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Abstract

This thesis addresses several problems in the mathematical modelling of biological and

electroactive membranes.

We begin with a review of the necessary scientific background of biological and

electroactive membranes in Chapter 1. In Chapter 2, we introduce the mathematical

framework required for modelling such membranes, consisting of an overview of differ-

ential geometry and nonlinear elasticity. Following this, in Chapter 3 we give a full

derivation of the shape equations of a lipid membrane whose energy density depends

on the mean and Gaussian curvatures, the stretch of the membrane midsurface, and

the gradient of this stretch. While the first three of these quantities has received much

attention previously in the literature, the inclusion of the stretch gradient dependence

is a recent development in this area and allows for more sophisticated mathematical

modelling of membranes. We also show how these equations can be specialised to a spe-

cific geometry to obtain a set of ordinary differential equations, and thus how they can

be used to predict the behaviour of membranes, and possibly to calibrate experimental

results with the theory.

In Chapter 4, we turn our focus to the modelling of dielectric membranes, and

develop a new mathematical model describing wrinkling and dielectric breakdown in

thin dielectric elastomer devices. We compare our theory with experimental results

reported in the literature, and find a good match between theory and experiment.

Chapter 5 presents some suggestions on how the theory developed for dielectric

membranes might be extended to the case of biological membranes, in particular, to

the modelling of pore formation in lipid bilayers interacting with peptide proteins. We

conclude the thesis with some suggestions for future work in Chapter 6.
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Chapter 1

Introduction

This thesis presents research on various problems concerning biological and electroactive

membranes. While biological membranes and thin dielectric elastomers differ greatly in

size, composition, and character, much of the same mathematical framework, using the

theories of differential geometry and nonlinear elasticity, can be applied to modelling

their mechanical behaviour.

This chapter gives a broad overview of previous experimental and theoretical re-

search on biological and electroactive membranes, and provides the foundations for the

problems considered in the following chapters.

1.1 Biological membranes

A biological membrane or biomembrane is a semi-permeable barrier which encloses the

cell, separating its interior from the surrounding extracellular fluid [Alberts et al., 2015].

Following the first microscopy experiments in the seventeenth century, it was estab-

lished by Robert Hooke that animal and plant tissues were composed of cells [Sharp,

1934]. By the nineteenth century, it was recognised that cells were enclosed by a semi-

permeable barrier, and, in 1900, Charles Ernest Overton proposed that these barriers

were made up of lipids [Harris, 2000]. He had earlier experimentally drawn a distinction

between the cell wall and cell membrane in plant cells.

The bulk of the bilayer structure is composed of amphiphilic phospholipid molecules,

which consist of a hydrophilic headgroup and a hydrophobic tailgroup. A typical

phospohlipid molecule consists of a hydrophilic head group containing phosphate at-

tached to a glycerol molecule, together with two hydrophobic tails, each containing a

saturated or unsaturated fatty acid [Alberts et al., 2015]. The structure is typically

8



CHAPTER 1. INTRODUCTION

Figure 1.1: An overview of the structure of a phospholipid, the principal component of
the cell membrane; extracted from [Terzi and Deserno, 2018]. Panel (a) gives the most
simplistic view of a lipid, with the representations increasing in complexity up to (d),
a full atomic schematic of a DMPC (dimyristoylphosphatidylcholine) lipid.

visualised as shown in Figure 1.1. The amphiphilic nature of lipids means that, in an

aqueous solution, they will undergo a spontaneous process of self-assembly, forming a

structure which uses the hydrophilic heads to shield the hydrophobic tails. Depending

on the lipid shape and composition, the structure formed can be a bilayer sheet, a

single-layered lipid sphere, or a lipid bilayer sphere; see Figure 1.2.

The lipid bilayer structure of cell membranes was first identified in the 1920s in a

series of experiments by Dutch physiologists Ever Gorter and François Grendel, who

compared the surface area of a cell to the area of a flattened monolayer obtained from

a cell membrane. They found a ratio of two to one, and concluded that biomembranes

consist of two opposing thin layers of molecules, constructed so as to orient the lipid

head groups towards the aqueous environment [Gorter and Grendel, 1925]. Their ex-

perimental findings were made possible by an apparatus for spreading molecular layers

of lipids, developed by Irving Langmuir in 1917 [Langmuir, 1917].

It was not until the mid 1930s that models for biomembrane structure began to take

account of the presence of proteins, when James Danielli and Hugh Davson proposed

that the cell membrane was composed of a lipid bilayer together with a protein layer

associated with the lipid headgroups [Danielli and Davson, 1935], as shown in Figure

1.3.

The thickness of a typical biomembrane, approximately 5-10 nm, meant that the

structure of the membrane could not be elucidated by light microscopy, which is limited

9



CHAPTER 1. INTRODUCTION

Figure 1.2: Lipids immmersed in an aqueous solution will undergo self-
assembly, and the possible resulting structures include a bilayer sheet, a micelle
formed by a single layer of lipids, and a closed bilayer sphere; adapted from
https://commons.wikimedia.org/wiki/File:Phospholipids aqueous solution structures.svg.

Figure 1.3: The 1935 model of Danielli and Davson, consisting of a lipid bilayer with
associated protein layer; extracted from [Danielli and Davson, 1935].
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CHAPTER 1. INTRODUCTION

Figure 1.4: Electron micrograph of a human red blood cell showing the lipid bilayer
structure; extracted from [Alberts et al., 2015].

to ranges above 200 nm. Developments in electron microscopy in the 1950s thus allowed

direct experimental study of lipid membranes for the first time. In 1959, J. David

Robertson reported direct observations of the lipid bilayer structure using electron

microscopy [Robertson, 1959], confirming the earlier models of Gorter and Grendel,

and Danielli and Davson. The bilayer structure can be easily seen in the electron

micrograph of the cell membrane shown in Figure 1.4.

Research on the structures of soluble proteins during the 1960s culminated in the

emergence of the fluid mosaic model, developed by Singer and Nicolson in 1972 [Singer

and Nicolson, 1972]. Their theory proposed that the membrane could be described as

a two-dimensional liquid, composed mainly of regular lipids together with embedded

proteins, as shown in the schematic given in Figure 1.5. It was also recognised around

this time that proteins were free to diffuse within the bilayer, as observed by Frye and

Edidin [Frye and Edidin, 1970], who reported that, following the fusion of two cells

containing differing proteins, the proteins are rapidly distributed over the surface of the

aggregate. Whilst much research has been done to elucidate the structure and function

of biomembranes in the past forty years, the fluid mosaic model of Singer and Nicolson

remains the widely accepted model, albeit with much refinement [Nicolson, 2014].

Cell membranes interact mechanically with the cell interior via the cytoskeleton, a

system of filaments which ensures that the cell retains the correct shape and internal

structure, ultimately helping to maintain the usual functions of a cell [Alberts et al.,

2015]. Most animal cells are equipped with three main types of filaments: interme-

diate filaments, which provide mechanical strength; microtubules, which regulate the

position of membrane-enclosed organelles and direct intracellular transport; and actin

filaments, which govern the overall shape of the cell membrane and are responsible for

11



CHAPTER 1. INTRODUCTION

Figure 1.5: Overview of the fluid mosaic model of the cell membrane, taken from
http://commons.wikimedia.org/wiki/File:Cell membrane detailed diagram en.svg.

motion at a whole-cell level; they are formed through polymerization of the actin pro-

tein [Dos Remedios et al., 2003]. These filaments are linked to each other and to other

cell components by accessory proteins. In particular, motor proteins are responsible for

the conversion of energy from ATP hydrolysis into mechanical forces which facilitate

movement of filaments and of organelles within the cell [Alberts et al., 2015].

The mathematical modelling of biomembrane behaviour developed contemporane-

ously with the formulation of the fluid mosaic model in the early 1970s. The ideas

proposed by Canham [Canham, 1970] and Helfrich [Helfrich, 1973] for membrane en-

ergy densities depending on the membrane curvature have formed the basis for much

of the subsequent modelling work, in addition to inspiring much research in the areas

of statistical physics and molecular dynamics simulations for cell membranes [Venable

et al., 2015, Farago and Pincus, 2004]. Much of the early mathematical models idealise

the membrane as a two-dimensional surface embedded in three dimensions, with the

surface itself corresponding to the midsurface of the membrane, where the tail groups of

the lipids meet. Subsequent developments in the mathematical modelling of membranes

will be discussed in Chapter 3.

1.1.1 Pore formation in membranes

A mechanically-interesting function of proteins within the cell membrane is in the forma-

tion of membrane pores. A large proportion of the proteins found within the membrane

12



CHAPTER 1. INTRODUCTION

Figure 1.6: Illustration of the barrel-stave model of pore formation in lipid membranes,
where peptides, present parallel to the membrane mid-surface at lower concentrations,
flip to span the membrane in the thickness direction, forming pores; adapted from [Chan
et al., 2006].

perform similar functions in regulating cell defence, and are known as host-defense an-

timicrobial peptides [Brown and Hancock, 2006]. Melittin, the peptide found in bee

venom, is one of the most widely studied of these antimicrobial peptides. When present

at low concentrations, melittin proteins binding to the membrane typically lie parallel

to the membrane surface, in the region of the head group of lipids in the outer leaflet

of the bilayer.

If present in higher concentrations, the proteins switch into a transmembrane ori-

entation, lying perpendicular to the bilayer surface. When in this orientation, they can

then aggregate to form pores in the membrane, creating a membrane edge lined with

peptide proteins [Terwilliger et al., 1982], as shown in Figure 1.6. The presence of a

sufficient number of these pores in the membrane can eventually cause the complete dis-

integration of the cell membrane, leading to cell lysis. The nature of this phenomenon

makes it highly amenable to mathematical modelling; in Chapter 5, we present some

results towards a model for the prediction of pores in a biomembrane, based on an

averaged density of proteins distributed in the bilayer, and propose that the formation

of pores depends on the reaching of a critical density of proteins.

1.2 Electroactive membranes and instabilities

Dielectric elastomers are devices formed by sandwiching a piece of dielectric material

between two electrodes, which undergo large deformations when an electric field is

applied to them [Pelrine et al., 1998]. These devices have potential uses in a wide

array of technologies and applications, including in soft robotics and prosthetics, energy

harvesting and microfluidics.

Dielectric elastomer actuator membranes are constructed by coating an elastomer

13



CHAPTER 1. INTRODUCTION

Figure 1.7: Illustration of the working principle of a dielectric elastomer actuator: a
piece of dielectric elastomer is coated with a conductive electrode, typically made from
carbon grease or hydrogel. The application of a voltage to the electrodes causes a
compressive stress in the thickness direction, with a consequent increase in area.

film, such as VHB-4905 or VHB-4910 produced commercially by 3M [Mao et al., 2018a],

with electrodes typically made from brushed carbon grease or hydrogel. The application

of a voltage to the electrodes then results in a compressive pressure across the thickness

direction, due to attractive Coulomb forces acting between the electrodes [Zurlo et al.,

2017]; see Figure 1.7. Typical strains exhibited by these devices are in the range of

10-35%, while maximum values can reach as high as 500% [Huang et al., 2012a].

The performance of dielectric elastomer devices is affected by two main types of

instability: the formation of wrinkles in the membrane, as shown in Figure 1.8, the

occurrence of which is due to the presence of compressive stresses in the membrane;

and electric breakdown or dielectric breakdown, where the voltage applied across the

dielectric exceeds a critical breakdown voltage, and the insulator becomes conductive

[Suo, 2010]. Since the realisation of large deformations requires the application of a large

voltage, dielectric elastomer devices typically operate at a voltage which is close to the

breakdown voltage, and thus an accurate prediction of the value of this breakdown

voltage is of immense value in moving towards the implementation of devices using

this technology. Much of the mathematical modelling techniques applied to biological

membranes can also be applied to elastic membranes used in physical and industrial

applications [Roxburgh, 1995], and by extension to electroactive membranes.

14



CHAPTER 1. INTRODUCTION

Figure 1.8: Wrinkles in a pre-stretched planar dielectric membrane under voltage con-
trol, extracted from [Suo, 2010].

1.3 Overview of thesis

The remainder of this thesis is structured as follows.

Chapter 2 outlines the necessary mathematical preliminaries for the remainder of

the thesis. Cell membranes are typically described using the language of differential

geometry, and thus we begin with a general introduction to this area, limited to a

discussion of the theory and results required for the subsequent modelling work. The

modelling of electroactive devices requires some of the tools of continuum mechanics,

and so we conclude this chapter with a brief discussion of the required elements of

nonlinear elasticity.

In Chapter 3 we use the calculus of variations, together with the background dif-

ferential geometry material provided in Chapter 2, to give a complete derivation of the

shape equations for equilibrium configurations of thin membranes. In particular, we

focus on membrane energy densities which depend on the areal stretch and its gradient,

as required to accurately capture thickness variations, in addition to the dependence

on curvatures provided for by the usual Helfrich-type model. We then demonstrate

the application of this theory by specialising to a simple radially symmetric geometry,

illustrating the stretching behaviour of an initially flat membrane.

15
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Our focus in Chapter 4 shifts to a non-biological application of membrane theory:

the prediction of instabilities in dielectric elastomer membranes which undergo inho-

mogeneous thinning under the application of an electric field. We first examine the

conditions which lead to wrinkling in thin dielectric elastomer devices, and formulate a

straightforward method of predicting wrinkle occurrence, based on a classical approach

called tension field theory [Steigmann, 1990]. Then, based on suitable conditions on

the convexity of the energy density, we derive conditions on the value of the electric

field for the avoidance of catastrophic thinning, which leads to breakdown.

In Chapter 5, we discuss how the breakdown criterion might be applied to the case of

biological membranes, where instabilities occur via pore formation, due to the presence

of certain proteins in the lipid bilayer. Taking an initially spherical membrane as an

idealisation for the reference configuration, we consider the deformation resulting from

peptide proteins binding to the outer leaflet of the bilayer.

Finally, Chapter 6 presents concluding remarks and discussion on the thesis, together

with suggestions and possible avenues for further work.

16



Chapter 2

Mathematical Preliminaries

In this chapter, we introduce the mathematical framework required to formulate a

model for the mechanical behaviour of a membrane in three dimensions. Biological

membranes are typically modelled within the framework of differential geometry, where

the membrane is idealised as a two-dimensional surface embedded in three dimensions

[Jenkins, 1977]. More recently, this has been extended to account for the thickness

of the membrane, using an asymptotic expansion of the energy justified by smallness

of the membrane thickness relative to the lateral dimensions of the membrane [Deseri

et al., 2008]. In modelling electroactive membranes, one typically employs the language

of nonlinear elasticity to describe the membrane behaviour. Here, the same reasoning

justifies the asymptotic expansion of the energy in powers of the membrane thickness.

We begin with an overview of the differential geometry required for biomembrane

modelling, which will be used in Chapter 3 to derive the equilibrium shape equations for

a lipid bilayer. We follow this with an outline of the theory of continuum mechanics used

in modelling electroactive membranes, which will be used in Chapter 4 to formulate a

model for the behaviour of thin dielectric elastomers, and from this to analyse wrinkling

and breakdown instabilities which occur in such devices.

The material presented here is well-known, and good accounts may be found in, for

example, [Do Carmo, 1976, Kreyszig, 1959] for the differential geometry of surfaces,

and [Ogden, 1997, Atkin and Fox, 2005] for an introduction to nonlinear elasticity.

2.1 Differential geometry of surfaces

We consider the membrane as a surface in three dimensional space, having an associated

flat or undeformed reference configuration in two dimensional space. Points on the

17
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x

y

z
a1

a2

n

ω
∂ω

Ω
(θ1, θ2)

r = r(θα)

Figure 2.1: The reference configuration of the membrane midsurface, a flat domain
Ω ⊂ R2, is mapped by the deformation r to the current configuration, a curved two-
dimensional surface ω ∈ R3 embedded in three dimensions, with local tangent vectors
a1 and a2, and normal vector n = (a1 × a2)/|a1 × a2|.

reference surface are given by the coordinates {θα}, where Greek indices take values in

{1, 2}. This surface is mapped to a smooth orientable surface ω in R3, with boundary

∂ω, as shown in Figure 2.1. We denote by r = r(θα), the position of a point on the

surface ω. We may then define local tangent vectors to ω given by

aα = r,α, (2.1)

where a comma denotes differentiation with respect to the coordinate which follows it.

A unit normal field to ω is then given by

n =
a1 × a2

|a1 × a2|
. (2.2)

These quantities enable the definition of the first fundamental form, or metric tensor,

and the second fundamental form, or curvature tensor, which have components given

18



CHAPTER 2. MATHEMATICAL PRELIMINARIES

by

aαβ = aα · aβ, (2.3)

bαβ = n · aα,β = −n,α · aβ, (2.4)

respectively. It is typically more convenient to use the first expression given by (2.4) in

calculating the components of bαβ, since the second expression involves the derivative of

the unit vector n. The equivalence of the two expressions is easily seen by differentiating

the identity aα · n = 0 with respect to θβ. The dual metric aαβ is obtained by simply

taking the inverse of the metric tensor. It can also be written

aαβ = aα · aβ.

where

aα = aαβaβ, (2.5)

are the tangent vectors in the dual basis, and where the summation convention, that

is, repeated indices are summed over {1,2}, applies here and henceforth. We note for

future use that the components of the metric tensor and its inverse satisfy

aαβa
βγ = δγα, (2.6)

where

δγα =

{
1 if α = γ

0 if α 6= γ

is the Kronecker delta. Equation (2.5) is an example of a contraction: in general the

metric tensor may be used to raise or lower indices in general tensor equations. Thus,

for example, we can raise both indices of the curvature tensor by writing

aαγaβµbγµ = aαγbβγ = bαβ,

where we have used that the order of the indices does not matter due to the symmetry

of both the metric and curvature tensors.

19



CHAPTER 2. MATHEMATICAL PRELIMINARIES

The determinant g = det(aαβ) of the metric tensor can be written

g =
1

2
eαµeγβaαγaµβ = a11a22 − a12a21,

where e11 = e22 = 0, and e12 = −e21 = 1. This quantity is a measure of the local area

on ω; to see this, we define θ to be the angle between a1 and a2, and rewrite the above

equation as

g = (a1 · a1)(a2 · a2)− (a1 · a2)2

= |a1|2|a2|2 − |a1|2|a2|2 cos2 θ,

= |a1|2|a2|2 sin2 θ

= |a1 × a2|2.

Now, since the tangent vectors a1 and a2 span the local area element on the surface ω,

the local area element can be written as

da = |a1dθ
1 × a2dθ

2| = |a1 × a2|dθ1dθ2 =
√
g dθ1dθ2.

Equipped with this geometric description of the membrane, we define the mean and

Gaussian curvatures of ω as

H = 1
2
aαβbαβ = 1

2
bαα =

1

2
(b1

1 + b2
2), (2.7)

K = det(bαβa
βγ) =

1

2
εαβελµbαλbβµ, (2.8)

where εαβ = eαβ/
√
g. We note that H and K are the scalar invariants of the tensor

bαγ = aαβbβγ, and hence if κ1 and κ2 are the two nontrivial eigenvalues of this tensor,

usually called the principal curvatures of ω, then the mean and Gaussian curvatures

can be written

H =
1

2
(κ1 + κ2) and K = κ1κ2. (2.9)

2.1.1 Some important results

In general, indexed quantities are required to be tensors with covariant (lower) or con-

travariant (upper) components, or a mixture of both (a mixed tensor). This means that

they are required to obey particular transformation laws (depending on their type),
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CHAPTER 2. MATHEMATICAL PRELIMINARIES

which necessitates the introduction of some further rules for the differentiation of vec-

tors and tensors on curved surfaces. This notion of transformations is at the heart of the

difference between contravariant and covariant components: they are said to transform

differently. For instance, if we define ϑβ to be a set of coordinates given by a function

of the original contravariant coordinates θα, using the chain rule, the differential dθα

transforms as

dθα =
∂θα

∂ϑβ
dϑβ. (2.10)

This transformation law is thus applicable for the contravariant case; for the covariant

case, we consider the previously-defined tangent vectors as a representative example:

they transform as

aα =
∂r

∂θα
=

∂r

∂ϑβ
∂ϑβ

∂θα
= āβ

∂ϑβ

∂θα
, (2.11)

where the vectors āβ are the tangent vectors in the transformed coordinate system.

From this, we see that the Jacobian in the latter expression is the inverse of the Jacobian

seen previously in (2.10).

We next consider the derivative of the tangent vectors under the same transformation

as above. We have

aα,β =
∂

∂θβ
∂r

∂θα
=

∂

∂θβ

(
∂r

∂ϑλ
∂ϑλ

∂θα

)
= āλ,µ

(
∂ϑµ

∂θβ

)(
∂ϑλ

∂θα

)
+ āλ

∂2ϑλ

∂θα∂θβ
,

where the āλ,µ are the derivatives of the tangent vectors in the transformed coordinate

system, with respect to coordinates ϑµ in that system. Then aα,β is not a tensor; if it

were, it should simply transform analogously to the first order transformations (2.10)–

(2.11), with a second Jacobian appearing due to the increased order of the tensor.

Thus, the second term on the right-hand side prevents it from transforming correctly

as a tensor [Deserno, 2015]. It is necessary therefore to introduce a further notion

of differentation, called covariant differentiation, to obtain objects which transform as

tensors. This essentially involves a definition which subtracts out the problematic term

appearing as a result of the transformation. For a first order contravariant tensor with

components fα, the covariant derivative is given by

fα;β = fα,β − Γαβµf
µ, (2.12)
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where Γγαβ = aµγΓαβµ are the Christoffel symbols of the second kind, defined by

Γαβγ = 1
2

(aγβ,α + aαγ,β − aαβ,γ) . (2.13)

This derivative is also called the surface divergence, and can equivalently be written

fα;β =
1
√
g

(
√
gfα),β , (2.14)

using that g,α = 2gΓµµα [Deserno, 2015]. The corresponding derivative for a vector with

covariant components fα is given by

fα;β = fα,β − Γµαβfµ. (2.15)

Higher-order tensors require an extra Christoffel term for each extra index; thus the

covariant derivative of a second order covariant tensor Aαβ is given by [Deserno, 2015]

Aαβ;γ = Aαβ,γ − ΓµαγAµβ − ΓµγβAαµ. (2.16)

In the case of a scalar field φ, we have

φ;α = φ,α,

that is, partial differentiation and covariant differentiation conincide and no correction

term is required.

Gauss & Weingarten Formulas

Beginning with the trivial identity n · n = 1 and differentiating with respect to θα, we

obtain n ·n,α = 0, which geometrically means that an infinitesimal displacement along

the surface results in a change in the normal vector which is tangential to the surface.

This change can thus be written as a combination of the tangent vectors, so we write

n,α = Aβαaβ, where Aαβ is a second order tensor. Taking the scalar product on both

sides with aµ and using (2.4) gives Aαµ = −bαµ, where bαµ is the curvature tensor.

Raising an index, we obtain

n,α = −bβαaβ, (2.17)
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which is Weingarten’s formula.

For the partial derivative of the tangent vectors, assuming that the change in aα

can occur in all three directions within the basis {a1,a2,n}, we write

aα,β = Aµαβaµ +Bαβn, (2.18)

and seek expressions for the third and second order tensors Aµαβ and Bαβ. Upon taking

the scalar product of (2.18) with n and comparing with (2.4), we immediately have

that

Bαβ = bαβ. (2.19)

Calculating the derivative aαβ,γ = aα,γ · aβ + aα · aβ,γ using the assumption (2.18), we

have

aαβ,γ = Aµαγaµβ + Aµβγaαµ

= Aαγβ + Aβγα, (2.20)

so that, by symmetry,

aαγ,β = Aαβγ + Aγβα, (2.21)

aβγ,α = Aβαγ + Aγαβ. (2.22)

Using the symmetry of Aαβγ in its first two indexes, adding (2.20) and (2.21) and

subtracting (2.22) then gives

Aβγα =
1

2
[aαβ,γ + aαγ,β − aβγ,α] = Γβγα. (2.23)

Raising one index gives Aµβα = Γµβα, and substituting this together with (2.19) in (2.18)

then gives Gauss’s formula,

aα,β = Γγαβaγ + bαβn. (2.24)

As mentioned above, such a partial derivative, involving the Christoffel symbols, is

called the covariant derivative, denoted by a semi-colon in place of the usual comma

for partial differentiation. Thus the covariant derivative of the tangent vector aα is
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written

aα;β = aα,β − Γγαβaγ (2.25)

so that Gauss’s formula (2.24) can be written more compactly as

aα;β = bαβn. (2.26)

The Mainardi-Codazzi Equations

We begin by considering the identity

aα,βγ = aα,γβ. (2.27)

Whilst this may seem trivial, since partial derivatives typically commute, it turns out

that calculating the derivatives explicitly leads to important compatibility conditions

for the existence of solutions which prove useful in later calculations. Substituting for

the first derivatives on the left and right-hand sides using (2.24), we have

(Γµαβaµ + bαβn),γ = (Γµαγaµ + bαγn),β.

Applying (2.24) again, and using Weingarten’s formula (2.17), expanding on both sides

leads to

Γµαβ,γaµ + Γµαβ(Γλµγaλ + bµγn) + bαβ,γn− bαβbµγaµ
= Γµαγ,βaµ + Γµαγ(Γ

λ
µβaλ + bµβn) + bαγ,βn− bαγbλβaλ.

Since aα and n are linearly independent vectors, the terms multiplying them in the

above equation must be separately equal to each other. The condition arising from the

equality of the tangential components, which we refrain from stating explicitly, leads

to a condition involving the mixed Riemann curvature tensor. From the equality of the

normal components we obtain the Mainardi-Codazzi equations

bαβ;γ = bαγ;β, (2.28)
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which can be equivalently be written

bαβ;γ = bαγ;β, (2.29)

by raising an index using the metric tensor. These will prove useful in the calculations

considered in Chapter 3.

The Gauss-Bonnet Theorem and Ricci’s Lemma

The Gauss-Bonnet theorem [Do Carmo, 1976], relating the Gaussian curvature K of a

surface ω to its topology, reads∫
ω

K da = 2πχp −
∫
∂ω

kg ds, (2.30)

where χp is the Euler characteristic of ω, ∂ω is the boundary of ω, and kg is the

geodesic curvature, which is a measure of how far a curve on the surface is from being a

geodesic, the shortest arc between two points on the surface. A particularly significant

consequence of the theorem, and our main concern here, is that for closed membranes

the contour integral over ∂ω on the right-hand side is zero, so that the integral of K

yields a constant, and thus the inclusion of the Gaussian curvature in the areal energy

density for the membrane makes no contribution to the membrane shape.

We conclude this section with another important result, Ricci’s lemma, which states

that the covariant derivative of the metric tensor, and its inverse, are both zero. Substi-

tuting the metric tensor into the general covariant derivative for a second order tensor

(2.16), we have

aαβ;γ = aαβ,γ − Γµαγaµβ − Γµγβaαµ. (2.31)

For the first term on the right-hand side, (2.23) gives

aαβ,γ = Γαγβ + Γβγα,

so that

aαβ;γ = 0. (2.32)
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Taking the covariant derivative of (2.6) gives

(aαβaβγ);µ = aαβ;µ aβγ + aαβaβγ;µ = 0,

so that aαβ;µ = 0, that is, the dual metric tensor is also constant under covariant differ-

entiation. We also note that the identity

(
√
g);α = 0

follows from Ricci’s lemma, since g = 1
2
eαµeγβaαγaµβ is entirely determined by the

components of the metric tensor.

2.2 Nonlinear elasticity

Cell membranes are typically modelled as fluid in their plane, and as such are not

capable of supporting shear stresses. By contrast, the electroactive membrane devices

considered in Chapter 4 are soft solids, and a general three-dimensional description

of their behaviour requires the language of nonlinear elasticity, which describes the

response of systems which undergo large deformations. The basic mathematical object

describing the deformation is the deformation map f : X → x, which maps points

X ∈ B0 in some reference configuration B0 to points x ∈ B in the current configuration

B, as shown in Figure 2.2.

•x = f(X)

B

f

•X

B0

Figure 2.2: Points X in the reference configuration B0 are mapped by the deformation
f to points x in the current configuration B.
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The nonlinear behaviour of a material is captured via a strain energy density func-

tion W which depends constitutively on the gradient of deformation F, defined as the

gradient of f with respect to coordinates in the reference configuration.

F = ∇f = Gradx =
∂f(X)

∂X
=

∂xi
∂Xj

ei ⊗Ej.

Here, Ei and ei are the basis unit vectors in the reference and current configurations,

respectively. Note that F need not be square, as evidenced later in the thesis when

considering the deformation of an initially flat membrane. The strain energy density

function W (F) is chosen constitutively, so as to accurately capture the experimentally-

observed behaviour of the material under consideration [Ogden, 1997]. It is equivalent,

and often more convenient, to define the right Cauchy-Green deformation tensor

C = FTF,

and to then consider W as a function of C instead of F. The quantity

J = det F = (det C)1/2

measures the change in volume between the reference and current configurations; to see

this, consider the volume of a parallelepiped in the reference configuration, formed by

the line elements dX1, dX2, and dX3. Its volume is given by

dV = dX1 · (dX2 × dX3) = det(dX1|dX2|dX3),

where the columns in the latter determinant are the components of the line elements.

The three line elements are mapped under the deformation to dxi = FdXi in the

current configuration, so that the corresponding volume is

dv = FdX1 · (FdX2 × FdX3) = det(F) det(dX1|dX2|dX3),

that is,

dv = J dV .

For incompressible materials, we have J = 1 since the volume remains fixed everywhere

during the deformation.

27



CHAPTER 2. MATHEMATICAL PRELIMINARIES

The principal invariants of C are

I1 = tr(C), I2 =
1

2

(
tr(C2)− tr(C)2

)
, I3 = det(C) = J2. (2.33)

and thus we can equivalently takeW to be a function of I1, I2, and I3. For incompressible

materials, we have I3 = 1, and so W = W (I1, I2). The Cayley-Hamilton theorem [Atkin

and Fox, 2005] states that

C3 − I1C
2 + I2C− I3I = 0,

where I is the identity tensor and 0 is the zero tensor.

The Cauchy stress tensor σ measures the stress at any point in the current con-

figuration. It relates the unit normal n to the stress vector T (n) across a surface

perpendicular to n, via the relation

T (n) = σn. (2.34)

For large deformations, the Piola-Kirchoff stress tensor

S = JσF-T (2.35)

is often used; it measures the stress relative to areas in the reference configuration,

rather than relative to areas in the current configuration as is the case for the Cauchy

stress tensor.

For later reference, we record the following relations for the transformation of line,

surface, and volume elements, which follow from the definition of the deformation gra-

dient:

dx = FdX, (2.36)

nda = JF-TNdA, (2.37)

dv = J dV . (2.38)

Here, dx, da, and dv are line, area, and volume elements in the current configuration;

dX, dA, and dV are the corresponding quantities in the reference configuration; and N

and n are unit normal vectors to the area elements dA and da, respectively. Equation

(2.37) is known as Nanson’s formula and is used frequently in calculations.
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The foregoing theory forms the basis for mathematically modelling the elastic be-

haviour of thin dielectric elastomer devices, considered in Chapter 4.
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Chapter 3

Euler-Lagrange Equations for Lipid

Bilayers

In this chapter, we present a complete analysis and derivation of the shape equations

for a lipid bilayer, for a wide class of membrane energy densities depending on the mean

and Gaussian curvatures, on the stretching of the membrane mid-surface, and on the

gradient of this stretch. We begin by giving a historical overview of the modelling of lipid

bilayers, beginning with the seminal works of Canham and Helfrich in the early 1970s

[Canham, 1970, Helfrich, 1973]. After outlining the variational theory from which the

shape equations for equilibrium configurations are obtained, we then proceed to given a

full derivation of the shape equations for a lipid bilayer depending on curvatures, areal

stretch and stretch-gradient, both by gathering together previous derivations for more

specialised energy densities by several other authors, and by adding further analysis.

All of this rests on the theory of differential geometry of surfaces outlined in Chapter

2.

Finally we consider an example demonstrating how the theory can be applied to

model a membrane subject to deformations which result in non-uniform thickness pro-

files, an idea which is also central to the modelling of dielectric elastomers subject to

out of plane deformations, discussed in Chapter 4, and which we return to in Chapter

5 in the modelling of pore formation in biological membranes.
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3.1 The membrane energy density

The functional form of the energy density for lipid membranes has been the subject of

much research over the past fifty years. Beginning in the early 1970s with the works

of Canham [Canham, 1970] and Helfrich [Helfrich, 1973], many authors have expanded

on the proposition that the membrane energy density W admits the expression

W =
k

2
(H −H0)2 + k̄K, (3.1)

where H = 1
2

(κ1 + κ2) and K = κ1κ2 are the mean and Gaussian curvatures, respec-

tively, κ1, κ2 are the local principal curvatures of the surface, and k, k̄ are bending

rigidities. The H0 term allows for the presence of spontaneous curvature, whereby

the membrane has a preferred natural curved configuration, such as the case when

the internal and external leaves of the bilayer have differing chemical properties. The

case H0 = 0 thus corresponds to the preferred configuration being flat. In the case of

a smooth, closed vesicle, the term involving Gaussian curvature may be neglected in

the variational problem, since the Gaussian curvature is constant in such cases by the

Gauss-Bonnet theorem (see equation (2.30)).

Within an elasticity framework, Helfrich’s pioneering study viewed lipid bilayer elas-

ticity as a special case of the well-established theory of thin elastic shells, treated com-

prehensively by Naghdi in [Naghdi, 1973]; the notation and concepts introduced in

Naghdi’s work have informed studies in the theory of lipid bilayer mechanics up to the

present day [Agrawal and Steigmann, 2011, Kim and Steigmann, 2015, Agrawal and

Steigmann, 2009]. Both the Canham and Helfrich studies have inspired hundreds of

researchers as evidenced by thousands of citations to both papers; their ideas have been

used for various purposes in diverse studies within the fields of statistical mechanics,

biophysics and molecular dynamics [Deserno, 2004, Venable et al., 2015, Farago and

Pincus, 2004].

While the model proposed by Helfrich’s original study [Helfrich, 1973] adequately

captures the bending behaviour of membranes, the study assumes that the stretching

behaviour can be neglected relative to the bending elasticity. A later study by Deuling

and Helfrich [Deuling and Helfrich, 1976] considered the membrane area as incom-

pressible, with the membrane tension viewed as a Lagrange multiplier coupled to the

membrane area. This notion has proved fruitful in developing a theoretical explanation

for the range of configurations exhibited by lipid vesicles [Berndl et al., 1990], and for
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Figure 3.1: Comparison of experimental and theoretical results obtained by Berndl et
al. [Berndl et al., 1990] for dipalmitoyl phosphatidyl choline (DMPC) vesicles, showing
the transition from discocyte to stomatocyte shapes under temperature variation.

the biconcave shape of red blood cells [Jenkins, 1977], as shown in Figures 3.1 and

3.2. A major development in the prevailing theory came with the explicit inclusion of

stretch dependence in the energy density. To account for the case where the membrane

area is not required to be preserved, the membrane energy density is taken to depend

explicitly on the surface stretch J = da/dA, the ratio of area elements in the current

and reference configurations, respectively, in addition to the previous dependence on H

and K. This was proposed by Baesu et al. [Baesu et al., 2004] in their study of some

specific boundary problems.

3.2 Energy variation and minimisation

Following our discussion of the energy dependencies in Section 3.1, we consider mem-

brane energy densities of the form

W = W (H,K, J ,Q; θα), (3.2)

where H and K are the mean and Gaussian curvatures, respectively; J = da/dA is

the local area change; and Q = |∇J |, the magnitude of ∇J , which is the gradient of

J with respect to coordinates in the current configuration. Henceforth we assume no

explicit dependence on the surface coordinates θα as is the case for uniform membranes;

the energy then depends on the coordinates only implicitly through the various other

quantities.

The calculation of equilibrium configurations based on the principle of virtual work
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Figure 3.2: Cross-sections of a model red blood cell as obtained by Jenkins [Jenkins,
1977], by taking an initially spherical membrane and varying the pressure, with the
cross-sectional profile eventually reaching the well-known biconcave shape; reproduced
here using the Matlab bvp4c solver.
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is well developed, and relies on imposing stationarity of the first variation of the energy

E =

∫
ω

W da, (3.3)

where W is the energy density per unit area of the current configuration ω. Using the

area change J this may be written in the reference configuration Ω as

E =

∫
Ω

WJ dA. (3.4)

Equilibrium configurations are obtained by taking the first variation of this energy,

defined formally as

Ė = lim
ε→0

E(r + εδr)− E(r)

ε
(3.5)

where δr is a perturbation of the configuration defined by r, and equating this to zero

for all admissible perturbations δr. Applying this to (3.4), we have

Ė =

∫
Ω

[ẆJ +WJ̇ ] dA,

=

∫
ω

[Ẇ +WJ̇/J ] da, (3.6)

with Ẇ =
∑n

i=0WYiẎi, where the Yi are the parameters on which W depends explicitly,

typically including at least the mean and Gaussian curvatures. A full account of this

approach can be found in, for example, Steigmann [Steigmann, 2018]. Studies in this

category prescribe the existence of a fixed reference surface Ω together with a map from

Ω to ω with an associated local areal stretch J ; however a precise description of the

reference surface is typically absent, since the aim is to derive the shape of the deformed

configuration.

3.2.1 Modelling area and volume preservation

Here and henceforth, the deformation f is taken to be a mapping from R2 to R3. The

gradient of f with respect to points X ∈ R2 in the current configuration is the 3 × 2

matrix denoted ∇Xf .
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Area Preservation

There are two main approaches to modelling preservation of midsurface area which

appear in the literature. The first approach models the preservation locally: for a

deformation specified by a deformation mapping f , the constraint

J ≡ 1, J =
√

det ((∇Xf)T∇Xf), (3.7)

is imposed via a Lagrange multiplier, so that the contribution to the energy reads∫
Ω

γ(X)(J − 1)dA, (3.8)

where the multiplier γ is allowed to depend on X ∈ Ω. The second approach fixes the

total surface area during the deformation, so that the constraint is written∫
ω

da = const. (3.9)

and is similarly imposed via a Lagrange multiplier, which, by contrast to the local

constraint, does not depend on the surface coordinates [Steigmann et al., 2003]; the

introduction of a local constraint in general results in an extra differential equation

appearing in the system, so that the dependence on the multiplier on the surface coor-

dinates is required in order for the system not to be overdetermined. Regardless of the

choice of area-preservation condition, the approach taken is quite similar in the majority

of studies, and so it seems natural to expect that the two approaches might be equivalent

under certain conditions. This equivalence of the local and global approaches has been

shown by Dharmavaram and Healey [Dharmavaram and Healey, 2015] for a smooth,

closed surface of genus zero, and has also been discussed extensively by Steigmann et

al. [Steigmann et al., 2003]. In our analysis, however, identification of tangential vari-

ations of the current configuration with a suitable reparameterisation of the surface is

not possible due to the presence of the gradient of area dilation in the expression for the

energy density, and thus this equivalence does not hold here, necessitating a suitable

choice between the two formulations.

3.2.2 The constrained variational problem

In addition to a Lagrange multiplier associated with the membrane surface area, it is

typical to also impose a global constraint on the volume enclosed by the membrane,

35



CHAPTER 3. EULER-LAGRANGE EQUATIONS FOR LIPID BILAYERS

assuming the membrane bounds a volume of incompressible fluid, and associating a

Lagrange multiplier p with the pressure in this fluid. The full minimisation problem

may then be stated as seeking minimisers of

E =

∫
ω

W da− γ
(∫

ω

da− C
)
− p (V (ω)−D) , (3.10)

where C and D are constants. Since we seek to derive shape equations for membranes

which admit stretching, we omit the constraint on the area. Now, writing the volume

associated with a configuration ω as a volumetric integral, the incompressibility of the

fluid bounded by the membrane is imposed by considering the augmented energy

E =

∫
ω

W da−
∫
B

p [det(∇f)− 1]dV , (3.11)

where p = p(X) is interpreted as a Lagrange multiplier field associated with the volume

incompressibility constraint, and B is a fixed reference configuration. Using (3.6), the

variation Ė of E then reads

Ė =

∫
ω

(
Ẇ +WJ̇/J

)
da−

∫
B

p
˙

det(∇f) dV , (3.12)

since p, depending on the reference coordinates, is fixed under variations of the current

configuration. Applying the identities

p divu = div(pu)− u · grad p,

˙
det(∇f) = det(∇f)divu,

with u = ṙ, to the second term gives∫
B

p (det(∇f)divu)dV =

∫
R

p divu dv

=

∫
R

div(pu) dv −
∫
R

u · grad p dv

=

∫
ω

pu · n da−
∫
R

u · grad p dv,

where R is the current configuration of the bulk fluid corresponding to the reference

configuration B, and the divergence theorem has been used to obtain the integral over

ω. Thus, the area integral can be associated with the first term in (3.12), and so p may

36



CHAPTER 3. EULER-LAGRANGE EQUATIONS FOR LIPID BILAYERS

be interpreted as a pressure exerted on the membrane in the normal direction. From

the remaining volume integral, we must have grad p = 0, so that p is constant in R.

Imposing stationarity of the variation then gives

Ė =

∫
ω

(
Ẇ +WJ̇/J

)
da−

∫
ω

pu · n da = 0, (3.13)

a statement of the principle of virtual work. In the following sections, we specialise

this equation to perturbations u in directions normal and tangential to ω, deriving

equilibrium shape equations in the normal and tangential directions.

Membrane Volume Preservation

More recent studies have considered the membrane as a thin, but three-dimensional

object, by defining a thickness field on the membrane mid-surface, eventually adopting

a constraint usually referred to as quasi-incompressibility [Deseri et al., 2008]. This

involves imposing incompressibility only on the membrane midsurface, so that

λ3J = 1, (3.14)

where λ3 is the thickness stretch. This is satisfied exactly on ω and approximately

at other points in the membrane, so that adopting this condition gives access to a

measure of the thickness of the membrane. If h0 is the reference thickness, then the

current thickness hc is given by hc = λ3h0 , so that obtaining the scalar field J as part

of the solution completely determines the current membrane thickness as hc = h0/J .

This condition will be further discussed in greater depth in Chapter 4 where a similar

constraint is imposed.

3.3 Calculation of equilibrium configurations

Although some the results derived below have been stated with varying degrees of detail

by many authors (for example, [Deserno, 2015, Kim and Steigmann, 2015, Steigmann

et al., 2003, Agrawal and Steigmann, 2009]), a complete description of their derivation

does not seem to be available, and so a detailed derivation for each of the quantities

is given here. In particular, we allow for the dependence of the energy on the stretch-

gradient magnitude Q = |∇J |, as well as allowing for explicit dependence on J itself.
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The inclusion of the stretch-gradient term here in deriving the shape equations is novel

with respect to the aforementioned studies, many of which consider energies depending

explicitly on the mean and Gaussian curvatures only. The dependence on |∇J | has

been briefly considered by Steigmann [Steigmann, 2018]. It is shown later that the

expressions obtained here specialise to those obtained previously in the absence of

dependence on J and Q.

We consider virtual displacements u of a point r on the membrane mid-surface ω,

given by r → r + εu, where

u = uαaα + wn, (3.15)

and where uα, w are the displacements in the tangential and normal directions aα and

n, respectively. In deriving the shape equations for the membrane, we seek to obtain

expressions for the variation in the various quantities associated with the energy. The

mean and Gaussian curvatures are defined in equations (2.7) and (2.8), respectively, as

H =
1

2
aαβbαβ, K =

1

2
εαβελµbαλbβµ, (3.16)

where εαβ = eαβ/
√
g, with g = det(aαβ) and e12 = −e21 = 1, e11 = e22 = 0. For later

use, we record that the contravariant cofactor or adjugate b̃αβ of the curvature tensor

bαβ is defined as [Steigmann, 1999]

b̃αβ = εαλεβµbλµ. (3.17)

This simplifies the expression for the Gaussian curvature to

K =
1

2
bαβ b̃

αβ. (3.18)

Writing this as K = 1
2
aβαb

β
µb̃
µα and noting that aαβa

αβ = δαα = 2, we obtain the identity

bβµ b̃
µα = Kaβα, (3.19)

which will be useful in later calculations. We also note for later use that the adjugate

can be equivalently expressed as [Steigmann, 1999]

b̃αβ = 2Haαβ − bαβ. (3.20)

38



CHAPTER 3. EULER-LAGRANGE EQUATIONS FOR LIPID BILAYERS

We will also make use of the fact that the adjugate is constant under covariant differ-

entiation; in particular, we note the identity

b̃αβ;α = 0, (3.21)

which can be shown by taking the derivative of (3.17) and noting that g;α = 0 follows

from Ricci’s lemma (2.32). This gives

b̃αβ;α = εαλεβµbαλ;µ = εβµ(εαλbαλ);µ,

where we have used the Mainardi-Codazzi equations (2.28). Expanding, we have

εαλbαλ = ε12b12 + ε21b21 = 0, using the symmetry of bαβ and that ε12 = −ε21.

We calculate variations in the various quantities introduced above, denoting varia-

tions with respect to a parameter ε by a superposed dot (see (3.5)), so that the variation

in aα is written ȧα = u,α. We may then write the variation in the metric tensor as

˙aαβ = ȧα · aβ + aα · ȧβ
= aα · u,β + u,α · aβ. (3.22)

We have from (3.5) and (3.15) that

ȧα = ˙r,α = lim
ε→0

(r + εu),α − r,α

ε
= u,α

= (uλaλ + wn),α

= uλ;αaλ + uλaλ;α + w,αn+ wn,α,

which can be written

ȧα = uλ;αaλ + uλaλ;α + w,αn− wbβαaβ (3.23)

using Weingarten’s formula (2.17).

The variation in the inverse metric tensor follows from taking the variation of the

identity

aαβaβγ = δαγ ,
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to give

aβγ ȧ
αβ = −aαµȧµγ,

which yields

ȧαβ = −aβγaαµȧµγ. (3.24)

The variation in the metric determinant g = det(aαβ) may be calculated using

Jacobi’s formula [Magnus and Neudecker, 1988], which gives the derivative of the de-

terminant of a matrix A with entries depending on a parameter ε as

d

dε
detA = tr

(
adj(A)

dA

dε

)
, (3.25)

where adj(A) = det(A)A−1 is the adjugate of A, and tr(A) denotes the trace of A.

Here, the adjugate of the metric tensor is gaαβ, so the formula (3.25) becomes

ġ = tr
(
gaαβ ˙aβµ

)
. (3.26)

We also have that tr(aαβȧβµ) = aαβȧαβ, which gives

ġ = gaαβȧαβ. (3.27)

The variation in the curvature tensor (2.4) is

ḃαβ = ṅ · aα;β + n · ȧα;β.

Gauss’s formula (2.26) gives ṅ ·aα;β = bαβṅ ·n, and since n ·n = 1 we have ṅ ·n = 0,

so that the variation in the curvature tensor simplifies to

ḃαβ = n · u;αβ (3.28)

For the mean and Gaussian curvatures, taking the variations of H and K in (3.16) gives

Ḣ =
1

2
( ˙aαβbαβ + aαβ ˙bαβ), (3.29)

K̇ =
1

2
eαβeλµ

[
1

g
(ḃαλbβµ + bαλḃβµ)− ġ

g2
bαλbβµ

]
. (3.30)
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The latter of these may be simplified by using (3.17), (3.19) and (3.27) to obtain

K̇ =
1

2
(b̃αλḃαλ + b̃βµḃβµ)− aαβȧαβK

= b̃αβ ḃαβ − aαβȧαβK. (3.31)

For the variation in J =
√
g, using (3.27), we have

J̇ =
1

2
ġ/
√
g

=
1

2
Jaαβ ˙aαβ. (3.32)

We now specialise these expressions to variations in directions tangential and normal

to the membrane surface.

3.4 Tangential variations

For tangential variations we set w = 0 in (3.15) so that u = uαaα. Then (3.23) and

(2.26) give the variation in the tangent vectors as

ȧα = uβ;αaβ + uβaβ;α

= uβ;αaβ + uβbαβn. (3.33)

Substituting (3.33) in (3.22) we have

ȧαβ = aα · (uλ;βaλ) + (uλ;αaλ) · aβ
= uλ;βaαλ + uλ;αaλβ

= (aαλu
λ);β + (aλβu

λ);α

= uα;β + uβ;α, (3.34)

since aαλ;β = aλβ;α = 0, according to Ricci’s lemma (2.32). Substituting (3.34) in (3.24)

then gives

ȧαβ = −aβγaαµ(uγ;µ + uµ;γ). (3.35)
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The tangential variation in bαβ follows from substitution of u = uλaλ in equation (3.28),

giving

ḃαβ = n · (uλaλ);αβ

= n · (uλα;βaλ + uλ;αaλ;β + uλ;βaλ;α + uλaλ;αβ)

= uλ;αbλβ + uλ;βbλα + uλbλα;β, (3.36)

where we have used Gauss’s formula (2.26).

We can now calculate the tangential variation in the mean curvature by substituting

(3.35) and (3.36) in (3.29) to obtain

2Ḣ = uαbβα;β.

Using the Mainardi-Codazzi equations (2.29), we have bβα;β = bββ;α = 2H,α, which gives

Ḣ = uαH,α. (3.37)

The variation in the areal stretch J is obtained by substituting (3.34) in equation (3.32)

to obtain

J̇ = Juα;α. (3.38)

We now calculate the tangential variation of the Gaussian curvature K. We begin

by multiplying on both sides of (3.19) by aβγ to obtain

aβγb
β
µb̃
µα = Kaβαaβγ = Kδαγ ,

so that, relabelling indexes, we have

bλαb̃
αβ = δβλK. (3.39)

Using this identity and equations (3.21) and (3.36), we have that the first term of (3.31)

specialises to

b̃αβ ḃαβ = (uλ;αbλβ + uλ;βbλα)b̃αβ + uλ(bλαb̃
αβ);β

= 2uα;αK + uαK,α (3.40)
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for tangential variations. Further noting that (3.34) gives

aαβȧαβ = aαβ(uα;β + uβ;α) = 2uα;α, (3.41)

we substitute (3.40) and (3.41) into (3.31) to obtain

K̇ = uαK,α. (3.42)

We next calculate the tangential variation of the stretch-gradient magnitude Q =

|∇J | where

∇J = J,αa
α (3.43)

so that

Q2 = (∇J) · (∇J) = J,αJ,βa
α · aβ. (3.44)

Taking the variation of this expression gives

2QQ̇ = 2J,αa
α · (J̇,βa

β + J,βȧ
β),

so that

Q̇ = Q−1(J,αJ̇,βa
αβ + J,αJ,βa

α · ȧβ). (3.45)

Simplifying this expression requires the calculation of ȧβ = (aαβaα)·, which we obtain

using (3.35) and Weingarten’s formula (2.17) to be

ȧβ = ȧαβaα + aαβu,α

= ȧαβaα + aαβ(uλaλ),α

= −aβγaαµ(uγ;µ + uµ;γ)aα + aαβ(uλ;αaλ + uλaλ;α)

= −uβ;µaµ − uα;γaβγaα + aαβuλ;αaλ + aαβuλbλαn

= uλbβλn− u
β
;µa

µ. (3.46)

Differentiating (3.38) with respect to θβ gives

J̇,β = (Juα;α),β. (3.47)
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and substituting this together with (3.46) into (3.45) then yields

Q̇ = Q−1
(
J,µ(Juα;α),βa

µβ + J,αJ,βa
α · (uλbβλn− u

β
;µa

µ)
)

= Q−1J,µa
µβ
[
(Juα;α),β − J,αu

α
;β

]
(3.48)

Now, assuming that the membrane energy density W depends on H,K, J , and Q, we

have

Ẇ = WHḢ +WKK̇ +WJ J̇ +WQQ̇. (3.49)

Substituting the tangential variations (3.37), (3.42), (3.38), and (3.48) into this expres-

sion gives

Ẇ =WHH,αu
α +WKK,αu

α + JWJu
α
;α +Q−1WQJ,µa

µβ
[
(Juα;α),β − J,αu

α
;β

]
. (3.50)

We also record for later use that, using (3.38), we have

WJ̇/J = Wuα;α

= (Wuα);α − uαW,α. (3.51)

At this point we note that divergence terms can be easily moved to the boundary using

Stokes’ theorem; for example, we have∫
ω

uα;α da =

∫
∂ω

uανα ds, (3.52)

where ∂ω is the boundary of ω, i.e. the edge of the membrane, with corresponding arc-

length element ds, and να are the components of ν, the normal vector to the boundary

∂ω, as illustrated in Figure 3.3. This eventually allows the factoring of the perturbation

term from the remaining terms in the area integral; for example, we have∫
ω

WJ̇/J da =

∫
ω

[(Wuα);α − uαW,α] da =

∫
∂ω

Wuανα ds−
∫
ω

uαW,α da,

where the term in the bulk integral now factors the perturbation uα, and the remaining

term has been moved to the boundary.
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ν τ

n

ω

∂ω

da

ds

Figure 3.3: The membrane midsurface ω has area element da and is bounded by the
closed curve ∂ω, which has corresponding arc-length element ds. The vectors ν and τ
are normal and tangential to the boundary ∂ω, and n = ν × τ is the normal to ω. In
the analysis, Stokes’ theorem is applied to write surface divergence terms on ω as terms
involving the scalar product with ν on the boundary ∂ω.

Next, observing that

W,α = WHH,α +WKK,α +WJJ,α +WQQ,α, (3.53)

and using (3.51), we have that

Ẇ +WJ̇/J = Ẇ + (Wuα);α − uαW,α.

Substituting in this expression for Ẇ and W,α using (3.50) and (3.53), we arrive at

Ẇ +WJ̇/J = (JWJu
α);α − (JWJ),αu

α +Q−1WQJ,µa
µβ
[
(Juα;α),β − J,αu

α
;β

]
+ (Wuα);α − uα(WJJ,α +WQQ,α). (3.54)

For the third term on the right-hand side, we rearrange to obtain terms which either

involve a single divergence or from which the perturbation uα can be explicitly factored.

This gives

Q−1WQJ,µa
µβ
[
(Juα;α),β − J,αu

α
;β

]
= (Q−1WQJJ,µa

µβuα;α);β − [Juα(Q−1WQJ,µa
µβ);β];α

+ Juα(Q−1WQJ,µa
µβ);βα + J,αu

α(Q−1WQJ,µa
µβ);β

− (Q−1WQJ,µJ,αa
µβuα);β + uα(Q−1WQJ,µJ,αa

µβ);β.

(3.55)
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Differentiating Q2 = J,µJ,βa
µβ with respect to θα gives

2QQ,α = (J,µJ,βa
µβ);α

= 2J;µαJ,βa
µβ,

where we have used that (aµβ);α = 0 by Ricci’s lemma (2.32). Then we can write

WQQ,α = Q−1WQJ,βJ;µαa
µβ

= (Q−1WQJ,αJ,βa
µβ);µ − J,α(Q−1WQJ,βa

µβ);µ. (3.56)

Substituting (3.55) and (3.56) into (3.54) then yields∫
ω

(Ẇ +WJ̇/J) da =

∫
ω

uα[−(JWJ),α −WJJ,α − (Q−1WQJ,αJ,βa
µβ);µ

+ J,α(Q−1WQJ,βa
µβ);µ + J(Q−1WQJ,µa

µβ);βα

+ J,α(Q−1WQJ,µa
µβ);β + (Q−1WQJ,µJ,αa

µβ);β] da

+

∫
∂ω

[JWJu
ανα +Wuανα +Q−1WQJJ,µa

µβuα;ανβ

− Juα(Q−1WQJ,µa
µβ);βνα −Q−1WQJ,µJ,αa

µβuανβ] ds.

Thus, comparing with (3.13), we see that the Euler-Lagrange equations arising from

the bulk term are

(JWJ),α +WJJ,α − 2J,α(Q−1WQJ,µa
µβ);β − J(Q−1WQJ,µa

µβ);βα = 0. (3.57)

The terms on the boundary ∂ω correspond to forces and bending moments on the edge

of the membrane, together with a higher-order hydrostatic hyperstress (see, for exam-

ple, [Podio-Guidugli and Vianello, 2010]) acting on the membrane edge, involving uα;α,

the divergence of the perturbation. We denote by Bt the work done by a tangential per-

turbation, and by Tt the hyperwork arising from the imposition of tangential variations.

From the boundary terms above, we see that these terms have expressions

Bt =

∫
∂ω

uα[JWJνα +Wνα − J(Q−1WQJ,µa
µβ);βνα −Q−1WQJ,µJ,αν

µ] ds, (3.58)

Tt =

∫
∂ω

Q−1WQJJ,µu
α
;αν

µ ds. (3.59)
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Next, writing the vectors normal and tangential to the membrane boundary as

ν = ναaα, τ = ταaα, (3.60)

respectively, we have

uα = u · aα

= u · ((aα · τ )τ + (aα · ν)ν)

= u · (τατ + ναν). (3.61)

Using this decomposition, and defining Jν = ναJ,α and J ′ = ταJ,α, the normal and

tangential derivatives of J respectively, Bt may be resolved into components normal

and tangential to the boundary,

Bt =

∫
∂ω

u ·
{[
W +WJJ − J(Q−1WQJ,µa

µβ);β −Q−1WQJ
2
ν

]
ν −Q−1WQJνJ

′τ
}
ds,

(3.62)

while the hyperwork Tt may be written

Tt =

∫
∂ω

Q−1WQJJν divu ds. (3.63)

We will return to these expressions in Section 3.6, where they will be combined with

the corresponding terms obtained by taking normal variations.

3.5 Normal variations

For normal variations we have uα = 0 in (3.15), so that u = wn. Using (3.23) and

(3.22), we have that

ȧαβ = aα · u,β + u,α · aβ
= aα · (w,βn− wbµβaµ) + aβ · (w,αn− wbµαaµ)

= −2wbαβ (3.64)
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Substituting this in (3.32) and recalling (3.16) gives that the normal variation in J is

J̇ = −Jaαβwbαβ = −2HJw, (3.65)

so that

WJ J̇ = − 2HJWJw. (3.66)

For the inverse metric variation, substituting (3.64) in (3.24) gives

ȧαβ = −aβγaαµȧµγ = 2waβγaαµbµγ = 2wbαβ. (3.67)

For the variation in the curvature tensor components, we first note that

u,αβ = (wn),αβ

= (w,αn+ wn,α),β

= w,αβn+ w,αn,β + w,βn,α + w(n,α),β

= w,αβn− w,αb
µ
βaµ − w,βb

µ
αaµ − w(bµα;βaµ + bµαaµ;β),

where we have applied Weingarten’s formula (2.17) in the final step. Substituting this

in (3.28), we obtain

ḃαβ = n · (w,αβn− w,αb
µ
βaµ − w,βb

µ
αaµ − wb

µ
α;βaµ − wb

µ
αbµβn)

= w,αβ − bµαbµβw. (3.68)

Substitution of (3.67) and (3.68) in (3.29) then gives

2Ḣ = ȧαβbαβ + aαβ ḃαβ

= 2wbαβbαβ + aαβw,αβ − aαβbµαbµβw

= wbαβbαβ + aαβw,αβ. (3.69)
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Writing

bαβbαβ = aαγaβµbγµbαβ = bβαb
α
β

= b1
1

2
+ 2b2

1b
1
2 + b2

2
2

= (b1
1 + b2

2)2 − 2b1
1b

2
2 + 2b2

1b
1
2

= bαα
2 − 2(b1

1b
2
2 − b2

1b
1
2)

= (2H)2 − 2 det(bβα)

= (2H)2 − 2K, (3.70)

and substituting in (3.69), we obtain that the normal variation in the mean curvature

is

Ḣ =
1

2
∆w + (2H2 −K)w, (3.71)

where ∆(·) = aαβ(·);αβ is the surface Laplacian. We now have

WHḢ =
1

2
WH∆w +WHw(2H2 −K).

Keeping in mind our aim to arrange terms so that they either factor the perturbation

or are written as a single divergence term, we write the first term on the right-hand

side as

1

2
WH∆w =

1

2
WHa

αβw,αβ

= (1
2
WHa

αβw,α);β − 1
2
w,α(WHa

αβ);β

= (1
2
WHa

αβw,α);β − [1
2
w(WHa

αβ);β];α + 1
2
w(WHa

αβ);αβ

= (1
2
WHa

αβw,α);β − [1
2
w(WHa

αβ);β];α + 1
2
w∆WH , (3.72)

so that

WHḢ =
(

1
2
WHa

αβw,α

)
;β
− 1

2
[w(WHa

αβ);β];α + 1
2
w∆WH +WHw(2H2 −K). (3.73)
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For the variation in the Gaussian curvature, we first note that (3.68) together with the

definition (3.16)1 and the identities (3.19) and (3.21) gives

b̃αβ ḃαβ = b̃αβ(w,αβ)− wb̃αβbλαbβλ
= (b̃αβw,α);β − 2wHK

while (3.64) gives

aαβȧαβ = −2aαβwbαβ = −4Hw.

Substituting these two expressions in (3.31) and using the identity (3.20) then gives

K̇ = b̃αβ ḃαβ − aαβȧαβK

= (b̃αβw,α);β − 2wHK + 4wHK

= 2KHw + (b̃αβw,α);β,

so that, by reasoning analogously to (3.72), we obtain

WKK̇ = 2HKWKw + (WK b̃
αβw,α);β − ((WK);β b̃

αβw);α + w(WK);βαb̃
βα. (3.74)

Next, for the normal variation of Q, taking the variation of equation (3.44) we have

2QQ̇ = 2J̇,αJ,βa
αβ + J,αJ,βȧ

αβ. (3.75)

Differentiating (3.65) with respect to θα gives

J̇,α = −2(HJw),α,

and substitution of this and (3.67) into (3.75) gives

Q̇ = Q−1
[
J,αJ,βb

αβw − 2aαβ(HJw),αJ,β

]
. (3.76)

Then with

Q−1aαβ(HJw),αJ,β = (Q−1aαβHJwJ,β);α −HJw(Q−1aαβJ,β);α,
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we have from (3.76) that

WQQ̇ =Q−1WQJ,αJ,βb
αβw − (2Q−1WQa

αβJ,βJHw);α + 2HJw(Q−1WQa
αβJ,β);α

(3.77)

Substituting (3.73), (3.74), (3.66) and (3.77) into

Ẇ = WHḢ +WKK̇ +WJ J̇ +WQQ̇

together with (3.65) gives

Ẇ +WJ̇/J =w [1
2
∆WH +WH(2H2 −K) + 2HKWK + (WK);βαb̃

βα − 2HJWJ

+Q−1WQJ,αJ,βb
αβ + 2HJ(Q−1WQa

αβJ,β);α − 2HW ]

+
(

1
2
WHa

αβw,α

)
;β
− 1

2
[w(WHa

αβ);β];α + (WK b̃
αβw,α);β − ((WK);β b̃

αβw);α

− (2Q−1WQa
αβJ,βJHw);α

With this, the variation in the total energy (3.6) can be written

Ė =

∫
ω

(Ẇ +WJ̇/J) da

=

∫
ω

w [1
2
∆WH +WH(2H2 −K) + 2HKWK + (WK);βαb̃

βα − 2HJWJ

+Q−1WQJ,αJ,βb
αβ + 2HJ(Q−1WQa

αβJ,β);α − 2HW ] da

+

∫
∂ω

[
1
2
WHw,αν

α − 1
2
w(WH);αν

α +WK b̃
αβw,ανβ

−(WK);β b̃
αβwνα − 2Q−1WQJ,βJHwν

β
]
ds. (3.78)

Now recalling (3.13), we see that the pressure p exerted on the membrane in the normal

direction may identified with the appropriate corresponding expression in the bulk

integral, which gives the Euler-Lagrange equation

1

2
∆WH +WH(2H2 −K) + 2HKWK + (WK);βαb̃

βα − 2HJWJ

+Q−1WQJ,αJ,βb
αβ + 2HJ(Q−1WQa

αβJ,β);α − 2HW = p. (3.79)

This equation may be readily compared with the shape equations obtained by other

authors for more specialised forms of the energy density; for example, if W = W (H,K),
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the shape equation reduces to

1

2
∆WH +WH(2H2 −K) + 2HKWK + (WK);βαb̃

βα − 2HW = p,

as obtained by [Steigmann et al., 2003]. If the dependence of W on K is suppressed,

the shape equation reads

1

2
∆WH +WH(2H2 −K)− 2HW = p,

which has been used, for example, in [Jenkins, 1977] to obtain equilibrium shapes for

red blood cells, with the suppression of dependence on K justified by the Gauss-Bonnet

theorem (2.30). For the classical Canham-Helfrich membrane energy density

W = kH2 + k̄K,

where k and k̄ are bending rigidities, the corresponding shape equation is

k
(
∆H + 2H(H2 −K)

)
+ 2H(k̄K −W ) = p.

We note that for each of the foregoing cases, the corresponding tangential equations

(3.57) are trivial.

The work done on the boundary arising from normal variations is given by (3.78) as

Bn =

∫
∂ω

[
1
2
WHν

αw,α − 1
2
(WH),αν

αw +WK b̃
αβw,ανβ

−(WK),αb̃
αβwνβ − 2Q−1WQJ,αJHwν

α
]
ds. (3.80)

This may be expressed more usefully by recalling the definition of the vectors τ and

ν, the unit vectors tangent and normal to the boundary ∂ω, given in (3.60), and by

noting the decomposition

w,α = (∇w) · aα = (∇w) · ((aα · τ )τ + (aα · ν)ν)

= (∇w) · (τατ + ναν)

= ταw
′ + ναw,ν , (3.81)
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where w′ and w,ν are the tangential and normal derivatives of w. This then gives

aαβw,α = τβw′ + νβw,ν . (3.82)

With this, and using (3.20), we write the third term in the integral (3.80) as

WK b̃
αβνβw,α = 2HWKa

αβνβw,α −WKb
αβνβw,α

= 2HWKw,ν −WKb
αβνβw,α, (3.83)

recalling that ναw,α = w,ν . To simplify the second term on the right-hand side, we

define

τ = bαβτανβ, (3.84)

the twist of the surface on the ν-τ axes, and

κν = νανβbαβ,

the normal curvature of ω in the direction of ν. Using these definitions, together with

the decomposition (3.81) we obtain that

WKb
αβνβw,α = WK(bαβτανβw

′ + bαβνανβw,ν)

= WKτw
′ +WKκνw,ν

= (WKτw)′ − w(τWK)′ + κνWKw,ν ,

so that

WK b̃
αβνβw,α = w(τWK)′ − (τWKw)′ + (2H − κν)WKw,ν . (3.85)

We can also write the first term in (3.80) as

1

2
WHν

αw,α =
1

2
WHw,ν . (3.86)

Thus using (3.86) and (3.85), the integral (3.80) for Bn may be expressed in the more
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useful form

Bn =

∫
∂ω

u ·
[
(τWK)′ − 1

2
(WH),ν − (WK),β b̃

αβνα − 2Q−1WQHJJν

]
n ds

+

∫
∂ω

(1
2
WH + κτWK)w,ν ds+

∑
wWK [τ ], (3.87)

where

κτ = τατβbαβ = 2H − κν

is the normal curvature of ω in the direction of τ , and the final term arises from the

integral
∫
∂ω

(τWKw)′ds, where [τ ] denotes the forward jump of τ at a corner of the

boundary ∂ω, at which point τ is discontinuous.

3.6 Boundary terms

Before gathering together the boundary terms from tangential and normal perturba-

tions, we first note that w = u · n, so that

w,ν = u,ν · n+ u · n,ν .

Using Gauss’s formula (2.26), we have n,ν = ναn,α = −ναbαβaβ, and this, together

with aβ = τβτ + νβν, gives

w,ν = u,ν · n− u · (ττ + κνν). (3.88)

Seeking to further simplify the first term on the right-hand side, we note that taking

the variation of n · aα = 0 gives

ṅ · aα = −n · u,α

= −(n · u,β)aβ · aα,

since aα · aβ = δβα. Comparing both sides, and recalling that ṅ · n = 0, we have that

the variation in n can be written

ṅ = −(n · u,α)aα.
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Writing aα = τατ + ναν, this becomes

ṅ = −(n · u,α)(τατ + ναν)

= −(n · ταu,α)τ − (n · ναu,α)ν

= −(n · u′)τ − (n · u,ν)ν. (3.89)

We next use the identity

a× (b× c) = (a · c)b− (a · b)c (3.90)

and the orthogonality of n and τ , ν to obtain

(n · u′)τ = n× (τ × u′),

(n · u,ν)ν = n× (ν × u,ν),

and substituting these identities into (3.89) yields

ṅ = −n× (τ × u′ + ν × u,ν)

= ω × n, (3.91)

where we have set ω = τ ×u′ + ν ×u,ν . Rearranging equation (3.89), substituting for

ṅ using (3.91), using n = ν × τ , and again applying the identity (3.90), we have

(n · u,ν)ν = −ω × n− (n · u′)τ

= −ω × (ν × τ )− (n · u′)τ

= −[(ω · τ )ν − (ω · ν)τ ]− (n · u′)τ

= −(ω · τ )ν + [ω · ν − n · u′]τ . (3.92)

Comparing the left and right-hand sides of this equation, we obtain

n · u,ν = −τ · ω, (3.93)

n · u′ = ν · ω. (3.94)

and substituting the first of these in (3.88) gives

w,ν = −τ · ω − u · (ττ + κνν). (3.95)
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To simplify the second integral in (3.87), we identify the bending moment

M =
1

2
WH + κτWK , (3.96)

which can be interpreted as a moment which bends the unit normal in the direction of

ν at the boundary, and which can be obtained by calculating

M = Mαβνανβ

where Mαβ = 1
2
WHa

αβ+WK b̃
αβ is the bending moment tensor [Sahu et al., 2017]. This,

together with (3.95), allows us to write the second integral in (3.87) as∫
∂ω

Mw,ν ds = −
∫
∂ω

Mτ · ω ds−
∫
∂ω

Mu · (ττ + κνν) ds, (3.97)

so that the terms in the second integral on the right-hand side contribute to the forces

tangential and normal to the boundary, acting alongside those previously obtained in

(3.62).

With the Euler-Lagrange equations in the normal and tangential directions satisfied,

we can write the virtual work statement (3.13) as

Ė∗ = P = Bt + Tt +Bn

=

∫
∂ωf

F · u ds+

∫
∂ωt

Q−1WQJJν div u ds−
∫
∂ωm

Mτ · ω ds+
∑

fi · ui (3.98)

where P is the virtual work of the applied loads which induce the virtual displacement,

∂ωf , ∂ωt, and ∂ωm are parts of the boundary on which force, hyperstress, and bending

moment are imposed, respectively, fi = WK [τ ]in is the force applied at the ith corner,

and where

F = Fνν + Fττ + Fnn, (3.99)

where ν and τ are unit vectors normal and tangential to the boundary, respectively,
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with

Fν = W +WJJ − J(Q−1WQJ,µa
µβ);β −Q−1WQJ

2
ν − κνM ,

Fτ = −τM −Q−1WQJνJ
′, (3.100)

Fn = (τWK)′ −
(

1
2
WH

)
ν
− (WK),β b̃

αβνα − 2Q−1WQHJJν ,

where

Jν = ναJ,α and J ′ = ταJ,α = dJ/ds, (3.101)

are the normal and tangential derivatives of J . In the foregoing boundary terms, only

one of the terms in each integral may be prescribed; thus either force or displacement,

and bending moment and hypertraction or surface orientation, may be prescribed on

parts of the boundary ∂ωf , ∂ωt, and ∂ωm which are complementary to each other.

Summary of field equations and boundary conditions

The results of the foregoing sections may be summarised as follows. Perturbations in

the normal and tangential directions, respectively, yield the Euler-Lagrange equations

(3.57) and (3.79), which read

(JWJ),α +WJJ,α − 2J,α(Q−1WQJ,µa
µβ);β − J(Q−1WQJ,µa

µβ);βα = 0, (3.102)

1

2
∆WH +WH(2H2 −K) + 2HKWK + (WK);βαb̃

βα − 2HJWJ

+Q−1WQJ,αJ,βb
αβ + 2HJ(Q−1WQa

αβJ,β);α − 2HW = p, (3.103)

where H and K are the mean and Gaussian curvatures, respectively, J is the sur-

face stretch with gradient Q, W is the energy density per unit area, with derivatives

WY = ∂W/∂Y , and p is the pressure exerted on the membrane. The forces normal and

tangential to the boundary, and normal to the surface, are

Fν = W +WJJ − J(Q−1WQJ,µa
µβ);β −Q−1WQJ

2
ν − κνM ,

Fτ = −τM −Q−1WQJνJ
′, (3.104)

Fn = (τWK)′ −
(

1
2
WH

)
ν
− (WK),β b̃

αβνα − 2Q−1WQHJJν ,
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respectively, and

Q−1WQJJν (3.105)

is the hyperstress acting at the boundary.

3.7 Radial extension of a circular membrane

With the general theory developed, we now turn our focus to the application of the

theory to some biologically-motivated problems. In order to obtain an explicit system

of differential equations describing the shape of a membrane, it is necessary to first

specify a geometric framework. For a simple example which serves as a good exposition

of the theory, we consider the extension in the radial direction of a circular membrane,

of uniform reference thickness, where the midsurface of the membrane remains flat.

This demonstrates more generally how the foregoing theory can be used to model

situations where gradients in the membrane thickness arise; one example of this is the

embedding of an inclusion, such as a protein, in a lipid bilayer, where the dimensions

of the hydrophobic region of the inclusion differ from that of the bilayer. This results

in the bilayer conforming to match the hydrophobic tail groups of the lipids with the

hydrophobic region of the inclusion, with a consequent change in the stretch in the

cross-section [Andersen and Koeppe, 2007].

Figure 3.4: Thickness gradients in a biomembrane arise from a mismatch in the di-
mensions of the hydrophobic lipid tailgroups in the bilayer, and the hydrophobic region
(shaded grey) of a protein embedded therein; adapted from [Andersen and Koeppe,
2007].

In order to proceed, we specialise the geometry to a circular portion of membrane
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with reference midsurface given by

Ω = {X = ReR(θ) | 0 ≤ R ≤ R0, 0 ≤ θ ≤ 2π}, (3.106)

where R0 is the reference radius. The corresponding current configuration can be de-

scribed by

ω = {x = r(R)eR(θ) | 0 ≤ R ≤ R0, 0 ≤ θ ≤ 2π} (3.107)

with a corresponding deformation map f : R2 → R2, (R, θ) → (r(R), θ), so that x =

f(X). The associated deformation gradient is

∇f =

(
dr
dR

dr
dθ

dθ
dR

r
R
dθ
dθ

)
=

(
r′(R) 0

0 r(R)/R

)
.

The current midsurface ω has tangent vectors given by aα = x,α, (α = 1, 2), so that

a1 = r′(R)eR, and a2 = r(R)
R
eθ, (3.108)

and the normal vector to ω is n = k̂. The tangent vectors define the components

aαβ = aα · aβ of the metric tensor,

aαβ =

(
r′(R)2 0

0 r(R)2/R2

)
. (3.109)

so that the area element, the square root of the determinant of the metric, is J =
√
g =√

det(aαβ) = rr′/R. The principal stretches are the square roots of the eigenvalues of

C = (∇f)T (∇f), so that

λ1 = r′(R), λ2 =
r(R)

R
(3.110)

which similarly gives

J = λ1λ2 =
r(R)r′(R)

R
. (3.111)

Adopting the quasi-incompressibility condition λ3J = 1, introduced in equation (3.14),

59



CHAPTER 3. EULER-LAGRANGE EQUATIONS FOR LIPID BILAYERS

gives access to a measure of the current membrane thickness,

h = h0λ3 =
h0

J
, (3.112)

where h0 is the reference thickness. Thus the thickness field is completely determined

by the midsurface stretch, and thus untimately by r(R) in the current geometry.

At the membrane boundary, we identify the normal and tangent vectors, in line with

the notation introduced in the previous sections, as

ν = eR, τ = eθ, (3.113)

respectively. The corresponding normal derivative of J is

Jν = ναJ,α = J ′(R) =
r(R)r′′(R) + r′(R)2

R
− r(R)r′(R)

R2
. (3.114)

Since the mean and Gaussian curvatures are both zero in the absence of bending,

the membrane energy density dependence reduces to

W = W (J ,Q),

where Q = |∇J | as introduced previously. We adopt the quadratic expression

W = a1(J − 1)2 + a2Q
2, (3.115)

taking a1 and a2 to be constants for simplicity. In general, for a biological membrane,

these coefficients are themselves suitable functions of J [Deseri et al., 2008], and the de-

pendence of W on J is given by a Landau expansion W = Σ4
k=0akJ

k [Deseri and Zurlo,

2013]. In such cases, it is difficult to determine accurate parameter values due to the

lack of available experimental evidence on the stretching behaviour of biological mem-

branes. For this reason, we focus here on the qualitative behaviour demonstrated by

the constitutive model (3.115), rather than calibrating to attain a possible quantitative

agreement with experimental data.

Since the current configuration is flat, the shape equation (3.103) resulting from

normal variations is trivial here. The bending moment (3.96) and force components Fτ

and Fn given by (3.104) can also be shown to be zero. Recalling the tangential shape
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equation (3.102), which reads

(JWJ),α +WJJ,α − 2J,α(Q−1WQJ,µa
µβ);β − J(Q−1WQJ,µa

µβ);βα = 0,

we substitute for J , W , and their respective derivatives using (3.111) and (3.115) to

obtain

a1

[
(JJ ′(J − 1))

′
+ J ′(J − 1)

]
− a2

[
2J ′

J

(
JJ ′

r′2

)′
+

(
JJ ′

r′2

)′′]
= 0, (3.116)

where J = J(R) and its derivative J ′ = J ′(R) are given by the expression (3.111).

Symmetry at R = 0 requires the boundary condition

r(0) = 0. (3.117)

At the outer boundary, we may either specify the force Fν or the amount of extension;

opting for the latter, we have

r(R0) = λR0, (3.118)

where λ is the amount of stretch. Requiring zero hyperstress on ∂ω gives

T = Q−1WQJJν = 0 on R = R0,

and since Q,WQ and J are non-zero, this reduces to the requirement that Jν = 0 on

the boundary R = R0. Substituting this in (3.114) then gives the boundary condition

r′′(R0) =
r′(R0)

R0

− r′(R0)2

r(R0)
. (3.119)

For the final boundary condition, imposing that the thickness is fixed at the outer

boundary, and taking a reference thickness of h0 = 1 for simplicity, gives λ3|R=R0 = 1,

so that

J(R0) =
r(R0)r′(R0)

R0

= 1.
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h

Figure 3.5: Cross-section of a circular membrane stretched in the radial direction,
where for simplicity we have taken R0 = 10, a1 = a2 = 1, λ = 1.1, and set the reference
thickness to h0 = 1, and fixed h(R0) = 1 to illustrate the non-uniform thickness profile
obtained from the theory; the region around R = 0 is removed to avoid the singularity
which occurs at this point.

Substituting for r(R0) using (3.118) then gives

r′(R0) = λ−1. (3.120)

Now, substituting this and (3.118) in (3.119) gives

r′′(R0) =
1

λR0

(
1− λ−2

)
. (3.121)

We solve the fourth-order equation (3.116) numerically using Maple, subject to the

boundary conditions (3.117), (3.118), (3.120) and (3.121). In Figure 3.5 we plot the

deformed membrane thickness h = h0λ3 = h0/J as the primary quantity of interest.

3.8 Conclusion

In this chapter, we have presented a full derivation of the shape equations for a mem-

brane whose energy density depends on its mean and Gaussian curvatures, the stretch

of its midsurface, and the gradient of this stretch. The equations derived are fully

general, making no reference to the geometry of a particular application, and thus can

be specialised to a wide range of cases. We have shown their equivalence to equations

derived in previous studies, where the membrane energy densities are more specialised

than the general case considered here.

We have also shown how the equations derived can be specialised to a simple axially
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symmetric geometry, and have demonstrated their utility in capturing deformations in

which the membrane thickness varies. The system of equations considered in Section

3.7, could, therefore, be adapted and further developed to provide a realistic theoretical

description of biological phenomena, such as describing the shape of a membrane in

which there is a mismatch of the dimensions of hydrophobic regions of membranes and

inclusions embedded therein.

We will return to some of the ideas developed here for biological membranes in

Chapter 5, where we consider the application of the continuum mechanical theory to

the specific problem of predicting pore formation as an instability in biomembranes.
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Chapter 4

Instabilities in Dielectric Elastomers

The research presented in this chapter has been published in the Journal of the Me-

chanics and Physics of Solids [Greaney et al., 2019].

4.1 Introduction

In this chapter, we turn our focus to the behaviour of dielectric elastomer membranes.

A dielectric elastomer is an electroresponsive device composed of a dielectric material

sandwiched between two thin compliant electrodes [Pelrine et al., 1998]. The application

of a voltage across the thickness direction results in an in-plane areal expansion, so that

these smart materials find uses in a wide range of modern applications. We restrict our

attention here to the case where the dielectric is sufficiently thin to justify the use of

membrane theory in our modelling.

Dielectric elastomer devices in this category have shown strong potential in appli-

cations as diverse as sensing, actuation, robotics, energy harvesting, on-demand pat-

terning and microfluidics [Pelrine et al., 2000, Mirvakili and Hunter, 2017, Bauer et al.,

2014, Majidi, 2014, Yang et al., 2010, Cao and Hutchinson, 2012, Wang et al., 2014].

The simplicity of their working principle makes them particularly appealing: bulk in-

compressibility of the elastomer and attractive Coulomb forces between the electrodes

cause expansion of the membrane upon application of a voltage, with areal strains as

large as 500% [Huang et al., 2012a].

We outline the ideas of energy relaxation and regularization, and employ them to

describe large, out-of-plane deformations of thin dielectric membranes under voltage

control, together with their instabilities. This unifying perspective describes the nature

and the hierarchy of pull-in and wrinkling instabilities. We explain why the occurrence
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Figure 4.1: Illustration of the pull-in phenomenon from the 1969 paper of Blok &
LeGrand [Blok and LeGrand, 1969]: (a) breakdown observed in polyethylene films;
(b) qualitative sketch of the breakdown mechanism: the application of an electric field
across the thickness direction causes an electrostrictive force which is greatest at the
thinnest point of the film, where the electric strength is first reached and breakdown
occurs.

of wrinkling does not necessarily lead to permanent device failure, as observed in ex-

perimental studies, and we show that a relaxed electroelastic energy can be effectively

used to describe the onset and evolution of wrinkles for large out-of-plane deformations.

By using the regularization approach, we provide a physical explanation of the pull-

in effect for out-of-plane deformations, wherein the membrane undergoes irreversible

damage and breakdown occurs; see Figures 4.1 and 4.2 (e) and (f) for a graphical repre-

sentation and experimental evidence. We further show that for isotropic membranes the

onset of wrinkles is never unstable before the occurence of pull-in. Finally, we compare

the outcomes of our theory with recent experimental results on the out-of-plane be-

haviour of annular membranes under voltage control. Our theoretical predictions show

good agreement both with the evolution of wrinkling and with the onset of pull-in; see

Figure 4.2 (a)–(d) for examples of devices where this has been observed experimentally.

65



CHAPTER 4. INSTABILITIES IN DIELECTRIC ELASTOMERS

Figure 4.2: (a, b, c, d): examples of wrinkled states of dielectric membranes which do not
lead the membrane to failure; (e, f): common brittle failures of silicone elastomers after
electrical breakdown, showing that pull-in clearly leads to an unrestrainable process.
Pictures (a− b) are taken from [Mao et al., 2018b], (c) from [Godaba et al., 2017], (d)
from [Bense et al., 2017], and (e, f) from [Mateiu et al., 2017].

Due to the interplay of constitutive and geometric nonlinearities, thin dielectric

elastomers exhibit a very rich and complex behaviour. In particular, two types of

instabilities drastically affect their performances: a thinning instability, often identi-

fied as ‘pull-in’ [Stark and Garton, 1955] or ‘electromechanical instability’ [Zhao and

Suo, 2007], which precedes dielectric breakdown, and whereby the membrane undergoes

highly localised thinning leading to the formation of cracks and holes; and a wrinkling

instability, which is due to relaxation of in-plane compressive stresses through out-of-

plane bending deformations. In contrast to pull-in, the occurrence of wrinkling is not

immediately associated with failure; indeed, extensive experimental evidence demon-

strates the possibility of controlling and maintaining wrinkled states without incurring

permanent damage to the device [Liu et al., 2016, Mao et al., 2017, Kollosche et al.,

2015].

The theoretical modelling of thin electroelastic membranes appears quite fragmented

to date. The fundamental role played by bending stiffness in membrane theory has not

received enough attention, despite its importance in securing the stability of wrinkled

states. Furthermore, the powerful technique of energy relaxation, successfully intro-

duced for purely elastic membranes, has not been exploited.

This chapter presents a unifying description of the stretching and bending behaviour
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of dielectric membranes that encompasses both out-of-plane and inhomogeneous defor-

mations. We discuss the nature of thinning and wrinkling instabilities by establishing

quantitative hierarchies on their onset. After showing that wrinkled states can be stable

without leading to failure, as extensively shown by experiments, we describe them by

adopting the so-called tension field theory for electroelastic membranes [De Tommasi

et al., 2011, De Tommasi et al., 2012]. To support our findings, we apply our theory

to describe the out-of-plane behaviour of electrically-actuated annular membranes, and

we show that our predictions satisfactorily describe both electrical breakdown and the

onset and evolution of wrinkled domains.

We develop our theory based on the variational formulation of the electroelasto-

static equilibrium of a plate-like body with uniform reference thickness h > 0, which

we assume is small relative to the lateral dimensions of the plate mid-surface. By

expressing the plate deformation as a power series in the coordinate along the thickness

direction, we show that the electroelastic energy per unit initial area can be recast as

ψ = hM + h3 (S +B) , (4.1)

where M is the membranal stretching energy term, B is the bending energy term and S is

the stretch-gradient energy term [Hilgers and Pipkin, 1996]. The shape of the dielectric

membrane for a given voltage is the solution to the Euler-Lagrange equations associated

with the energy (4.1). For h small and away from the membrane edges, equilibrium

configurations are essentially determined by the membranal energy M , since higher-

order terms give negligible corrections of the membrane shapes in the bulk. However,

while the terms S,B play a marginal role in the shape of the membrane, they are

fundamental in assessing its stability [Hilgers and Pipkin, 1992, Hilgers and Pipkin,

1996].

Loss of convexity of the electroelastic energy density ψ and, more specifically, of the

three counterparts M ,S,B, is associated with the onset of instabilities of the wrinkling

and thinning type. Loss of rank-one convexity (more precisely, of quasi-convexity,

see [Pipkin, 1986] for details) corresponds to the onset of compressive stresses in the

tangential plane of the membrane [Pipkin, 1986]. When this happens the membrane

undergoes wrinkling, but this effect is stable as long as the regularisation termQ = S+B

satisfies suitable convexity requirements [Hilgers and Pipkin, 1996] with respect to

higher order derivatives.

We will extensively discuss the physical relevance of the term S, the significance of
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which is usually underplayed in the mechanics of electrically non-active membranes. It

was recently shown, for planar dielectric membranes and for homogeneous deformations,

that when S becomes non-convex in the stretch gradient, the onset of inhomogeneous

deformations becomes energetically favoured and therefore stable minimisers of the

electroelastic energy density E can not exist [Zurlo et al., 2017]. This is widely observed

in experiments, showing that above the pull-in voltage an unrestrainable localisation

process leads to the formation of holes and cracks [Wang et al., 2011, Mateiu et al.,

2017], drastically affecting the insulating capacity of dielectric elastomers [Huang et al.,

2012b, Plante and Dubowsky, 2006].

In this chapter we extend the modelling of pull-in, originally formulated for planar

systems [Zurlo et al., 2017], to inhomogeneously deformed membranes undergoing out-

of-plane deformations. We show that, for isotropic materials, convexity of S implies

convexity of B, which explains why wrinkled states are always stable below the pull-in

voltage [Liu et al., 2016, Mao et al., 2017]. Finally we use ideas from tension field theory,

to show that wrinkled states of electroelastic membranes can be efficiently described

by replacing the membranal energy M by its relaxed membranal energy M∗, which

annihilates compressive stresses.

To assess the predictive power of our findings, we study the behaviour of annular

dielectric membranes, undergoing out-of-plane, inhomogeneous deformations. Devices

based on this layout have shown promising technological potential [Bortot and Gei,

2015, Berselli et al., 2011, Zhu et al., 2011, He et al., 2009]. The comparison with a first

set of experiments [Zhang et al., 2016] shows that our theory predicts the experimental

electric breakdown value with an error that ranges from 4% at low prestretches to 7%

at higher prestretches. Our findings are also critically discussed in light of the Hessian

criterion proposed in [Zhao and Suo, 2007], and of the empirical expression for dielectric

breakdown obtained in [Huang et al., 2012b], by showing a very good overlap with the

latter.

We then use a second set of experiments [Mao et al., 2017] to assess the predictive

power of the theory in terms of wrinkling. In particular, we show that wrinkled states

can be described by replacing the original membranal energy M by a relaxed energy

M∗. Consistent with experiments, we show that wrinkles gradually appear in the whole

membrane as voltage is increased. A final achievement of our work is to prove that

wrinkling does not necessarily determine failure of an electrically actuated membrane.

This finding is consistent with ubiquitous experimental evidence, showing that wrinkling

can be maintained as long as the thinning instability does not take place.
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Inspired by [Lancioni and Tomassetti, 2002, Podio-Guidugli and Tomassetti, 2001],

we believe that our approach could be fruitful in studying the dynamical behaviour of

electroelastic membranes under time-varying voltage. Here, experimental observations

have shown that the coexistence of phases with multiple patterns of wrinkles can be

tuned through voltage control, without leading to failure [Godaba et al., 2017]. In this

perspective it would be interesting to show that the regularization provided by the term

S +B plays the role of an interfacial energy between different wrinkling phases.

4.2 Variational formulation of electroelasticity

The variational formulation of electroelastic equilibrium presented here is based on the

approach proposed by Fosdick and Tang [Fosdick and Tang, 2007], which we briefly

review. We denote by R the reference configuration of the elastic dielectric, by f the

deformation that maps R into the current configuration B, by F = ∇f the deformation

gradient and by d the material description of the spatial electric displacement vector

ds, in the sense that d = ds ◦ f . Neglecting the electrostatic energy of the under-

lying vacuum, equilibrium configurations of a deformable dielectric in a system of N

conductors are minimisers of the total potential energy

E(F,d) =

∫
R

Ψ(F,d) dv0 +

∫
R3\R

ω(d) dv0 −
N∑
i=1

QiVi −Wm (4.2)

where Ψ is the specific volumetric Helmholtz free energy stored in the dielectric, dv0 is

the Lagrangian volume measure, Qi is the total charge on the ith conductor and Vi is

its voltage, and Wm is the mechanical work done by the electric field on the membrane

boundary. The specific electrostatic energy ω of the free space surrounding the body

can be expressed as ω = ||d||2/2ε0, where ε0 is the vacuum permittivity. The terms

QiVi may be identified with the electrostatic work done by an external battery in order

to maintain a constant potential on the ith conductor.

The total charge on each conductor can be written as

Qi =

∫
Ci
σi dai, (4.3)

where dai is the current area measure and where the current surface charge density is

σi = JdK · n̂ i (4.4)
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with n̂ i the outward normal to the conductor surface Ci, and where the notation J·K
denotes a jump discontinuity in the corresponding quantity. It has been shown [Fosdick

and Tang, 2007] that the energy (4.2) is a non-increasing Lyapunov function for isolated

thermomechanical-electromagnetic processes. Thus, the energy (4.2) can be used to

determine static states of minimal energy within the setting of the calculus of variations.

For the free energy Ψ, we assume a linear ideal dielectric behaviour, in the sense

that elastic and electric effects are constitutively uncoupled [Suo et al., 2008]. In this

case, the additive decomposition Ψ = W (F) + ||d||2/2ε holds, where ε is the constant

permittivity of the dielectric and where W describes the purely elastic response of the

elastomer. At this point, classical identities [Kovetz, 2000] based on the requirement

that the electrostatic potential at infinity decays to zero, that the jump conditions (4.4)

hold, and that divd = 0 everywhere, permit the reformulation of the total free energy

as ∫
R

Ψ(F,d) dv0 +

∫
R3\R

ω(d) dv0 =

∫
R
W (F) dv0 +

1

2

N∑
i=1

QiVi. (4.5)

While this reformulation simplifies the analysis, we remark that the ideal dielectric

assumption should be regarded as valid at low stretches, since experiments suggests that

the dielectric permittivity is generally stretch-dependent [Kollosche et al., 2015, Qiang

et al., 2012]. For ideal dielectrics we thus seek minimisers of the total potential energy

E(F,d) =

∫
R
W (F) dv0 −

1

2

N∑
i=1

Vi

∫
Ci
σi dai −Wm (4.6)

where σi is given in terms of d and F by (4.4). In more general situations, the energy

(4.2) should be considered instead. In the subsequent sections we make explicit the

dependence of the total potential energy (4.6) on the reference thickness h.

4.3 Power series expansion of the energy

To gain insight into the physical mechanisms leading to wrinkling and pull-in, we confine

the analysis to a specific class of deformations that permit both out-of-plane displace-

ment, and inhomogeneous thinning, while keeping the theory analytically tractable.

The reference, stress-free configuration of the membrane is a right cylindrical domain

70



CHAPTER 4. INSTABILITIES IN DIELECTRIC ELASTOMERS

of uniform thickness h with flat mid-surface Σ,

R =

{
x = x + zk | x = (x1,x2) ∈ Σ ⊂ R2, z ∈

(
−h

2
,
h

2

)}
(4.7)

where the constant vector k is perpendicular to Σ. We thus assume that the reference

plate R deforms according to the following ansatz

f (x ) = g(x) + zλ3(x)n(x) (4.8)

where g : R2 7→ R3 is the deformation of the mid-surface, λ3(x) is the thickness stretch,

and where the vector n is the Lagrangian description of n̂ , in the sense that n̂ ◦g = n .

Before proceeding further, a comment is in order on the ansatz (4.8). In this precise

form it was used to describe the cold drawing of polymer fibres and plates [Coleman

and Newman, 1988], the stretching and bending of biological membranes [Deseri et al.,

2008, Deseri and Zurlo, 2013] and, more pertinently to the current topic, the occurrence

of thinning instabilities in flat dielectric membranes [Zurlo et al., 2017]. This linear ap-

proximation for the plate deformation is affected by known limitations: it imposes that

straight fibers perpendicular to Σ remain straight during deformation and, for curved

membranes, it secures that the incompressibility constraint is satisfied exactly only on

the dielectric mid-surface. To overcome these limitations, more consistent approxima-

tions including higher order terms should be employed — see [Audoly and Hutchinson,

2016, Maleki et al., 2013] for example. However, besides the fact that such refinements

lead to analytical complications, in conjunction with the incompressibility constraint

they also introduce regularising effects that may suppress the thinning instability, see

for example [Zurlo, 2013, De Tommasi et al., 2014] where this aspect was elucidated for

dielectric elastomers; see also [Montes-Pizarro and Negrón-Marrero, 2007], for a more

general discussion of this type of effect for surface instabilities in nonlinearly elastic

solids. Despite the limitations of the simple linear ansatz (4.8), it was shown in [Zurlo

et al., 2017] that it predicts pull-in for homogeneous planar systems for a variety of

material behaviours and boundary conditions; remarkably, it precisely predicts also the

electro-creasing instability [Wang et al., 2011], which is usually over-estimated by linear

stability analysis. For all of these reasons, we here retain the linear ansatz (4.8), but

we highlight that the improvement to more consistent approximations remains an open

problem, possibly requiring much more sophisticated tools than the ones employed in

this chapter — see for example [Rabinowitz, 1971], and also the more recent study
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[Fu et al., 2018a]. Notwithstanding this, we will show that our theory correctly describes

pull-in and wrinkling instabilities also for large, out-of-plane deformations.

In order to make explicit the dependence of the total potential energy on h, we first

note that the gradient of the deformation (4.8) reads

F = ∇f = G + λ3n ⊗ k + z(n ⊗∇λ3 − λ3LG). (4.9)

Here we have G = ∇g , and we have used the the chain rule to write ∇n = −LG, where

L = −grad n̂ is the material description of the curvature tensor of the current mid-

surface of the dielectric. Note that Gn = GTk = 0 and that L is a symmetric surface

tensor that acts on the tangent plane of the current mid-surface of the dielectric. From

the deformation gradient (4.9) we can now compute the right Cauchy-Green deformation

tensor up to second order in z. Writing

C = FTF = C0 + zC1 + z2C2, (4.10)

we obtain from (4.9) that

C0 = GTG + λ2
3k ⊗ k , (4.11)

C1 = λ3k ⊗∇λ3 + λ3∇λ3 ⊗ k − 2λ3G
TLG, (4.12)

and

C2 = λ2
3G

TL2G +∇λ3 ⊗∇λ3. (4.13)

It should be noted that the expansion of C here is given up to quadratic order in z, and

so it may be more appropriate to expand F to quadratic order, rather than linear order

in z [Fu et al., 2018b]. To further simplify the analysis, we impose bulk incompressibility

of the membrane and assume that the elastic energy W depends on the deformation

gradient through its first invariant I = trC which reads

I = I0 + zI1 + z2I2, (4.14)

where

I0 = tr(GTG) + λ2
3, I1 = −2λ3 tr(BL), and I2 = λ2

3 tr(BL2) + |∇λ3|2. (4.15)
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In the foregoing, B = GGT is the left Cauchy-Green deformation tensor relative to

the current mid-surface of the dielectric. To impose incompressibility, we first write

det F = λ3α, where α, a function of z, represents the lateral stretch in planes lying

parallel to the midsurface, that is, perpendicular to the direction of the thickness stretch.

For convenience we set

α0 =
√

det GTG, (4.16)

to be the areal stretch of the mid-surface. We next seek to calculate α(z) explicitly by

noting that it is given by the square root of the determinant of C, the right Cauchy-

Green tensor of the surfaces lying parallel to the midsurface, where

C = C0 + zC1 + z2C2, (4.17)

with

C0 = GTG, C1 = −2λ3G
TLG, and C2 = λ2

3G
TL2G +∇λ3 ⊗∇λ3. (4.18)

Using (4.17) and setting δ = detC, we expand in powers of z to obtain

δ(z) = δ(0) + zδ̇(0) +
1

2
z2δ̈(0),

where a superposed dot denotes differentiation with respect to z. Differentiating and

using Jacobi’s formula (3.25) for the determinant derivative, we obtain

δ̇ = δtr(C−1Ċ),

δ̈ = δ
(

tr(C−1Ċ)2 + tr(C−1C̈)− tr(C−1ĊC−1Ċ)
)

,

where Ċ = C1 + 2zC2 and C̈ = 2C2, which gives

δ(0) = α2
0, δ̇(0) = −4λ3α

2
0H,

δ̈(0) = 8λ2
3α

2
0H

2 + 4λ2
3α

2
0K + 2α2

0|gradλ̂3|2.

We can similarly expand α as

α(z) = α(0) + zα̇(0) +
1

2
z2α̈(0),
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and since α = δ1/2 we obtain

α(0) = α0, α̇(0) = −2λ3α0H,

α̈(0) = α0(2λ2
3K + |grad λ̂3|2)

so that

α(z) = α0 − 2α0λ3Hz + z2α0

(
λ2

3K +
1

2
|gradλ̂3|2

)
.

Thus we have√
det(FTF) = λ3α0

(
1− 2zλ3H + z2(λ2

3K +
1

2
|grad λ̂3|2)

)
, (4.19)

where H = 1
2
trL and K = det L are the mean and Gaussian curvatures of the membrane

mid-surface, respectively. The expression (4.19) shows that the incompressibility con-

straint
√

det(FTF) = 1 can only be satisfied exactly on two surfaces: the mid-surface

z = 0, and a second surface which depends on the fields G, L, and λ3. To avoid this

pathological feature, one could assume that λ3 is dependent on z [Maleki et al., 2013];

this, however, introduces analytical difficulties. To avoid these complications, we thus

impose that the incompressibility is satisfied exactly only on the mid-surface Σ, so that

λ3α0 = 1. (4.20)

This is usually called the quasi-incompressibility condition [Deseri et al., 2008], and it

will be assumed henceforth. Note that if κ1 = 1/%1 and κ2 = 1/%2 are the two principal

curvatures corresponding to principal radii of curvature %1, %2 of the membrane mid-

surface, the constraint (4.20) leads to small errors if h/min(%1, %2) is small with respect

to unity. For this reason, the validity of our results is limited to thin and mildly curved

dielectric membranes.

Writing the energy density W as a power series up to second order in z,

W = W (I)|z=0 + z

[
dW

dI

dI

dz

]
z=0

+
1

2
z2

[
d2W

dI2

(
dI

dz

)2

+
dW

dI

d2I

dz2

]
z=0

,

we use the invariant (4.14) to obtain

W = W0 + zI1W
′
0 +

1

2
z2
(
W ′′

0 I
2
1 + 2W ′

0I2

)
,

74



CHAPTER 4. INSTABILITIES IN DIELECTRIC ELASTOMERS

where we have set W
(n)
0 = dn

dIn
W
∣∣
I=I0

. Thus we obtain that the elastic energy density,

up to the first order where non-local terms appear, can be written as∫
Σ

∫ h/2

−h/2
W dz dA =

∫
Σ

(
hW0 +

h3

24

(
2I2W

′
0 + I2

1W
′′
0

))
dA, (4.21)

where the terms Ii are given in (4.14). In order to perform a power series expansion of

the electrostatic energy terms, we first note that dielectric elastomer devices are formed

by attaching compliant electrodes with negligible bending and stretching stiffnesses to

the upper and lower surfaces

Σ± = {x± (h/2)k , x ∈ Σ}

of the dielectric membrane, where voltages V ± = ±V/2 are applied. These electrodes

deform into the surfaces C± = f (Σ±) of the current configuration. By neglecting

curvature effects on charge localisation [Puglisi and Zurlo, 2012], we assume that the

electric field in the proximity of the conductors is perpendicular to their surface, so that

e = en , and that its magnitude is

e(x ) =
V

hc(x)
(4.22)

where

hc(x) = λ3(x)h

is the current thickness of the membrane. If the dielectric permittivity ε is constant

and if we neglect the electric field outside the plate, the surface charge density per unit

current area on the upper and lower electrodes can be recast as σ± = d ·n± = εe ·n± =

±εe. Then using (4.3) we obtain that

2∑
i=1

QiVi =
V

2

(∫
C+
σ+ da+ −

∫
C−
σ− da−

)
=

∫
Σ

εV 2

hc

α+ + α−

2
dA (4.23)

where α± are the surface stretches of the upper and lower electrodes, which are defined

through the cofactor F∗ = (det F)F-T of the deformation gradient as

α±(x) = |F∗(x )k |z=±h/2. (4.24)

We next calculate α± explicitly, as follows. With det F = αλ3 given by (4.19) with

75



CHAPTER 4. INSTABILITIES IN DIELECTRIC ELASTOMERS

the constraint (4.20), we obtain, for an arbitrary z,

α(z) = α0 − 2Hz + z2
(
α−1

0 K +
α0

2
|gradλ̂3|2

)
. (4.25)

Thus, by computing the average surface stretch α̃ = (α+ + α−)/2 of the electrodes, we

obtain

α̃ =
1

2

(
α

(
h

2

)
+ α

(
−h

2

))
= α0

(
1 +

h2

8

(
2Kα−2

0 + |gradλ̂3|2
))

. (4.26)

In general, this does not coincide with the surface areal stretch α0 of the midsurface Σ.

Thus we have that
1

2

2∑
i=1

QiVi = h

∫
g(Σ)

p α̃ da, (4.27)

where p = εV 2

2h2
may be interpreted physically as an electrostatic surface stress acting

among equal charges on the surface of the conductors, performing positive work by

increasing their area. It is precisely the competition between this work term, which

lowers the total potential energy by increasing the area of the electrodes, and the

elastic energy term, which is lowered by decreasing the amount of deformation of the

dielectric, which is at the root of the thinning pull-in instability.

The expression (4.26) for the average stretch of the electrodes clearly shows that the

surface areal stretch of the electrodes is influenced, at orderO(h2), both by the Gaussian

curvature of the dielectric mid-surface, and by the presence of thinning inhomogeneities.

Note that here λ̂3 ◦ g = λ3, so by the chain rule we have GT∇λ3 = gradλ̂3, where grad

is the gradient with respect to spatial coordinates. Thus we have

1

2

2∑
i=1

QiVi = h

∫
Σ

εV 2

2h2
α2

0

(
1 +

h2

8

(
2α−2

0 K + |gradλ̂3|2
))

dA. (4.28)

We can now collect the expansions of the elastic and electrostatic terms to derive a

complete expansion of the total potential energy. Defining the dimensionless electric

field [Zhao and Suo, 2007] as

E =

√
ε

µ

V

h
, (4.29)

where µ = 2W ′(3) is the initial shear modulus in the absence of the electric field, and

by neglecting higher-order terms, the total potential energy can be expressed in the
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form

E =

∫
Σ

ψ dA−Wm (4.30)

where we have introduced the surface electroelastic energy

ψ = hM + h3(S +B) (4.31)

where the three terms

M = W0 −
µE2

2λ2
3

,

S =
1

12

(
W ′

0|∇λ3|2 −
3

4
µE2λ−2

3 |grad λ̂3|2
)

, (4.32)

B =
1

12

(
λ2

3W
′
0 tr(BL2) + 2W ′′

0 λ
2
3tr(BL)2 − 3

2
µE2K

)
,

represent the membranal, stretch-gradient, and bending contributions, respectively. The

representation (4.32), inspired by Hilgers and Pipkin [Hilgers and Pipkin, 1996] in

their study of large deformations of elastic membranes, includes an explicit dependence

on the electric field. As we now show, the parametric dependence on this controlled

parameter plays a pivotal role in assessing the stability of elastic dielectric membranes

with compliant electrodes.

4.4 Energy relaxation and voltage-induced wrinkles

The relaxation approach to dielectric membranes with compliant electrodes, first pro-

posed in [De Tommasi et al., 2011, De Tommasi et al., 2012] within the context of

planar systems, consists of neglecting the higher order term Q = S + B and retain-

ing the purely membranal term M . Here we show how this approach may be used

to describe the onset of wrinkles on out-of-plane systems undergoing inhomogeneous

deformations. We also establish a connection between the limit threshold of wrinkling

instabilities and the so-called Hessian criterion for electromechanical instabilities [Zhao

and Suo, 2007].

4.4.1 Construction of the relaxed membranal energy

The underlying idea of the relaxation approach is to replace the electroelastic mem-

branal energy density M(λ1,λ2;E) by a relaxed energy density M∗(λ1,λ2;E), which
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sets compressive stresses to zero whenever they would be present in the original energy.

The relaxed energy represents the average energy that can be locally assigned to a

region containing many wrinkles [Steigmann, 1990]; while relaxation does not provide

a fine description of the wavelength of wrinkled regions, it effectively describes their

onset and their orientation. A fundamental feature of the relaxed energy M∗ is that,

for a fixed voltage, it satisfies the rank-one convexity condition, which is fundamental

in assessing the stability of wrinkled states [Pipkin, 1986].

We begin by illustrating the construction of the relaxed energy. Suppose that s1 =

∂λ1M and s2 = ∂λ2M are the Piola-Kirchhoff stress components, calculated from the

original energy density M . Following [Steigmann, 1990], we introduce a natural width

in simple tension, defined as the value of the stretch λ1 (or λ2) for which the stress s1

(or s2) becomes zero, that is, λ∗1 = ν(λ2;E) is such that

s1(λ∗1,λ2;E) = 0,

and likewise λ∗2 is such that

s2(λ1,λ∗2;E) = 0.

Physically, the natural width is the point at which transition from compressed to tensile

states occurs.

Thus, if λ1 < λ∗1, the stress s1 will be compressive, and likewise for λ2 and s2. We

thus replace the energy M by the relaxed energy

M∗(λ1,λ2;E) =


M(λ1,λ2;E) λ1 > λ∗1 λ2 > λ∗2

M(λ1, ν(λ1;E)) λ1 > 1 0 ≤ λ2 ≤ λ∗2

M(ν(λ2;E),λ2) λ2 > 1 0 ≤ λ1 ≤ λ∗1

0 0 ≤ (λ1,λ2) ≤ 1.

(4.33)

It can be easily verified that the relaxed energy is such that the relaxed stresses s∗1/2 =

∂λ1/2M
∗ can not be negative. Taking the expression for M deduced in (4.32), imposing

incompressibility as λ3 = (λ1λ2)−1 and confining our attention to a neo-Hookean elastic

behaviour, for which W = µ(I − 3)/2, we have

M =
µ

2

(
λ2

1 + λ2
2 + λ−2

1 λ−2
2 − 3− E2λ2

1λ
2
2

)
,

so that

s1 =
∂M

∂λ1

= µλ1(1− λ−4
1 λ−2

2 − E2λ2
2).
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Thus the critical value of λ1 for which s1 = 0 is

λ∗1 = (λ2
2 − E2λ4

2)−1/4,

so that the function ν is given by

ν(a,E) = (a2 − E2a4)−1/4 (4.34)

for neo-Hookean materials. The contrast between the original and relaxed energy den-

sities is illustrated in Figure 4.3 for a neo-Hookean material. It is straightforward to

show that the relaxed energy M∗ is an increasing function of (λ1,λ2), see Figure 4.3.

It can be seen that for any given value of E there exists a region DE in the plane of

principal stretches (λ1,λ2) whose points are completely taut, in the sense that s∗1/2 ≥ 0

[De Tommasi et al., 2011, De Tommasi et al., 2012]. As the voltage is increased,

this region shrinks down until it collapses to a critical point. Since the region DE is

symmetric about the line λ1 = λ2, the critical point represents an equibiaxial state of

deformation (λ1,λ2) = (λ∗,λ∗). Thus, by finding the maximum value of E that solves

ν(λ∗,E) = λ∗, that is, the maximum of the function

E =

√
λ6 − 1

λ4
,

we obtain

E = Ew
cr =

√
3

24/3
= 0.687. (4.35)

It is interesting to compare this result with the outcomes of the Hessian criterion,

proposed in [Zhao and Suo, 2007]. The latter identifies electromechanical instability

with the loss of positive definiteness of the Hessian matrix of the free energy

Ω∗(λ1,λ2,D`) =
µ

2
(λ2

1 + λ2
2 + λ−2

1 λ−2
2 − 3) +

1

2ε

(
D`

λ1λ2

)2

(4.36)

where D`, the Lagrangian electric displacement, is related to E via

E =
1
√
εµ

D`

λ2
1λ

2
2

. (4.37)
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Figure 4.3: The membranal energy M given by (4.32)1 for a dielectric membrane whose
elastic part is neo-Hookean (red) and its relaxed energy M∗ (yellow), for various values
of the dimensionless applied electric field E. Above the critical value Ew

cr = 0.687,
where the membrane ceases to be completely taut (s∗1/2 ≥ 0), the energy M does not
possess minimisers.

For equibiaxial deformations, where λ1 = λ2 = λ, the Hessian matrix of (4.36) reads

H =


2µε(λ6 + 5) + 10D2

`

λ6ε

−4D`

λ5ε
−4D`

λ5ε

1

λ4ε

 . (4.38)

Upon substitution for D` in terms of E using (4.37), this matrix has determinant

det(H) = − 2µ

λ10ε
(3E2λ8 − λ6 − 5)

and thus becomes singular for

EH
cr =

√
5 + λ6

√
3λ4

. (4.39)

This critical curve intersects the homogenous loading curve for equibiaxial deformations

Ehom(λ) =
√
λ−2 − λ−8 at the electric field

EH
cr,equib =

√
3

24/3
= 0.687, (4.40)

which coincides precisely with (4.35): this highlights the fact that the Hessian criterion

is strongly related to the onset of wrinkling, a finding already obtained in [De Tommasi

et al., 2011, De Tommasi et al., 2012] by using similar arguments to the one adopted

here, and recently confirmed by an incremental approach to electroelasticity in [Su

et al., 2018].
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Figure 4.4: Electrically actuated VHB4905 membrane under equibiaxial dead loads; the
grey areas represent the conductive carbon electrodes. Left: the deformed membrane
at a voltage where no instability has yet occurred. Centre: the appearance of wrinkles,
which is almost immediately followed by the pull-in instability (right). Although the
proximity of the pull-in and wrinkling voltages evaluated through (4.35)-(4.41) refers to
the case where dead loads are absent, this sequence confirms that the same behaviour
holds in the presence of dead loads. Picture courtesy of Prof. T. Lu, Xi’an Jiaotong
University, P. R. China.

It is interesting to anticipate that the pull-in instability — which we will discuss in

the following section — is attained, for equibiaxially deformed states, when the electric

field reaches the value

ES
cr,equib =

√
2

32/3
= 0.679. (4.41)

The proximity of the voltages ES
cr,equib and Ew

cr,equib suggests that in equibiaxial deforma-

tions the wrinkling and pull-in instabilities should be very close. This proximity, here

deduced for unloaded membranes, is confirmed by experiments on dielectric membranes

equibiaxially stretched under the action of dead load tractions, where the appearance

of radial wrinkles is almost immediately followed by the onset of pull-in; see Figure

4.4. It should however be noted that while the proximity of wrinkling and pull-in is in

agreement with experiments, the hierarchy of instabilities is reversed with respect to

the experimental observations, since ES
cr,equib < EH

cr,equib.

4.4.2 Comparison with experiments

We now apply the relaxed energy approach to study the wrinkling of an annular dielec-

tric membrane with compliant electrodes undergoing out-of-plane deformations. The

onset of wrinkling in the same geometry, but without electric fields, was studied in

[Roxburgh et al., 1995] by exploiting the relaxation approach.

The interesting aspect of this application is that we can compare the theoretical
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outcomes with recent experimental results on the onset and progression of wrinkles on

a voltage controlled annular membrane [Mao et al., 2018a]. For the same geometry,

but referring to a different set of boundary conditions, we will later study the onset of

pull-in instability.

We assume that the reference configuration of the dielectric membrane is a 2D

annular region of internal radius A and external radius B. In axial symmetry, points

x = ReR in the reference configuration — where eR is the unit radial vector — are

mapped to points f (x ) = r(R)eR+z(R)k in the current configuration. If the membrane

is equibiaxially prestretched before actuation by an amount λp, the principal stretches

in the radial and hoop directions are

λ1 = λp
√
r′2 + z′2, λ2 = λpr/R (4.42)

where a prime denotes differentiation with respect to R. Equilibrium equations can be

obtained by perturbing the energy functional

E =

∫ B

A

2πRhM(λ1,λ2) dR−Wm (4.43)

where the work term is absent in the present setting of hard-device control, in which

both boundaries of the device are fixed.

To obtain the Euler-Lagrange equations from the energy (4.43), we perturb r(R)

and z(R) by introducing perturbations in each, so that, for example, r(R) is perturbed

to r(R) + εη(R), where ε� 1 and δr(R) = η(R) is an arbitrary perturbation in r(R).

Setting M̄ = RM for simplicity, the corresponding perturbation induced in M̄ is

δM̄(R, r + εη, r′ + εη′, z, z′) =
∂M̄

∂r
δr +

∂M̄

∂r′
δr′

= η
∂M̄

∂r
+ η′

∂M̄

∂r′
.

This induces a perturbation in the energy, which reads

δ

∫ B

A

2πhM̄dR = 2πh

∫ B

A

(
η
∂M̄

∂r
+ η′

∂M̄

∂r′

)
dR.
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Integrating the second term by parts yields∫ B

A

η′
∂M̄

∂r′
dR =

[
∂M̄

∂r′
η

]B
A

−
∫ B

A

η
d

dR

(
∂M̄

∂r′

)
dR.

Combining the integral terms gives

δ

∫ B

A

2πhM̄dR = 2πh

∫ B

A

η

(
∂M̄

∂r
− d

dR

(
∂M̄

∂r′

))
dR + 2πh

[
∂M̄

∂r′
η

]B
A

.

Then imposing stationarity of the energy, δE = 0, we have

∂M̄

∂r
− d

dR

(
∂M̄

∂r′

)
= 0, (4.44)

the usual Euler-Lagrange equation, together with

2πh

[
∂M̄

∂r′
η

]B
A

− δWm = 0. (4.45)

In the current setting of hard-device control, the boundaries are fixed such that η(A) =

η(B) = 0, and so with the work term absent the latter equation is trivial; in such cases

the boundary conditions are given by imposing values for r(A) and r(B) explicitly. For

the alternative case of soft-device control considered later, one of the boundaries is not

fixed, and the second equation yields a non-trivial relation for the work required for the

perturbation.

An identical calculation for z gives a second set of equations, and thus the Euler-

Lagrange equations of (4.43) are

∂M̄

∂r
− d

dR

(
∂M̄

∂r′

)
= 0,

∂M̄

∂z
− d

dR

(
∂M̄

∂z′

)
= 0. (4.46)

It is useful at this point to recast the Euler-Lagrange equations into a more useful

form in terms of the Piola-Kirchhoff stresses

s1 =
∂M̄

∂λ1

, s2 =
∂M̄

∂λ2

,
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in the radial and hoop directions, respectively, for the non-wrinkled region and

s∗1 =
∂M̄∗

∂λ1

, s∗2 =
∂M̄∗

∂λ2

,

for the wrinkled region. Guided by experience, we know that in this problem the

wrinkles appear in the hoop direction, so that s∗2 = 0, and furthermore that such

wrinkles will start from the internal rim R = A, as observed in the experiments shown

in Figure 4.5. For this reason, we denote by R∗ the phase boundary between the

wrinkled and non-wrinkled regions, so that the region (A,R∗) is wrinkled whereas the

region (R∗,B) is not. Writing

M̄ = RM(R, r, r′, z′) = RM̃(λ1,λ2)

we have

∂M

∂r
= R

(
∂M̃

∂λ1

∂λ1

∂r
+
∂M̃

∂λ2

∂λ2

∂r

)
= λps2

and

∂M

∂r′
= R

(
∂M̃

∂λ1

∂λ1

∂r′
+
∂M̃

∂λ2

∂λ2

∂r′

)
= λ2

pRs1
r′

λ1

.

Then the Euler-Lagrange equation in r for the non-wrinkled region becomes

d

dR

(
λps1Rr

′

λ1

)
= s2, R ∈ (R∗,B), (4.47)

while for the wrinkled region, where s∗2 = 0, we have

d

dR

(
s∗1Rr

′∗

λ1

)
= 0, R ∈ (A,R∗). (4.48)

The corresponding equations in z are obtained similarly, and read

d

dR

(
s1Rz

′

λ1

)
= 0, R ∈ (R∗,B) (4.49)
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for the non-wrinkled region, and

d

dR

(
s∗1Rz

′∗

λ1

)
= 0, R ∈ (A,R∗) (4.50)

for the wrinkled region.

The equations (4.47)-(4.50) are a set of coupled ordinary differential equations for the

unknown fields (r, z) and (r∗, z∗) in the non-wrinkled and wrinkled regions, respectively.

Further simplification is possible in the wrinkled region by integrating equations (4.48)

and (4.50) with respect to R and taking their quotient. This gives

z∗′ = kr∗′ (4.51)

where k is an unknown constant. This confirms the well-known fact that in the ab-

sence of internal pressure, the meridians of the wrinkled membrane are straight lines

[Roxburgh et al., 1995], and it is consistent with the analysis of [Mao et al., 2018a] for

electrically active membranes, as can be seen in Figure 4.5. Boundary conditions for

the coupled problem (4.47)-(4.50) are, at the outer and inner rims,

r∗(A) = A, r(B) = B, z∗(A) = z0, z(B) = 0 (4.52)

where z0 is a prescribed displacement of the internal rim. To these we append continuity

conditions at the phase boundary R = R∗,

JrK = 0, JzK = 0,
rz′

r′

z
= 0, Js1K = 0, (4.53)

where the notation J·K denotes a discontinuity in the corresponding quantity. For each

value of the voltage, the unknown value of R∗(V ) is determined by checking iteratively

that s2(R∗) = 0 on the side of the non-wrinkled region. The numerical simulations,

carried out using the Matlab bvp4c routine, result in the profiles represented in Figure

4.6. Consistent with the experimental findings of [Mao et al., 2018a], our predictions

show that wrinkles first appear at a specific value of voltage at the internal rim and

then, as the voltage is increased, they progress towards the external one.
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Figure 4.5: Experimental results of [Mao et al., 2018a], demonstrating the occurrence of
wrinkling beginning from the lower rim at R = A, and moving upwards with increasing
voltage towards the outer rim at R = B. The corresponding theoretical results are
displayed in Figure 4.6.

4.5 Electroelastic stability

Formulations of the energy involving only the first derivative of the deformation describe

membranes which have no bending stiffness, and this can lead to problems where the

energy functional lacks minimisers [Hilgers and Pipkin, 1992]. This can be remedied by

two approaches: either replacing the density by a relaxed energy density, as outlined in

the previous section, or by using a strain energy function which depends both on the first

and second derivatives of the deformation. In this case, energy minimisation problems

will have solutions if the strain energy function is quasiconvex in its dependence on the

second derivatives [Ball et al., 1981]. Thus the form of the energy given at the end of

the previous section belongs in this category if the higher order terms are retained.

In the regularization approach, the question of existence of minimizers is dealt with

by shifting the focus from the local term M to the non-local term Q = S+B, see [Hilgers

and Pipkin, 1992, Hilgers and Pipkin, 1996]. If we note that the fields ∇λ3, gradλ3 and

L are functions of the vectors ga = Gea and their gradients ga,b = (∇ga)eb, where

a, b = 1, 2 and where (e1, e2) are a couple of orthogonal unit vectors in Σ, by treating

voltage as a controlled parameter the regularised electroelastic energy (4.30) can be
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Figure 4.6: Theoretical profiles of the annular membrane under voltage control, ob-
tained by using the relaxed energy M∗. The dotted curves in the three frames corre-
spond to the non-wrinkled profile with V = 0 kV. The red solid and blue solid curves
describe the non wrinkled and wrinkled regions, respectively. Here the thickness is
h = 0.5 mm, the inner and outer radii are A = 1 cm and B = 4 cm, respectively, the
vertical displacement of the inner rim is z0 = 9 cm, the shear modulus is µ = 26.28 kPa,
and the permittivity is ε = 4.16 × 10−11 F/m, corresponding to the experiment shown
in Figure 4.5.
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recast as

ψ(ga, ga,b) = hM(ga) + h3Q(ga, ga,b). (4.54)

where Q = S +B is a quadratic form of ga,b.

Electroelastic stability of the regularised model is assessed by the requirement that

the non-local term satisfies the strong ellipticity condition [Hilgers and Pipkin, 1996,

Hilgers and Pipkin, 1992]

d2

dt2
Q(ga, ga,b + tuvavb)

∣∣∣∣
t=0

> 0 for all u 6= 0 and va 6= 0. (4.55)

This is also known as the Legendre-Hadamard material stability condition.

4.5.1 Convexity and existence of minimisers

It is known that minimisers of Q exist when the function is convex in the second

derivative term ga,b. We now show this explicitly for the energy given in (4.32), by

considering the convexity of S and B separately, deriving conditions on the electric

field E which ensure that S, B, and thus Q are convex in ga,b.

To discuss the implications of the stability requirement (4.55), we assume that

B1/2 has eigenvalues (λ1,λ2) and that (κ1,κ2) are the eigenvalues of L. We further

assume that B and L are coaxial, which is satisfied in particular for axially symmetric

membranes. In this case, the stretching and bending energies may be recast as
S =

1

12

(
(W ′

0 −
3

4
µE2λ2

2)λ2
3,1 + (W ′

0 −
3

4
µE2λ2

1)λ2
3,2

)

B =
1

12

(
κ2

1

λ2
2

(
W ′

0 + 2W ′′
0 λ

2
1

)
+
κ2

2

λ2
1

(
W ′

0 + 2W ′′
0 λ

2
2

)
+ κ1κ2

(
4W ′′

0 − 3
2
µE2

)) (4.56)

where the λ3,a (a = 1, 2) are derivatives of the function λ3 in the direction of the

principal directions of GTG. Next, we use the incompressibility condition λ3 = α
−1/2
0 ,

with α0 = |g1 × g2|2, to obtain

λ3,1 = −α−1/2
0

(
(g1,1 × g2) + (g1 × g2,1)

)
· n ,

λ3,2 = −α−1/2
0

(
(g1,2 × g2) + (g1 × g2,2)

)
· n ,

where we have used the definition of the normal vector, n = (g1 × g2)/α
1/2
0 . Thus we
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can write the stretch-gradient term as

S =
α0

12

{
(W ′

0 −
3

4
µE2λ2

1)[(g1,1 × g2 + g1 × g2,1) · n ]2

+(W ′
0 −

3

4
µE2λ2

2)[(g1,2 × g2 + g1 × g2,2) · n ]2
}

The Legendre-Hadamard material stability condition for convexity of S in ga,b reads

[Hilgers and Pipkin, 1992, Hilgers and Pipkin, 1996]

d2

dt2
S(ga,b + tuvavb)

∣∣∣∣
t=0

≥ 0 for all u 6= 0, v 6= 0.

To obtain the critical value of E above which this condition is violated, we check each

of the corresponding expressions for a, b = {1, 2}1 with g1 and g2 fixed, and find that

the condition is satisfied for values of E satisfying the inequalities

W ′
0 −

3

4
µE2λ2

1 ≥ 0 and W ′
0 −

3

4
µE2λ2

2 ≥ 0. (4.57)

Thus we conclude that the stretch-gradient energy density S satisfies the Legendre-

Hadamard condition provided that

E < ES
cr =

2√
3

√
W ′

0

µ
min

(
1

λ1

,
1

λ2

)
. (4.58)

If this condition is satisfied, the occurrence of thinning inhomogeneities in the membrane

is energetically unfavoured.

We next consider the bending energy term B. Defining the bending moments as

Ma = Kabκb, the tangential bending stiffness tensor Kab = ∂2B/∂κa∂κb is given by

Kab =
1

12

(
2(λ−2

2 (W ′
0 + 2W ′′

0 λ
2
1)) 4W ′′

0 − 3
2
µE2

4W ′′
0 − 3

2
µE2 2(λ−2

1 (W ′
0 + 2W ′′

0 λ
2
2))

)
, (4.59)

Since a second-order tensor is always positive definite if its determinant is positive, we

have that Kab is positive definite if

4

λ2
1λ

2
2

(W ′
0 + 2W ′′

0 λ
2
1)(W ′

0 + 2W ′′
0 λ

2
2)− (4W ′′

0 −
3

2
µE2) > 0, (4.60)

1Since g1,2 = g2,1, the inequalities for both are equivalent.
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which is satisfied as long as

E < EB
cr =

2√
3µ

√
2W ′′

0 ±
√

(W ′
0 + 2λ2

2W
′′
0 )(W ′

0 + 2λ2
1W

′′
0 )

λ1λ2

. (4.61)

Since the Hessian of B may be interpreted as a tangential bending stiffness of the

membrane, as long as (4.61) is satisfied the term B plays a beneficial stabilization effect

relative to out-of-plane deformations of the membrane. This is particularly important

during the onset of wrinkling instabilities.

It is now interesting to establish a comparison between the two critical voltages

determined above. In order to do so, we assume that W ′′
0 = 0, which is possible if

W ′
0 = µ/2, as is the case for neo-Hookean elastic materials. Suppose, without loss of

generality, that λ1 ≤ λ2, so that 1/λ1 ≥ 1/λ2. Then we have that

1

λ1λ2

≥ 1

λ2
2

so that the inequality
1√
λ1λ2

≥ 1

λ2

= min

(
1

λ1

,
1

λ2

)
holds, with equality if and only if λ1 = λ2. Thus we have

EB
cr =

√
2

3

1√
λ1λ2

≥ ES
cr =

√
2

3
min

(
1

λ1

,
1

λ2

)
. (4.62)

This expression shows that convexity of S in ∇λ3 implies convexity of B in L. In

particular, the two critical voltages coincide only for equibiaxial deformations, for which

λ1 = λ2. Thus, as long as E < ES
cr, the the whole term Q = S+B is a positive quadratic

form of ga,b, and for this reason below ES
cr the membrane is always stable — regardless of

whether or not it is wrinkled. This finding is consistent with the ubiquitous experimental

observation that the occurrence of wrinkles does not, per se, induce instability. Rather,

wrinkles are stable as long as the pull-in voltage is not reached.

If we instead consider the Legendre-Hadamard condition for B, neglecting the W ′′
0

term for simplicity, the Legendre-Hadamard condition reads

d2

dt2
B(ga,b + tuvavb)

∣∣∣∣
t=0

≥ 0 for all u 6= 0, v 6= 0.
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To proceed, we first note that

B · L2 = tr(BL2) = tr((∇n)T∇n)

= n2
1,1 + n2

2,1 + n2
3,1 + n2

1,2 + n2
2,2 + n2

3,2

= n2
,1 + n2

,2,

where the ni are the components of n . Then, writing the Gaussian curvature as

K =
(n ,1 × n ,2) · n

α0

,

where

n ,β =
g1,β × g2 + g1 × g2,β − ([g1,β × g2 + g1 × g2,β] · n)n

α0

,

we have

d2

dt2
B
(
g1,1 + tuv2

1

) ∣∣∣∣
t=0

=
1

6
λ2

3W
′
0α
−2
0 v4

1(|u × g2|2 − [(u × g2) · n ]2).

Now, decomposing u as

u = α1g1 + α2g2 + (u · n)n , (4.63)

we have
[(u × g1) · n ]2 = α2

2α
2, |u × g1|2 = α2

2α
2 + (u · n)2|g1|2,

[(u × g2) · n ]2 = α2
1α

2, |u × g2|2 = α2
1α

2 + (u · n)2|g2|2,
(4.64)

so that
d2

dt2
B(g1,1 + tuv2

1)

∣∣∣∣
t=0

=
1

6
λ2

3W
′
0α
−2
0 v4

1(u · n)2|g2|2,

which is always non-negative. By symmetry we obtain

d2

dt2
B(g2,2 + tuv2

2)

∣∣∣∣
t=0

=
1

6
λ2

3W
′
0α
−2
0 v4

2(u · n)2|g1|2,

which is similarly non-negative. Since g1,2 = g2,1 it suffices to check the final condition,

d2

dt2
B(g1,2 + tuv1v2)

∣∣∣∣
t=0

≥ 0 for all u 6= 0, v 6= 0.
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Evaluating the left-hand side gives

d2

dt2
B(g1,2 + tuv1v2) =

1

6
α−2

0 v2
1v

2
2

[
W ′

0λ
2
3

{
(|u × g1|2 − [(u × g1) · n ]2)

+ (|u × g2|2 − [(u × g2) · n ]2)
}

− 3

2
µE2α−1

0 [(u × g1)× (u × g2)] · n
]
.

Using the relations (4.64), and noting that [(u × g1) × (u × g2)] · n = α0(u · n)2, we

obtain

d2

dt2
B(g1,2 + tuv1v2) =

1

6
α−2

0 v2
1v

2
2(u · n)2

[
W ′

0λ
2
3(|g1|2 + |g2|2)− 3

2
µE2

]
.

Then noting that |g i| = λi and using incompressibility, we obtain that B satisfies the

Legendre-Hadamard condition provided that

W ′
0

(
1

λ2
1

+
1

λ2
2

)
− 3

2
µE2 ≥ 0,

from which we obtain that the expression for the critical electric field arising here is

E < EBLH
cr =

√
2W ′

0

3µ

√
1

λ2
1

+
1

λ2
2

. (4.65)

Now, since

min

(
1

λ2
1

,
1

λ2
2

)
≤ 1

2

(
1

λ2
1

+
1

λ2
2

)
,

we have

ES
cr =

2√
3

√
W ′

0

µ
min

(
1

λ1

,
1

λ2

)
≤ EBLH

cr =

√
2W ′

0

3µ

√
1

λ2
1

+
1

λ2
2

. (4.66)

Thus, as long as E ≤ ES
cr, the term Q = S + B satisfies the Legendre-Hadamard

condition. Finally, we note that EBLH
cr can be written

EBLH
cr =

2√
3

√
W ′

0

µ

√
1

2

(
1

λ1

− 1

λ2

)2

+
1

λ1λ2

,
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from which it is immediately clear that

EBLH
cr ≥ EB

cr =
2√
3

√
W ′

0

µ

√
1

λ1λ2

.

Thus we have established that

ES
cr ≤ EB

cr ≤ EBLH
cr ,

which means that imposing convexity of B(κ1,κ2) in the principal curvatures, given

in general by (4.61), represents a stronger requirement than that arising from the

Legendre-Hadamard condition for B.

4.6 Energy regularization and electroelastic stabil-

ity

The onset of instabilities in the membrane can be detected by checking the loss of

convexity of the regularization term Q. More specifically, when the stretch gradient

term S becomes a non-convex function of ∇λ3, the term Q becomes a negative definite

quadratic form, violating the stability requirement. This can be easily seen by noting

that if E > ES
cr and if local values of B and L are fixed, so that the bending energy B in

(4.32)3 is fixed as well, then the stretching term S can be made negative by increasing

the magnitude of ∇λ3. Thus, above the critical voltage, the regularization role of higher

order terms is lost, and the onset of inhomogeneous deformations is not energetically

penalised. We thus identify the thinning instability with the attainment of the critical

electric field ES
cr.

To assess the predictive power of our theoretical estimates for a system undergo-

ing out-of-plane, inhomogeneous deformations, we consider another experiment, con-

ducted on the same geometry discussed before. In particular, Zhang et al. [Zhang

et al., 2016] have studied the state of deformation of an electrically actuated annular

membrane with conductive hydrogels, and they have carefully measured the onset of

thinning instabilities. This differs from the previously considered experiment in that

the boundary condition at z(A) is not operative and a work term is present, which here

reads Wm = z(A)F where F is the resultant force. The corresponding perturbation is

δWm = Fξ(A), where ξ(R) is the perturbation in z(R), that is, δz(R) = ξ(R). Since
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(a) unactuated state

(b) actuated state before wrinkling

(c) actuated state before breakdown

Figure 4.7: Experimental setup of Zhang et al. [Zhang et al., 2016]; an annular dielectric
membrane is laterally prestretched, the outer and inner radii fixed at 7.5 mm and 20 mm
respectively, and the faces coated with hydrogel electrodes. A vertical downward force
is applied at the inner rim, and the behaviour of the system upon application of a
voltage is such that the inner rim moves vertically downwards.
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Table 4.1: Comparison of experimental, theoretical and empirical (4.68) voltages.

λp Experimental Theoretical % error Empirical % error

2 9795 V 10205 V 4.18 10319 V 5.3
3 6750 V 6378 V 5.51 6940 V 2.81
4 5164 V 4783 V 7.37 5291 V 2.46

the energy density does not depend on z′′, we obtain from an equation analogous to

(4.45) the boundary condition
∂M̄

∂z′

∣∣∣∣
R=A

=
F

2hπ
, (4.67)

in addition to the conditions r(A) = A, r(B) = B, and z(B) = 0 given previously.

To describe the elastic behaviour of the membrane we again use a neo-Hookean

model. For simplicity, in our calculations we neglect the stiffness of the hydrogel con-

ductive electrodes, as this is an order of magnitude smaller than the stiffness of the

dielectric elastomer, and we tune one single value, the shear modulus of the dielectric,

to reproduce the loading curves at different prestretch values. Our results, given in

Table 4.1 and represented in Figure 4.8, show that the our theoretical predictions are in

very good agreement with the experimental data, with an error ranging from 4.18% at

low prestretch to 7.37% at higher prestretch. The lower accuracy at higher prestretch

may be attributed to the inadequacy of the neo-Hookean model to accurately describe

the elastic response of the elastomer on a wide range of deformations.

Another interesting comparison is the one between our estimates for the thinning

instability and the empirical formula for dielectric breakdown proposed by Huang et al.

[Huang et al., 2012b]. For the type of VHB silicone used in the experiments on annular

membranes considered above, in [Zhang et al., 2016] the expression

EB = 21.5(λ1λ2/h)0.56 (4.68)

is given for the electric breakdown field. This quantity, the breakdown voltage divided

by the current thickness, is used to obtain the empirically predicted breakdown volt-

ages given in Table 4.1, which compares the resulting predicted breakdown values with

experimental values, and with our predicted breakdown values. The error in both cases

is comparable, suggesting that our theoretical breakdown prediction offers a viable al-

ternative to the empirical formula. As remarked previously, the error in our prediction

increases with increasing prestretch, while the error in the empirical prediction appears

not to depend on prestretch.
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Figure 4.8: Actuation vs. voltage for the experiments reported in [Zhang et al., 2016]
and shown in Figure 4.7, where the parameter values are h = 1 mm, F = 0.89 N,
ε = 3.54 × 10−11 F/m, A = 7.5 mm, B = 20 mm. The value of the shear modulus
µ = 36 kPa is chosen to match the experimental data.
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Figure 4.9: Membrane cross-section profiles at various voltages for λp = 2, 3, 4, with
the same parameter values as those given in Figure 4.8.

4.7 Conclusion

We have shown in this chapter that the regularization and relaxation approaches to

analysing equilibrium configurations offer a valid model for predicting the wrinkling and

breakdown behaviour of thin dielectric elastomers. The onset and evolution of wrinkled

regions can be accurately predicted using tension-field theory, and these predictions

can be readily compared with experimental results for simple geometries. We have also

demonstrated the role played by bending stiffness in regularizing wrinkled states and

mitigating the occurrence of breakdown. Our prediction for the occurrence of the pull-

in instability is valid at low stretches and shows good agreement with experimentally-

measured breakdown voltages. For both wrinkling and thinning breakdown instabilities,

we have shown that our theory is valid and accurate for axially symmetric configurations

when compared with experiments.

We remark that our analysis should be confined to small stretches, where the as-

sumption that the material can be described as an ideal neo-Hookean dielectric is valid.

Furthermore, our results are valid upon restriction of the membrane deformation by

the linear ansatz (4.8). While, as we have discussed in this chapter, we are aware of
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the limitations of this assumption, we must acknowledge that a fully consistent and

rigorous analysis of the pull-in instability by more rigorous means still remains a chal-

lenging open problem, which we leave for future studies. Further analysis, considering

alternative constitutive behaviours, would also be a useful extension of the present work

and may improve the predictive power of the model.

Our approach for the description of wrinkling may be fruitful in studying the coex-

istence of phases with multiple patterns of wrinkled states [Godaba et al., 2017], [Mao

et al., 2018b] under voltage control. In problems where thick and thin regions may

coexist [Zhao et al., 2007, An et al., 2015, Huang and Suo, 2011], we envisage that

the stretch-gradient term S may be crucial to provide pattern regularisation below the

pull-in voltage — see [Deseri and Zurlo, 2013], for example. Other interesting avenues

for future studies include assessing if pull-in can be delayed by a judicious choice of

boundary conditions, as proposed in [Yang et al., 2017] for example, or extending the

analysis to the dynamical case, see [Lancioni and Tomassetti, 2002, Podio-Guidugli and

Tomassetti, 2001], for example.

The theory outlined in this chapter, of membrane breakdown based on the loss of

convexity of stretch-gradient and bending energy densities, will be futher developed

and exploited in Chapter 5, where we extend these ideas to the domain of biological

membranes. For biomembranes, the destabilising role of the electric field is replaced

by a density of proteins binding to the membrane surface; a critical ratio of bound

peptides to membrane lipids is shown to predict with reasonable accuracy the biological

phenomenon of pore formation, a thinning instability in the language of our theory.
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Chapter 5

Pore Formation in Lipid Membranes

5.1 Introduction

In this chapter, we briefly consider some ideas towards applying the theory developed in

Chapter 4 to the modelling of biological membranes. Here, in place of the electric field,

a density of peptide proteins binds to the outer leaflet of the lipid bilayer. Motivated by

experimental evidence, we conjecture that the formation of pores in lipid membranes can

be explained by the reaching of a critical density of peptides binding to the membrane,

analogous to the critical electric field considered for dielectric membranes in the Chapter

4.

Cell membranes are typically described in the biophysics literature as a fluid mosaic,

consisting principally of a biliayer of lipids, with various proteins embedded therein

[Singer and Nicolson, 1972, Nicolson, 2014]. Whilst there are a myriad of different

proteins performing distinct functions on the membrane at any time, a large class

of these, known as host-defense antimicrobial peptides, perform a similar function in

modulating cell defence [Brown and Hancock, 2006]. Of these, melittin has received

significant attention as a representative model for pore-forming peptides. Depending

on its concentration in the surrounding solution, it can induce transient or stable pores,

with higher concentrations causing the membrane to disintegrate entirely, leading to

cell lysis [Tosteson et al., 1985].

For low concentrations, melittin proteins bound to the lipid bilayer typically lie

parallel to the membrane midsurface, within the region occupied by the head-group of

lipids in the outer leaflet of the bilayer, as shown in Figure 5.1 (a). Thus an initially

flat bilayer must develop a spontaneous curvature to maintain alignment with the unde-

formed inner leaflet of the bilayer. It has previously been shown that peptides such as
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(a) Cross section of lipid membrane interacting with peptides: at low peptide concentrations
(left), the peptide (purple) lies in the outer leaflet of the bilayer and may induce local thin-
ning deformations of the membrane; at higher concentrations, peptides localise to form a
transmembrane pore (right); adapted from [Lee et al., 2010].

(b) Depending on the properties of the lipids and peptides, the pore may take two forms,
referred to in the literature as the barrel-stave model (left) and the toroidal model (right);
adapted from [Qian et al., 2008].

Figure 5.1: Schematic of pore formation in a lipid membrane interacting with peptides.

melittin may be stable at the edge of a lipid bilayer, and thus the creation of membrane

edges may be facilitated by the presence of such proteins [Terwilliger et al., 1982]. It is

the presence of these edges that allow formation of pores in the membrane. Depending

on the properties of the specific peptide-lipid system under consideration, the type of

pores formed are divided into two main categories, barrel-stave and toroidal pores; see

Figure 5.1 (b).

It is generally agreed in the experimental literature that mellitin binds to the bilayer

first, and then reorientates into a transmembrane configuration [Almeida and Pokorny,

2009]. At low concentrations, melittin adopts a parallel configuration, with the fraction

of peptides in the transmembrane configuration increasing with increasing peptide con-

centration [Huang, 2006]. It has however been suggested that melittin binding parallel

to membrane surface and direct perpendicular insertion may be competing processes

[Van Den Bogaart et al., 2008]. Experimentally, the effect of melittin on the membrane

may be observed by immersing lipid vesicles in a solution containing melittin, with the

membrane area increase observed to be proportional to amount of melittin binding
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[Lee et al., 2013].

Mechanically, it has been suggested based on experimental observations that peptide-

bilayer binding creates an internal membrane stress, or internal membrane tension,

which causes membrane thinning, with the induced tension being sufficiently large to

cause pore formation for suitably high peptide concentrations [Huang et al., 2004].

Upon formation of a pore, a fraction of peptides are transferred from the outer bilayer

leaflet to the pore rim, which causes a reduction in surface tension, stabilising the pore.

A simple mathematical justification for the stabilising role of peptides follows from

considering the pore energy in a bilayer composed purely of lipids, given by [Lee et al.,

2004] as

E = γ2πR− σπR2,

where the first term represents the free energy cost of creating a rim on the edge of

a pore of radius R with line tension γ, and the second represents the work done by

a membrane tension σ in creating a pore of area πR2. It follows from this that the

energy has a maximum at R = γ/σ, so that a pore in a bilayer composed only of lipids

is never stable: if R < γ/σ the pore will close, while R > γ/σ means the pore radius

will continue to expand. Thus pore-inducing peptides must act so as to create a stress

in the membrane which causes pores to open, and then act to stabilise these pores.

Lee et al. [Lee et al., 2004] have given an expression for the free energy change

caused by peptide binding, which, normalised to per-lipid, reads

∆F = −εsρ+
1

2
KA(A2

P/AL)ρ2, (5.1)

where εs is the binding energy per peptide, ρ = P/L is the peptide-to-lipid ratio,

AP and AL are the cross-sectional area of a peptide and lipid, respectively, and KA

is the bilayer stretch modulus. The expression (5.1) for the free energy change is

essentially the sum of binding energy and stretching energy terms. The values of the

parameters KA,AL,AP , as well as the thickness H of a purely lipid membrane, have

been determined experimentally for various proteins; some typical values are given in

Table 5.1 for the case of melittin interacting with DPhPC lipids.

Further analysis is possible based on considering the free energy change after pores

have begun to form. When the critical concentration is reached and pore formation

begins, a fraction φρ peptides are inserted in the bilayer perpindicular to the midsurface,

so that (1 − φ)ρ remain in the parallel state, with 0 ≤ φ ≤ 1. Consequently, the free
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Parameter Label Value
Stretching rigidity KA 240 pN/nm

Membrane thickness H 26.2 Å

Lipid cross section AL 91 Å
2

Peptide cross section AP 175Å
2

Critical peptide-lipid ratio ρ∗ 1/30

Table 5.1: Parameter Values for melittin and DPhPC, reported in [Lee et al., 2004]

energy change is modified to read

∆F = −εs(1− φ)ρ− εIφρ+ α[(1− φ)ρ+ βφρ]2 (5.2)

where we have set α = KAA
2
P/2AL, εI is the pore energy, and β accounts for the

difference in the thinning effect between a peptide in the parallel and perpindicular

state. The parameter β is required since less stretch is typically induced by a peptide

lying perpindicular to the membrane midsurface than that induced by a peptide in the

parallel state. Since the quantities εS, εI , α and β are fixed for a particular system,

the free energy change can be considered as a function of φ, ∆F = ∆F (φ). Thus the

system will behave so as to minimise the energy with respect to φ, that is, it must

satisfy ∂∆F/∂φ = 0. This gives

∂∆F

∂φ
= (εS − εI)ρ+ 2α [(1− φ)ρ+ βφρ] (β − 1)ρ = 0 (5.3)

The critical density ρ∗ at which pore formation begins corresponds to φ = 0, when all

of the peptides are still in the parallel state. Then setting φ = 0 in (5.3) gives

ρ∗ =
εS − εI

2α(1− β)
. (5.4)

In this framework, the instability occurs because the free energy change required when

a peptide binds to form a pore, −εI + σβAP , is less than the free energy change when

when the molecule binds to the surface, −εS + σAP . Thus at the critical density ρ∗,

these two free energies will be the same, provided that the tension at pore formation

σ∗ satisfies σ∗ = (KAAP/AL)ρ∗, which follows from the linear relationship between

membrane area expansion and tension [Lee et al., 2004]. The binding and pore energies

must be negative here, since binding, if it is to occur, must be energetically favourable,

so the free energy change must lower the overall free energy of the system.
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If instead the number of peptides is written as the sum P = PS+PI of the number of

peptides PS in the parallel state and the number PI participating in the pore formation,

and assuming that those participating in pore formation do not contribute to membrane

thinning, then the free energy per lipid of the system reads [Huang et al., 2004]

F = − εS(P − PI)/L︸ ︷︷ ︸
binding energy

− εIPI/L︸ ︷︷ ︸
pore energy

+
KAA

2
P

2AL

(P − PI)2

L2︸ ︷︷ ︸
stretching energy

.

If P is fixed, then minimising F with respect to PI gives

P − PI = P ∗S =
(εS − εI)LAL

KAA2
P

,

which is a constant – so P ∗S must be constant when peptides begin to participate in

pore formation, that is, no peptides bind in the outer leaflet parallel to the membrane

midsurface, so no further thinning occurs once pore formation commences.

5.2 Motivation

Whilst the foregoing theory gives a satisfactory explanation for the occurrence of pores,

it does not offer insight into the relationship between membrane thickness and peptide

binding. Moreover, there does not appear to be a comprehensive mechanical description

of the instability available in the literature. Although we do not present a full analysis

or theory for the mechanical instability here, the merits of this approach can be briefly

demonstrated by a kinematic example which demonstrates the relationship between

peptide binding and membrane thickness. Suppose we have a spherical lipid membrane

of radius R and membrane thickness H. The volume of the membrane is

4

3
π

(
R +

H

2

)3

− 4

3
π

(
R− H

2

)3

=
4

3
π

(
H3

4
+ 3HR2

)
. (5.5)

If peptides bind to the outer leaflet of the membrane in a dispersed manner, so that the

configuration remains spherical, this results in a membrane of radius r and thickness h,

so the volume of the membrane is

4

3
π

(
h3

4
+ 3hr2

)
.
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If the volume of the membrane is conserved, we obtain

r2 =
1

3h

(
H3 − h3

4
+ 3HR2

)
. (5.6)

Supposing that the total number of lipids in the reference configuration is NL and the

areal cross section of a lipid is AL, we have ALNL = 4πR2. Similarly, defining AP as

the cross-sectional area of a peptide and NP to be the number of peptides, we have

ALNL + APNP = 4πr2.

The total number of molecules in the system isN = NL+NP . This enables the definition

of χ = NP/N , the fraction of peptide molecules in the system, so that 1 − χ = NL/N

is the fraction of lipid molecules. Then we have that

ALNL + APNP

N
= AL(1− χ) + APχ =

4πr2

N
. (5.7)

Rearranging this gives

χ(AP − AL) + AL =
4π

N
r2, (5.8)

and substituting for r2 using (5.6) then yields

χ = χ(h) =
4π

3hN(AP − AL)

(
H3 − h3

4
+ 3HR2

)
− AL
AP − AL

. (5.9)

Thus the functional dependence of χ on h takes the form

χ(h) = c1h
−1 + c2h

2 + c3, (5.10)

where the ci are constants depending on the system. Furthermore, when there are no

peptides present in the system, the thickness should remain at the thickness value for

the purely lipid membrane, that is,

χ(h = H) = 0.
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Figure 5.2: Plot of dimensionless molar fraction χ(h) vs. thickness h, using (5.11)
and the parameter values given in Table 5.1, showing a satisfactory agreement with
experimental data extracted from [Lee et al., 2004]

Imposing this, we obtain a relation between N and R,

R =
1

2

√
ALN

π
or N =

4πR2

AL
,

and substituting the latter in (5.9) gives

χ(h) =
AL

AP − AL

(
1

3h

(
H3 − h3

4R2
+ 3H

)
− 1

)
. (5.11)

The values of the peptide and lipid cross sections AP and AL, and the reference thickness

H can be determined experimentally, and are given in Table 5.1 for the case of melittin

peptides binding to DPhPC lipids. Then by fixing R, we plot χ as a function of h,

with the result displayed in Figure 5.2. Whilst it can be seen that this fits to the

experimental data in a reasonable manner, it fails to capture the saturation behaviour

of the peptides, where the thinning reaches a plateau and pore formation commences

[Huang et al., 2004].

A more realistic model for this process, in addition to being capable of predicting
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the instability, should account for osmotic pressure within the membrane, and for the

mechanical behaviour of the lipids and peptides, perhaps by considering each phase

to have a neo-Hookean behaviour, or indeed by considering a more complex constitu-

tive behaviour. The consideration of the peptide-lipid system as a more sophisticated

mixture [Komura et al., 2004] might also yield useful insights. We envisage that the

foregoing will be a fruitful avenue for future research in this area.
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Chapter 6

Conclusion

This thesis has explored the mathematical modelling of membranes within a general

framework. We now summarise the main conclusions of the thesis and discuss some

potential avenues for future research.

6.1 Biological membranes

In Chapter 3, we derived equations describing the shape of biological membrane whose

energy depends on its mean and Gaussian curvatures, the stretch of its midsurface,

and the gradient of the stretch. These equations are derived in a fully general manner

without making any assumption on geometry or parameterisation, and thus may be used

in a wide range of applications. We have also shown how to specialise the equations to

a specific geometry, and thus how they may be used to predict and model the behaviour

of membranes, and possibly to then calibrate experimental results with the theory. As

a possible avenue for future research, it would also be interesting to apply this theory

to more complex geometries, requiring the use of more sophisticated methods such as

finite element methods.

We also presented in Chapter 5 some considerations for a model for the prediction

of peptide-induced pore formation in biological membranes. This phenomenon, which

has been the subject of widespread attention in experimental studies, does not appear

to have yet been studied comprehensively from a continuum mechanics perspective. An

extension of the ideas presented in Chapter 5 may thus result in a realistic and useful

model for the formation of pores in biological membranes. In particular, the consid-

eration of the elastic behaviour of the lipids and peptides and the formulation of the

problem as a more sophisticated mixture model might yield a more insightful expla-
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nation for the thinning behaviour observed in peptide-lipid systems, and furthermore

might assist in obtaining an explicit, mechanically-derived expression for the critical

peptide-to-lipid density at which pore formation commences.

6.2 Electroactive devices

In Chapter 4, we showed that the approaches described by regularization and relax-

ation of the membrane energy density provide an accurate model for the prediction

of wrinkling and breakdown phenomena exhibited by thin dielectric elastomers. The

predictions for wrinkling of these devices compare quite favourably with experimental

results for simple geometries, while the model predictions for the occurrence of thinning

instabilities shows good agreement with experimentally-measured breakdown voltages

at low stretches. In particular, we have demonstrated the validity and accuracy of our

theory for the case of axially symmetric configurations when compared with experi-

ments.

The analysis presented in Chapter 4, while valid at small stretches, is not appro-

priate for devices subjected to larger stretches. The assumption of a neo-Hookean

behaviour is, perhaps, simplistic, and thus a comparison with a Gent or Mooney-Rivlin

constitutive model might provide some further insights. The linear ansatz imposed on

the deformation of the membrane may also limit the accuracy of the model predictions,

and a more realistic description of the deformation might be useful in obtaining further

results.

It would also be useful in validating the model to consider differing geometries, either

on similarly symmetric geometries where the shape of the membrane is determined by

ordinary differential equations, or by attempting to extend the model to more general

geometries by using finite element methods, already an active research area within the

field of dielectric elastomer modelling [Qu and Suo, 2012, Park et al., 2012].
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