set

Hm includes both m and 1.

In the next two propositions, we seek to determine the monomials of R that

appear in Gr(I). This is somewhat akin to the problem of finding the indispensable

monomials of a pure difference ideal, a concept introduced by Aoki, Takemura and

Yoshida [7, Section 3]. A monomial xu ∈ Tn is said to be indispensable for the

pure difference ideal I ∈ R, if every system of binomial generators of I contains

a binomial b such that xu is a term of b. The set of indispensable monomials is

generally a rather small subset of the Graver basis monomials, however. A key issue

for us is to determine which Graver basis monomials do not appear in any Gen(MF ),

where F is an I-fiber.

Proposition 2.24. Let b = m −m′ be a nonzero binomial in I. Then b ∈ Gr(I)

if and only if there do not exist monomials n and n′ of some I-fiber F , {n, n′} 6⊂
{m,m′}, such that n ∈ Hm and n′ ∈ Hm′.

Proof. “⇒”: Let b = m − m′ ∈ Gr(I). Then, by definition, there exists no other

binomial n − n′ ∈ I such that n divides m and n′ divides m′. Now, n − n′ ∈ I

is equivalent to the condition that n and n′ be monomials of some I-fiber F ; that

n−n′ be distinct from m−m′ is equivalent to {n, n′} 6⊂ {m,m′}; and that n divides

m and n′ divides m′ is equivalent to n ∈ Hm and n′ ∈ Hm′ . Therefore this direction

is clear. “⇐”: Let b = m −m′ be a nonzero binomial in I satisfying the conditions

given. Then it is clear from the definition of primitivity that b ∈ Gr(I).

Proposition 2.25. Let b = m−m′ be a nonzero binomial in I such that {m,m′} 6⊂
Gen(MFm). Then b ∈ Gr(I) ⇐⇒ {m,m′} \ Gen(MFm) = {a} and Ha ∩ Fa =

{m,m′} and no two elements of the set Ha \ {a} belong to the same I-fiber.

Proof. “⇒”: Let b ∈ Gr(I). If {m,m′}\Gen(MFm) is not a singleton, then it is clear

that b cannot be primitive. Thus {m,m′} \Gen(MFm) = {a}. Suppose without loss

of generality that a = m.

• If m′ 6∈ Hm ∩ Fm then m′ 6∈ Hm and thus we may write b = h · g −m′ where

h ∈ Tn and g ∈ Gen(MFm), g 6= m′. Clearly b cannot be primitive in this

case. Thus m′ ∈ Hm ∩ Fm.

• If {m,m′} ( Hm ∩ Fm then Hm ∩ Fm contains a monomial m′′ distinct from

m and m′. The existence of m′′ −m′ ∈ I means that b cannot be primitive in

this case. Thus Hm ∩ Fm = {m,m′}.
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The need for the last condition is clear. “⇐”: Let b = m−m′ be a nonzero binomial in

I such that {m,m′} 6⊂ Gen(MFm) and such that b satisfies the three conditions given.

In particular we have that {m,m′} \Gen(MFm) = {a} i.e. precisely one of m,m′ is

not a minimal generator of the monomial ideal MFm . We may suppose without loss

of generality that a = m. Since {m,m′} ⊆ Ha = Hm, we deduce that m′ (strictly)

divides m. Suppose now that b = m−m′ /∈ Gr(I). Therefore, by Proposition 2.24,

there exist monomials n and n′ of some I-fiber F , {n, n′} 6⊂ {m,m′}, such that

n ∈ Hm and n′ ∈ Hm′ . Since m′ divides m, it follows that both n and n′ divide

m, that is n, n′ ∈ Hm. Now, no two elements of the set Hm \ {m} belong to

the same I-fiber, therefore it cannot be that both n and n′ strictly divide m; one

of them must be equal to m. But this implies that the other be equal to m′, since

Hm∩Fm = {m,m′}. Thus {n, n′} = {m,m′}, which is a contradiction. We conclude

that b = m−m′ ∈ Gr(I).

Proposition 2.26. Let I ⊆ R be a pure difference ideal. Assume that there are

finitely many non-singleton I-fibers Fm1 , . . . ,Fms and that the corresponding min-

imal monomial generating sets Gen(MFm1
), . . . ,Gen(MFms ) are readily available.

Propositions 2.24 and 2.25 provide a method to enumerate the elements of Gr(I).

Proof. No nonzero binomial arises from a singleton I-fiber. Therefore we need only

consider I-fibers that have two or more elements. For each i = 1, . . . , s choose an

element of minimal total degree in Gen(MFmi ) and set mi to be this element. If

necessary, re-label the I-fibers Fm1 , . . . ,Fms so that they are ordered in terms of non-

decreasing total degree. Except for the special case dealt with in Proposition 2.25,

every primitive binomial b = m−m′ ∈ Gr(I) satisfies {m,m′} ⊆ Gen(MFm). There

are only finitely many binomials satisfying this condition that need to be checked.

For each of these, starting with those coming from Fm1 , perform the test of Propo-

sition 2.24, which goes as follows. If b = m−m′ ∈ I is the binomial under consider-

ation, then b ∈ Gr(I) if and only if there do not exist monomials n and n′ of some

(other) I-fiber F , {n, n′} 6⊂ {m,m′}, such that n ∈ Hm and n′ ∈ Hm′ . Once all of

these binomials have been checked, the only remaining binomials that need to be

checked are those in the special case of Proposition 2.25.

Clearly the two assumptions made in Proposition 2.26 place limitations on the

usefulness of the method outlined. Further research is necessary to test the scope and

viability of the method. Nevertheless, Proposition 2.26 does allows us to determine

Gr(I) by inspection for straightforward examples, such as the following.
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Figure 2.1: Fibers of the binomial ideal I from Example 2.27. Figure reproduced
from Charalambous, Thoma and Vladoiu [17] with permission.

Example 2.27. Figure 2.1 (reproduced with permission) and the ideal in this ex-

ample are obtained from Charalambous, Thoma and Vladoiu [17]. Let I ⊆ F [x, y]

be given by

I = 〈y8 − xy6, x2y5 − x3y3, x3y3 − x5y2, x6y − x8〉. (2.2)

It is easily seen that I is not a lattice ideal. Recall from Corollary 1.5 that a

pure difference ideal J ⊆ R is a lattice ideal if and only if (J : (x1 · · ·xn)∞) = J .

Suppose that I is a lattice ideal. Then it must be that I = (I : (xy)∞) = {g ∈
F [x, y] : (xy)mg ∈ I for some m > 0}. The generator x2y5 − x3y3 can be written as

(xy)2(y3− xy). Thus y3− xy ∈ (I : (xy)∞). It is clear, however, from observing the

given generating set (2.2) of I, that y3− xy /∈ I. Thus I is not a lattice ideal. I has

a nice symmetric structure. In particular, for (s, t) and (u, v) ∈ Z2
≥0 we have

xsyt − xuyv ∈ I ⇐⇒ xvyu − xtys ∈ I. (2.3)

The fibers of I are depicted in Figure 2.1. As explained by the authors in [17],

there are 29 singleton I-fibers, depicted by dots, and the other 8 I-fibers are Fxy6 =

{xy6, y8}, Fx3y3 = {x3y3, x2y5, x5y2}, Fx6y = {x6y, x8}, Fxy7 = {xy7, y9}, Fx7y =

{x7y, x9}, and the following three infinite I-fibers:

Fx4y3 = {xayb : (a, b) ∈ Z2
≥0 and (a, b) ∈ (4, 3) + Z≥0(−1, 2) + Z≥0(2,−1)},

Fx3y4 = {xayb : (a, b) ∈ Z2
≥0 and (a, b) ∈ (3, 4) + Z≥0(−1, 2) + Z≥0(2,−1)},

Fx4y4 = {xayb : (a, b) ∈ Z2
≥0 and (a, b) ∈ (4, 4) + Z≥0(−1, 2) + Z≥0(2,−1)}.

In Figure 2.1, the fiber Fx4y3 corresponds to the circle ◦, the fiber Fx3y4 corresponds
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x8y x6y2 x4y3 x3y5 x2y7 xy9 y11

x10 ∗ ∗ ∗ ∗ ∗

x8y − ∗ ∗ ∗ ∗ ∗

x6y2 − − ∗ ∗

x4y3 − − − ∗ ∗

x3y5 − − − −

x2y7 − − − − −

xy9 − − − − − −

Figure 2.2: See Example 2.27. Applying the test of Proposition 2.24 to the binomi-
als coming from Gen(MFx4y3 ). Each asterisk ∗ indicates a contributing

binomial to Gr(I) up to sign.

to the diamond �, and the fiber Fx4y4 corresponds to the star ∗. The singleton I-

fibers contribute nothing to Gr(I). Using Proposition 2.24 we see that the finite non-

singleton I-fibers contribute to Gr(I) the binomials y8−xy6, x2y5−x3y3, x2y5−x5y2,

x3y3 − x5y2, x6y − x8 and their negatives. We now determine the contribution of

Fx4y3 to Gr(I). From Figure 2.1 is easy to see that

Gen(MFx4y3 ) = {x10, x8y, x6y2, x4y3, x3y5, x2y7, xy9, y11}.

By Proposition 2.25 it almost suffices to only apply the test of Proposition 2.24

to the
(

8
2

)
binomials b = m − m′ where m,m′ ∈ Gen(MFx4y3 ). The result of this

procedure is summarised in Figure 2.2, where each asterisk ∗ indicates a contributing

binomial up to sign. It remains to enumerate binomials b = m − m′ such that

{m,m′} 6⊂ Gen(MFx4y3 ); we find that b = x13 − x10 is the only binomial satisfying

the conditions given in Proposition 2.25. This completes the contribution of Fx4y3 .

Applying the symmetry relation given in (2.3) to these 30 binomials gives us the

contribution of Fx3y4 . There is obviously no contribution from Fx4y4 (every binomial

coming from Fx4y4 is supplanted by a binomial coming from Fx4y3 or a binomial

coming from Fx3y4) and therefore we conclude that |Gr(I)| = 70. In [17, Section 4],

the authors concluded that |Gr(I)| = 35. Our conclusion is consistent with theirs,

since we distinguish between a binomial and its negative, whereas they do not.
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3 The universal Gröbner basis of a

binomial edge ideal

3.1 Overview and preliminaries

Let G be a simple graph on the vertex set [n] := {1, ..., n}, that is, G has no loops

and no multiple edges. Let E(G) denote the edge set of G. Let F be any field

and let S = F [x1, . . . , xn, y1, . . . , yn] be the polynomial ring in 2n variables. The

binomial edge ideal of G was introduced and studied independently by Herzog, Hibi,

Hreinsdóttir, Kahle and Rauh [42] and Ohtani [63].

Definition 3.1. The binomial edge ideal of G is

JG := 〈xiyj − xjyi : {i, j} ∈ E(G)〉 ⊆ S. (3.1)

The parity binomial edge ideal ofG was introduced and studied by Kahle, Sarmien-

to and Windisch [53] but had previously been examined by Herzog, Macchia, Madani

and Welker [44].

Definition 3.2. The parity binomial edge ideal of G is

IG := 〈xixj − yiyj : {i, j} ∈ E(G)〉 ⊆ S. (3.2)

These pure difference ideals appear in various settings and applications in math-

ematics and statistics. Binomial edge ideals arise in the study of conditional inde-

pendence statements in algebraic statistics [23], and parity binomial ideals arise in

the study of orthogonal representations of graphs [44]. A summary of what is cur-

rently known about these ideals can be found in the recent monograph by Herzog,

Hibi and Ohsugi [43]. Some basic properties are worth mentioning here. In general,

neither JG nor IG is a prime ideal. In fact, it was shown in [42] that JG is prime

if and only if G is the complete graph. Any binomial edge ideal JG can be viewed

as the ideal of a subset of the 2-minors of the 2 × n matrix of variables ( x1 ... xny1 ... yn ).
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3 The universal Gröbner basis of a binomial edge ideal

If G is the complete graph, then JG is the ideal of all of these 2-minors (this ideal

was considered by Sturmfels in [75, Example 1.4]). Parity binomial edge ideals are

isomorphic to binomial edge ideals in the case that G is bipartite [53, Remark 1.2].

In general, however, the combinatorial complexity of IG is significantly greater than

that of JG for a generic graph G. Neither JG nor IG is a lattice ideal in general, as

we demonstrate in the next proposition.

Proposition 3.3. In general, for a simple graph G, the binomial edge ideal JG and

the parity binomial edge ideal IG are not lattice ideals.

Proof. It suffices to consider an example. Let G be the path graph 1 2 3 on

the vertex set {1, 2, 3} with the vertices labelled consecutively, and suppose that

JG and IG are lattice ideals corresponding, respectively, to the lattices L and L′

in Z6. The generators of JG correspond to the elements u = (1,−1, 0,−1, 1, 0)

and v = (0, 1,−1, 0,−1, 1) in Z6. We must have u,v ∈ L, and hence u + v =

(1, 0,−1,−1, 0, 1) ∈ L. But u + v corresponds to the binomial x1y3 − x3y1 6∈ JG.

Thus we conclude that JG is not a lattice ideal. Similarly, the generators of IG
correspond to the elements s = (1, 1, 0,−1,−1, 0) and t = (0, 1, 1, 0,−1,−1) in Z6.

We must have s, t ∈ L′, and hence s − t = (1, 0,−1,−1, 0, 1) ∈ L′. But s − t

corresponds to the binomial x1y3−x3y1 6∈ IG. Thus we conclude that IG is also not

a lattice ideal.

Perhaps unsurprisingly, it has been a popular activity among mathematicians to

attempt to characterise algebraic properties of JG and IG in terms of properties

of the underlying graph G (see [27, 45, 46, 56, 81] to name only a few references).

We recommend the survey by Madani [59], which collects many of the significant

results in this line. In this chapter we are interested in examining the universal

Gröbner bases U(JG), U(IG) and the Graver bases Gr(JG), Gr(IG) of JG and

IG. Our main results are as follows. In Section 3.2 we deal with binomial edge

ideals. We show that U(JG) = Gr(JG) and we provide a description for this basis

set in terms of certain paths in G, called weakly admissible paths. In Section 3.3

we deal with parity binomial edge ideals. We conjecture that U(IG) = Gr(IG)

and we provide a (conjectured) description for this basis set in terms of certain

paths in G, called minimal paths. We prove our conjecture for the case when G

is the complete graph. As we mentioned in Section 2.1, there are several classes

of pure difference ideals for which it has been proved that the universal Gröbner

basis and the Graver basis coincide i.e. that the critical property of the universal

Gröbner basis elements is precisely the primitiveness (or primitivity) of binomials.
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3 The universal Gröbner basis of a binomial edge ideal

To our knowledge, these special classes of ideals are all lattice (generally, toric)

ideals. Our results here are interesting because the ideals we are considering are not

lattice ideals, and not prime. This research is joint work with Mourtadha Badiane

and Emil Sköldberg, and this chapter is an updated and expanded version of the

paper at [8]. A little more exposition is provided here, particularly regarding the

definitions of σ-admissible, weakly admissible, and minimal paths in G, and the

differences between those definitions. Also, the proofs of Propositions 3.24 and 3.29

are improved slightly, and several new examples are included throughout the chapter.

Throughout we assume that G is finite and undirected. If G is disconnected, then

the generating set of the (parity) binomial edge ideal of G consists of variable-disjoint

groups of binomials, where the groups correspond to the connected components of G.

In such a case, as seen in Chapter 2, the problem of examining the universal Gröbner

basis or the Graver basis simply reduces to considering the (parity) binomial edge

ideals of the connected components of G individually. Therefore we will also assume

throughout that G is a connected graph. We will make use of a number of notions

from graph theory, which we assemble in the following definition.

Definition 3.4. For any W ⊆ [n], let G[W ] denote the induced subgraph on W .

Given a sequence of vertices π = (i0, ..., ir) ∈ [n]r+1, we may also let π denote the set

{i0, . . . , ir} ⊆ [n] containing the vertices that appear in π, depending on the context.

Thus G[π] = G[{i0, ..., ir}]. Since the sequence π may well contain repeated vertices,

in many cases of interest the cardinality of π = {i0, . . . , ir} ⊆ [n] will be strictly less

than r + 1. A (v, w)-path of length r is a sequence of vertices v = i0, i1, . . . , ir = w

such that {ik, ik+1} ∈ E(G) for all k = 0, . . . , r − 1. The path is odd (even) if

its length is odd (even). The interior of a (v, w)-path π = (i0, . . . , ir) is the set

int(π) = {i0, . . . , ir} \ {v, w}. The inverse π−1 of a (v, w)-path π = (i0, . . . , ir) is

the (w, v)-path (ir, ir−1, . . . , i0). For the vertex set of a graph H we sometimes use

the notation V (H). For a monomial xu = xd11 y
e1
1 · · ·xdnn yenn in S the set {i : di 6=

0 or ei 6= 0} ⊆ [n] is denoted by V (xu). The set V (xu) is sometimes called the

support of the monomial xu.

3.2 Binomial edge ideals

In this section we will use two different gradings on S, the first is the Z2
≥0-grading by

considering the letter of a variable, so we let ldeg(xi) = (1, 0) and ldeg(yi) = (0, 1)

for all i ∈ [n]. The second is the Zn≥0-grading which considers the vertex of a variable

and we set gdeg(xi) = gdeg(yi) = ei for all i ∈ [n], where ei is the ith standard basis
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3 The universal Gröbner basis of a binomial edge ideal

vector in Zn≥0. The ideal JG is homogeneous with respect to both of these gradings

and we combine them into what we call the multidegree of a monomial mdeg(xu) :=

(ldeg(xu), gdeg(xu)) ∈ Z2
≥0×Zn≥0. In this section we say that a binomial xu−xv ∈ S

is multi-homogeneous if it is the case that mdeg(xu) = mdeg(xv).

We now recall the definition of admissible paths and the description of the Gröbner

basis of JG with respect to the lexicographic order which was independently obtained

by Herzog et al. [42] and Ohtani [63].

Definition 3.5. Fix a permutation σ ∈ Sn of [n] and let i, j ∈ [n] satisfy σ−1(i) <

σ−1(j). An (i, j)-path π = (i0, . . . , ir) in G is called σ-admissible, if it satisfies the

following three conditions:

(i) ik 6= il if k 6= l;

(ii) j0, . . . , js is not an (i, j)-path for any proper subset {j0, . . . , js} of {i0, . . . , ir};

(iii) for each k = 1, . . . , r − 1, either σ−1(ik) < σ−1(i) or σ−1(ik) > σ−1(j).

Given an (i, j)-path π = (i0, . . . , ir) in G, by definition we have i = i0 and j = ir.

The first condition in the definition of a σ-admissible (i, j)-path π simply requires

that there be no repeated vertices in π. The second condition requires that no vertex

in int(π) is redundant i.e. it must be that there exists no other (i, j)-path π′ in G

such that int(π′) ( int(π). If, for example, G is the cycle graph C4 on the vertex

set {1, 2, 3, 4} with the vertices labelled consecutively, then the paths π1 = (1, 2, 3)

and π2 = (1, 4, 3) both satisfy the second condition. If, however, we add the edge

{1, 3} to G, then π1 and π2 no longer satisfy the condition, since the vertices 2 and

4 are made redundant by the subpath (1, 3) of π1 and π2. In respect of the third

condition in the definition, the permutation σ induces an order <′ on the vertices of

G i.e. the elements of [n], where i <′ j ⇐⇒ σ−1(i) < σ−1(j). The third condition

requires that each vertex in int(π) is either less than i or greater than j with respect

to this induced order. For example, let G be the cycle graph C4 as before and let

σ = ( 1 2 3 4
4 1 3 2 ). Then the paths π1 and π2 from above both satisfy the third condition,

since the induced order is 4 <′ 1 <′ 3 <′ 2.

To the interior of each σ-admissible path one associates a monomial, as follows.

Given a σ-admissible (i, j)-path π = (i0, . . . , ir) in G, where σ−1(i) < σ−1(j),

uπ :=
∏

σ−1(ik)<σ−1(i)

yik
∏

σ−1(ik)>σ−1(j)

xik .
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3 The universal Gröbner basis of a binomial edge ideal

Theorem 3.6 ([42], [63]). The set of binomials

GG,σ :=
⋃

σ−1(i)<σ−1(j)

{uπ(xiyj − xjyi) : π is a σ-admissible (i, j)-path in G}

is the reduced Gröbner basis of JG with respect to the lexicographic monomial order

on S induced by xσ(1) � · · · � xσ(n) � yσ(1) � · · · � yσ(n).

Example 3.7. Let G be the cycle graph C4 on the vertex set {1, 2, 3, 4} with the

vertices labelled consecutively and let σ = ( 1 2 3 4
4 1 3 2 ). The σ-admissible paths are

(1, 2), (3, 2), (4, 3), (4, 1), (1, 2, 3) and (1, 4, 3) (a σ-admissible (i, j)-path must

satisfy i <′ j, that is, σ−1(i) < σ−1(j)). The reduced Gröbner basis of JG with

respect to the induced lexicographic monomial order � is

GG,σ = {x1y2 − x2y1, x3y2 − x2y3, x4y3 − x3y4, x4y1 − x1y4

x2(x1y3 − x3y1), y4(x1y3 − x3y1)}.

Notice that the smaller the vertex i is with respect to the induced order on the

vertices, the bigger the variables xi, yi are in the induced monomial order �.

The first result in this section is a characterisation of the binomials in JG (Proposi-

tion 3.8 is a helping proposition, Proposition 3.9 gives the characterisation). For this

characterisation we need to introduce the following notations. We denote by dG(v, w)

the length of a shortest (v, w)-path in G. For a monomial xu = xd11 y
e1
1 · · ·xdnn yenn ∈ S,

we sometimes use the notation degxi(x
u) for di and degyi(x

u) for ei. For an in-

duced subgraph H of G, we define the restriction of xu to H to be resH(xu) =

Πi∈V (H)x
di
i y

ei
i . The main result in this section is a proof that the universal Gröbner

basis U(JG) and the Graver basis Gr(JG) of a binomial edge ideal JG coincide. This

proof is given in Theorem 3.13. In proving the result, we provide a description for

this basis set in terms of certain paths in G.

Proposition 3.8. Let xu−xv be a multi-homogeneous binomial such that G[V (xu)]

is a connected graph. Then xu − xv ∈ JG.

Proof. Suppose that m = xu is a monomial such that there is a pair of indices i < j

with degxi(m) ≥ 1 and degyj (m) ≥ 1. Let G′ = G[V (m)]. We can assume that

i and j are chosen such that dG′(i, j) is minimal. Now we consider an (i, j)-path

π = (i0, . . . , ir) of minimal length in G′. Since π is of minimal length we can conclude

that ik 6= il for k 6= l and that no proper subset {j0, . . . , js} of {i0, . . . , ir} is a path
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3 The universal Gröbner basis of a binomial edge ideal

from i to j. Suppose that there is a k such that i < ik < j, then either degxik
(m) ≥ 1,

in which case dG′(ik, j) < dG′(i, j) which contradicts the minimality of dG′(i, j),

or degyik
(m) ≥ 1, in which case dG′(i, ik) < dG′(i, j) which again contradicts the

minimality of dG′(i, j). We may thus conclude that π is a σ-admissible (i, j)-path in

G′, where σ = id, the identity permutation in Sn.

Now we consider the vertex ik on π. By the minimality of dG′(i, j), if ik < i then

degxik
(m) = 0 and if ik > j then degyik

(m) = 0. We may thus conclude that uπxiyj

divides m, and therefore m is reducible with respect to GG,id (the monomial order

is the lexicographic monomial order with x1 � · · · � xn � y1 � · · · � yn). This

shows that an irreducible monomial of the same multidegree as xu has the form

xw = ye1i1 · · · y
ek
ik
xdkik · · ·x

dl
il

where i1 < i2 < · · · < il. Since there is only one such

monomial in a given multidegree, we can conclude that xu−xv reduces to zero with

respect to GG,id and thus xu − xv ∈ JG.

Proposition 3.9. A multi-homogeneous binomial xu − xv lies in JG if and only if

mdeg(resC(xu)) = mdeg(resC(xv)) for all connected components C of G[V (xu)].

Proof. Let xu − xv ∈ JG, then we can write

xu − xv =
∑
k

xwk(xikyjk − xjkyik)

where {ik, jk} ∈ E(G) for all k. Let C be a component in G[V (xu)], then by

restricting to C we get

resC(xu)− resC(xv) =
∑

k,ik∈V (C)

resC(xwk)(xikyjk − xjkyik)

since jk ∈ V (C) if and only if ik ∈ V (C). Thus we see that resC(xu)−resC(xv) ∈ JG,

and therefore mdeg(resC(xu)) = mdeg(resC(xv)).

For the converse, suppose xu−xv satisfies that mdeg(resC(xu)) = mdeg(resC(xv))

for all connected components C1, . . . Cr of G[V (xu)]. By Proposition 3.8, resCi(x
u)−

resCi(x
v) ∈ JG for all r, and we can write

xu − xv =
r∑
i=1

xu
∏i−1
j=1 resCi(x

v)∏i
j=1 resCi(x

u)
(resCi(x

u)− resCi(x
v)),

which shows that xu − xv ∈ JG.
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3 The universal Gröbner basis of a binomial edge ideal

Definition 3.10. An (i, j)-path π = (i0, . . . , ir) in G is called weakly admissible if

it satisfies conditions (i) and (ii) of Definition 3.5, that is, if

(i) ik 6= il if k 6= l;

(ii) j0, . . . , js is not a path from i to j for any proper subset {j0, . . . , js} of {i0, . . . , ir}.

The definition of a weakly admissible (i, j)-path does not involve any permutation,

and there is no required order on the start and end vertices i, j, contrary to the case

in Definition 3.5. One of the implications of this is that if π is a weakly admissible

path, then the inverse of π is also a weakly admissible path.

To each weakly admissible path we associate a set of binomials Sπ, as follows.

Given a weakly admissible (i, j)-path π = (i0, . . . , ir) in G,

Sπ := {ti1ti2 · · · tir−1(xiyj − xjyi) : tk ∈ {xk, yk}}

and S(JG) :=
⋃
π Sπ \ {0} where π runs over all weakly admissible paths in G.

Notice that if π is an (i, i)-path in G, then π is weakly admissible if and only if π is

the path (i) of length 0, in which case Sπ = {0}.

Example 3.11. Let G be the cycle graph C4 from Example 3.7. The weakly admis-

sible paths in G are (1), (2), (3), (4), (1, 2), (2, 3), (3, 4), (4, 1), (1, 2, 3), (2, 3, 4),

(3, 4, 1) and (4, 1, 2), together with their inverses. Hence |S(JG)| = 24.

3

1 2 4

Figure 3.1: See Examples 3.12 and 3.17.

Example 3.12. Let G be the graph in Figure 3.1. The weakly admissible paths in

G are (1), (2), (3), (4), (1, 2), (1, 3), (2, 3), (2, 4), (1, 2, 4) and (3, 2, 4), together

with their inverses. Hence |S(JG)| = 16.

Theorem 3.13. The sets S(JG), U(JG) and Gr(JG) coincide.

Proof. We prove the theorem in three steps; the containments S(JG) ⊆ U(JG),

U(JG) ⊆ Gr(JG) and Gr(JG) ⊆ S(JG).
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Step 1. S(JG) ⊆ U(JG): Let π = (i0, . . . , ir) be a weakly admissible (i, j)-path in G

and let f = ti1ti2 · · · tir−1(xiyj − xjyi) be a corresponding binomial in S(JG). Now

let σ ∈ Sn be a permutation such that σ−1(i) < σ−1(j), σ−1(ik) < σ−1(i) for all k

such that tik = yik and σ−1(ik) > σ−1(j) for all k such that tik = xik . Then f ∈ GG,σ
and thus f ∈ U(JG).

Step 2. U(JG) ⊆ Gr(JG): [17, Proposition 4.2].

Step 3. Gr(JG) ⊆ S(JG): Let xu−xv be a primitive binomial in JG and let C be a

component of G[V (xu)]. By Proposition 3.9 we have that resC(xu)−resC(xv) ∈ JG,

so by primitivity we can conclude that C := G[V (xu)] is connected.

Since u 6= v we can choose i, j ∈ V (xu) such that dC(i, j) is minimal among

all pairs i, j with degxi(x
u) > degxi(x

v) and degyj (x
u) > degyj (x

v). Now let

π = (i0, . . . , ir) be an (i, j)-path in C of minimal length. Suppose that there is a

k ∈ {1, . . . , r − 1} such that degxik
(xu) 6= degxik

(xv). Then either degxik
(xu) >

degxik
(xv), in which case dC(ik, j) would contradict the minimality of dC(i, j),

or degxik
(xu) < degxik

(xv), in which case by gdeg-homogeneity we would have

degyik
(xu) > degyik

(xv) and thus dC(i, ik) would contradict the minimality of

dC(i, j). So for k ∈ {1, . . . , r − 1} we have degxik
(xu) = degxik

(xv) and hence

by gdeg-homogeneity degyik
(xu) = degyik

(xv). We can then, for k = 1, . . . , r−1, let

zik ∈ {xik , yik} such that zik divides xu and thus also xv. Then zi1 · · · zir−1(xiyj −
xjyi) ∈ JG with zi1 · · · zir−1xiyj |xu and zi1 · · · zir−1xjyi|xv, which implies that

xu − xv = zi1 · · · zir−1(xiyj − xjyi) ∈ S(JG).

3.3 Parity binomial edge ideals

In this section we will again use two different gradings on S, but not exactly as in the

previous section. The first grading is the Z2
2-grading by considering the letter of a

variable, so we let pldeg(xi) = (1, 0) ∈ Z2
2 and pldeg(yi) = (0, 1) ∈ Z2

2 for all i ∈ [n].

Notice that the Z2
2-grading pldeg measures the parity of the number of x-variables

and the parity of the number of y-variables in a monomial and is much coarser

than the Z2
≥0-grading ldeg we used for binomial edge ideals in the previous section.

The second grading is the Zn≥0-grading as in the previous section. The ideal IG is

homogeneous with respect to both of these gradings and we combine them into what

we call the parity multidegree of a monomial pmdeg(xu) := (pldeg(xu), gdeg(xu)) ∈
Z2

2×Zn≥0. In contrast to the previous section, in this section we say that a binomial

xu − xv ∈ S is multi-homogeneous if it is the case that pmdeg(xu) = pmdeg(xv).
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3 The universal Gröbner basis of a binomial edge ideal

Recall the definition of the parity binomial edge ideal IG of G from Section 3.1.

Proposition 3.14 ([53]). Let π = (i0, . . . , ir) be an (i, j)-path in G and for k ∈
int(π), let tk ∈ {xk, yk} be arbitrary. If π is odd, then

(xixj − yiyj)
∏

k∈int(π)

tk ∈ IG.

If π is even, then

(xiyj − yixj)
∏

k∈int(π)

tk ∈ IG.

Definition 3.15. Recall from Definition 3.4 that for a sequence π ∈ [n]r+1, we also

let π denote the set containing the vertices that appear in π. An (i, j)-path π in G

is called minimal, if it satisfies the following two conditions:

(i) for no k ∈ int(π) there is an (i, j)-path with the same parity as π in G[π \{k}];

(ii) there is no shorter (i, j)-path π′ in G satisfying parity(π′) = parity(π) and

int(π′) = int(π).

Equivalently, the set of minimal paths can be constructed in the following way: for

every pair of vertices i, j ∈ [n] (i and j need not be distinct), include in the set of

minimal paths the shortest odd (i, j)-path in G and the shortest even (i, j)-path in

G. If there are distinct shortest (i, j)-paths, include all of them.

Given a graph G, it is clear that the set of its weakly admissible paths is a subset

of the set of its minimal paths. Both sets automatically include all possible paths of

length 0 (the vertices) or length 1 (the edges and their inverses). For both sets, if the

path π is a member, then so also is the inverse of π. If π is a minimal (i, j)-path in G

that is not a weakly admissible path, π contains repeated vertices or G[π] contains

an (i, j)-path π′ of parity opposite to that of π such that int(π′) ( int(π).

The definition of a minimal path differs from the definition of a weakly admissible

path in two key ways: we allow repeated vertices and we distinguish between paths

of different parity. For example, if G is the cycle graph C3 on three vertices, the

even (1, 1)-path (1) and the odd (1, 1)-path (1, 2, 3, 1) are both minimal (see Exam-

ple 3.20), but only the former is weakly admissible. The latter path actually fails

both conditions in the definition of a weakly admissible path.

The first condition in the definition of a minimal path is the defining condition.

The second condition in the definition is there only to ensure that the set of minimal
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paths is finite (in fact, as pointed out by Windisch in [81, Section 6.2], this condi-

tion is not strictly necessary for the purpose of determining binomials coming from

minimal paths). For example, if G = C3, then the odd (1, 1)-path π = (1, 2, 3, 1)

satisfies condition one in the definition of a minimal path. But so also does any odd

(1, 1)-path π′ obtained by gluing a multiple of (2, 3, 1, 2, 3, 1) to the end of π e.g.

take π′ = (1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1, 2, 3, 1). Only the shortest odd (1, 1)-path in

G, which in this case is π = (1, 2, 3, 1), is minimal, however.

A further important observation is that if π is an even (i, i)-path, then π is minimal

if and only if π is the path (i) of length 0. On the other hand, an odd (i, i)-path

that is minimal may have any length depending on the characteristics of G. For

example, let G be the cycle graph Cn on the vertex set [n] with the vertices labelled

consecutively and let π be the (1, 1)-path (1, 2, 3, . . . , n, 1). Then π is minimal if and

only if π (equivalently, n) is odd. This leads to a somewhat unexpected phenomenon

whereby the cycle graph Cn has more minimal paths than the cycle graph Cn+1,

for odd n ≥ 3 (compare Example 3.16 with Example 3.20). This phenomenon is

explained by the fact that for a bipartite graph G, the binomial edge ideal JG and

the parity binomial edge ideal IG are isomorphic [53, Remark 1.2]. In any such case,

the set of weakly admissible paths and the set of minimal paths coincide (recall that

cycle graphs with an even number of vertices are bipartite, whereas those with an

odd number of vertices are not bipartite).

For a minimal (i, j)-path π in G, we define a set of binomials Sπ as follows. If π

is odd, then Sπ := S+
π,o

⋃
S−π,o where

S+
π,o := {(xixj − yiyj)

∏
k∈int(π)

tk : tk ∈ {xk, yk}},

S−π,o := {(yiyj − xixj)
∏

k∈int(π)

tk : tk ∈ {xk, yk}}.

If π is even, then Sπ := Sπ,e where

Sπ,e := {(xiyj − yixj)
∏

k∈int(π)

tk : tk ∈ {xk, yk}}.

S(IG) :=
⋃
π Sπ\{0} where π runs over all minimal paths in G. As already observed,

if π is an even (i, i)-path in G, then π is minimal if and only if π is the path (i) of

length 0, in which case Sπ = {0}.

Example 3.16. Let G be the cycle graph C4 from Example 3.7. Notice that G is
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3 The universal Gröbner basis of a binomial edge ideal

bipartite. The minimal paths in G coincide with the weakly admissible paths in G

(the weakly admissible paths in G are listed in Example 3.11). Hence |S(IG)| = 24.

Example 3.17. Let G be the graph in Figure 3.1. The minimal paths in G are

(1), (2), (3), (4),

(1, 2), (1, 3), (2, 3), (2, 4),

(1, 2, 3), (1, 2, 4), (1, 3, 2), (2, 1, 3), (3, 2, 4),

(1, 2, 3, 1), (1, 3, 2, 4), (2, 1, 3, 2), (3, 1, 2, 3), (3, 1, 2, 4),

(2, 1, 3, 2, 4), (2, 3, 1, 2, 4)

and (4, 2, 1, 3, 2, 4),

together with their inverses. Hence |S(IG)| = 92. The rows in the above list

contribute 0, 8, 20, 40, 8 and 16 binomials, respectively, to S(IG). When determining

binomials coming from minimal paths, one must be careful to avoid double counting.

A good principle is: if any two minimal (i, j)-paths π and π′ satisfy int(π) = int(π′),

then Sπ = Sπ′ . This principle would apply, for example, in the cases of the paths

(2, 1, 3, 2, 4) and (2, 3, 1, 2, 4) from the above list.

Conjecture 3.18. The sets S(IG), U(IG) and Gr(IG) coincide.

We partially tested the S(IG) = U(IG) part of Conjecture 3.18 for a diverse se-

lection of small graphs using the software gfan [51] and found no counterexamples

(by small we mean the number of vertices n is no greater than 9). In respect of the

Gr(IG) part of the the conjecture, we put this part forward motivated principally

by intuition and by Theorem 3.30. It must be said, however, that we are not cur-

rently aware of any algorithm for computing the Graver basis of an arbitrary pure

difference ideal. The lack of any such computational method hinders robust testing

of this part of the conjecture. The conjecture has generated some interest among

mathematicians, and we are happy to state that the S(IG) = U(IG) part has since

been proved true for arbitrary G by Windisch [81, Section 6.2]. The Gr(IG) part of

the conjecture, we understand, remains unproven at the time of writing.

The main result in this section is a proof that Conjecture 3.18 holds when G is

the complete graph Kn on the vertex set [n]. The rest of the section is arranged

as follows. In Proposition 3.23 we describe a special reduced Gröbner basis of IKn .

Propositions 3.19, 3.21 and 3.22 are helping propositions to this end. In Propo-

sitions 3.28 and 3.29, we characterise the binomials in IKn . Propositions 3.25 and
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3 The universal Gröbner basis of a binomial edge ideal

3.27 are helping propositions to this end. In Theorem 3.30 the main result is proved.

The proof of the main result relies on each of the aforementioned propositions, and

also on an additional standalone helping proposition (Proposition 3.24).

Proposition 3.19. The minimal paths in Kn are all

(i), (i, j), (i, k, j) and (i, k, l, i)

where i, j, k and l are distinct elements of [n].

Proof. Let π = (i0, . . . , ir) be an (i, j)-path in Kn. Suppose that π is odd. If

int(π) = ∅ then π is necessarily of the form (i, j, i, j, . . . , i, j) and thus minimal if

and only if π = (i, j). If int(π) 6= ∅ then there are two cases: i = j and i 6= j. If

i = j then |int(π)| ≥ 2 so let is1 6= is2 ∈ int(π) and notice that Kn contains the odd

path π′ = (i0, is1 , is2 , i0). Now Kn[π′ \ {is1}] ∼= Kn[π′ \ {is2}] ∼= K2 which does not

contain an odd cycle, hence π′ is minimal. It follows that π is minimal if and only

if π = (i, k, l, i), where {k, l} = int(π). If i 6= j then for all k ∈ int(π) 6= ∅ the graph

Kn[π \ {k}] contains the odd (i, j)-path π′ = (i, j), hence π is not minimal in this

case. The proof for an even path is similar and omitted.

Example 3.20. Let G be the graph K3 (equivalently, G is the cycle graph C3

on three vertices). The minimal paths in G are (1), (2), (3), (1, 2), (1, 3), (2, 3),

(1, 2, 3), (2, 3, 1), (3, 1, 2), (1, 3, 2), (1, 2, 3, 1), (2, 3, 1, 2) and (3, 1, 2, 3) together with

their inverses. Hence |S(IG)| = 42.

Given a permutation σ ∈ Sn of [n] and a set L ⊆ [n] let � denote the lexicographic

monomial order on S induced by

tσ(1) � · · · � tσ(n) � t′σ(1) � · · · � t
′
σ(n) (3.3)

where tσ(i) = xσ(i), t
′
σ(i) = yσ(i) for all i ∈ [n] \ L and tσ(i) = yσ(i), t

′
σ(i) = xσ(i)

for all i ∈ L. For i, j ∈ [n] write i � j if σ−1(i) < σ−1(j). Let G�(G) denote the

reduced Gröbner basis of IG with respect to �. For a nonzero f ∈ S let NG�(G)(f)

denote the normal form of f with respect to G�(G) and let in�(f) denote the initial

monomial of f with respect to �. For the next three propositions (3.21 to 3.23) fix

a permutation σ ∈ Sn and a set L ⊆ [n]. For v ∈ [n]

cv :=

+1, if σ−1(v) /∈ L

−1, if σ−1(v) ∈ L;
rv :=

yv, if σ−1(v) /∈ L

xv, if σ−1(v) ∈ L.

41



3 The universal Gröbner basis of a binomial edge ideal

For i, j, k, l ∈ [n] let B(i,j) = {ci(xixj − yiyj) : i � j}, B(i,k,j) = {ci(xiyj − yixj)rk :

i, k � j} and B(i,k,l,i) = {ci(x2
i − y2

i )rkrl : k, l � i}. Notice that for an element

f ∈
(
B(i,j) ∪B(i,k,j) ∪B(i,k,l,i)

)
, the value of ci ensures that the coefficient of the

initial monomial in�(f) is 1. Finally let the set Γ ⊆ B(i,k,j) consist of all binomials

f = ci(xiyj − yixj)rk ∈ B(i,k,j) satisfying i � k � j and |{σ−1(i), σ−1(k)} ∩ L| = 1,

and let Λ denote the set of binomials
(
B(i,j) ∪B(i,k,j) ∪B(i,k,l,i)

)
\ Γ. We will show

that, for fixed σ ∈ Sn and L ⊆ [n], the set Λ is the reduced Gröbner basis G�(Kn)

of IKn with respect to � (3.3).

Proposition 3.21. Let f ∈ S be a nonzero binomial corresponding to a minimal

path π in Kn (in the sense of Proposition 3.14). Then f is reduced with respect to

� if and only if f ∈ Λ.

Proof. By Proposition 3.19 it suffices to consider only binomials corresponding to

the paths (i, j), (i, k, j) and (i, k, l, i) in Kn, where i, j, k and l are distinct elements

of [n]. Without loss of generality we may assume that i � j. If f is the binomial

corresponding to the path (i, j) then clearly f is reduced if and only if f ∈ B(i,j) ⊆ Λ.

If f is a binomial corresponding to the path (i, k, j) then there are three conceivable

cases: i � j � k, i � k � j and k � i � j. For ease of notation f t(i,j,k) :=

ci(xiyk − yixk)tj where the superscript t ∈ {x, y} indicates whether tj = xj or

tj = yj .

Case 1 (i � j � k). If σ−1(i) 6∈ L then fx(i,k,j) is reduced by xixk − yiyk; also fy(i,k,j)
is reduced by fy(i,j,k) if σ−1(j) 6∈ L, or yjyk − xjxk if σ−1(j) ∈ L. If σ−1(i) ∈ L then

fx(i,k,j) is reduced by xjxk − yjyk if σ−1(j) 6∈ L, or fx(i,j,k) if σ−1(j) ∈ L; also fy(i,k,j)
is reduced by yiyk − xixk.

Case 2 (i � k � j). If σ−1(i) 6∈ L then fx(i,k,j) is reduced by xixk−yiyk; also fy(i,k,j) is

reduced by ykyj − xkxj if σ−1(k) ∈ L but is irreducible if σ−1(k) 6∈ L. If σ−1(i) ∈ L
then fx(i,k,j) is reduced by xkxj − ykyj if σ−1(k) 6∈ L but is irreducible if σ−1(k) ∈ L;

also fy(i,k,j) is reduced by yiyk − xixk.

Case 3 (k � i � j). If σ−1(i) 6∈ L then fx(i,k,j) is reduced by xkxi−ykyi if σ−1(k) 6∈ L
but is irreducible if σ−1(k) ∈ L; also fy(i,k,j) is reduced by ykyj − xkxj if σ−1(k) ∈ L
but is irreducible if σ−1(k) 6∈ L. If σ−1(i) ∈ L then fx(i,k,j) is reduced by xkxj − ykyj
if σ−1(k) 6∈ L but is irreducible if σ−1(k) ∈ L; also fy(i,k,j) is reduced by ykyi − xkxi
if σ−1(k) ∈ L but is irreducible if σ−1(k) 6∈ L.

Finally let f = ci(x
2
i − y2

i )tktl be a binomial corresponding to the path (i, k, l, i).

If i � k then f is reduced by one of fx(i,l,k), f
y
(i,l,k) or ci(xixk − yiyk). The case i � l
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3 The universal Gröbner basis of a binomial edge ideal

is similar. If k, l � i then by arguing as before one finds that f is irreducible if and

only if ts = ys whenever σ−1(s) 6∈ L and ts = xs whenever σ−1(s) ∈ L.

Proposition 3.22. Let π be an (i, j)-path in Kn and for k ∈ int(π), let tk ∈ {xk, yk}
be arbitrary. Then (xixj − yiyj)Πk∈int(π)tk if π is odd and (xiyj − yixj)Πk∈int(π)tk if

π is even, reduce to zero modulo Λ.

Proof. It suffices to restrict to a minimal path π (if π is not minimal, then its

binomial is a multiple of the binomial for a shorter path). If π is minimal, then

Proposition 3.21 gives the result.

Proposition 3.23. The set Λ is the reduced Gröbner basis G�(Kn) of IKn with

respect to the monomial order �.

Proof. The proof is by Buchberger’s criterion and is similar to the proof of Theorem

3.6 in Kahle et al. [53]. Let g, g′ ∈ Λ be reduced binomials corresponding, respec-

tively, to the odd path π = (i, k, l, i) in Kn and the even path π′ = (u, v, w) in Kn.

Consider the case that |{i, k, l} ∪ {u, v, w}| = 3. Since k, l � i and u, v � w we may

assume without loss of generality that i = w, k = u and l = v. Thus

g = ci(x
2
i − y2

i )rkrl,

g′ = ck(xkyi − ykxi)rl.

There are four possibilities for the constants ci, ck. By duality we need only consider

(ci, ck) = (1, 1) and (ci, ck) = (−1, 1). Recall the definition of the S-polynomial

spol(f, f ′) of two polynomials f, f ′ ∈ S from Chapter 1. If (ci, ck) = (1, 1) then

rk = yk and

spol(g, g′) = −(xky
3
i − ykx3

i )ykrl

= −(yky
2
i ) · g′ + (ykxi) · g + 0

and in�(spol(g, g′)) � in�(−yky2
i · g′), in�(ykxi · g). If (ci, ck) = (−1, 1) then

spol(g, g′) = −(xkxi − ykyi)xiykrl which is a monomial multiple of the binomial

corresponding to the path (k, i) in Kn and thus reduces to zero by Proposition 3.22.

In a similar fashion to the above all spol(g, g′) (where g, g′ ∈ Λ) reduce to zero with

respect to Λ. Thus the set Λ fulfills Buchberger’s criterion and hence is a Gröbner

basis of IKn . By Proposition 3.21 it follows that the elements of Λ are reduced with

respect to �.
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3 The universal Gröbner basis of a binomial edge ideal

Proposition 3.24. Let f = xu−xv ∈ S be multi-homogeneous with V (xu) = {i, j}.
If gcd(xu,xv) = 1 then f ∈ {±(xpi x

q
j − y

p
i y
q
j ),±(xpi y

q
j − y

p
i x

q
j) : p, q ≥ 1, parity(p) =

parity(q)}.

Proof. By gdeg-homogeneity f is necessarily of the form

xu − xv = xdii y
ei
i x

dj
j y

ej
j − x

d′i
i y

e′i
i x

d′j
j y

e′j
j

satisfying di + ei = d′i + e′i and dj + ej = d′j + e′j . By gcd(xu,xv) = 1 it follows that

if di > 0 then d′i = 0 and similarly for all exponents. But if di > 0 then d′i > 0 or

e′i > 0 i.e. e′i > 0 (since d′i = 0) which in turn implies ei = 0. If dj > 0 we get a

similar result. If dj = 0 then by V (xu) = {i, j} we have ej > 0. By inverting the

argument we obtain

xu − xv ∈ {±(xdii x
dj
j − y

e′i
i y

e′j
j ),±(xdii y

ej
j − y

e′i
i x

d′j
j )}. (3.4)

Take the binomial xdii x
dj
j − y

e′i
i y

e′j
j in (3.4). By gdeg-homogeneity, it must be that

di = e′i and dj = e′j . Write p = di = e′i and q = dj = e′j . Since V (xu) = {i, j}, we

must have p, q ≥ 1. There is a further constraint on p and q, however. By pldeg-

homogeneity, the parity of the number (p + q) of x-variables on the left side of the

binomial must equal the parity of the number (0) of x-variables on the right side of

the binomial. Thus p+ q must be even, and hence parity(p) = parity(q). The same

reasoning applies to the other binomial in (3.4).

Proposition 3.25. Let � be the lexicographic monomial order on S corresponding

to σ = id and L = ∅. Let xu = xd11 y
e1
1 · · ·xdnn yenn ∈ S where |V (xu)| > 2. Let

k = max{i : i ∈ V (xu)} and let γ =
∑k

i=1 di.

NG�(Kn)(x
u) =

y
d1+e1
1 · · · ydk+ek

k , if γ is even

xky
d1+e1
1 · · · ydk−1+ek−1

k−1 ydk+ek−1
k , if γ is odd.

(3.5)

Proof. The forms in (3.5) are clearly irreducible. By Proposition 3.23 we have xixj−
yiyj ∈ G�(Kn) for all i � j ∈ [n], so that xu can be reduced to

xu′ = xds−ls yd1+e1
1 · · · yds−1+es−1

s−1 yes+ls y
ds+1+es+1

s+1 · · · ydk+ek
k

for some 1 ≤ s ≤ k where l ∈ Z≥0, l ≤ ds. By the pldeg-homogeneity of xixj − yiyj
parity(

∑k
i=1 di) = parity(ds − l). If ds = l then we are done. Otherwise we consider
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3 The universal Gröbner basis of a binomial edge ideal

the following two cases. If 1 ≤ s ≤ k−1 then by |V (xu)| > 2 there exists v ∈ V (xu)\
{s}, v 6= k. Since v, s � k, by Proposition 3.23 f = yv(xsyk − ysxk) ∈ G�(Kn).

Using f and xsxk − ysyk ∈ G�(Kn) in that order xu′ can be reduced to

xu′′ = xds−l−2
s yd1+e1

1 · · · yds−1+es−1

s−1 yes+l+2
s y

ds+1+es+1

s+1 · · · ydk+ek
k .

Repeated iteration of this step gives one of the forms in (3.5), depending on the parity

of ds − l. If s = k then by |V (xu)| > 2 there exist v1, v2 ∈ V (xu) \ {k}, v1 6= v2.

Since v1, v2 � k, by Proposition 3.23 f = yv1yv2(x2
k− y2

k) ∈ G�(Kn). Using f we can

reduce xu′ to one of the forms in (3.5), depending on the parity of ds − l.

The proof of Proposition 3.25 is more easily understood if one goes through the

steps in the proof for a specific instance. We do this in the next example.

Example 3.26. Consider IK3 ⊆ S = F [x1, x2, x3, y1, y2, y3] and let the monomial xu

under consideration be xu = x5
1x

2
3y2 ∈ S. Let S be equipped with the lexicographic

monomial order corresponding to σ = id and L = ∅. In this instance k = 3. We get

xu′ = x3
1y

2
1y2y

2
3

thus s = 1 i.e. s 6= k. There is only one choice for the binomial f , namely y2(x1y3−
y1x3). Reducing xu′ using f we get x2

1x3y
3
1y2y3, and then reducing this using x1x3−

y1y3, as per the step described in the proof, we get

xu′′ = x1y
4
1y2y

2
3.

The value of s i.e. the index of the sole remaining x-variable remains unchanged. In

general, one complete iteration of the step described in the proof replaces x2
s with

y2
s in the monomial under consideration. Expressed more succinctly, we have

xu′′ = xu′ · y
2
s

x2
s

and this reduction is made possible by the presence of yv = y2 and yk = y3 as

‘catalyst’ variables (their presence is required, but they are not themselves ‘used

up’, that is, converted into other variables). To fully reduce xu we reiterate the

step. Reducing xu′′ using f we get

m = x3y
5
1y2y3
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and at this point we stop, since m is now irreducible. We have NG�(K3)(x
u) = m,

hence the binomial xu −m = x5
1x

2
3y2 − x3y

5
1y2y3 is in the ideal IK3 .

Proposition 3.27. Let � be the lexicographic monomial order on S corresponding to

σ = id and L = ∅. Let xu = xdii y
ei
i x

dj
j y

ej
j ∈ S i.e. |V (xu)| ≤ 2. Let q = min{di, dj}.

NG�(Kn)(x
u) = xdi−qi yei+qi x

dj−q
j y

ej+q
j . (3.6)

Proof. The monomial xu can be reduced to (3.6) by the binomial xixj − yiyj ∈
G�(Kn) (Proposition 3.23). No element of the set {in�(g) : g ∈ G�(Kn)} divides

(3.6) hence (3.6) is irreducible.

Proposition 3.28. Let f = xu − xv ∈ S be such that |V (xu)| > 2. Then f ∈ IKn
if and only if f is multi-homogeneous.

Proof. “⇒”: This is clear. “⇐”: Suppose that f is multi-homogeneous in degree

((α1, α2), β) ∈ Z2
2 × Zn≥0. Let � be the lexicographic monomial order on S cor-

responding to σ = id and L = ∅. Let k = max{i : i ∈ V (xu)}. If α1 = 0

then NG�(Kn)(x
u) = NG�(Kn)(x

v) is the first form in (3.5) and if α1 = 1 then

NG�(Kn)(x
u) = NG�(Kn)(x

v) is the second form in (3.5).

Proposition 3.29. Let f = xu − xv ∈ S be such that |V (xu)| ≤ 2. Then f ∈ IKn
if and only if f is of the form xdii y

ei
i x

dj
j y

ej
j − x

di−p
i yei+pi x

dj−p
j y

ej+p
j where p ∈ Z.

Proof. “⇒”: f = xu − xv ∈ IKn ⇒ NG�(Kn)(x
u) = NG�(Kn)(x

v) where � is the

lexicographic monomial order on S corresponding to σ = id and L = ∅. Since

|V (xu)| ≤ 2, we have that xu = xdii y
ei
i x

dj
j y

ej
j and xv = x

d′i
i y

e′i
i x

d′j
j y

e′j
j . Now the only

element of G�(Kn) that can be used to reduce either xu or xv is xixj − yiyj (see

Proposition 3.23 and note carefully the composition of the set Λ). Thus to find

the normal form of either xu or xv, there is only one strategy: repeatedly reduce

using xixj − yiyj until no further reduction with xixj − yiyj is possible. But these

two normal forms coincide. Therefore, along the way to total reduction, it must

be that either xu is reduced to xv, or vice versa. More explicitly, either xu can be

reduced to xv using xixj − yiyj , in which case xv = xdi−pi yei+pi x
dj−p
j y

ej+p
j where

p is positive, or xv can be reduced to xu using xixj − yiyj , in which case xv =

xdi−pi yei+pi x
dj−p
j y

ej+p
j where p is negative. “⇐”: Apply Proposition 3.27 carefully to

see that NG�(Kn)(x
di
i y

ei
i x

dj
j y

ej
j ) = NG�(Kn)(x

di−p
i yei+pi x

dj−p
j y

ej+p
j ) regardless of the

value of p ∈ Z. It follows that f ∈ IKn , since NG�(Kn)(x
u) = NG�(Kn)(x

v) ⇒ f =

xu − xv ∈ IKn .
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Theorem 3.30. Conjecture 3.18 holds for G = Kn.

Proof. Let G = Kn throughout. We prove the theorem in three steps; the contain-

ments S(IG) ⊆ U(IG), U(IG) ⊆ Gr(IG) and Gr(IG) ⊆ S(IG).

Step 1. S(IG) ⊆ U(IG): Here we invoke Propositions 3.19 and 3.23. If π is a path of

the form (i, k, l, i) inG then let σ ∈ Sn be a permutation such that k, l � i. A suitable

choice of L ⊆ {σ−1(i), σ−1(k), σ−1(l)} then provides that (x2
i − y2

i )rkrl ∈ G�(G) or

(y2
i −x2

i )rkrl ∈ G�(G). The cases π = (i, k, j) and π = (i, j) are similar and omitted.

Step 2. U(IG) ⊆ Gr(IG): [17, Proposition 4.2].

Step 3. Gr(IG) ⊆ S(IG): Let f = xu − xv ∈ Gr(IG). If |V (xu)| ≤ 2 then by

Proposition 3.29 we have f = xdii y
ei
i x

dj
j y

ej
j − xdi−pi yei+pi x

dj−p
j y

ej+p
j where p ∈ Z.

If p > 0 then necessarily f = xixj − yiyj ∈ S(IG). If p < 0 then necessarily

f = yiyj − xixj ∈ S(IG).

Now consider the case that |V (xu)| > 2. First suppose that f = tk(x
u′ − xv′)

where k ∈ V (xu) and tk ∈ {xk, yk}. Now xu′ − xv′ is multi-homogeneous and it

must be that |V (xu′)| = 2 since otherwise by Proposition 3.28 xu′ − xv′ ∈ IG,

contradicting the primitivity of f . Write

f = tk(x
u′ − xv′) = tk(x

di
i y

ei
i x

dj
j y

ej
j − x

d′i
i y

e′i
i x

d′j
j y

e′j
j ). (3.7)

If gcd(xu′ ,xv′) 6= 1 then it follows from the previous argument that f = tktl(x
ds
s y

es
s −

x
d′s
s y

e′s
s ) where {s, l} ⊆ {i, j} and tl ∈ {xl, yl}. Now xdss y

es
s − x

d′s
s y

e′s
s is multi-

homogeneous and nonzero. These criteria are minimally satisfied by (ds, es) ∈
{(2, 0), (0, 2)} i.e. f = tktl(x

2
s − y2

s) ∈ S(IG) or f = tktl(y
2
s − x2

s) ∈ S(IG). For

ds+es > 2 the primitivity of f is contradicted either by one of these binomials or by

an element of the form ±(xixj − yiyj) ∈ S(IG). If instead in (3.7) gcd(xu′ ,xv′) = 1

then by Proposition 3.24 and the primitivity of f we have f = ±tk(xiyj − yixj) ∈
S(IG).

Suppose now that f = xu − xv cannot be written as tk(x
u′ − xv′) where k ∈

V (xu) and tk ∈ {xk, yk}. Since f is multi-homogeneous and |V (xu)| > 2 we can

assume that for some i, j ∈ V (xu) either xixj |xu and yiyj |xv or yiyj |xu and xixj |xv

i.e. in this case the primitivity of f is contradicted by an element of the form

±(xixj − yiyj) ∈ S(IG).
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4 Scaled Segre varieties and maximum

likelihood degrees

4.1 Algebraic statistics

Algebraic statistics is the use and development of techniques in algebra to address

and advance problems in statistics and its applications. It is a somewhat new field

of study which has developed rapidly over the past twenty-five years or so. Impor-

tant milestones in that development include the publication of the initial paper in

1998 by Diaconis and Sturmfels [22], which linked log-linear statistical models with

algebraic geometry and commutative algebra for the first time, the publication of

the monographs Algebraic Statistics for Computational Biology [2005] by Pachter

and Sturmfels [64] and Lectures on Algebraic Statistics [2009] by Drton, Sturmfels

and Sullivant [23], and the launch of a dedicated academic journal Journal of Alge-

braic Statistics in 2011. Algebraic statistics has brought together a large body of

researchers with backgrounds in algebraic geometry, combinatorics, mathematical

statistics, commutative algebra, multilinear algebra, computational algebra, compu-

tational biology, computational geometry, and more. The credit for the propagation

of the phrase ‘Algebraic Statistics’ in the mainstream probably belongs to Pistone,

Riccomagno and Wynn, who selected it as the title of their book [68] on the applica-

tion of polynomial algebra to experimental design and discrete probability. In that

monograph, published in December 2000, algebraic statistics was described as ‘an

exciting new field’.

Many distinct areas of research have emerged from the field of algebraic statistics.

One of these is the study of algebraic and geometric aspects of maximum likelihood

estimation. Maximum likelihood estimation is a standard statistical technique in

parameter estimation. Given observed data and an assumed statistical model, the

likelihood function is maximised to produce a maximum likelihood estimate, a set of

parameters that is most likely to have produced the data. In algebraic statistics, one

typically considers the problem of computing maximum likelihood estimates for an
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algebraic statistical model for discrete data, that is, a statistical model that can be

defined in terms of polynomial or rational parametrisations. A recurring theme in

algebraic statistics is that such models are typically identified with certain algebraic

subvarieties of high-dimensional complex projective spaces.

The maximum likelihood degree (ML degree) of an algebraic statistical model

counts the number of complex critical points of the likelihood function over the

model viewed as a variety. The concept was introduced by Catanese, Hoşten, Khetan

and Sturmfels [15, 47] as a tool to study the complexity of the maximum likelihood

estimation problem. The ML degree is particularly useful in that it is a topolog-

ical invariant of the model and provides an upper bound for the number of local

maxima of the likelihood function. Two consistent notions of ML degree exist in

the literature: one from a computational algebraic geometry perspective, where the

ML degree is defined for a projective variety, and the other from a topological per-

spective, where the ML degree is defined for a very affine variety, a subvariety of

the algebraic torus [69, Section 1.2]. We use the former notion primarily. Since the

introduction of the concept in 2005, a body of research into various aspects of the

ML degree has built up (see e.g. [3–5, 34, 38, 48, 49, 69]). A good overview of some of

this research from a geometric perspective is that of Huh and Sturmfels [50]. A very

accessible introduction to the algebraic aspects of maximum likelihood estimation

and the ML degree is [23, Chapter 2].

We are interested in the ML degree of scaled toric varieties, that is, models that are

given by a scaled monomial parametrisation. In probability and statistics, models

given by a monomial parametrisation are known as discrete exponential families.

In the study of scaled monomial parametrisations, a key question is the following,

which was first asked by June Huh and Bernd Sturmfels at the CIME-CIRM summer-

school, Levico Terme, in June 2013:

Problem 4.1. Given a scaled toric variety Vc ∈ Pn−1, how does the ML degree of

Vc depend on the scaling parameter c ∈ (C∗)n?

The question is recorded in [50, Third Lecture]. The problem of investigating this

relationship is a challenging one, but progress has been made in recent times [4, 5].

A dedicated Macaulay2 package has just been announced at the time of writing

[37], which, inter alia, simplifies the procedure for computing the ML degree of a

scaled toric variety in Macaulay2. The purpose of this chapter is to specifically

investigate Problem 4.1 for the scaled Segre variety. Some of the research here

was published in [4, Section 6], a paper that I co-authored with Carlos Améndola,
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4 Scaled Segre varieties and maximum likelihood degrees

Nathan Bliss, Courtney R. Gibbons, Martin Helmer, Serkan Hoşten, Evan D. Nash,

Jose Israel Rodriguez and Daniel Smolkin. The remainder is my own work and is as

yet unpublished.

4.2 The ML degree problem for scaled toric varieties

We start with a projective variety V ⊆ Pn−1 over C. The homogeneous coordinates

of Pn−1 are denoted by (p1, . . . , pn). We identify the affine open set of V where

p1 + · · · + pn 6= 0 with the set of points in V where p1 + · · · + pn = 1. We can

view the points p ∈ V satisfying p1, . . . , pn ≥ 0 and p1 + . . .+ pn = 1 as a family of

probability distributions of a discrete random variable X taking values on [n] where

pj = P (X = j) is the probability of event j for j ∈ [n]. The data is given by a

nonnegative integer vector u = (u1, . . . , un) ∈ Zn≥0, where ui records the number of

times event i is observed. The total number of observations of the random variable

X is given by u+ :=
∑n

j=1 uj . The likelihood function is the rational function

L(p, u) =
pu11 . . . pu1n

(p1 + · · ·+ pn)u1+···+un .

In maximum likelihood estimation one is typically interested in finding a probability

distribution p̂ = (p̂1, . . . , p̂n) in the variety V which maximises the likelihood of

observing the data u i.e. which maximises L(p, u). A probability distribution p̂

having this property is called a maximum likelihood estimate and is identified by

finding the critical points of L(p, u) on V . Whilst in statistics one restricts to

a algebraic statistical model, i.e. the intersection of V with a probability simplex

∆n−1 ⊆ Rn, in algebraic statistics one is typically interested in finding or counting

all of the complex critical points of L(p, u) by examining a system of polynomial

equations called likelihood equations. As in [47, Section 2], we let Vsing denote the

singular locus (the set of singular points) of V and set Vreg := V \ Vsing. Let H be

the hypersurface that is the union of the coordinate hyperplanes and the hyperplane

defined by p1 + · · · + pn = 0 i.e. H = V (p1 . . . pn(
∑n

j=1 pj)). We give the formal

definition of the maximum likelihood degree below.

Definition 4.2. The maximum likelihood degree (ML degree) of V ⊆ Pn−1, denoted

mldeg(V ), is the number of complex critical points of the likelihood function

L(p, u) =
pu11 . . . punn

(p1 + · · ·+ pn)u1+···+un (4.1)
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on Vreg \H for generic (sufficiently general) u ∈ Zn≥0. The critical equations whose

solutions are the critical points of L(p, u) are called the likelihood equations for V .

It was shown in [47] and [15] that the ML degree is well-defined. By generic

data we simply mean that there should be nothing symmetic or exceptional in the

data u that directly causes a drop in the ML degree (see [23, Definition 2.1.4 and

the commentary thereafter]). Non-generic data is typically highly specific to the

model at hand. In our computations we will satisfy the genericity condition by

using distinct primes and/or randomisation as the data points (the approach in [4,

Proposition 33]).

We are interested in the case where the variety V ⊆ Pn−1 is given by a scaled

monomial parametrisation. Such a variety V is called a scaled toric variety [4, 5,

37, 50] and is defined as follows. Let A = (aij) = (a1, . . . ,an) be a (d− 1)× n non-

negative integer matrix of full rank and let c = (c1, . . . , cn) ∈ (C∗)n where C∗ denotes

C \ {0}. The configuration matrix A encodes a specific monomial parametrisation

and c acts as a scaling parameter. Let As denote the matrix obtained by adding the

row of ones to (the top of) A.

Definition 4.3. Let θaj be the monomial obtained by reading down column aj of

A i.e. θaj := θ
a1j
1 θ

a2j
2 · · · θad−1j

d−1 . Consider the scaled regular map ψc : (C∗)d → (C∗)n

given by

(s, θ1, θ2, . . . , θd−1) 7→ (c1sθ
a1 , c2sθ

a2 , . . . , cnsθ
an). (4.2)

The projective toric variety Vc in Pn−1 corresponding to the Zariski closure of

ψc((C∗)d) in Cn is called a scaled toric variety . When c = (1, 1, . . . , 1, 1) we de-

note Vc by V1.

From now on when we refer to a scaled toric variety Vc ⊆ Pn−1 we will assume

the existence of a fixed full rank non-negative integer configuration matrix A and a

fixed scaling parameter c ∈ (C∗)n that define Vc. Notice that V1 is the standard toric

variety of As as in [21]. Definition 4.3 could be made comprehensive (i.e. incorporate

all possible toric varieties) by dropping the rank and non-negative integer conditions

on A and by discarding the variable s. However, our parametrisations of interest

will be defined by zero-one matrices, so we restrict the entries of A to non-negative

integers. Also, since A is of full rank, the parametrisation (4.2) is one-to-one. This is

by design, since it implies that the ML degree of Vc may be determined by counting

the solutions in (C∗)d to the parametric likelihood equations (given in terms of s and

the θi) or the solutions in (C∗)n to the implicit likelihood equations (given in terms
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4 Scaled Segre varieties and maximum likelihood degrees

of the pj). The presence of the variable s across the parametrisation ensures that

the vanishing ideal Ic of Vc is homogeneous [75, Lemma 4.14].

The scaled toric variety Vc and its standard counterpart V1 are closely related.

Different choices of c = (c1, . . . , cn) ∈ (C∗)n give different varieties Vc in Pn−1, all of

which are isomorphic to each other. Thus, in particular, Vc and V1 are isomorphic

projective toric varieties. Vc shares the same degree and dimension as V1. The defin-

ing ideals of both varieties are homogeneous, binomial and prime, but pure difference

in the case of V1 only. The singularities of any toric variety are contained in the

union of coordinate hyperplanes, and this is no less true of scaled toric varieties. We

note here that the Segre variety is smooth (free from singularities). As smoothness

is preserved under isomorphism, the scaled Segre variety (our variety of interest) is

also smooth. In terms of degree, the degrees of both Vc and V1 can be defined as the

normalised volume of the polytope that is the convex hull of As [75, Theorem 4.16].

We now describe the likelihood equations for Vc. For a toric variety V it is the

case that Vsing ⊆ H. Thus when considering the ML degree of toric varieties we may

replace Vreg \H with V \H in Definition 4.2. Recall that the likelihood equations for

Vc are the critical equations whose solutions are the critical points of the likelihood

function L(p, u). These critical equations may be described either parametrically or

implicitly. We describe the parametric likelihood equations below. The parametric

ML degree of Vc is the number of complex solutions (s, θ1, . . . , θd−1) ∈ (C∗)d to these

equations for generic u ∈ Zn≥0.

Proposition 4.4. Let Vc ⊆ Pn−1 be a scaled toric variety and let u = (u1, . . . , un) ∈
Zn≥0. The parametric likelihood equations for Vc are sf = 1 together with

(Au)i = u+sθi
∂f

∂θi
, i ∈ [d− 1] (4.3)

where f =
∑n

j=1 cjθ
aj and (Au)i denotes the i-th component of the vector Au.

Proof. Recall that u+ =
∑n

j=1 uj . To get the parametric likelihood equations we

substitute cjsθ
aj for pj in (4.1), for j ∈ [n]. If one then considers the logarithmic

derivatives of L(p, u) and uses the method of Lagrange multipliers the result follows

without difficulty (see [50, First Lecture] and [4, Definition 6]).

The parametric representation of Vc given in Definition 4.3 is complemented by an

implicit representation, that is, a set of polynomials in C[p] := C[p1, . . . , pn] of which

Vc is the zero locus. As noted above, the vanishing ideal Ic of Vc is a homogeneous

binomial prime ideal. We call it a scaled toric ideal .
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Definition 4.5. Fix a configuration matrix A and a scaling parameter c ∈ (C∗)n as

in Definition 4.3. Let π be the C-algebra homomorphism defined by

π : C[p]→ C[s, θ1, . . . , θd−1], pj 7→ cjsθ
aj . (4.4)

The kernel of π is denoted Ic and called the scaled toric ideal of As. When c =

(1, 1, . . . , 1, 1) we denote Ic by I1.

The ideal I1 is the standard toric ideal of As. An infinite generating set for Ic is

not difficult to describe. Recall that every vector w ∈ Zn can be written uniquely as

w = w+ −w− where w+ and w− are both non-negative and have disjoint support.

The integer kernel of As is denoted kerZAs and consists of all vectors w ∈ Zn such

that Asw+ = Asw−. Given w ∈ Zn, let γ(w) = (
∏n
j=1 c

w+
j

j )/(
∏n
j=1 c

w−j
j ) ∈ C∗. For

v ∈ Zn let pv denote the monomial pv11 . . . pvnn .

Proposition 4.6. Let Vc ⊆ Pn−1 be a scaled toric variety. The vanishing ideal

of Vc is the scaled toric ideal Ic of As i.e. Vc = V (Ic) ⊆ Pn−1. We may write

Ic = 〈pw+ − γ(w)pw
−

: w ∈ kerZAs〉 ⊂ C[p].

Proof. The ideal Ic is homogeneous because (1, 1, . . . , 1, 1) lies in the rowspan of As
[75, Lemma 4.14]. Any binomial pu − δpv lies in Ic if and only if Asu = Asv and

δ = (
∏n
j=1 c

uj
j )/(

∏n
j=1 c

vj
j ). If c = (1, 1, . . . , 1, 1), then γ(w) = 1 for all w ∈ Zn

and both assertions are standard results in toric algebra-geometry [21]. For the

second assertion, Sturmfel’s argument in [75, Corollary 4.3] easily carries over to

the case where the defining homomorphism (4.4) is given by a scaled monomial

parametrisation. The homogeneity of Ic gives Vc = V (Ic) ⊆ Pn−1.

One takeaway from Proposition 4.6 is that the vanishing ideal depends only on

the kernel of the underlying configuration matrix. Given a fixed c ∈ (C∗)n, if two

distinct configuration matrices A and B satisfy kerZA = kerZB, then the vanishing

ideals of the corresponding scaled toric varieties coincide (and hence the varieties

themselves coincide). It also is the case that if one fixes a configuration matrix

A, the scaled toric ideal Ic and its standard counterpart I1 (and indeed any other

scaled toric ideal Ic′ for the same configuration) are closely related. In particular,

if G = {pw+ − pw
−

: w ∈ S} is a specific minimal generating set of I1, then

Gc = {pw+ − γ(w)pw
−

: w ∈ S} is the corresponding minimal generating set of Ic.

We now describe the implicit likelihood equations for Vc. The implicit ML degree

of Vc is the number of complex solutions p ∈ (C∗)n to these equations, subject to
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p ∈ Vc, for generic u ∈ Zn≥0. The condition p ∈ Vc is satisfied if p is in the zero locus

of some generating set Gc of Ic.

Proposition 4.7. Let Vc ⊆ Pn−1 be a scaled toric variety and let u = (u1, . . . , un) ∈
Zn≥0. The implicit likelihood equations for Vc are

(Asu)i = u+(Asp)i, i ∈ [d]. (4.5)

Proof. Note that sf =
∑n

j=1 pj = 1. To get the implicit likelihood equations,

substitute pj for cjsθ
aj in (4.3). This reformulation of the likelihood equations is

sometimes attributed to Birch [64, Theorem 1.10].

When studying the ML degree of toric varieties, Problem 4.1 is a key research

question. There are various ways to approach this problem. One can consider it

from a general point of view, that is, look for results that hold for any scaled Segre

variety Vc. An important result in this line is the following, which was shown by

Huh and Sturmfels in [50, Theorem 3.2].

Proposition 4.8 ([50]). Given a scaled toric variety Vc ⊆ Pn−1, the ML degree of Vc

is at most the degree of Vc. If the scaling parameter c ∈ (C∗)n is completely generic,

the two degrees agree.

More recently, the exact criterion for c that gives rise to mldeg(Vc) < deg(Vc) was

described in [4, Theorem 2]. This relates to what is known as the ML degree drop.

The ML degree drop of a scaled toric variety Vc is the difference deg(Vc)−mldeg(Vc).

The criterion given is in terms of a notion introduced by Gelfand, Kapranov and

Zelevinsky [30]. The principal A-determinant of a toric variety V is a polynomial in

the variables cj , j ∈ [n], defined in terms of the polytope that is the convex hull of

the underlying configuration matrix A of V .

Proposition 4.9 ([4]). Given a scaled toric variety Vc ⊆ Pn−1, the ML degree of Vc

is less than the degree of Vc if and only if the scaling parameter c ∈ (C∗)n is in the

zero locus of the principal A-determinant of V1.

One can also approach Problem 4.1 from a more specific point of view by fixing

a class Vc of scaled toric varieties in Pn−1 and seeking to establish the relationship

between the ML degree and the scaling parameter c ∈ (C∗)n in terms of the specific

configuration of Vc. This is the approach we take. Different choices of c give dif-

ferent varieties Vc in Pn−1. If the configuration of Vc is fixed, these varieties are all

isomorphic to each other, but they may have different ML degrees. This is the key
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point of investigation. Put clearly, the specific problem we wish to investigate is the

following refinement of Problem 4.1:

Problem 4.10. Given a scaled Segre variety Vc ∈ Pn−1, how does the ML degree

of Vc depend on the scaling parameter c ∈ (C∗)n?

We have chosen to study the Segre variety for various reasons. The Segre variety

is a well-known and well-studied classical variety, ubiquitous in the literature. Its

nice properties and straightforward description ease the investigation of Problem 4.1

somewhat. There is also a natural connection between the Segre variety and the

determinantal ideals studied in Chapter 2. Those ideals are the vanishing ideals for

the unscaled Segre variety V1.

In Section 4.3 we set out the connection between arrays and scaled Segre embed-

dings. We define a scaled Segre variety Vc and show that the parametric likelihood

equations for Vc admit a surprisingly uncomplicated description. Our main results

are given in Section 4.4. We demonstrate that the ML degree of the scaled Segre

variety Vc depends on certain algebraic and geometric properties of the scaling pa-

rameter c. We give a sufficient condition for a scaled Segre variety to have ML

degree one and describe how the ML degree drops when c has a particular multi-

plicative structure. We also put forward a number of interesting conjectures and

give a closed form expression for the solutions to the likelihood equations for the

simplest non-trivial case. Along the way we provide examples and computations

that illustrate various aspects of Problem 4.10 and that may be replicated using the

computer algebra system Macaulay2 [32].

4.3 Arrays and scaled Segre varieties

We begin here by introducing the definition of an array, a type of multi-dimensional

data structure. As we will see, it is more natural to view the image of a Segre

embedding as an array (as opposed to a vector or a matrix). In the context of mul-

tidimensional Segre embeddings and varieties, arrays are also referred to as tensors,

box-shaped matrices and hypermatrices in the literature [9, 33, 36, 52, 76, 77]. Note

that we depart slightly here from the notation used in the previous section. In the

literature d is generally reserved for the order of an array whilst n is used to denote

the size of the dimensions of the array. We maintain this convention here (in the

previous section d and n were used for the dimension and embedding dimension of

the map ψc (4.2)).
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Definition 4.11. Let n1, . . . , nd be d positive integers and let S be any set. An

array of order d (or d-array) over S is a multidimensional array over a d-tuple index

set J = [n1]× · · · × [nd],

A = [ai1...id ] ∈ S
J , il ∈ [nl], l ∈ [d].

The d-tuple is unordered i.e. A = A′ for all A′ = [aiσ(1)...iσ(d) ] where σ ∈ Sd, the

symmetric group on d elements. The order of A is denoted order(A).

For us, the set S will always be a semigroup under addition and/or under mul-

tiplication, and the next three definitions should be construed with this in mind.

Notwithstanding the unordered-ness of the underlying d-tuple, we will index arrays

in a way that is consistent with the indexing of other related objects i.e. the Segre

embedding and the columns of its configuration matrix. When giving examples of

arrays, we will use cartesian indexing (the first component indexes left to right, the

second component indexes low to high, the third component indexes rear to front,

and so on).

Definition 4.12. Let n1, . . . , nd, n
′
1, . . . , n

′
e be d+e positive integers. Let J = [n1]×

· · ·×[nd], let J ′ = [n′1]×· · ·×[n′e] and let JJ ′ = [n1]×· · ·×[nd]×[n′1]×· · ·×[n′e]. Given

a d-array A = [ai1...id ] ∈ SJ , il ∈ [nl], l ∈ [d] and an e-array A′ = [a′i′1...i′e
] ∈ SJ ′ ,

i′j ∈ [n′j ], j ∈ [e], their product AA′ = B is defined as the (d+ e)-array

AA′ = B := [bi1...idi′1...i′e ] ∈ S
JJ ′

where bi1...idi′1...i′e := ai1...ida
′
i′1...i

′
e
. The product B is said to factor into AA′. Given

an element r ∈ S and a d-array A = [ai1...id ] ∈ SJ , rA = C is defined as the d-

array [ci1...id ] ∈ SJ where ci1...id := r(ai1...id). A d-array A ∈ SJ is said to factor

completely if it may be written as A = A(1) · · ·A(d) where A(l) is a 1-array for each

l ∈ [d].

The product of arrays bears no resemblance to matrix multiplication except for

the case where two 1-arrays A and A′ multiply to give a 2-array AA′. In this case

AA′ is the matrix transpose of A′A if AA′ and A′A are viewed as matrices. Unlike

matrices, any two arrays can be multiplied, and in either order. For two arrays of

the same order and dimensions we may define another product, as follows.

Definition 4.13. Given two d-arrays A,A′ ∈ SJ , their Hadamard product (or

entrywise product) A ◦ A′ = B is defined as A ◦ A′ = B := [bi1...id ] ∈ SJ where

bi1...id := ai1...ida
′
i1...id

.
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Definition 4.14. The total sum of the array A ∈ SJ , denoted A+, is the sum of

all of the entries of A. The marginal sum of the entries of A over all but the index

l ∈ [d], where the index l is fixed at the position il ∈ [nl], is denoted Al;il . If it is

the case that the array A is a 2-array i.e. d = 2, then we use the standard notation

where A1;i1 is denoted by Ai1+ and A2;i2 is denoted by A+i2 .

Example 4.15. Let S = C∗, d = 3 and n1 = n2 = n3 = 2. Let C(1) = [c
(1)
1 c

(1)
2 ] =

[3 1], C(2) = [c
(2)
1 c

(2)
2 ] = [2 1] and C(3) = [c

(3)
1 c

(3)
2 ] = [5 1]. Then C(1)C(2)C(3) = C

where

C =

c111

c112

c121

c122

c211

c212

c221

c222

=

30

6

15

3

10

2

5

1

.

Thus C factors completely. The total sum of C is C+ = 72 and the marginal sums

C2;2 and C3;1 are C2;2 = 15 + 3 + 5 + 1 = 24 and C3;1 = 30 + 15 + 10 + 5 = 60.

Recall the construction of the configuration matrix for the Segre embedding from

Chapter 2. We adjust this construction slightly to ensure that the associated mono-

mial parametrisation satisfies the requirements of the maximum likelihood degree

problem as described in Section 4.2. In particular, it is required that the configura-

tion matrix has full rank.

Definition 4.16. The configuration matrix for the Segre embedding is the
∑d

l=1 nl×∏d
l=1 nl zero-one matrix A′ whose columns are indexed by a′i1...id , ordered lexico-

graphically, where the column a′i1...id has a 1 in the i1-th place, the (n1+i2)-th place,

the (n1 +n2 +i3)-th place, . . . , the (
∑d−1

l=1 nl+id)-th place, and zeros elsewhere. The∑d
l=1 nl rows of A′ are indexed by the elements of {θ(l)

il
: il ∈ [nl], l ∈ [d]}, ordered

lexicographically. The rows consist of d blocks that correspond to the d dimensions

of the Segre embedding.

Definition 4.17. The reduced configuration matrix for the Segre embedding is the∑d
l=1(nl − 1) ×

∏d
l=1 nl zero-one matrix A obtained from the configuration matrix

A′ by deleting the rows n1, n1 +n2, . . . ,
∑d

l=1 nl (the last row of each of the d blocks

of rows). The columns of A are indexed by ai1...id and the
∑d

l=1(nl − 1) rows of A
are indexed by the elements of

{θ(l)
il

: il ∈ [nl − 1], l ∈ [d]} = {θ(1)
1 , . . . , θ

(1)
n1−1, . . . , θ

(d)
1 , . . . , θ

(d)
nd−1}.
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Recall that we let As denote the matrix obtained by adding the row of ones to A.

It is not difficult to see that the reduced configuration matrix A has full rank.

In removing dependent rows from the configuration matrix, we are removing de-

pendent variables from the monomial parametrisation (the associated toric variety

is preserved). This reduction is required for the parametrisation to be one-to-one

i.e. so that the implicit ML degree is equal to the parametric ML degree. The row

of ones in As corresponds to the variable s in the parametrisation map (4.6). The

presence of this variable across the parametrisation ensures that the vanishing ideal

of the toric variety VC (see Definition 4.20) is homogeneous.

Example 4.18. Let d = 3 and n1 = n2 = n3 = 2. Then A equals

a111 a112 a121 a122 a211 a212 a221 a222
θ

(1)
1 1 1 1 1 0 0 0 0

θ
(2)
1 1 1 0 0 1 1 0 0

θ
(3)
1 1 0 1 0 1 0 1 0

.

We now come to the definition of the scaled Segre variety. Let R be the polynomial

ring over C in the variables s and θ
(l)
il

for il ∈ [nl − 1] and l ∈ [d] i.e.

R = C[s, θ
(1)
1 , . . . , θ

(1)
n1−1, . . . , θ

(d)
1 , . . . , θ

(d)
nd−1]

and let θai1...id ∈ R be the monomial obtained by reading down the column ai1...id
of A, that is

θai1...id = (
∏
l∈[d]

θ
(l)
il

) / (
∏

k∈[d], ik=nk

θ
(k)
ik

).

Definition 4.19. Let M denote the d-array [θai1...id ] ∈ RJ and let C = [ci1...id ] ∈
(C∗)J . We call M the monomial array and C the scaling array. We combine these

into the term array T := C ◦M . The generic data array is U = [ui1...id ] ∈ ZJ≥0

and we abbreviate the notation by letting ε denote the d-array 1
U+
U ∈ QJ≥0. Let u

denote U expressed in the form of a vector, ordered lexicographically.

Definition 4.20. Let C ∈ (C∗)J be fixed, where J is a multidimensional index set

as in Definition 4.11. The scaled Segre embedding is the map ψC : (C∗)r 7→ (C∗)J

defined by

(s, θ
(1)
1 , . . . , θ

(1)
n1−1, . . . , θ

(d)
1 , . . . , θ

(d)
nd−1) 7→ s(C ◦M) = sT (4.6)
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4 Scaled Segre varieties and maximum likelihood degrees

where r =
∑d

l=1(nl − 1) + 1. The scaled Segre variety VC is the r-dimensional pro-

jective toric variety in P(Πdl=1nl)−1 corresponding to the Zariski closure of ψC((C∗)r)
in CJ . We let V1 denote the variety that is the unscaled counterpart of VC i.e. V1

is the variety obtained from VC by replacing the array C with the all ones array 1

in the map (4.6).

Proposition 4.21. The degree of the scaled Segre variety VC is given by( ∑d
l=1(nl − 1)

n1 − 1, . . . , nd − 1

)
=

(
∑d

l=1(nl − 1))!

(n1 − 1)! · · · (nd − 1)!
. (4.7)

Proof. The degree of the scaled Segre variety is the same as that of its non-scaled

counterpart [50, Theorem 3.2]. It is well-known that the degree of the non-scaled

Segre variety is given by (4.7) (see for example [73, Section A.10.2]).

We note that the scaled Segre embedding ψC and the scaled Segre variety VC are

completely defined by the choice of C, which encodes not only the scaling coefficients

ci1...id but also the order d and the size nl of each dimension l ∈ [d]. Also, as noted

in Definition 4.11, the d-tuple is unordered. The d! scaled Segre varieties obtained

by permuting the underlying index set J are projectively equivalent. For fixed

C ∈ (C∗)J these varieties all have the same degree and the same ML degree and

we do not distinguish between them. We next describe the parametric likelihood

equations for VC .

Proposition 4.22. The parametric likelihood equations for the scaled Segre variety

VC are

εl;ilT+ = Tl;il , il ∈ [nl − 1], l ∈ [d]. (4.8)

Proof. We use the derivation given in Proposition 4.4. Since f 6= 0, we may eliminate

the variable s in the system (4.3) by replacing it with 1/f (the number of solutions

remains completely intact). Notice that f =
∑
ci1...idθ

ai1...id = T+. We get as many

likelihood equations as there are rows of A, as follows, where m = (
∑l−1

j=1(nj−1))+il:

(Au)m
u+

f = θ
(l)
il

δf

δθ
(l)
il

, il ∈ [nl − 1], l ∈ [d].

These may be rewritten as

Ul;il
U+

T+ = θ
(l)
il

δT+

δθ
(l)
il

, il ∈ [nl − 1], l ∈ [d].
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4 Scaled Segre varieties and maximum likelihood degrees

On the right, since T+ is squarefree, the derivative of T+ with respect to θ
(l)
il

is simply

the sum of all of the terms in T+ that involve θ
(l)
il

, divided by θ
(l)
il

. Multiplying this

expression by θ
(l)
il

thus gives the sum of all of the terms in T+ that involve θ
(l)
il

i.e.

Tl;il . This explains the form of the equations in (4.8).

The ML degree of the scaled Segre variety VC is the number of solutions in (C∗)r−1

to the likelihood equations (4.8) for generic data U ∈ ZJ≥0. The following example

illustrates the variation that can occur in the value of mldeg(VC) as C varies in

(C∗)J .

Example 4.23. Recall that we use cartesian indexing for the layout of arrays in

examples. Let the scaling array C ∈ (C∗)J be the partially filled array

C =

 c13 c23 c33

c12 c22 c32

c11 c21 c31

 =

 c13 1 1

c12 c22 1

1 c21 1

 .
Thus d = 2 and n1 = n2 = 3. The underlying reduced configuration matrix is

A =

a11 a12 a13 a21 a22 a23 a31 a32 a33


θ
(1)
1 1 1 1 0 0 0 0 0 0

θ
(1)
2 0 0 0 1 1 1 0 0 0

θ
(2)
1 1 0 0 1 0 0 1 0 0

θ
(2)
2 0 1 0 0 1 0 0 1 0

.

The scaled Segre embedding ψC is the map ψC : (C∗)5 7→ (C∗)[3]×[3] defined by

(s, θ
(1)
1 , θ

(1)
2 , θ

(2)
1 , θ

(2)
2 ) 7→ s ·

 c13θ
(1)
1 θ

(1)
2 1

c12θ
(1)
1 θ

(2)
2 c22θ

(1)
2 θ

(2)
2 θ

(2)
2

θ
(1)
1 θ

(2)
1 c21θ

(1)
2 θ

(2)
1 θ

(2)
1


where the array on the right is the monomial array T . By Proposition 4.21, the

degree of the scaled Segre variety VC is 6. Proposition 4.22 yields four parametric

likelihood equations for VC for generic data U ∈ Z[3]×[3]
≥0 . These equations may easily

be read from T and ε. The assignments (c12, c13, c21, c22) ∈

{(1, 1, 1, 1), (2, 1, 1, 1), (2, 3, 1, 1), (2, 3, 1, 2), (2, 3, 2, 1), (2, 3, 2, 3)}

give rise, respectively, to mldeg(VC) = 1, 2, 3, 4, 5, 6. This points to a relationship
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4 Scaled Segre varieties and maximum likelihood degrees

between mldeg(VC) and the matrix characteristics of C such as rank, number of van-

ishing 2-minors and determinant. For example, in the case that (c12, c13, c21, c22) =

(2, 3, 1, 1), rank(C) = 2, det(C) = 0 and C has three vanishing 2-minors. In the

case that (c12, c13, c21, c22) = (2, 3, 2, 3), rank(C) = 3, det(C) = −3 and C has no

vanishing 2-minors. Perhaps most striking feature of this example is the fact that

for each i = 1, . . . ,deg(V1), there is a scaling array C ∈ (C∗)[3]×[3] such that the ML

degree of VC is i.

The ML degrees in Example 4.23 may be computed using Macaulay2 [32]. For

ease of replication, we have made the commands we used available online at the

web address https://sums.ie/mldeg1. They may easily be copied from there and

inputted directly into a Macaulay2 session for execution. If a local installation of

Macaulay2 is not available, the Macaulay2 website [32] provides links to a number

of web applications that can be used to execute the commands.

4.4 ML degrees

Proposition 4.24. If the scaling array C ∈ (C∗)J is a 1-array, the ML degree of

the scaled Segre variety VC is 1.

Proof. Let C = [c1, . . . , cn]. Now T = C ◦ M = [c
(1)
1 θ

(1)
1 , . . . , c

(1)
n−1θ

(1)
n−1, c

(1)
n ] and

T1;i = c
(1)
i θ

(1)
i . The likelihood equations for VC are

ε1;i(c
(1)
1 θ

(1)
1 + · · ·+ c

(1)
n−1θ

(1)
n−1, c

(1)
n ) = c

(1)
i θ

(1)
i , i ∈ [n− 1].

which is a linear system in the θ
(1)
i ’s.

Theorem 4.25. If the scaling array C ∈ (C∗)J factors completely, the ML degree

of the scaled Segre variety VC is 1.

Proof. The monomial array M ∈ RJ factors completely, i.e. we may write

M =
d∏
l=1

M (l) =
d∏
l=1

[θ
(l)
1 , . . . , θ

(l)
nl−1, 1].

Since the scaling array C ∈ (C∗)J also factors completely, we may write

C =

d∏
l=1

C(l) =

d∏
l=1

[c
(l)
1 , . . . , c(l)

nl
].
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Now T = C ◦M = (
∏d
l=1C

(l)) ◦ (
∏d
l=1M

(l)) =
∏d
l=1C

(l) ◦M (l), therefore

T =
d∏
l=1

T (l) =
d∏
l=1

[c
(l)
1 θ

(l)
1 , . . . , c

(l)
nl−1θ

(l)
nl−1, c

(l)
nl

].

The total sum T+ of the term array T is the product
∏d
l=1 T

(l)
+ and we also have Tl;il =

c
(l)
il
θ

(l)
il

∏d
j=1, j 6=l T

(j)
+ . Therefore the likelihood equations (4.8) may be rewritten as

εl;il

d∏
k=1

T
(k)
+ = c

(l)
il
θ

(l)
il

d∏
j=1
j 6=l

T
(j)
+ , il ∈ [nl − 1], l ∈ [d].

Since T+ 6= 0, we can cancel out the common factors on each side of the equation,

giving

εl;ilT
(l)
+ = c

(l)
il
θ

(l)
il
, il ∈ [nl − 1], l ∈ [d]. (4.9)

For each l ∈ [d], there are exactly nl−1 linear equations in the variables θ
(l)
1 , . . . , θ

(l)
nl−1

only. Thus the likelihood equations admit a unique solution.

Corollary 4.26. If the scaling array C ∈ (C∗)[n1]×[n2], and C has rank one as a

matrix, the ML degree of the scaled Segre variety VC is 1.

Proof. The matrix C has rank one if and only if it factors completely as a 2-array.

Thus this result is the specialisation of Theorem 4.25 for two-way Segre varieties.

We remark that the condition of Theorem 4.25 that C ∈ (C∗)J factors completely

is expressed in other ways in the literature. Equivalently, C is a rank-one tensor (a

hypermatrix whose 2-minors vanish) [52, 77] or a decomposable tensor [9, 33, 36].

Whether the converse of Theorem 4.25 holds is an open question and we leave it as a

conjecture. If C ∈ (C∗)J does not factor completely, this suggests that the likelihood

equations for VC will encode certain non-trivial relationship(s) between some of the

d groups of variables θ
(l)
il

, l ∈ [d], contrary to the situation in (4.9). At a minimum,

we would expect to see some quadratic forms involving a mixture of variables from

different groups. It may be possible to answer the question conclusively using Huh’s

characterisation of varieties with maximum likelihood degree one [49] or the re-

formulation of the same result by Huh and Sturmfels in [50, Theorem 3.10].

Conjecture 4.27. If the ML degree of the scaled Segre variety VC is 1, the scaling

array C ∈ (C∗)J factors completely.
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4 Scaled Segre varieties and maximum likelihood degrees

Notice from the proof of Theorem 4.25 that the monomial array M ∈ RJ always

factors completely, whereas a generic scaling array C ∈ (C∗)J will not factor at all.

The ML degree of VC can be viewed as a measure of the genericness (or genericity)

of C. On the low end of the scale there is the case of Theorem 4.25. On the high

end, for completely generic C, the ML degree of VC agrees with the degree of VC

[50, Theorem 3.2]. The next result sheds light on some cases that lie between these

two extremes.

Theorem 4.28. If the scaling array C ∈ (C∗)J factors as C = C(1) · · ·C(m), where

m ≤ order(C), the ML degree of the scaled Segre variety VC is the product of the

ML degrees of the scaled Segre varieties VC(j) i.e.

mldeg(VC) =

m∏
j=1

mldeg(VC(j)).

Proof. Let C = [ci1...id ] ∈ (C∗)J , il ∈ [nl], l ∈ [d]. We note that if m = order(C) = d

then everything reduces to Theorem 4.25. It suffices to consider the case where

C = C ′C ′′. Without loss of generality we may assume for all il ∈ [nl] and l ∈ [d]

that

ci1...id = c′i1...ik−1
c′′ik...id

(in general it would be the case that ci1...id = c′j1...jk−1
c′′jk...jd where jl = iσ(l) for

some σ ∈ Sd). We will write C ′ = [c′i1...ik−1
] ∈ (C∗)J ′ and C ′′ = [c′′ik...id ] ∈ (C∗)J ′′

where J ′ = [n1] × · · · × [nk−1] and J ′′ = [nk] × · · · × [nd]. Now the monomial

array M =
∏d
l=1M

(l) ∈ RJ factors as M = M ′M ′′ where M ′ =
∏k−1
l=1 M

(l) and

M ′′ =
∏d
l=kM

(l). We have

T = C ◦M = (C ′C ′′) ◦ (M ′M ′′) = (C ′ ◦M ′)(C ′′ ◦M ′′) := T ′T ′′.

This means that we can rewrite the partial sums Tl;il in the following way:

Tl;il = T ′l;ilT
′′
+, if 1 ≤ l ≤ k − 1; and

Tl;il = T ′′l;ilT
′
+, if k ≤ l ≤ d.

Now let U ′ be the flattening of U to a (k−1)-array by summing the entries of U over

all but the indices 1 ≤ l ≤ k − 1 and let U ′′ be the flattening of U to a (d− k + 1)-

array by summing the entries of U over all but the indices k ≤ l ≤ d. Let ε′ = 1
U ′+
U ′

and ε′′ = 1
U ′′+
U ′′. Notice that εl;il = ε′l;il for 1 ≤ l ≤ k − 1, il ∈ [nl] and εl;il = ε′′l;il
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4 Scaled Segre varieties and maximum likelihood degrees

for k ≤ l ≤ d, il ∈ [nl]. After cancellation of common factors, which is permissible

since T+ 6= 0, the likelihood equations (4.8) split into two variable-disjoint systems

of equations, i.e. the likelihood equations for the scaled Segre varieties VC′ and VC′′

respectively, as follows:

ε′l;ilT
′
+ = T ′l;il , il ∈ [nl − 1], 1 ≤ l ≤ k − 1; and

ε′′l;ilT
′′
+ = T ′′l;il , il ∈ [nl − 1], k ≤ l ≤ d.

Thus mldeg(VC) = mldeg(VC′)mldeg(VC′′).

Theorem 4.28 provides insight into the behaviour of the ML degree when C is a

multidimensional array that factors at least partially. In general, of course, C will

not factor at all. Much remains unexplained about even the simplest case when C is a

2-array that does not factor (the case in Example 4.23). After some experimentation

with Macaulay2 we were able to form a conjecture that explains the behaviour of

the ML degree when C is a 2-array over the index set [2] × [n] i.e. when we can

view C as a 2× n matrix. This explanation is in terms of the 2-minors of C. Recall

that there are
(
n
2

)
= 1

2(n)(n − 1) 2-minors in any 2 × n matrix C and that the

number of vanishing 2-minors in C is an element of the set of triangular numbers

{1
2(k)(k − 1) : k ∈ [n]}. Note also that deg(VC) = n by Proposition 4.21. We

conjecture that there is a completely inverse relationship between mldeg(VC) and

the number of vanishing 2-minors in C.

Conjecture 4.29. If the scaling array C ∈ (C∗)[2]×[n], the ML degree of the scaled

Segre variety VC is k ∈ [n] if and only if the number of vanishing 2-minors in C is
1
2(n− k + 1)(n− k).

We now turn to an examination of the simplest non-trivial case, that is the case

when the scaling array C ∈ (C∗)[2]×[2]. In this case deg(VC) = 2 by Proposition 4.21

and rank(C) ∈ {1, 2}. We already know by Corollary 4.26 that if the rank of C is

one, then the ML degree of VC is 1. Not surprisingly, it turns out that the ML degree

of VC coincides in general with the rank of C. For this case, as well as describing the

behaviour of the ML degree, we will give a closed form expression for the solutions to

the likelihood equations in general. Such closed form expressions are generally easier

to give in terms of the homogeneous coordinates P = [pi1...id ] ∈ P(Πdl=1nl)−1 via the

implicitisation (4.5) rather than in terms of the parameters s, θ
(l)
il

(see [23, Definition

2.1.4 and the commentary thereafter]). Thus we first turn to describing the implicit

likelihood equations for VC . Although we do this for the specific case at hand only,
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4 Scaled Segre varieties and maximum likelihood degrees

we note that the parametric likelihood equations given in Proposition 4.22 can easily

be implicitised in the general sense for P = [pi1...id ] ∈ P(Πdl=1nl)−1. Furthermore, as

explained in Section 4.2, a finite generating set for the vanishing ideal IC ⊆ C[P ]

of the scaled Segre variety VC can be easily adapted from a finite generating set for

the vanishing ideal I1 of the unscaled Segre variety V1. Such a generating set is

explicitly described in [36].

Proposition 4.30. Let P = [pij ] ∈ P3 and U = [uij ] ∈ Z[2]×[2]
≥0 . For C ∈ (C∗)[2]×[2]

the implicit likelihood equations for the scaled Segre variety VC ∈ P3 are given by

P+ = 1, P1+ = ε1+ and P+1 = ε+1, i.e.

p11 + p12 + p21 + p22 = 1, p11 + p12 = ε1+ and p11 + p21 = ε+1. (4.10)

The condition P ∈ VC is satisfied if P is in the zero locus of the binomial p11p22 −
δ1,2p12p21 where δ1,2 = c11c22/c12c21.

Proof. The underlying reduced configuration matrix A is ( 1 1 0 0
1 0 1 0 ). Recall that As

is the matrix obtained from A by adding the row of ones to A. Proposition 4.7

gives the first assertion if we view P and U as vectors with the entries ordered

lexicographically. Note that ε+ = 1. As for the second assertion, the vanishing

ideal I1 for the unscaled Segre variety V1 is generated by p11p22 − p12p21 and this

generator is adapted for VC by Proposition 4.6.

Theorem 4.31. If the scaling array C ∈ (C∗)[2]×[2], the ML degree of the scaled

Segre variety VC coincides with the rank of C as a matrix. If the rank of C is

two, then the two solutions P̂α and P̂β to the implicit likelihood equations (4.10) for

P̂α, P̂β ∈ VC are given by

P̂α =

[
a12 −

√
b a22 +

√
b

a11 +
√
b a21 −

√
b

]
and P̂β =

[
a12 +

√
b a22 −

√
b

a11 −
√
b a21 +

√
b

]
(4.11)

where a11 =
δ2,1(ε−11,22)−1

2δ2,1
, a12 =

δ1,2(ε−12,21)−1

2δ1,2
, a21 =

δ1,2(ε−21,12)−1

2δ1,2
, a22 =

δ2,1(ε−22,11)−1

2δ2,1

and

b =
1 + 2δ2,1(ε+11,22) + δ2

2,1(ε−11,22)2

4δ2
2,1

(4.12)

and where ε+ij,kl := εi+ε+j + εk+ε+l and ε−ij,kl := εi+ε+j − εk+ε+l for i, k ∈ [2] and

j, l ∈ [2]. The term δ2,1 is the reciprocal of δ1,2.
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Proof. This is a matter of solving the implicit likelihood equations (4.10) for P ∈ VC .

Notice that the equations P2+ = p21 + p22 = ε2+ and P+2 = p12 + p22 = ε+2 are

implied by (4.10). If rank(C) = 1 then c11c22 = c12c21 i.e. δ2,1 = δ1,2 = 0 and the

unique solution is P̂ = [ε1+ε+1, ε1+ε+2, ε2+ε+1, ε2+ε+2]. If rank(C) = 2 then δ2,1 and

δ1,2 are both nonzero and we must solve the system of equations

ε1+ε+1 = p11(1 + δ2,1p22),

ε1+ε+2 = p12(1 + δ1,2p21),

ε2+ε+1 = p21(1 + δ1,2p12),

ε2+ε+2 = p22(1 + δ2,1p11),

1 = p11 + p12 + p21 + p22.

It follows that (p11, p22) ∈ {(a11 +
√
b, a22 +

√
b), (a11 −

√
b, a22 −

√
b)} and by

symmetry (p12, p21) ∈ {(a12 +
√
b′, a21 +

√
b′), (a12 −

√
b′, a21 −

√
b′)} where

b′ =
1 + 2δ1,2(ε+12,21) + δ2

1,2(ε−12,21)2

4δ2
1,2

.

Now δ2,1δ1,2 = −δ2,1−δ1,2 and hence a11+a12+a21+a22 = 1. It remains to show that

b′ = b. Let τ = (ε−11,22)2− (ε−12,21)2 = ε+11,22− ε
+
12,21 and notice that ε+11,22 + ε+12,21 = 1.

b′ = b ⇐⇒ δ2
1,2(1 + 2δ2,1(ε+11,22) + δ2

2,1(ε−11,22)2)−

δ2
2,1(1 + 2δ1,2(ε+12,21) + δ2

1,2(ε−12,21)2) = 0

⇐⇒ δ2
1,2(τ + 2ε+12,21) + 2δ2,1δ

2
1,2(τ + ε+12,21)+

δ2
2,1(τ − 2ε+11,22) + 2δ2

2,1δ1,2(τ − ε+11,22)+

δ2
2,1δ

2
1,2(τ) = 0

⇐⇒ τ(δ2
2,1 + δ2

1,2 + 2δ2
2,1δ1,2 + 2δ2,1δ

2
1,2 + δ2

2,1δ
2
1,2 + 2δ2,1δ1,2) = 0

⇐⇒ 0 = 0.

This completes the proof.

Example 4.32. Let the scaling array C ∈ (C∗)[2]×[2] be given by [
10/9 20/21
5/6 15/14

]. Notice

that C has rank two viewed as a matrix. The map ψC : (C∗)3 → (C∗)[2]×[2] is given

by

(s, θ
(1)
1 , θ

(2)
1 ) 7→ s ·

[
(10/9)θ

(1)
1 20/21

(5/6)θ
(1)
1 θ

(2)
1 (15/14)θ

(2)
1

]
.
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Let U ∈ Z[2]×[2]
≥0 be given by [ 23 30

26 21 ]. By Proposition 4.30 we may write VC =

V (p11p22 − 2
3p12p21) ⊆ Pn−1. By Theorem 4.31 the two solutions P̂α and P̂β to the

implicit likelihood equations (4.10) for P̂α, P̂β ∈ VC are given by

P̂α =

[
+151

100 −
√
b −49

50 +
√
b

−51
50 +

√
b +149

100 −
√
b

]
and P̂β =

[
+151

100 +
√
b −49

50 −
√
b

−51
50 −

√
b +149

100 +
√
b

]

where b = 1501
1000 . By inspection we find that the pre-images of P̂α and P̂β in (C∗)3

are

Q̂α =

(
−9(
√

15010− 151)

1000
, +

(
√

15010 + 4)

126
, +

4(
√

15010− 8)

477

)
,

Q̂β =

(
+

9(
√

15010 + 151)

1000
, − (

√
15010− 4)

126
, −4(

√
15010 + 8)

477

)

i.e. ψC(Q̂i) = P̂i, i = α, β.

The solutions (4.11) to the simplest non-trivial case have a highly symmetric

characterisation. It is likely that such symmetry characterises the solutions to the

likelihood equations for scaled Segre varieties in general. We close with an example

that helps to illustrate some of the results of this chapter.

Example 4.33. Let the scaling array C ∈ (C∗)[2]×[2]×[2]×[2]. Thus VC is the image

of the scaled Segre embedding of P1 × P1 × P1 × P1 into P15. The degree of V1 is

24 by Proposition 4.21. For each i = 1, 2, . . . ,deg(V ) = 24, Table 4.1 gives a scaling

array C = [cijkl] ∈ (C∗)[2]×[2]×[2]×[2] for which the ML degree of VC is i. The arrays

are given as vectors with the entries cijkl for i, j, k, l ∈ [2] ordered lexicographically

from left to right. Pictorially, these arrays can be represented as

C =

c1111

c1121

c1211

c1221

c2111

c2121

c2211

c2221

. . .

c1112

c1122

c1212

c1222

c2112

c2122

c2212

c2222

.

The Macaulay2 commands used to compute the ML degrees from Table 4.1 are avail-

able online at https://sums.ie/mldeg2. The cases where mldeg(VC) = 1, 2 or 4 are

somewhat special, since they are easily explained by the main results of this chapter.

In the case of the first array in the table, C factors completely into [3 3][1 1][1 1][1 1
3 ].
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Thus the ML degree of VC is 1 by Theorem 4.25. The fourth row of the table gives

the array

C =

2

2

1

1

1

1

1

1

. . .

4

2

2

1

2

1

2

1

.

In this case C = C ′C ′′ where C ′ = [
c′12 c

′
22

c′11 c
′
21

] = [ 1 1
2 1 ] and C ′′ = [

c′′12 c
′′
22

c′′11 c
′′
21

] = [ 2 1
1 1 ].

Recall from Definition 4.12 that the multiplication is given by cijkl := c′ijc
′′
kl. We

have mldeg(VC′) = mldeg(VC′′) = 2 by Theorem 4.31. Thus the ML degree of VC

is 2 · 2 = 4 by Theorem 4.28. The case of the second row of Table 4.1 can also be

explained by reference to Theorems 4.28 and 4.31 and we leave this to the interested

reader as an exercise.

mldeg(VC) C

1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1

2 1 1 1 1 1 1 1 1 2 2 2 2 1 1 1 1

3 3 1 1 1 1 1 1 1 3 1 1 1 1 1 1 1

4 2 4 2 2 1 2 1 1 1 2 1 1 1 2 1 1

5 3 1 1 2 1 1 1 1 3 1 1 2 1 1 1 1

6 1 1 2 1 1 2 2 1 1 1 2 1 1 1 2 1

7 1 2 1 1 1 2 1 1 1 2 1 1 2 3 2 2

8 1 1 1 1 1 2 1 1 1 2 1 1 1 1 1 1

9 1 1 1 1 2 1 1 1 1 1 2 2 1 1 1 1

10 1 2 1 1 1 2 2 1 1 2 1 1 1 1 2 1

11 2 1 1 2 2 1 1 1 1 2 1 1 1 2 1 1

12 2 1 1 1 1 2 2 1 1 1 2 1 1 2 2 1

13 2 1 1 2 2 1 1 1 1 2 2 1 1 2 1 1

14 1 2 2 1 2 1 1 1 1 1 2 2 1 1 1 1

15 2 1 2 1 3 1 2 1 2 1 3 1 2 1 3 3

16 1 2 2 1 1 2 2 1 2 1 1 1 1 1 1 2

17 2 1 1 1 1 2 2 1 1 2 1 1 1 1 2 1

18 2 1 1 1 1 2 2 1 1 1 1 1 2 1 1 1

19 2 1 1 1 1 2 2 1 1 1 1 1 1 1 1 2

20 1 2 2 1 1 1 2 1 2 1 1 1 1 1 1 2
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21 2 1 1 1 1 2 2 1 1 1 2 1 2 1 1 1

22 2 1 1 1 1 2 2 1 1 1 2 1 1 1 1 2

23 2 1 3 2 1 2 2 1 3 2 1 1 2 1 2 2

24 2 1 1 1 1 2 2 1 1 2 2 1 1 1 1 2

Table 4.1: Scaling arrays C ∈ (C∗)[2]×[2]×[2]×[2] and corresponding ML degrees of VC

(see Example 4.33).

Again, just like in Example 4.23, a striking feature of the previous example is

that for each i = 1, . . . ,deg(V1), there is a scaling array C ∈ (C∗)[2]×[2]×[2]×[2] such

that the ML degree of VC is i. On the basis of Example 4.23, Theorem 4.31 and

Example 4.33 the following conjecture can be stated, which was first put forward in

[4, Conjecture 28].

Conjecture 4.34 ([4]). Let J be any multi-dimensional index set as in Defini-

tion 4.11. There exists a scaling array C ∈ (C∗)J such that the ML degree of the

scaled Segre variety VC is i, for each i ∈ {1, . . . ,deg(V1)}.
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Nash, J. I. Rodriguez, and D. Smolkin. The maximum likelihood degree of toric

varieties. Journal of Symbolic Computation, 92:222–242, 2019.
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