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Abstract 

Global environmental concerns and the increasing amount of power generated using 

gas turbines have led to the development of dry low emission (DLE) combustion systems 

to minimize the NOx and CO pollutants. Improvements in current emissions modelling 

approaches are essential to precisely calculate emissions and develop probabilistic 

emissions prediction tools for uncertainty quantification (UQ) studies. An accurate 

chemical kinetic mechanism for natural gas and NO chemistry is the basis of emission 

modelling. Rapid compression machines (RCMs) as laboratory instruments are widely 

used to develop chemical kinetic mechanisms in a same and much more controllable 

environment than actual gas turbine combustion system. However, a critical attribute of 

RCMs is temperature inhomogeneity which needs to be addressed. Because of the 

exponential dependence of rate constants on temperature, even minor departures from 

homogeneity can significantly complicate the interpretation of experimental results to 

develop accurate chemical kinetic mechanisms. Therefore, the first goal of this study is to 

predict temperature inhomogeneity and propose a framework for RCM testing campaigns 

to develop chemical kinetic mechanisms accurately. A simple and general framework is 

implemented to develop a correlation for temperature inhomogeneity in RCMs. A set of 

CFD simulations using three-dimensional large eddy simulation (LES) and two-

dimensional laminar model are then implemented to validate the developed correlation and 

propose the RCM testing campaigns. 

In addition, most of the available detailed deterministic models for emissions modelling 

are suitable for a single analysis and may be inappropriate for UQ studies since the 

computational costs can quickly become prohibitive. The computational cost is also a 

significant concern in traditional UQ methods due to many evaluations of the emissions 

prediction model. Therefore, the second goal of this study is to develop a novel and 
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computationally-efficient framework for UQ study of emissions in gas turbine combustion 

systems. Non-intrusive polynomial chaos expansion (NIPCE) based on point collocation 

method (PCM), Sobol sensitivity indices and first-order reliability method (FORM) are 

coupled with chemical reactor network (CRN) modelling approach in Python to develop 

the UQ-enabled emissions prediction tool. The UQ-enabled tool is then implemented on a 

high-pressure premixed burner and a swirl-stabilized premixed burner. The results show 

the capability of the developed framework as a computationally-efficient approach for UQ 

study.  
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1.1 Emissions Characteristics of Gas Turbine Combustion Systems 

Protecting the environment and reducing harmful emissions has been an important issue 

for the last several decades, due to the growth of power generation using gas turbines. The 

emissions from the exhaust of a power generation gas turbine consist of carbon dioxide 

(CO2), nitrogen oxides (NOx), carbon monoxide (CO), sulphur oxides (SOx) and unburnt 

hydrocarbons (UHC). CO2 contributes to global warming and can only be reduced by 

burning less fossil fuel. Thus, improvements in engine thermal efficiency not only reduce 

direct operating costs but also reduce emissions. The International Energy Agency (IEA) 

estimates that of all efforts required to deliver a 50% reduction in global CO2 emissions by 

2050, 7% will need to come from power generation efficiency [1]. According to the 

European Union (EU) targets and policy objectives, there is at least 27% energy efficiency 

increase by 2030 [1]. Current European gas turbine based plants operate at an average 

efficiency of 52%, while best available technology operates at above 60% efficiency [1]. 

General measures to improve efficiency include increasing turbine inlet temperature (TIT) 

and compressor pressure ratio in parallel with reducing cooling air reduction.  

Of the most significant pollutant emissions are CO and NOx.  Unlike SOx which is mostly 

unaffected by combustion reaction conditions and needs to be controlled by secondary 

measures, CO and NOx may be controlled by modification of the combustion process. CO 

reduces the capacity of the blood to absorb oxygen and, in high concentrations, can cause 

asphyxiation and even death. NOx can form smog and acid rain, as well as affect the 

formation of ozone in the atmosphere. The term NOx generically refers to the sum of mono-

nitrogen oxides NO and NO2 (nitric oxide and nitrogen dioxide). NOx is produced from the 

reaction of nitrogen and oxygen through several steps mainly from combustion, especially 

at high temperatures. The NOx emission level of gas turbine engines has continuously been 

reduced over the last few decades due to stringent gas turbine emissions regulations. Even 

though 25ppm NOx (corrected to 15% volume O2) is still accepted as an industry standard 

for gaseous fuels, more and more projects adopt 15ppm NOx as an emission target, and 

even single digit ppm NOx levels are now required for specific regions [1]. Legislation for 

https://www.iea.org/
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CO emissions has been less stringent, usually less than 100ppm CO is acceptable. In some 

cases, CO emission limits at base load have been put as low as those for NOx, i.e. 25ppm 

[1].  

There are several difficulties in controling combustor emissions due to its complexity 

and the presence of conflicting requirements. For example, while it is desired to have high 

combustion efficiency, which is attainable at maximum flame temperature, it conflicts with 

having low NOx emission levels. At low engine power settings where the flame 

temperature is not at its peak and mixing is weak, the CO emission is dominant. 

Furthermore, at high power settings, NOx emissions become dominant, as shown in Figure 

1.1 [2]. Such trade-off and others like reduced combustor volumes and CO2 emissions, 

make the design and modification of a combustion system challenging. 

 

Figure 1.1: Influence of primary-zone temperature on CO and NOx emissions 

[2]. 
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1.2 Approaches for Emissions Prediction 

If a combustion system is subject to emissions restrictions, reliable prediction tools are 

essential for design, optimization and development phases. Furthermore, the complexity of 

design and manufacturing require a comprehensive computational analysis before 

constructing the combustion system for further experiments. Computational fluid dynamics 

(CFD) has been used extensively for this reason. However, the complexity of large kinetic 

reaction mechanisms pose severe time penalties for detailed combustion simulations. 

Using CFD often takes advantage of simplified models that can predict temperature, 

velocity and fast reacting species' (such as CH4, O2) concentration with reasonable 

accuracy, while failing to predict the production of slower reacting species such as CO and 

NOx. An alternative method to compute the chemical kinetics is via a chemical reactor 

network (CRN). CRNs allow investigation of the concentration of slower forming species 

using detailed chemical kinetic mechanisms. Furthermore, improvements in current 

emissions prediction approaches are essential to developing a model to reduce the 

uncertainties and perform parametric studies for different combustion systems and 

operating conditions.  

A deterministic emission model using CFD or CRN gives a single solution for a certain 

set of input parameters, such as operating conditions and fuel composition. In real 

applications, these parameters are mostly uncertain for combustion systems, and the 

variability associated with them can have a substantial impact on the emissions [3]. 

Stochastic simulations are needed to assess the uncertainty in the solution and to achieve a 

certain level of robustness or reliability in the final design of combustion systems. 

Development of credible stochastic emission prediction tools requires effective and 

computationally efficient methods to model and propagate the input uncertainties, and 

sufficient testing on benchmark cases [3]. Uncertainty quantification (UQ) is used to 

characterize, propagate and analyze inherent uncertainty of inputs to the model. UQ 

assesses confidence in model predictions and allows resource allocation for fidelity 

improvements. UQ methods are becoming an essential aspect of the development and use 
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of computational simulations and modelling tools in industrial applications [4]. Using these 

techniques integrated with an emission modelling approach should be considered to 

develop a UQ-enabled emissions prediction tool. 

An advanced combustion system design not only requires an understanding of the NOx 

formation mechanisms, but also the exploration of the chemical interaction between the 

natural gas and NOx [5]. Therefore, an updated and accurate chemical kinetic mechanism 

for natural gas and NOx is essential for CRN modelling and emissions prediction. Besides 

a wide variety of natural gas compositions with a significant content of higher 

hydrocarbons, additional fuel gas mixtures such as syngas, hydrogen and biogas have come 

into the scene to address fuel flexibility for power generation and industrial applications. 

Additionally, liquid fuels remain to be of interest as backup fuels, and their compositional 

spectrum is increased by biomass-derived liquid products. The issue of fuel flexibility of 

gas turbines is strongly coupled with operational flexibility topics such as emissions and 

flame stability [1]. Therefore, fundamental combustion characteristics of these fuels need 

to be characterized to develop chemical kinetic mechanisms for CRN modelling. Rapid 

compression machines (RCMs) as laboratory instruments are widely used for studying the 

ignition properties of fuels and development of chemical kinetic mechanisms in a similar 

but much more controllable environment than the actual engine. The long test times that 

are characteristic of RCMs enable physical sampling and integration with a gas (NO/NO2) 

analyzer that allows time-resolved NOx measurements. By performing experiments in an 

RCM it is possible to isolate the chemical kinetic effects on NOx from the variety of other 

processes that are present in an actual engine. However, a critical attribute of RCMs is 

temperature inhomogeneity, which needs to be addressed. Because of the exponential 

dependence of rate constants on temperature, even minor departures from homogeneity can 

greatly complicate the interpretation of experimental results to develop accurate chemical 

kinetic mechanisms. Thus, there is a need to undrestand and reduce temperature 

inhomogeneity in RCMs.  
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1.3 Research Aims and Objectives  

The main aims of this work and their specific objectives are listed below: 

Aim 1: To ensure experimental reliability in RCMs. 

Objective 1.a: To develop a correlation to predict temperature 

inhomogeneity for RCMs using a simplified approach and a set of 2D 

laminar CFD simulations. 

Objective 1.b: To validate the developed correlation using a set of 3D 

LES simulations. 

Objective 1.c: To characterize the in-chamber velocity and temperature 

fields in the NUI Galway twin-piston RCM using 3D LES. 

Objective 1.d: To propose a computationally-efficient framework for 

RCM testing campaigns.  

            Aim 2: To develop a UQ-enabled emission prediction tool. 

Objective 2.a: To compare traditional and state-of-the-art methods for 

UQ study and propose a computationally-efficient framework in Python.  

Objective 2.b: To develop a framework to integrate emissions modelling, 

uncertainty characterization, uncertainty propagation, global sensitivity 

analysis and reliability analysis. 

Objective 2.c: To implement the framework on benchmark premixed 

burners that represent gas turbine combustion systems. 

Objective 2.d: To propose a systematic approach to construct CRN from 

CFD for emissions prediction in combustion systems. 

1.4 Thesis Outline 

Chapter 2 presents the results of two comprehensive literature reviews; one on numerical 

studies for characterization of flow field and temperature inhomogeneity in RCMs, and the 

other on emissions prediction tools and uncertainty quantification methods for gas turbine 

combustion systems.  
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Chapter 3 describes a method to develop a general framework for the computational 

prediction of temperature inhomogeneity in RCMs. Dimensional analysis and sensitivity 

analysis are performed to identify the most critical thermophysical and geometrical 

properties with regard to the temperature inhomogeneity based on a wide range of 

operating conditions for available RCMs in the literature. A subsequent parametric CFD 

study using 2D laminar model is then conducted to develop a generic correlation for 

temperature inhomogeneity. 

In Chapter 4, LES is conducted to resolve the 3D unsteady structure of turbulent flow, 

throughout compression and long post-compression times, at two representative operating 

conditions in the NUI Galway RCM.  The overall aims of this chapter are to (1) support 

operators of RCMs in ensuring that their devices achieve sufficient levels of in-chamber 

temperature homogeneity, and (2) validate the performance of the previously-developed 

correlation for temperature inhomogeneity in RCMs at different conditions. The rate of 

temperature drop inside the main chamber of NUI Galway RCM for performing NOx 

measurements at gas turbine operating conditions is calculated using the verified 

correlation.  

Chapter 5 describes methods for uncertainty quantification in Python using the sampling-

based method (SBM) and non-intrusive polynomial expansion (NIPCE) based on the point 

collocation method (PCM). The theoretical background for uncertainty analysis, sensitivity 

analysis and reliability analysis is presented in this section. Furthermore, the steps for 

uncertainty quantification of emissions in Python are described in this chapter. 

Chapter 6 presents the results of the developed UQ framework to quantify uncertainty in 

NOx emission due to the operating conditions and chemical kinetic properties in a high-

pressure premixed burner. A set of global sensitivity analyses is conducted on the 

benchmark case using these approaches, and the results are compared. The purpose of this 

comparison is to evaluate the performance of NIPCE-PCM approach as a computationally-

efficient method for UQ study. Saltelli’s sampling approach is used to calculate Sobol 

sensitivity indices in SBM and prediction of PCE coefficients using PCM method. 



1 Introduction 8 

 

 

Chapter 7 presents the uncertainty quantification of NOx and CO Emissions due to fuel 

composition and operating conditions in a swirl-stabilized premixed burner. A set of global 

sensitivity analyses is conducted on the benchmark burner. Furthermore, a method for 

reliability analysis is proposed and performed based on first-order reliability method 

(FORM) using the surrogate models developed by NIPCE-PCM approach to computing 

the probability of exceeding a threshold for the emissions due to input variability.  

Chapter 8 describes a proposed method to systematically construct and solve a CRN from 

a CFD simulation to predict emission using a detailed chemistry in Python. The method is 

implemented on Sandia Flame D as a benchmark case.  

Finally, Chapter 9 presents the discussion and conclusions of the work and makes 

recommendations for further studies. 

Ten papers have been published, presented or submitted to journals and conferences from 

the research in this thesis. Table 1.1 shows a link between the content of chapters in this 

thesis and the papers. 
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2.1 Introduction 

This chapter presents two comprehensive literature reviews; one on numerical studies 

for characterization of flow field and temperature inhomogeneity in RCMs, and the other 

on emissions prediction tools and uncertainty quantification methods for gas turbine 

combustion systems. The primary methods are also described, discussed and compared.  

2.2 Rapid Compression Machine (RCM) for Chemical Kinetic Studies 

The function of an RCM is to provide an environment of uniform, controllable pressure 

and temperature for investigating combustion characteristics of fuels and develop chemical 

kinetic mechanisms [6]. An RCM consists of a reaction chamber containing a piston which 

operates in a single rapid stroke to compress the gas mixture under study in an 

approximately isentropic process. In some RCMs, including the National University of 

Ireland (NUI) Galway machine [7] two pistons compress the gas charge symmetrically. 

Post-compression conditions consist of low to intermediate temperature and pressure are 

typically in the range 700–1200 K and 5-80 bar, and typical test times are in the region of 

1–200 ms [8]. These conditions are directly relevant to dry low emission (DLE) 

combustion systems of gas turbine engines [9]. 

Temperature homogeneity of the compressed gas is a critical attribute of RCMs. Because 

of the exponential dependence of rate constants on temperature, even minor departures 

from homogeneity can greatly complicate the interpretation of experimental results. 

However, it is inevitable that heat transfer to the piston and cylinder (which are typically 

close to ambient temperature) results in the formation of thermal boundary layers. To some 

extent, experimental results can be corrected for boundary-layer effects by theoretical 

calculations. A greater problem is caused by the interaction of the piston with the cylinder 

wall boundary layer. Slow-moving (relative to the cylinder) cool boundary-layer gas flows 

radially inward along the piston face, and a corner vortex is formed, which transports this 

gas away from the piston into the core (i.e., the region unaffected by direct boundary-layer 
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heat transfer) [10]. The cool gas mixes with compressed core gas in a complex flow field, 

leading to an inhomogeneous temperature field which cannot be easily predicted [11]. The 

impact of the corner vortex can be reduced or even eliminated by introducing an annular 

gap between the piston and cylinder, with a crevice of sufficient volume to contain much 

of the boundary-layer gas [12]. Various computational fluid dynamics (CFD) studies 

[7,13,14] have been conducted to investigate and optimize the operation of vortex 

suppressing crevices.   

2.3 RCM Studies in the Literature 

Computational fluid dynamics (CFD) simulation is an effective tool for comprehensive 

study of the aerodynamics and temperature inhomogeneity in RCM. So far, several CFD 

studies have been conducted to characterize flow fields for different RCMs, but the main 

focus has been on laminar and Reynolds Averaged Navier-Stokes (RANS) models, 

outlined in this brief overview. Refer to Goldsborough et al. [9] for a comprehensive review 

of advances in RCM studies. 

Lee et al. [12] performed CFD simulations that modelled flow as laminar to study the 

effect of a piston crevice design to suppress vortex formation. Würmel et al. [7] 

implemented CFD models to optimize the piston head crevice for the NUI Galway RCM 

and determined new factors that are important when optimizing the piston head crevice 

design. The authors implemented laminar and 𝑘 − 𝜀̅ turbulence models and found that the 

use of turbulence model had very little effect on simulation results. Mittal et al. [13] 

numerically and experimentally compared the resulting aerodynamics and temperature 

fields produced by creviced and flat pistons. Experiments were conducted using planar 

laser-induced fluorescence (PLIF) and CFD simulations conducted using laminar, 𝑘 − 𝜀̅ 

and re-normalisation group (RNG) turbulence models. Overall computational results 

showed that the features of aerodynamics were better predicted by laminar calculations in 

comparison with RANS turbulence models, while the actual aerodynamic pattern was 

expected to be somewhere in between the laminar and turbulent model predictions. Mittal 
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et al. [15] conducted CFD simulations using a laminar model for the ignition of n-heptane 

in an RCM with a creviced piston in order to assess the validity of the zero-dimensional 

modelling to predict ignition delay and negative temperature coefficient (NTC) behaviour. 

The authors showed that zero-dimensional simulated results may not always accurately 

predict total ignition delays under two-stage ignition conditions. Mittal et al. [14] studied 

performance of an RCM with a creviced piston over a range of operating conditions 

through laminar CFD simulations with systematic demonstration of the effects of 

compressed gas pressure, temperature, stroke length, and piston-end wall clearance on 

altering vortex formation and temperature homogeneity inside the reaction chamber. 

Simulated results showed that as compressed gas pressure was reduced, the temperature 

homogeneity deteriorated due to the combined effect of thicker boundary layer and 

increased flow velocities. Mittal et al. [16] experimentally studied autoignition of iso-

octane with and without crevice containment using a laminar model and showed that post-

compression induced mass transfer to the crevice can lead to considerably longer ignition 

delays. Bourgeois et al. [17] studied the autoignition of the iso-octane by comparing zero-

dimensional and RANS simulations of the Argonne RCM. The results indicated that 

turbulence may only exert a minor influence on the ignition delay time and RANS 

simulation results were similar to those of the zero-dimensional simulations. Bourgeois et 

al. [18] studied the concept of crevice containment (CC) to address the  issue of mass 

transfer between the reaction chamber and the crevice using CFD simulations coupled to 

detailed mechanisms of iso-octane and of n-heptane. Bourgeois et al. [19] also proposed 

an approach that can be applied as a certification of crevice design prior to any RCM 

experimental campaign. The authors observed that as soon as a critical mass was 

transported from the chamber to the crevice, the crevice fulfilled its role and guaranteed 

the temperature homogeneity of the core region. The authors proposed a method to predict 

this critical mass for any possible configuration as well as an easy method to assess whether 

a specific crevice volume ensures this critical mass to be effectively sucked from the 

chamber. Ben-Houidi et al. [20] experimentally studied the internal aerodynamics and 
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temperature distribution of a flat piston RCM using high-speed PIV and 2D PLIF. The 

results showed that a higher density level induces lower velocities in the vortices. Also, the 

comparison of the temperature and flow fields at end of compression (EOC) and 40 ms 

post-compression showed that vortices bring colder gases inside the chamber. 

Banaeizadeh [21] used Large Eddy Simulation (LES) to simulate non-reacting and 

reacting turbulent flow with flat and crevice pistons for the Michigan State University 

(MSU) RCM. It was shown that the in-cylinder temperature values were more uniform 

when the creviced piston was used. The results of this study were limited to the end of 

compression (EOC) and 5 ms post-compression. Lodier et al.  [22] used LES to simulate 

turbulence and combustion inside a compression machine described by Guibert et al. [23], 

in which a reactive mixture was rapidly compressed in a combustion chamber. The reactive 

mixture was passed through a converging section and a turbulence generating grid at the 

entrance to the combustion chamber. After comparing with experiments, the geometry used 

in the LES simulation was reduced by a factor of 4 and used for Direct Numerical 

Simulation (DNS). This downsizing was required due to the computational requirements 

of DNS. It was shown that three-dimensional vortex stretching plays a crucial role inside 

the chamber of compression machine. Schmitt et al. [24–27] used DNS to study the 

compression stroke in an engine-like geometry that was experimentally characterized by 

Morse et al. [28]. The authors provided highly detailed insight into the evolutions of 

velocity and thermal boundary layer structure [24], thermal stratification [25] as well as 

wall heat transfer phenomena [25,26] at a spatial and temporal resolution that cannot be 

obtained using current experimental methods. Mandanis et al. [29] used this DNS data to 

investigate the predictive capabilities of LES with respect to the wall heat transfer and 

thermal stratification during the compression stroke for the same geometry using STAR-

CD.  The results indicated that LES underestimates the wall heat flux and the thermal 

stratification in comparison with the DNS. 

Grogan et al. [30] emphasized that heat transfer and turbulence can significantly affect 

the character of the ignition process and obfuscate the interpretation of chemical kinetic 
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studies. By considering the competition between turbulent, chemical, and heat transfer 

effects, a regime diagram was developed in this study to guide RCM experiments. Ihme 

[31] studied potential sources of turbulence in an RCM, such as the filling process, corner 

vortices, boundary layer-generated turbulence, and turbulence production by compressive 

strain. The author developed a self-contained mathematical model that described the 

amplification of small-scale turbulence fluctuations during the RCM compression phase 

and the subsequent ignition process. The author emphasized that the relative contributions 

of potential sources of turbulence have so far not been experimentally quantified and are 

most likely dependent on facility design and operating conditions.   

2.4 Overview of Emissions Prediction Tools in the literature 

Global environmental concerns and the increasing amount of power generated using gas 

turbines has led to the development of Dry Low Emissions (DLE) combustion systems to 

minimize the emission rates of NOx, CO and unburned hydrocarbons. If combustion system 

is subject to emissions restrictions, reliable prediction tools are essential for design, 

optimization and development phases [2]. Improvement in current emissions prediction 

approaches is important to develop a model to reduce the uncertainties and perform 

parametric studies for different combustion systems and operating conditions. Several 

approaches are available to model gas turbine combustion system emissions. Emissions 

prediction tools are categorized as  (1) correlation-based (empirical or semi-empirical), (2) 

high-fidelity physics-based (CFD), and (3) hybrid methods [32]. Correlation-based models 

use experimental data obtained from combustor rigs, are valid for use within allowed 

ranges of operation, and are generally design-specific. Despite the continuous development 

of CFD methods and computational power, high-fidelity approaches require long set-up 

time and prohibitively high computational resources. CFD methods are considered to be 

the most detailed models used in the flow field analysis. Given the finite availability of 

computational resources, flow field fidelity is often prioritized over combustion chemistry 
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fidelity. Therefore, the combustion chemistry used in these CFD models is usually limited 

to a few species and elementary reactions instead of more detailed kinetic mechanisms. 

The third group of emission models is hybrid models, which is broadly defined as 

employing simplified physical and/or chemical models to analyze the flow field of a 

combustor or combustion process [32]. Hybrid models can be categorized into two 

approaches for flow field analysis. In the first approach, correlations are used in the 

component and flow field level and can be used independent of combustor type. Mattingly 

et al. [33] and Lefebvre and Ballal [2] provided comprehensive models to be used 

specifically in the conceptual design phase. In the second approach, CFD using simplified 

chemistry is used for the flow field analysis. Subsequently, the finite-rate combustion 

process is modelled using the CRN approach. This method is based on dividing the 

combustor into smaller zones in which physical and chemical characteristic variations are 

small. Each region can be replaced by a single or several simple elementary chemical 

reactors. The characteristics assigned to each reactor and its connections with other reactors 

depend on the flow field obtained from CFD. Therefore, CFD-CRN is a hybrid approach 

that combines high-fidelity internal flow analysis using CFD and high fidelity chemistry 

analysis using the CRN method. So far, the majority of reactor networks generated for 

practical combustion systems require the user to sometimes arbitrarily adjust very 

important factors like CRN construction and mass flow splits, to ensure compliance with 

experimental data. Therefore, development of a systematic and automatic approach to 

constructing a CRN using flow field information from CFD is important. Uncertainty 

quantification (UQ) is a field that has received much recent attention to characterize, 

propagate and analyze inherent uncertainty of inputs to the model. UQ methods are 

becoming an essential aspect of the development and use of computational simulation and 

modelling tools in industrial applications [4]. Due to uncertainties in the modelling of 

physical processes, probabilistic methods for uncertainty analysis are more prevalent than 

deterministic methods [34]. In general, the use of this technique integrated with a hybrid 
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modelling approach could be considered to develop a UQ-enabled hybrid emissions 

prediction tool.  

2.5 Flow field Modelling Approaches 

The first step in the development of a hybrid emissions prediction tool is flow field 

modelling. There are two main methods for this purpose: (1) component modelling and (2) 

CFD methods. Component modelling is mostly used in the conceptual design and 

preliminary sizing phase [32]. The second approach for internal flow field modelling is to 

use CFD that characterizes in detail the flow field inside combustion systems. The CFD 

method is mostly used for performance analysis and development of systems in which the 

main geometrical data of combustor is already characterized. Both approaches for flow 

field modelling, which are described in detail below, can be integrated with the CRN 

approach for detailed combustion chemistry modelling. 

2.5.1 Component Modelling Method 

In this approach, the combustion system is partitioned into smaller control volumes. The 

partitioning is based on pre-defined combustor elements, where each element is contained 

within a control volume. These elements correspond to different parts of the combustion 

system, such as the diffuser, swirler, injector, and primary, secondary and dilution zones. 

Sawyer [35], Mattingly et al. [33] and Lefebvre and Ballal [2] developed classical methods 

and approaches to be used in the component modelling approach, mainly for aeronautical 

applications. The advantage of this approach is in its modular characteristics, where 

components can be combined in various ways to resemble the configuration of the 

combustor type of interest. Each component is modelled separately using correlations and 

then all components are linked to form the whole combustor. Mavris [36] and Rezvani et 

al. [32] used this method to develop an emissions prediction and analysis tool for the 

conceptual design process. Their approaches used simplified physics-based and object-

oriented one-dimensional (1-D) flow models to provide simple, common procedures for 
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modelling different types of advanced combustors. The approaches provide the capability 

to perform design trade-offs at the conceptual level and to quickly predict emissions as the 

engine cycle and architecture are parametrically varied.  

2.5.2 CFD Method 

Many studies have been performed using CFD to characterize flow fields of gas turbine 

combustion systems [37–43]. For a fixed computational resource that forces a tradeoff 

between chemical and flow field fidelity, chemistry is usually simplified in CFD methods. 

The most well-known models used in turbulent reacting flow simulations are the fast-

chemistry models, in which the Damköhler number is assumed to be large, meaning the 

reaction time scale is much shorter than the flow time scale. Fast-chemistry models include 

the eddy break-up model (EBU) [44], eddy-dissipation model (EDM) [45], equilibrium 

model, steady diffusion flamelet model, and flamelet Generated manifold (FGM) model 

[46]. In the EDM, reaction rates are assumed to be controlled by turbulent mixing, so 

computationally expensive Arrhenius chemical kinetic calculations can be avoided and 

one- or two-step heat-release mechanisms are used. This model is suitable for a wide range 

of applications for combustion systems with premixed, non-premixed, or partially-

premixed flames [47]. In the flamelet model, turbulent flames are simulated using thin, 

laminar, locally one-dimensional flamelet structures. These laminar flamelets can be 

embedded in the turbulent flame brush using statistical probability density functions (PDF) 

methods. The steady diffusion flamelet model can be used for non-premixed applications 

and is limited to modelling combustion with relatively fast chemistry. The flame is 

assumed to respond instantaneously to aerodynamic strain, and therefore the model cannot 

capture deep non-equilibrium effects such as ignition, extinction, and slow chemistry like 

NOx formation. For partially-premixed combustion, the FGM model assumes that scalar 

evolution in a turbulent flame can be approximated by the scalar evolution in a laminar 

flame. In laminar flamelet and FGM models, species and temperature are parameterized 

using mixture fraction, scalar-dissipation and/or reaction-progress variables and solve 
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transport equations for these parameters in a 3D CFD simulation [47]. There are other 

models for detailed chemistry analysis in CFD simulation of reactive flows. These finite-

rate chemistry approaches include the laminar finite-rate model and the eddy-dissipation 

concept (EDC) model. In the laminar finite-rate model, the effects of turbulent fluctuations 

are ignored and reaction rates are determined by Arrhenius kinetic expressions. In the EDC 

model, detailed Arrhenius chemical kinetics can be incorporated into a turbulent flame, 

which makes this model computationally expensive. The unsteady diffusion flamelet 

model for non-premixed applications can predict slow-forming species, such as gaseous 

pollutants and it is more accurate than the steady diffusion flamelet model. In this model, 

computationally expensive chemical kinetics are reduced to one dimension, and the model 

is significantly faster than the laminar finite-rate, EDC or PDF transport models [47]. 

2.6 Chemical Reactor Network (CRN) Approach 

The chemical reactor network (CRN) approach is used to model the finite-rate 

combustion process. In this approach, a combustion system is divided into smaller regions 

with similar flow properties and each region modelled by a single or a set of elementary 

chemical reactors. The characteristic of each reactor and its connections with other reactors 

depend on the flow field. Therefore, the link between the flow field and CRN is obvious. 

The reactors are linked together by flows coming from other reactors or flow inlets. After 

building the network of reactors, the fuel chemical kinetic mechanism is introduced to the 

network. The governing equations of elementary reactors are relatively simple and consist 

of algebraic and differential equations. Solving the governing equations of the network of 

reactors will yield species concentration and exit temperature at the exit of each reactor. In 

contrast to CFD models with high fidelity internal flow analysis and low fidelity chemistry 

analysis, the CRN models have simplified flow-field and detailed chemical analysis. Three 

main types of reactors used in constructing CRNs are the perfect (well) stirred reactor 

(PSR), the plug flow reactor (PFR), and the partially stirred reactor (PaSR). 
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2.6.1 Chemical Kinetic Mechanisms for CRN modelling in the Literature 

Many researchers have developed approaches to generate chemical reactor networks 

representative of flow fields. There is no exact procedure to estimate the required number 

of reactors, and the complexity of CRNs is highly case dependent. A comprehensive review 

of the literature related to CRN modelling [38,41–43,48–85] is presented in this section. 

The result of this literature review is summarized in Figure 2.1. This figure shows the 

distribution of CRN studies in the literature based on the size of chemical kinetic 

mechanism and corresponding CRN size. The size of chemical kinetic mechanisms is 

characterized by the number of species (y-axis) versus the number of reactions (x-axis). 

The size of CRN is marked by the number following reference caption. While some 

researchers [78,80–83,86] have used very simple combinations of PSR and PFR reactors 

in their CRN models, other researchers [75–77] have used CRNs with as many as 104 

reactors. The main focus of the literature for industrial applications and prediction of 

emissions for practical combustion systems is on using small CRNs (<20 reactors) and user 

experience to manually construct and map reactors on to the CFD flow field. The main 

focus of this section is on CFD post-processing techniques in the literature for the 

construction of the CRN. CRN solvers are discussed in the next section. 



2 Literature Review and Description of Methods 22 

 

 

 

Figure 2.1. Distribution of kinetic mechanisms for CRN modelling in the literature (53 studies). 

 

More advanced kinetic mechanisms have been developed for natural gas combustion. 

However, GRI-Mech 3.0 [87] (53 species and 325 elementary reactions) has been used for 

almost 45% of studies, especially for industrial applications. The main reason why a 

considerable amount of studies use GRI-Mech 3.0 is likely due to the adverse effect of 

larger kinetic mechanisms on time to solution, robustness and stability of the CRN solver. 

 

2.6.2 Review of CRN Solvers  

In this section, available CRN solvers are reviewed. Figure 2.2 shows the distribution 

of CRN solvers in the literature. Table 2.1 gives more detailed information on the solvers 

used in the reviewed literature. Most solvers can be categorized into six solver families that 

share essential characteristics. The trends of development, algorithmic details and 
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application of most of these solvers in the literature were discussed in the previous section. 

The codes or commercial software in each group or family have similar characteristics with 

respect to the trend of development and core solver. Moreover, each family shares the same 

types of capabilities for CRN modelling. 

This Table shows that CHEMKIN products including Chemkin-II have been used for 

almost 30-40% of CRN modelling studies in the literature. Although using CHEMKIN for 

CRN solving has some limitations for large networks and/or mechanisms, it is widely used 

for industrial applications due to the popularity of CHEMKIN products in industry. After 

CHEMKIN, Cantera and KPP are the most used CRN solvers in the literature. Cantera has 

recently received a lot of attention for combustion modelling as it is a free, open-source 

solver [88]. Although KPP and KPPSMOKE are able to solve thousands of reactors, there 

are some limitation such as its inability to (1) solve the energy equation, and (2) 

accommodate PFR and PaSR reactors. 

 

Figure 2.2. Distribution of CRN solvers in the literature. 
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Table 2.1. The list of available CRN solvers. 

Solver 

family 
CRN solver Ref. Use in the literature 

#1 

Chemkin II [89] [48][38][71][76] 

CHEMKIN [90] 
[62] [61] [60] [59] [40] 

[56] [50] [91] [92] [84] 

ENERGICO [93] [64] 

#2 

CREK [94] [51] 

Mark3 [52] [52] 

UW Code [95] [42] 

#3 
LOGEsoft [96] [69] 

DARS [97] [85] 

#4 
Cantera [88,98] [65][68] [66] [63] [49] 

GENE-AC [53] [80][53] 

#5 

KPP [75] [77] [39]  [75] [73][74] 

OpenSMOKE [99,100] [100][99] 

DSMOKE [67] [72] [70][58][57] 

KPPSMOKE [79] [74][79] 

#6 
ANSYS Fluent- 

Reactor Network Model 
[101] - 

 

Table 2.2 shows an overall qualitative comparison of available CRN solvers. A set of 

solver attributes for qualitative comparison has been selected, which are ability to solve 

large CRNs, ability to handle large kinetic mechanisms, length of solver set-up time, use 

of turbulence-chemistry interaction, ability of user to change source code, flexibility for 

network modelling, automatic CRN construction, cost of solver, availability of graphical 

post-processing, and ability to solve the energy equation.  
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Some solvers such as DARS, CHEMKIN and LOGEsoft can use partially stirred 

reactors (PaSRs) or stochastic reactor models (SRMs), as well as homogeneous reactors. 

In these reactors, the PDF is approximated by an ensemble of stochastic particles, and the 

particles are moved in composition space according to the evolution of the PDF transport 

equation. This is followed by applying an operator-splitting technique for a sequential 

treatment of the convection, turbulent diffusion, mixing and chemistry terms [102]. As a 

simplified form of the PDF, the PaSR model was derived from the PDF transport equations 

with the assumption of statistical homogeneity, i.e., scalars such as temperature, species 

composition, can vary spatially but the PDFs of these scalars are assumed spatially 

homogeneous. The PaSR has been used to evaluate chemical mechanisms and mixing 

schemes in the field of combustion. SRMs can be described as extended PaSR model with 

sub-models incorporated to account for the specific features of the process simulated [102].  

 

Table 2.2. Overall qualitative assessment of selected solvers for CRN modelling 

(Good✓)(Fair ▪)( Poor ). 
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2.7 Hybrid Emissions Prediction Approaches in the Literature 

2.7.1 Component-CRN modelling approach in the literature 

In this section, the hybrid component-CRN modelling approach in the literature is 

reviewed. As mentioned, in this approach, the flow field is simplified, and component 

modelling is used to estimate performance characteristics, flow partitioning and sizing 

parameters of the combustion system. The component modelling code could be linked to 

the gas turbine simulation codes, which have been developed to estimate power plant 

performance.  This approach is used for conceptual and preliminary sizing phases 

[32,59,78], as well as performance analysis of available configuration for design and off-

design conditions [48,56]. This method could be used to save computational resources 

instead of CFD-CRN where the design of experiments is essential. In this approach, the 

CRN is manually constructed based on the user’s skills and experience using a small 

number of reactors. 

Andreini and Facchini [48] developed a chemical reactor combustion (CRC) code 

based on chemical reactor analysis, using a detailed kinetic mechanism, integrated with a 

gas turbine power plant simulation code (ESMS) to analyze design and off-design 

performance with emissions evaluation. The code simulated different gas turbine 

combustor technologies such as conventional diffusion flame, dry-low NOx (DLN) based 

on lean-premixed technology, and rich-quench-lean (RQL). The code was able to 

reproduce the effects of classical NOx reduction devices such as steam or water injection. 

The authors simulated the combustion chambers of GE MS 7001F, GE LM2500, and NP-

GE PGT5B gas turbines using the ESMS-CRC code. Orbegoso et al. [56] studied the 

influence of natural gas composition on energetic and emissions performance of an 

industrial Dry Low NOx (DLN) combustor for different operating conditions. For this 

purpose, a linear regression statistical analysis was applied to a dataset of gas composition 

to establish the variations of each hydrocarbon and the plausible range to be analyzed. 
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Afterwards, the authors used a model was built in thermodynamic software to estimate the 

temperature and the pressure values after the combustor, as well as providing the input 

parameters to the CRN modelling. Three CRN configurations were built to determine the 

one that best describes the combustion process. Under three operation conditions (one at 

base load and two at part load regime), the influence of the natural gas composition on the 

temperature, as well as on CO and NO emissions studied in this research. 

Charest et al. [78] used a simple reactor network model of one PSR and one PFR for 

preliminary sizing of a lean premixed pre-vaporized (LPP) can combustor to evaluate CO 

and NOx emissions and the combustor stability map. The authors used the component 

modelling approach to capture complex processes such as droplet evaporation, preliminary 

sizing, jet mixing, and heat transfer. The resulting set of procedures allowed designers to 

define the detailed geometry of a combustor quickly and provided an assessment of its 

performance. The authors verified the preliminary design procedure using CFD. Rezvani 

et al. [59] used a design-oriented hybrid method to size a single annular combustor and 

predict its NOx and CO emissions. A set of physics-based and empirical equations were 

used to size a gas turbine combustor for take-off conditions. A one-dimensional analysis 

was performed to obtain a simple internal flow field model of the combustor. Based on 

that, a network of elementary chemical reactors was created to model the combustion 

process. The model was executed for four ICAO engine power settings of idle, take-off, 

climb and approach to determine the level of NOx and CO emissions. A combustion 

mechanism for aviation fuel (Jet-A) was implemented by the network of reactors and 

combustion analysis. The model included semi-analytical geometry, an evaporation model, 

an unmixedness model, and a network of elementary chemical reactors. A neural network 

surrogate model was also created for temperature, NOx and CO emission indices. A 

surrogate model can be used to run faster than the original model to support parametric 

design studies. 
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2.7.2 CFD-CRN Modelling Approach in the Literature 

The classic method of CRN construction is based on user skill and experience of 

dividing the flow field into various regions based on their velocity vectors, temperature 

and composition. Some researchers used this method in hybrid CFD-CRN modelling of 

emissions for industrial combustion systems [40,50,53,63,66,92,103,104] . This method 

largely depends on the user's judgment instead of a systematic approach. Therefore, it may 

prove inefficient and time-consuming for complex combustion systems. In this section, the 

process of development for systematic CRN construction methods is described.  

Ehrhardt et al. [71] were the first to propose and apply a post-processing technique on 

CFD simulations to predict pollutant emissions using a reactor network. In this work, the 

authors performed a CFD analysis of a simple 2D geometry via the 𝑘 − 𝜀̅ turbulence model 

and chose a flow field where downstream convection is much stronger than upstream 

diffusion A grid sensitivity analysis then determined the required number of plug flow 

reactors. Their method was straightforward to use for simple 2D geometries with no 

recirculating flow. A detailed kinetic model was then used to predict the concentration of 

NOx. The proposed zone model was not applicable for complex geometries, in which a 

combination of recirculation zones, inlets and cooling air needs to be taken into account. 

Faravelli et al. [67] extended this technique and proposed a chemically-oriented approach, 

named SFIRN (Simplified Fluidynamic by Ideal Reactor Network), for predicting NOx 

emission from the furnaces of utility boilers. The main differences with respect to the 

Ehrhardt et al. [71] approach were its ability (1) to model flows with complex fluid 

dynamics with strong recirculation, (2) to apply more complex kineticschemes, and (3) to 

extend the procedure to liquid fuels. The residence time distributions evaluated by CFD 

and SFIRN agreed well. Despite the simplifications, the results obtained for the analyzed 

conditions indicated that this approach was a practical tool to optimize furnace design and 

to meet requirements for pollutant emissions.  
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Falcitelli et al. [57,58] proposed a general algorithm to construct CRNs. The algorithm 

was applied to industrial boilers and furnaces to create a simplified reactor network from 

CFD simulations to predict NOx. The procedure to construct a CRN consisted of the 

following steps: (1) A CFD simulation was performed on a fine mesh to compute the flow 

field properties such as temperature and the mass fraction of major species involved in 

combustion. The local stoichiometry, defined as the inverse of equivalence ratio, and the 

local concentration of some diffusive tracer were computed by post-processing tools. (2) 

The cells of the mesh were clustered in homogenous zones. Every cell belonged to a 

homogeneous zone defined by an interval of temperature and stoichiometry, so each zone 

was represented as an ideal reactor. (3) Operating parameters were assigned to the reactors. 

The volume of each reactor was taken as the sum of the cell volume and the reactors were 

considered isothermal at the operative temperature computed from the CFD temperature 

field by an enthalpy conservation expression. (4) The clustered zones were modelled as 

PSR or PFR on the basis of velocity vector distribution. (5) The mass exchange between 

all the reactors and the feeding streams were computed by the specific flow field as the 

sum of the mass flows between cells belonging to different reactors. (6) The kinetic 

computation was carried out on the reactor network using a detailed kinetic model for 

chemical species involved in combustion. Using these steps, the authors generated a small 

size network (12 reactors) for a glass-melting furnace. The calculated NOx emissions using 

this method were found to be in very good agreement (< 2%) with experimental data, 

demonstrating the feasibility of using a simplified reactor network consisting of a limited 

number (12 reactors) of PSRs and PFRs to predict emissions for industrial applications.  

Mancini et al. [62] used the same procedure to predict NOx emission for mild 

(flameless) combustion of natural gas in an industrial scale experiment using a simplified 

network with 12 PSRs. Falcitelli et al. [70] developed a more complex algorithm as that 

described in their previous works [57,58], based on mixing indexes and shape factors to 

extract CRNs from CFD simulation of a wall-fired steam generator.  According to their 

new algorithm, the flow field was broken down into many small regions based on 
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temperature and stoichiometry values at every cell regardless of the geometrical properties. 

At this stage, the number of zones produced was very large for a detailed chemistry 

calculation, but this number depended on the selected intervals for the temperature and 

stoichiometry values. An unmixedness index that takes into account the mixing properties 

of the zones was defined and used to reclassify the zones. Then, the entire domain was 

classified in homogeneous connected zones and each zone was modelled as an isothermal 

PSR. 

  Instead of simplifying the flow field, Rasmussen et al. [76] used all the individual 

cells in the computational domain and treated them as partially stirred reactors (PaSRs). 

The authors assumed that each CFD cell can be separated into two parts. The effects of 

turbulent fluctuations were accounted for by splitting each reactor into reactive and inert 

parts, following the approach proposed by Gran and Magnussen [105]. One part of the cell 

was modelled as a PSR in which chemical reactions were allowed to progress according to 

the finite rate chemical kinetics based on the detailed chemical kinetic mechanism. If the 

energy balance was included, the temperature was also allowed to change. The second part 

of the cell was inert with respect to chemical reaction, and the species concentrations and 

temperature remained unchanged for this part. The proposed approach was applied to a 

cylindrical furnace using a reactor network of 30,000 reactors with a large kinetic scheme 

involving 159 species and 773 reactions. 

Frassoldati et al. [72] predicted the NOx formation in the TECFLAM high-swirl 

confined natural gas diffusion flame, which was experimentally studied by Schmittel et al. 

[106]. The predicted flow field by RANS CFD simulation was post-processed and 

computational cells with similar temperature and composition lumped together for NOx 

prediction. The resulting macro cells were assumed to be a network of PSRs, to which 

detailed kinetics were applied. The characteristics and operating conditions of each reactor 

were defined by the SFIRN procedure developed by Faravelli et al. [67]. The proposed 

approach did not account for the effect of turbulent fluctuations on the chemistry. The 

averaging implicitly smoothed the impact of the fluctuations on the chemistry and many 
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cells were grouped together with fluctuations of different orders. Several networks were 

studied with increasing reactor numbers, from 70 to 1,000, and the trend of calculated NOx 

emissions were compared with experimental data. The experimental data was exactly 

predicted using a network with a minimum number of 300 reactors. 

Novosselov and Malte [42] used the University of Washington (UW) chemical reactor 

code, which is based on the original Combustion Reaction Equilibrium and Kinetics 

(CREK) code [94] for the development of a CRN for a DLN combustor test rig. The engine 

test rig was operated on natural gas at several low emissions load conditions. The primary 

focus for this study was emissions prediction at full load operating conditions with variable 

pilot flows. The development of the CRN model was guided by reacting flow CFD using 

the UW eight-step global mechanism. The network consisted of 31 chemical reactors. NOx 

and CO emissions were predicted using the GRI-Mech 3.0 [87] chemical kinetic 

mechanism. 

 Cuoci et al. [75] applied a detailed kinetic scheme to model turbulent combustion of 

syngas for three diffusion flames and to predict NOx formation mechanisms using kinetic 

post-processor (KPP). The effects of turbulent fluctuations of temperature were accounted 

for through the introduction of the so-called kinetic equivalent temperature, evaluated on 

the basis of the temperature variance, as predicted by the CFD simulation. Moreover, some 

improvements in the numerical procedure were introduced to make the solution of the 

reactor network faster and more accurate. 

 Lebedev et al. [107] constructed a simple reactor model of a CIAM-M combustor in 

diffusion mode to predict NOx. The reactor model was validated against NOx emissions 

measured for a model aero-engine combustor using both methane and kerosene as fuels. It 

was shown that the predicted NOx emission index strongly depends on the applied reaction 

mechanism and results were consistent with the experimental data. The results showed that 

the DS mechanism developed by Dautov and Starik [108] reaction mechanism predicted 

more realistic NOx emission as compared to the Konnov’s [109] and GRI-Mech.3.0 [87] 

mechanisms. The DS mechanism predicted a strong effect of ‘‘prompt NO” mechanism in 
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a fuel rich zone of combustor on the NOx formation and more significant conversion of NO 

to NO2 as compared to GRI-Mech.3.0 [87]. In this study, the developed model was used to 

estimate the emission of different species of sulfur compounds (SO2 and SO3) and 

unburned hydrocarbons as a function of power setting for a gas-turbine aviation engine. 

Fichet et al. [38] used an innovative approach to split the flow into homogeneous zones 

whatever the complexity of the fluid motion (multiple entries, swirls and recycling zones). 

Each zone was considered a PSR, which included detailed chemistry based on GRI-Mech. 

3.0 [87]. Chemical reactors that included turbulent fluctuations like PaSR, were avoided 

since CPU requirements were too far from the specifications of an industrial numerical 

tool. The method was applied to an industrial configuration (a gas turbine flame tube) and 

the model was able to reproduce the CFD flow field, with less than 400 reactors. Contrary 

to most literature approaches, the temperature in each reactor was not assumed from CFD 

but calculated by detailed kinetics and the energy conservation equation. Another feature 

of this study was the introduction of a new transported field variable, the fluid age. The 

fluid age described how long the fluid has been in the domain and can be useful when 

splitting recirculating flows. The model predicted NOx emissions of 42.8 ppmvd which 

were in good agreement with 44 ppmvd in the measurements. 

Monaghan et al. [73] used 1114 PSRs to study NOx emissions and the pathways by 

which NOx is formed in the Sandia D piloted methane-air diffusion flame [110]. The CFD-

CRN method in this study involved the following steps: (i) division of the CFD domain 

into PSRs based on the mixture fraction, temperature and axial position criteria, (ii) 

calculation of reactor properties, (iii) calculation of advective and turbulent diffusive inter-

reactor mass exchanges, (iv) solution of the CRN with detailed chemical kinetics (103 

species and 582 reactions) using KPP, and (v) visualization of results in Ansys Fluent. For 

a sufficiently large CRN, 1114 PSRs, the results produced by the method were shown to 

be independent of the number of PSRs. CFD-CRN simulation results were successfully 

validated against experimental data. The study predicted that, of the total NOx produced by 



2 Literature Review and Description of Methods 33 

 

 

the Sandia D flame, 47% is due to the prompt pathway, 32% is due to the N2O pathway, 

and 21% is due to the thermal pathway. 

Cuoci et al. [77] applied a new KPP framework to model the formation of NOx in 

turbulent flames and arbitrarily complex geometries. The main novelty with respect to 

similar approaches reported in the literature was represented by the possibility to solve very 

large reactor networks (~100,000 reactors) with detailed kinetic mechanisms (hundreds of 

species) using fully coupled numerical algorithms to achieve accuracy in the prediction of 

NOx concentrations. The framework was validated on several turbulent jet flames fueled 

with syngas, hydrogen, and methane. The authors highlighted the effect of turbulent 

fluctuations on the formation of NOx which is quite important. If they were neglected, the 

predicted amount of NO would be less than 50% and 20% of experimental data for CO/H2 

and H2/He flames, respectively. A small-scale combustor operating in MILD conditions 

was also investigated. The results were satisfactory, even if some discrepancies with 

respect to the experimental measurements were evident because of the poor prediction of 

the temperature field. The authors emphasized that the correct prediction of the CFD 

temperature field is a fundamental prerequisite for the reliable KPP. The boundary 

conditions at the solid walls were identified to play a crucial role in obtaining an accurate 

temperature field inside the combustion chamber. The authors proposed further extensions 

of their work in the following two main directions. (1) Improvement of the clustering 

procedure: their algorithm for the automatic construction of reactor networks from the CFD 

simulation was quite simple and collects the computational cells, which were equivalent 

from a kinetic point of view (small differences in the temperature and composition). The 

number of reactors needed to obtain accurate and network-independent NOx predictions 

was quite large (thousands of reactors) in this method. As a result, the authors proposed 

using smarter procedures based on the residence time and mixture fraction to reduce the 

number of reactors. (2) Parallelization of the code: the main limitation of the KPP 

procedure was the large computational time which could be decreased by the 

parallelization of the code on distributed memory architectures. 
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Stagni et al. [79] improved the capability of KPP code by developing a fully coupled 

and parallel code, named KPPSMOKE. The authors proposed a flexible and efficient 

strategy to approach the solution with the help of external libraries. The potential of the 

algorithm was further extended through a parallel distribution of data and tasks over more 

processors, thus making more memory and computing power available. The authors 

validated KPPSMOKE on lab scale (hydrogen-methane bluff-body flame) and industrial 

scale (low-NOx axially staged aero engine combustor) that was previously studied by 

Frassoldati et al. [39]. The numerical results confirmed the effectiveness of this tool, but 

they also pointed out the strong dependence of predictions on the accuracy of CFD input 

data and on the detailed kinetic mechanism used for the post-processing. The authors 

emphasized the capability of the KPPSMOKE parallel structure to solve very large reactor 

networks characterizing industrial devices (105 − 106 reactors) in reasonable times 

(hours). The authors also compared the performance between the Ansys Fluent NOx 

processor, the KPPSMOKE, and the Fluent unsteady flamelet model. The results showed 

that despite the Ansys Fluent NOx processor being computationally much faster because of 

the decoupling of NO transport equation from other species equations, the KPPSMOKE 

output had better agreement with experimental data. On the other hand, the predictions 

obtained through the unsteady flamelet model, coupled with the POLIMI C1C31201 

mechanism [111], showed a trend more consistent with experimental data, but throughout 

the domain it significantly overestimated the measurements. Monaghan et al. [74] used 

KPPSMOKE to predict CO and NOx and pollutant formation pathways for the laboratory 

benchmark TECFLAM S09c confined swirling turbulent methane diffusion flame. 

According to size-dependence studies in this research, 5,551 PSRs were needed to 

adequately capture pollutant formation in the complex recirculation flow field.  

Nilsson [69] developed a new tool for the construction of reactor networks utilizing a 

pre-calculated CFD solution to derive the network. The author applied the network 

construction tool to Sandia flame D and the Siemens SGT-700/800 Burner burner rig and 

showed promising results in terms of temperature fields (compared to the CFD) and NO 
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trends (compared to experiments). Two methods proposed for reactor network construction 

were studied: a principal component analysis (PCA) based method, and a cluster growth 

method. Both methods construct a network by partitioning the mesh used for the CFD 

simulation into zones that fulfill given criteria on the spread of values of certain field 

variables. It was found that the PCA method generally needed to create more zones to fulfill 

these criteria than the cluster growth method because the geometric connectivity check was 

separated from the initial partitioning, which led to larger number of small zones. Analysis 

of reactor networks was then performed with both homogeneous and stochastic reactors. 

2.8  Uncertainty Quantification (UQ) 

Uncertainty quantification (UQ) includes quantitative characterization and reduction of 

uncertainty in applications, and encompasses uncertainty analysis, sensitivity analysis, 

optimization under uncertainty, design validation, and model calibration [4]. Different 

types of uncertainty are listed in Table 2.3. According to this Table, uncertainty can be 

categorized as aleatory or epistemic. Aleatory uncertainty is also called variability, or 

stochastic, inherent or irreducible uncertainty [112]. It is the physical variation present in 

the system being analyzed or its environment. This type of uncertainty is not due to a lack 

of knowledge and cannot be reduced.  Inherent uncertainty applies to processes or 

quantities in CFD models that are accepted to be intrinsically variable. Furthermore, 

processes or quantities that are inherently stochastic arise from unavoidable 

unpredictability. For example, chemically reacting gas and transitional turbulent flow are 

inherently stochastic in nature [113]. Epistemic (or model form and parameter) uncertainty 

is also called reducible uncertainty or simply uncertainty [114] and is a potential deficiency 

that is due to a lack of knowledge. This type of uncertainty can be reduced by an increase 

in knowledge. The modelling process leads to mathematical models that are often 

simplified representations of a phenomenon under study. The assumptions and 

simplifications in these mathematical models often give rise to uncertainty. Typical 

examples of sources of epistemic uncertainties are turbulence modelling assumptions and 
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surrogate chemical kinetics models. Uncertainty in model parameters originates from 

significant uncertainties associated with their estimates such as (1) sampling variability, 

and (2) systematic bias due to imprecise calibration [114]. 

 

Table 2.3. The types of uncertainty. 

 

According to Najm et al. [115], depending on the operative view of probability, 

parameters with epistemic uncertainty may or may not be handled in a probabilistic forward 

uncertainty propagation context. This distinction has to do with the Bayesian versus the 

frequentist view of probability. In the frequentist viewpoint, only quantities with aleatoric 

uncertainty, whose PDF may be constructed from their observed variability, may be 

modelled as random variables. In contrast, there is no basis for assigning PDFs for 

parameters with epistemic uncertainty. In the Bayesian viewpoint, probability is inherently 

the degree of belief in a proposition, and it does not necessarily derive from sampling or 

observation. In this context, parameters with epistemic uncertainty may still be assigned a 

PDF as long as sufficient data, and prior information is available to construct one. 

Therefore, both epistemic and aleatoric uncertainties can be handled using probability 
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theory in the Bayesian framework [115]. Bayesian probability analysis is a field that is 

increasingly used to pose and solve inverse problems in many areas of engineering [116]. 

 

2.8.1 Review of Uncertainty Analysis (UA) Methods 

Uncertainty analysis (UA) methods estimate the overall uncertainty in the output of a 

simulation code from the uncertainty in the inputs. For this reason, these methods are also 

called uncertainty propagation methods or forward uncertainty propagation methods. On 

the other hand, sensitivity analysis (SA) investigates the connection between inputs and 

outputs of a computational model and allows identification of how the variability in an 

output quantity of interest is connected to an input in the model, and which input sources 

will dominate the response of the system [117]. A comprehensive review of the different 

uncertainty analysis methods and their advantages and disadvantages are shown in Table 

2.4 and Table 2.5. 

According to this Tables, there are two main approaches for the representation of 

uncertainties; non-probabilistic (or deterministic), and probabilistic methods. In non-

probabilistic approaches such as interval analysis, the widest error bounds of the model 

inputs or parameters are taken into account instead of their probability structure to represent 

uncertainties [113]. There are three general deterministic UA methods; (1) interval 

analysis, (2) uncertainty propagation using sensitivity derivatives, and (3) Possibilistic 

Methods - Fuzzy Logic.  Fuzzy logic can be used to estimate the uncertainty in the output 

when the input parameter uncertainties are characterized by membership functions 

(Triangular, Trapezoidal or Gaussian functions). More details about different methods for 

deterministic approaches are shown in Table 2.5.  
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Table 2.4. Review of uncertainty analysis (UA) methods. 
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Table 2.5. Advantages and disadvantages of UA Methods. 

 Advantages Disadvantages 

1.1. 
(1) Direct approach. (2) 

Straightforward & easy to implement. 

(1) Accuracy is much lower than probabilistic methods. 

(2) Not suitable for complex models. 

1.2. 

(1) Model equations are treated as a 

black box.(2) Straightforward & easy 

to implement. 

(1) Accuracy is lower than probabilistic methods. 

1.3. 
(1) Direct approach. (2) 

Straightforward & easy to implement. 

(1) Accuracy is lower than probabilistic methods. (2) 

High computational cost for complex models. 

1.4. 

(1) Model equations are treated as a 

black box. 

 

(1) High computational cost for complex models. (2) 

The accuracy is lower than probabilistic methods for 

complex models. 

1.5. (1) Iterative approach. (1) More suitable for optimization. 

1.6. 

(1) Direct approach. (2) Often applied 

to cases involving many objectives or 

constraints with relatively few design 

variable. 

(1) Modification of the original model equations. (2) 

Reformulation of the auxiliary equations. (3) Not 

suitable for complex models. 

1.7. 
(1) Straightforward & easy to 

implement. 

(1) Accuracy is lower than probabilistic methods for 

complex models. (2) Membership functions are used 

instead of PDFs. 

2.1. 
(1) Model equations are treated as a 

black box. 

(1) Prohibitive computational cost for complex models. 

(2) Slow convergence of the standard error estimate. 

2.2. 

(1) Model equations are treated as a 

black box. (2) The number of solutions 

is lower than basic MC (3) the 

convergence is much faster than the 

basic MC. 

(1) High computational cost for complex models. 

2.3. 

(1) Model equations are treated as a 

black box. (2) The number of solutions 

is lower than basic MC. (3) the 

convergence is much faster than the 

basic MC. 

(1) High computational cost for complex models. 
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2.4. 

(1) Model equations are treated as a 

black box. (2) The number of solutions 

is lower than MC. 

(1)  Difficulty in constructing an appropriate response 

surface for complex models. 

2.5. 

(1) Low computational expense in 

comparison with statistical methods. 
(1)  Accuracy is lower than spectral methods. 

2.6. 

2.7. 

2.8. 

2.9. 

(1) Low computational expense in 

comparison with statistical methods. 

(2) Suitable for propagating large 

uncertainties through complex models. 

(1) Modification of the original model equations. 

(2) Reformulation of the auxiliary equations. 

2.10

. 

(1) Model equations are treated as a 

black box. (2) Suitable for propagating 

large uncertainties through complex 

models. 

(1) High computational expenses for the numerical 

evaluation of the PC modes. 

2.8.2  Probabilistic Methods of UA 

 In the probabilistic approach, probability density functions are used to characterize the 

uncertainty in the input parameters. In this approach, uncertainty is represented by a 

probability of the random event that can be interpreted in terms of frequency of occurrence 

of that event, and is determined by the ratio of the number of favorable outcomes to the 

total number of outcomes (from a low of 0 (no chance) to a high of 1.0 (certainty)). An 

assessment of these underlying events can be obtained when probability analysis is applied 

to a collection of data or model parameters and inputs [113]. Probabilistic methods consist 

of statistical methods or sampling-based methods which require running a model at a set 

of sampled points and using the model results at the sampling points in order to relate the 

model inputs and outputs.   

In general, probabilistic methods are better choices in comparison with deterministic 

methods for the UA of complex problems such as turbulent reactive flows, in which the 

probability distribution of uncertain model inputs or parameters is available. Therefore, 
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these methods can provide more information about the propagation of uncertainty through 

the model. The main sampling-based methods are basic Monte Carlo (MC), Importance 

Sampling (IS), Stratified or Latin Hypercube Sampling and the Response Surface method 

(RSM). The procedure for the basic MC method (which is the most widely used tool for 

UA) involves three steps [112]: (1) for each input variable, generate a set of values by 

randomly sampling the known or assumed probability density function (2) for each set of 

random input data execute a deterministic mathematical model (e.g. CFD or CRN model) 

and then aggregate the output data from all of the calculations; (3) use the statistics of the 

output data set (mean, variance, etc.) to define its probability density function. Since the 

basic MC is very computationally expensive and thousands or millions of samples may be 

required for accuracy, modifications of this method have been made using variance 

reduction techniques. Importance Sampling and Latin Hypercube Sampling are two 

popular methods that can be used instead of basic MC to reduce computational cost while 

still providing the required accuracy. In Importance Sampling the sampling process is 

biased, and instead of taking samples at random from a PDF, a sampling PDF is designed 

to take more samples from a region of importance [118]. In Latin Hypercube Sampling, 

the range for each input uncertainty parameter is divided into non-overlapping intervals on 

the basis of equal probability. Thus, only one value from each interval is selected at random 

with respect to the PDF in the interval. Response Surface methods (RSMs) use an 

experimental design to select model inputs and then develop a response surface 

replacement for the original model that is used in subsequent uncertainty analyses. This 

response surface approximation describes the relationship between the parameters in the 

original model and selected target outputs [119]. Drawbacks to this approach include 

difficulty in constructing an appropriate response surface approximation to the model under 

consideration, including thresholds, discontinuities and nonlinearities and the possible 

need for a large number of design points [120]. 

Non-statistical approaches use an analytical treatment of the uncertainty and are much 

less computationally expensive [118]. These approaches consist of Moment or Perturbation 
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methods and Stochastic Differential Equation (SDE) or Spectral methods. In Moment 

methods the truncated Taylor series are expanded about the expected value of the inputs. 

Moreover, the PDFs which characterize the uncertainty in the input parameters are 

approximated using the first two moments. The first moment is the mean and the second 

moment is variance. The moments of a PDF are defined as mean (first moment), variance 

(second moment), skewness (third moment) and kurtosis (fourth moment) [118]. For cases 

involving relatively large variations in random input variables, increased accuracy of the 

model output statistics is obtained using higher-order moment formulas. This requires the 

estimation of higher-order derivatives for cases such as such as complicated CFD models. 

This may be impractical in terms of the accuracy and implementation of the method, and 

the computational resources required [113].  

SDE or Spectral methods are based on the work of Weiner [121] and they provide 

information about the higher moments of the results at less computational expense than 

statistical methods. Polynomial Chaos Expansion (PCE) is a Spectral method and uses a 

spectral representation of the uncertainty which is then decomposed into separate 

deterministic and random components. PC-represented uncertainty can be propagated 

through a model using Galerkin projection to reformulate the governing equations into 

equations for the PC mode strengths. An alternative to this approach is to construct 

empirical probability distributions of the output using multiple samples of solutions 

corresponding to the stochastic inputs [122]. The latter approach has been termed 

nonintrusive, as the original code can be treated as a black box, whereas the former has 

been termed intrusive which requires new codes designed for the reformulated equation 

system. The main advantage of the intrusive approach is that it directly finds the PC 

representation of model outputs by a one-time solution of the reformulated model. The 

advantage of the non-intrusive approach is that it uses the original model code, but this has 

to be balanced against the requisite computational cost of potentially many evaluations of 

the original model [86,115]. Such non-intrusive methods do not require modification of 

existing codes but rely exclusively on repeated runs of the deterministic code, which make 
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them computationally attractive, particularly for complex problems. Another class of 

nonintrusive collocation methods evaluates the PCE using a linear equation system, or 

regression, based on a select set of points, rather than by numerical evaluation of the 

Galerkin integrals [115]. 

2.8.3 UA of Chemical Kinetic Mechanisms and Flames in the Literature  

In this section, a literature review is conducted to study the application of uncertainty 

analysis to laboratory flames and chemical kinetic mechanisms.  

Najm et al. [123] covered a wide range of issues pertaining to the quantification of 

uncertainty propagation in models of reacting thermo-fluid systems. The authors presented 

both intrusive and non-intrusive UQ constructions based on PCE. The authors applied these 

constructions to chemically reacting flow systems, allowing for uncertain reaction rate and 

thermodynamic parameters. Sheen et al. [124] developed and employed spectral expansion 

techniques for the systematic quantification and propagation of kinetic uncertainty in 

detailed kinetic models, the H2/CO/C1–C4 kinetic model for ethylene combustion as an 

example, and used the mathematical framework to calculate uncertainty in a range of 

fundamental combustion experiments. Furthermore, it was shown that the mathematical 

framework is useful in determining the criteria for mechanism reduction. Najm et al. [125] 

presented a detailed study of probabilistic uncertainty quantification in a model methane/air 

chemical system using a polynomial chaos construction. The authors employed a Bayesian 

methodology to infer the joint PDF of model parameters of interest, starting from simulated 

data. This PDF was implemented to construct a probabilistic representation of the uncertain 

parameters. The authors emphasized the need for further work toward more efficient and 

robust constructions enabling effective PC-based UQ in more detailed chemical and 

reacting flow systems of practical relevance, with higher dimensionality and increased 

model complexity. Sheen and Wang [124] introduced and used the method of uncertainty 

minimization by polynomial chaos expansion (MUM-PCE) to quantify uncertainty in a 

detailed kinetic model. The method was included in an algorithm for determining the 
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consistency of experimental targets, thereby allowing it to obtain an optimized model based 

on a self-consistent experimental data set. The authors mentioned that MUM-PCE or other 

similar methods cannot reduce the uncertainty of individual rate coefficients effectively, 

but as a mathematical tool, it can provide useful information about various couplings of 

rate coefficients in the model for a given set of known combustion properties of a fuel. The 

joint PDF for the rate coefficients constrained by known combustion properties can yield 

reduced prediction uncertainties both inside and outside of the experimental conditions. 

Lipardi et al. [126] studied the effects of different percentages of exhaust-gas 

recirculation (EGR) on NOx production for methane–air and propane–air flames at a 

selected adiabatic flame temperature of 1800 K. The variability and uncertainty of the 

results were obtained three different chemical kinetic mechanisms. A linear uncertainty 

analysis, including both kinetic and thermodynamic parameters, demonstrated that 

simulated post-flame NOx levels have uncertainties on the order of ±50–60%. The current 

chemical kinetic mechanisms have high level of both epistemic and aleatoric uncertainty. 

The high variability of model predictions, and their relatively high associated uncertainties, 

motivates future experiments of NOx formation in exhaust-gas-diluted flames under 

engine-relevant conditions to improve and validate combustion and NOx design tools.  

Braman et al. [127] used a Bayesian framework for the quantification of uncertainties 

of syngas combustion models. Given a set of experimental data, the proposed framework 

allowed for the calibration of model parameters, determination of uncertainty, propagation 

of that uncertainty into simulations, as well as determination of model plausibility from a 

set of candidate syngas models. Three developed or updated syngas combustion models 

were calibrated to a set of high pressure experimental laminar flame speeds. The resulting 

uncertainty in  

the flame speed calculations were used to identify whether the model was capturing all 

relevant physics for the pertinent experimental conditions.  

Wang and Sheen [128] provided a review of the mathematical principles and methods 

of uncertainty quantification for combustion kinetic models. Discussion was made about 
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the sources and classification of kinetic uncertainties and the meanings and definitions of 

model verification and validation. The various UQ methods were reviewed and classified 

in the current work. It was shown that for combustion chemistry problems, while UQ alone 

cannot produce accurate individual rate parameters, it can be useful in measuring the 

progress of our understanding of combustion chemistry and in utilizing fundamental 

combustion properties. When treated as a Bayesian inference problem, UQ was shown to 

aid the development of predictive kinetic models in two separate aspects: The first is the 

use of fundamental combustion property data to provide the joint PDF of the rate 

parameters leading to a better kinetic model. The second is that UQ can yield estimates of 

model confidence to make predictions outside the thermodynamic regimes where the 

model has been tested. Cheung et al. [129] developed a robust stochastic system model 

based on a Bayesian approach used the experimental data to quantify the uncertainties in 

the modelling of the HCN/O2/Ar mixture kinetics proposed. The uncertainties in the rate 

coefficients and the time evolution of concentration for the involved species were 

determined. The uncertainty in the experimental measurement error and physical 

modelling error were also quantified. The results showed that there can be significant 

statistical dependence among the modelling parameters and rate coefficients, and the 

uncertainties in the quantities of interest were temperature-dependent. 

2.8.4 UA of Gas Turbine Combustion Systems in the Literature 

A few studies have been conducted for the uncertainty analysis of emissions prediction 

in practical combustion systems. In this section, these studies are reviewed.  

Rezvani et al. [59] used a design-oriented hybrid method to size a single annular 

combustor and predict its NOx and CO emissions. A set of physics-based and empirical 

equations were used to size a gas turbine combustor for take-off conditions. A one-

dimensional analysis was performed to obtain a simple internal flow field model of the 

combustor. Based on that, a network of elementary chemical reactors was created to model 

the combustion process. The model was executed for four ICAO engine power settings of 
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idle, take-off, climb and approach to determine the level of NOx and CO emissions. A 

combustion mechanism for aviation fuel (Jet-A) was implemented by the network of 

reactors and combustion analysis. The model included semi-analytical geometry, an 

evaporation model, an unmixedness model, and a network of elementary chemical reactors. 

A neural network surrogate model was also created for temperature, NOx and CO emission 

indices. A surrogate model can be used to run faster than the original model to support 

parametric design studies. Rezvani [32] performed uncertainty and sensitivity analyses to 

assess the capability of the model to reduce the prediction uncertainty of the model 

compared to the simplified versions of models without considering the droplet evaporation 

and mixture non-uniformity. The emission model was tested for single annular combustor 

(SAC) and RQL systems, and the results were compared to measured data. The author 

performed MC analysis to model the epistemic uncertainties. A comparison of the 

uncertainty analysis of the complete model with the deficient can capture the potential 

improvements or deterioration of emission uncertainties. Sensitivity analysis can model the 

aleatory uncertainties and show the effect of the input uncertainties (variations) on the 

emission levels. The author implemented five steps for Monte Carlo simulation for the 

uncertainty analysis: (1) selection of the range and type of input distributions (uniform, 

log-uniform, triangular etc.); (2) sample generation from the input ranges and distributions 

that are defined in step 1 (random or Latin hypercube) to create a sample space; (3) 

Execution of samples to generate the response sequence; (4) Processing of the data for 

uncertainty analysis using expected value and variance of the response sequence (an 

alternative way to process the data is to plot the histogram or frequency plot of the response 

sequence; and (5) Sensitivity analysis through the use of scatter plot matrices, analysis of 

variance (ANOVA), screening or other methods to obtain the sensitivity of the response 

sequence to the inputs and the contribution of the uncertainty of inputs to the variability of 

the output. According to Monte Carlo simulations, the author found that the probabilistic 

unmixedness model, droplet evaporation model and diffusion burning based on un-

vaporized fuel flow reduced epistemic uncertainties of the emissions prediction. In general, 
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the approach showed better performance in predicting NOx emission levels and trends 

compared to CO. Especially in the RQL combustor case, a more detailed model was 

required to improve the prediction of the CO emission level.  

Musaefendic et al. [86] used a non-intrusive UQ methodology coupled with a 1D 

physics-based tool to model NOx emissions in a RQL combustor. A flow analysis was 

carried out to determine the flow distribution inside the combustor. Then, a simplified 

kinetic scheme calibrated on engine test results was used to compute the spatial distribution 

of species mass fractions. Accurate agreement with experiments was observed for several 

operating points and engines. The impact of the manufacturing tolerances of the diameter 

of chamber geometrical features on the combustor performances was evaluated. 

2.8.5 Review of UQ TOOLS  

Available UQ tools, their details and corresponding UA methods are shown in Table 

2.6. This Table shows the wide range of available solvers which can be used for sampling-

based uncertainty analysis. Some tools such as UQLab, Chaospy, OpenTURNS and 

DAKOTA support non-intrusive polynomial chaos expansion (NIPCE) as well as 

sampling-based methods. Cantera as a CRN solver can be integrated into these UQ tools 

using Python or MATLAB environments. 
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Table 2.6. List of available UQ tools and corresponding UA methods. 

Tool 
Affiliation/ 

Reference 

 

Software 

 

UA Method 

UQLab ETH Zurich [130,131] 

 

MATLAB 

 

NIPCE 

MC sampling 

Stratified sampling 

Chaospy 
University of Oslo 

[132] 

 

Python 

 

NIPCE 

MC sampling 

Stratified sampling 

Importance sampling 

OpenTURNS 

EDF R&D 

[133] 

 

Python 

 

NIPCE 

Importance sampling 

DAKOTA 

Sandia National 

Laboratories 

[134] 

C++, 

MATLAB 

 

NIPCE 

MC sampling 

Stratified sampling 

Importance sampling 

 

Uncertainty Quantification Toolkit 
 

[135] - 
NIPCE 

 

MIT Uncertainty Quantification 

Library 
 

MIT [136] - 
NIPCE 

 

Stanford Uncertainty Quantification 

Lab 

Stanford University 

[122] 

MATLAB 

 
PCE 

Gaussian Process Models for 

Simulation Analysis (GPMSA)/LANL 

tools 

Los Alamos National 

Laboratory [137,138] 

MATLAB 

 

Stratified sampling 

Importance sampling 

PEST SSPA Co. [139,140] 

32/64-bit 

executables 

 

Importance sampling 

Problem Solving Environment for 

Uncertainty Analysis and Design 

Exploration (PSUADE) 

Lawrence Livermore 

National Laboratory 

[141] 

C 

 

 

MC sampling 

Stratified sampling 

SIMLAB 

The European 

Commission's science 

and knowledge service 

[142] 

 

 

C++ 

 

 

MC sampling 

Stratified sampling 
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UCODE 

Colorado School of 

Mines 

[143] 

 

Fortran 

 

MC sampling 

 

PNNL UQ-Toolkit 

Pacific Northwest 

National Laboratory 

[120,144,145] 

 

Fortran 

 

 

 

Stratified sampling 

Importance sampling 

Generalized Likelihood Uncertainty 

Estimation (GLUE) 

Lancaster University 

[146] 

 

- 

 

 

Importance sampling 

 

Bayesian Total Error Analysis 

(BATEA) & NLFIT 

The University of 

Newcastle Australia 

[147] 

 

- 

 
Importance sampling 

 

2.9 Summary and Conclusions  

A comprehensive literature review has been performed to study hybrid CFD-CRN 

emissions prediction tools for combustion systems. For many industrial applications, a 

limited number of reactors have been constructed as a network, mostly in CHEMKIN 

software, to predict emissions and lean blow-out limits. More advanced kinetic 

mechanisms have been developed for natural gas combustion. However, GRI-Mech 3.0 

has been used for almost 45% of studies, especially for industrial applications. The main 

reason why these studies have used GRI-Mech 3.0 could be the adverse effect of larger 

kinetic mechanisms on time to solution, robustness and stability of CRN solver. Flow field 

modelling approaches, CRN modelling techniques, methods for CRN construction using 

CFD, CRN solvers, and available UQ approaches in the literature have been studied in the 

current work.  The main conclusions and recommendations for the future works are 

summarized in this section.  
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For flow field analysis, the component modelling approach can be used for the 

conceptual and preliminary sizing phases of combustion chamber design where the design 

of experiments runs are essential. CFD methods provide more detailed models 

in the flow field analysis, but their intensive computational cost and long set-up time make 

them practical only to model and analyze particular combustion chamber design where 

many aspects of the configuration are identified. Although some algorithms have been 

developed for systematic construction of CRNs using CFD, the main focus of studies for 

industrial applications is on user expertise. The algorithms are still under development and 

there is not a universal approach which could be used to systematically generate a CRN 

representative of the CFD flow field. Moreover, there is no exact rule for the required 

number of reactors needed for CRN modelling. 

Comprehensive review of methods for UQ analysis shows that the polynomial chaos 

expansion (PCE) method has been proven to be a computationally superior alternative to 

the Monte Carlo method for many applications. Although the Monte Carlo method has 

been used for combustion modelling to predict uncertainties, the PCE method has not been 

extensively implemented for combustion modelling, especially for CFD-CRN modelling. 

The advantage of the non-intrusive PCE (NIPCE) approach, in which the model can be 

treated as a black box, is that it can be used to study the propagation of uncertainty of input 

parameters for CFD-CRN modelling. 

This literature review shows that the prediction and characterization of temperature 

inhomogeneity is essential to perform experiments in RCMs to develop chemical kinetic 

mechanisms for CRN modelling as well as experimental studies on NO formation for 

various fuels. The characterization of turbulent flow in an RCM remains an open challenge 

which significantly critical to obtain a homogeneous temperature distribution for the 

experiments. The dominant assumption for CFD studies in the literature is a laminar model 

which needs to be validated over different operating conditions. Moreover, there is a need 

to characterize the performance of an operating RCM for a range of operating condition 
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and crevice configuration to assess the level of temperature inhomogeneity using a 

computationally-efficient tool.  
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3.1 Introduction  

The objective of this chapter is to develop a simple and general framework for the 

computational prediction of temperature inhomogeneity in RCMs. The function of an RCM 

is to provide an environment of uniform, controllable pressure and temperature for the 

investigation of combustion processes [6]. An RCM consists of a reaction chamber 

containing a piston which operates in a single rapid stroke to compress the gas mixture 

under study in an approximately isentropic process. In some RCMs, including the National 

University of Ireland (NUI) Galway machine [7] two pistons compress the gas charge 

symmetrically as shown in Figure 3.1.  

 

Figure 3.1. NUI Galway RCM. 

 

Major advances have been achieved in understanding and reducing temperature 

inhomogeneity in RCMs. Until recently, however, each investigation of RCM heat transfer 

and fluid dynamics has necessarily been restricted to a specific machine at a restricted 

range of operating conditions. No general rules are available for the design and operation 
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of RCMs to optimize homogeneity. The reason for this is the large number of variables 

which may influence the flow and temperature field, including gas thermophysical 

properties and the kinematic and geometric parameters of the RCM. For example, Mittal 

et al. [14] conducted a program of simulations which yielded data for a temperature 

inhomogeneity measure as a function of stroke length, compressed gas pressure, and 

argon−nitrogen mixture fraction in a particular RCM. This is probably the most 

comprehensive RCM temperature inhomogeneity performance map to date. However, as 

we will argue in section 2, RCM performance depends on as many as 13 variables 

characterizing machine dimensions, operating conditions, and gas thermophysical 

properties. It is impractical to characterize RCM performance completely as a function of 

all of these variables, by a direct campaign of either computation or experiments.  

The objective of this section is to enable the prediction of temperature inhomogeneity by 

computational methods for the most general RCM design and operating conditions. We 

take two approaches to systematically reduce the cost of such an investigation. The first 

approach is a dimensional analysis to recast the problem and characterize performance of 

RCM in terms of thermophysical and geometrical dimensionless parameters in place of the 

usual physical variables. This is an exact mathematical operation involving no 

approximations. In effect, it removes redundant information from the specification of the 

problem. Dimensional analysis has the added advantage of permitting results to be 

formulated independently of scale, so that data can be generalized to a wide range of 

systems. The second stage is a set of preliminary computations to investigate the sensitivity 

of RCM operation to each dimensionless variable, with a view to eliminating variables that 

have relatively small effects.  

Based on this approach, a set of CFD simulations was carried out which predict 

temperature inhomogeneity for a general RCM across a wide range of conditions. These 

results are used to correlate a dimensionless temperature inhomogeneity parameter as a 

function of RCM design and operating parameters.  
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A dimensional analysis of RCM temperature inhomogeneity is presented in section 3.2. 

The computational method is described in section 3.3. Some representative CFD results 

are presented in detail in section 3.4.1. Results of the sensitivity analysis are presented in 

section 3.4.2. The subsequent parametric CFD study, based on variables identified by 

dimensional analysis and sensitivity study, is shown in section 3.4.3 with the resulting 

correlation for temperature inhomogeneity. 

3.2 Dimensional Analysis 

The purpose of this dimensional analysis is to identify the minimum set of variables that 

can fully define the RCM and its operating condition. First, the problem must be formulated 

mathematically. For an RCM with a simple cylinder and a flat piston head, the design and 

operating conditions are fully specified by stroke length, S, main chamber diameter, D, 

piston average velocity, �̅�, initial pressure, Pi, initial temperature Ti, geometric 

compression ratio, r, gas constant, R, specific heat ratio, 𝛾, thermal conductivity, k, and 

dynamic viscosity, 𝜇. This is not the only valid choice for this set of parameters; for 

example, R could be replaced with Cp. The state of the RCM also depends on time, t.  

Additional parameters are required to define the geometry of a creviced piston head. The 

geometry of the NUI Galway RCM is shown in Figure 3.2 with a generic crevice. Previous 

research [7,14] suggests that crevice volume, Vcr, is the most important property of the 

crevice in determining its capability to suppress vortices. We therefore include this 

parameter. The annular entrance channel from the main chamber to the crevice may affect 

performance, and therefore we also include the average radial width of the channel, ℎ =

(𝐴 + 𝐵) 2⁄ , where A and B are defined in Figure 3.2. It is assumed that the piston head is 

fully centered in the cylinder and there is no asymmetry for the crevice and the entrance 

channel dimensions. Clearance length in this figure is the distance between the two piston 

heads at the end oppression.  
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Figure 3.2. Schematic diagram of the NUI Galway RCM with a creviced piston. 

 

The temperature-dependent gas properties 𝛾, 𝑘, and 𝜇 vary throughout both the 

compression and constant-volume phases of an RCM experiment. To evaluate them, a 

reference midcompression condition is defined. This is the idealized condition reached by 

isentropic compression with constant value of γ denoted as γi, starting from the initial 

pressure, with a pressure ratio equal to half the overall isentropic pressure ratio, 𝑟𝑝 =  𝑟𝛾. 

This midpoint pressure, �̂�, is (𝑃𝑖𝑟
𝛾𝑖) 2⁄ , and the midpoint temperature, �̂�, is 

𝑇𝑖𝑟
(𝛾𝑖−1)2(1−𝛾𝑖)/𝛾𝑖. Reference property values 𝛾, �̂�, and �̂� are evaluated at this midpoint 

state. Similarly, the piston velocity is a function of time in an RCM experiment and is 

represented by the average velocity, �̅�  =  𝑆/𝑡𝑐, from start to stop of the compression 

stroke.  

To quantify the performance of the RCM, we define a local dimensionless temperature 

difference, 𝜀̅, as: 
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𝜀̅(𝑟, 𝑧, 𝑡) =
𝑇𝑐(𝑡) − 𝑇(𝑟, 𝑧, 𝑡)

𝑇𝑐(𝑡) − 𝑇𝑤
 

(3.1) 

where (𝑟, 𝑧) are cylindrical polar coordinates, 𝑇𝑐(𝑡) is the core temperature, defined as 

the instantaneous maximum temperature in the RCM main chamber, and 𝑇𝑤 is the wall 

temperature. For simulations presented later in this work, wall temperature is equal to the 

initial gas temperature. A useful temperature inhomogeneity parameter can then be defined 

as the spatial average of ε over the whole of the main chamber: 

𝜀̅ (𝑡) =
𝑇𝑐(𝑡) − �̅�(𝑡)

𝑇𝑐(𝑡) − 𝑇𝑤
 

(3.2) 

where �̅�(𝑡) is the mass-average temperature in the main chamber (excluding the crevice, 

if there is one). A value of �̅�̅ close to 1 implies that �̅� ≃  𝑇𝑤, indicating that the bulk gas 

temperature is dominated by wall heat transfer, while �̅�̅ ≃ 0 implies that gas temperature 

everywhere is close to the core temperature, and thus wall effects are small. This is similar 

to the “% influence” defined by Mittal et al. [14]. In the present work, however, a different 

normalization is employed, giving special meaning to �̅�̅ ≃ 0, and �̅�̅ ≃ 0 is based on the 

whole of the main chamber, whereas Mittal et al. [14] excluded the calculated thermal 

boundary layer. In this study, the thermal boundary layer is not excluded for the calculation 

of �̅�̅. 

Thus, the parameter �̅�̅ (or any measure of the RCM’s thermomechanical performance) is 

determined by the design and operating parameters according to an as yet unknown 

relationship of the form 

𝜀̅ 

= 𝜀̅  (𝑆, �̅� , 𝑃𝑖 , 𝑇𝑖 , 𝑟 , 𝐷, 𝑉𝑐𝑟 , ℎ, 𝑅, 𝛾, �̂�, �̂�, 𝑡) 

(3.3) 

Thus, there are 13 independent variables which characterize the RCM and determine the 

one dependent variable, 𝜀̅ . These 13 quantities have four fundamental dimensions, mass, 

length, time, and temperature. According to the Buckingham Pi theorem, this can be 

reduced to a relationship involving (14 −4 = 10) dimensionless parameters. 
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Several equally valid choices are possible for a set of 10 parameters. However, some 

choices are more useful than others in enabling various physical effects to be distinguished 

clearly.  The chosen set includes 𝜀̅ , 𝑟, and specific heat ratio, 𝛾, which are already 

dimensionless in the original set of variables. Time is nondimensionalized as 

𝑡∗ =
𝑡

𝑆 �̅�⁄
 (3.4) 

where 𝑡 = 0 is defined as the end of compression and 𝑆 �̅�⁄  is the time taken for the 

compression stroke, so that compression begins at 𝑡 = −𝑆 �̅�⁄ . The chosen dimensionless 

parameter set also includes the well-known Reynolds, Mach, and Prandtl numbers, 𝑅𝑒𝑆, 

𝑀, and 𝑃𝑟, all based on reference midcompression conditions. They can be expressed as 

follows in terms of the original variables of Equation (3.3): 

𝑅𝑒𝑆 =
�̂��̅�𝑆

 �̂�
=

𝑟𝑃𝑖

21 𝛾𝑖⁄ 𝑅𝑇𝑖

�̅�𝑆

�̂�
 

(3.5) 

 

𝑀 =
�̅�

 �̂�
=

�̅�

 √𝛾𝑅�̂�
=
2(𝛾𝑖−1) 2𝛾𝑖⁄

𝑟(𝛾𝑖−1) 2⁄

�̅�

√𝛾𝑅𝑇𝑖
 (3.6) 

 

𝑃𝑟 =
�̂�𝑝�̂�

 �̂�
 

(3.7) 

Reynolds number is based on stroke length, since it is the stroke that governs the growth 

of the boundary layer and the formation of the roll-up vortex during compression. The three 

remaining dimensionless parameters characterize the geometry and were constructed by 

grouping physically related parameters. Since the main function of the crevice is to 

accommodate the boundary layer from the swept volume, crevice volume 𝑉𝑐𝑟 is normalized 

to swept volume to give 

𝑎 =
4𝑉𝑐𝑟
𝜋𝐷2𝑆

 
(3.8) 
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The volume of thermal boundary layer can be used instead of swept volume by stroke in 

above equation to define 𝑎. The aspect ratio of the swept volume is defined as 

𝑏 =
𝐷

2𝑆
 

(3.9) 

normalizing to stroke length rather than final clearance or any other length, again because 

of the dependency of boundary layer formation on stroke length. The main chamber radius 

𝐷/2 determines how much space there is for the gas to flow from the corner toward the 

centreline. Therefore, the entrance channel average height ratio is defined as 

𝑑 =
2ℎ

𝐷
 

(3.10) 

The resulting dimensionless functional relationship is 

𝜀̅ = 𝜀̅  (𝑅𝑒𝑆, 𝑃𝑟 , 𝑀, 𝛾, 𝑟 , 𝑏, 𝑎 , 𝑑, 𝑡
∗) (3.11) 

which is precisely equivalent to Equation (3.3). 

Dimensional analysis has shown that the performance of the RCM with flexible geometry 

is truly dependent on only nine independent dimensionless parameters instead of 13 

independent variables as shown in Equation (3.3). The approach adopted in this work is to 

characterize the performance of the RCM by modelling it computationally at a matrix of 

operating conditions sampled across the possible range. Although dimensional analysis 

reduces the parameter space from 13 dimensions to nine, the computational effort required 

to completely map this space is still prohibitive. Therefore, a sensitivity analysis was 

conducted to limit computational cost, as described in section 3.6.2. 

3.3 CFD Modelling Approach 

3.3.1 RCM Geometry and Computational Domain 

The parametric internal dimensions of the generic RCM are shown in Figure 3.2, with 

the NUI Galway RCM for illustration. The RCM is shown with a creviced piston head in 

its initial and final positions. In the reference configuration, the internal diameter is 𝐷= 38.2 
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mm, the stroke length of each piston is 𝑆= 172 mm, the piston-to-midplane distance 𝐿𝑓= 

16.5 mm (half of the final clearance length), crevice length 𝑊= 2.7 mm, crevice height 𝐻= 

8.1 mm, entrance channel inlet height 𝐴= 0.412 mm, and entrance channel outlet height 

𝐵= 0.150 mm. The average channel height is ℎ= 0.281 mm. The piston displacement 

history is prescribed as a polynomial fit to experimentally measured piston position data, 

as shown in Figure 3.3. To vary piston velocity, this function is simply scaled. 

 

Figure 3.3. Experimentally measured displacement of the piston (dots), with the 

polynomial fit prescribed in the computational model (solid curve). 

3.3.2 Computational Method 

The flow is assumed symmetric about the cylinder axis and the midplane, and free of 

swirl. This facilitates a 2D axisymmetric model bounded by the cylinder, the piston, the 

centreline axis of symmetry, and the midplane, as shown in Figure 3.2. Würmel and 

Simmie [7] used a symmetrical boundary condition in their simulation for the same 

configurations. The piston and cylinder surfaces are modelled as isothermal no-slip walls 

at a temperature equal to the initial gas temperature. The flow was simulated using ANSYS 
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Fluent v16.0 with the PISO algorithm for pressure−velocity coupling, PRESTO pressure 

gradient evaluation, and second order upwind scheme for density, momentum, and energy. 

Twenty iterations were run per time step, and globally scaled residuals (normalized to 

global sums) fell below 10−4 for continuity and 10−6 for momentum and energy. 

Temperature-dependent gas thermophysical properties are evaluated by polynomial fits to 

NIST data [148]. Simulations were carried out on Fionn, an Intel Xeon E5-based cluster at 

the Irish Centre for High-End Computing. The total computational cost was 32,400 CPU h 

for the 90 simulations described in this work. 

Tabaczynski et al. [10] found that incompressible, isothermal corner flow is laminar for 

Reynolds number, based on stroke length and piston velocity, up to 12,500. However, no 

clear criterion exists for laminar−turbulent transition in the more complex compressible 

flow of an RCM. Previous CFD simulations for RCMs have been based on a laminar model 

[7,12–15], RANS turbulence models [13,149], and large eddy simulation (LES) [21]. Mittal 

and Sung [13] observed that laminar computations yield closer agreement with planar laser-

induced fluorescence (PLIF) experimental temperature measurements than a RANS 

turbulence model, and Würmel and Simmie [7] found that the use of a 𝑘 − 𝜀̅ turbulence 

model has very small effects on simulations of the NUI Galway RCM. Recent work by 

Ihme [31] and Grogan et al. [30] focused on ignition regimes and interaction of turbulence 

and chemistry, using Reynolds and Damkohler scaling in a spatially homogeneous model. 

Ihme [31] emphasized that the relative contributions of different mechanisms of turbulence 

in RCM have so far not been experimentally quantified and are most likely dependent on 

facility design and operation conditions. Banaeizadeh [21] simulated the Michigan State 

University (MSU) RCM with LES, but found that results disagreed with experimental data 

in the case of a flat piston. Thus, computational modelling of turbulent flow in an RCM 

remains an open challenge, due in part to the low Reynolds number (in terms of turbulent 

flows) and the coexistence of laminar and turbulent regions. The analysis and design of 

current creviced piston head configurations are based on a laminar model [7,12,14]. Since 
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there is no experimental validation to confirm that any specific turbulence model for CFD 

simulation of RCM is more accurate than a laminar model, a turbulence model is not used 

in the present work. 

3.3.3 Computational Grid 

As the piston moves, the mesh must conform to the decreasing volume of the domain. 

This is managed using the dynamic mesh layering scheme of ANSYS Fluent. The mesh as 

a whole translates with the piston, except for the layer of cells adjacent to the symmetry 

plane, which is reduced in axial length. When the length of these cells has decreased by a 

specified ratio, they are merged with the full-size cells in the next layer. This method allows 

the mesh in the area of the most complex flow (near the piston) to remain constant and 

results in faster computation due to the decrease in the number of cells as compression 

proceeds. The initial gas volume is discretized with a block-structured mesh of 39,019 

quadrilateral cells, refined near walls and in the crevice channel to enhance resolution of 

the thermal and momentum boundary layers. The computational grid and boundary 

conditions are shown in Figure 3.4 at the end of compression with an enlarged view of the 

entrance channel, where the mesh is finest. The time step 𝛥𝑡 is 4 𝜇𝑠. The Courant number 

based on local velocity and cell length was less than 1 everywhere in the main chamber at 

all times. The smallest axial mesh cell length is 0.020 mm, and the smallest radial mesh 

cell length is 0.006 mm.  

These spatial and temporal resolutions are consistent with or better than previous work 

on RCM models. Würmel and Simmie [7]  employed a mesh of 9,000 cells ranging in length 

from 0.1 to 0.7 mm with a time step of 8 𝜇𝑠. Mittal and Sung [13] used 14,000 cells with a 

time step of 56 𝜇𝑠, and Mittal et al. [14,15] used a time step of 42 𝜇𝑠. 
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Figure 3.4. Computational mesh and boundary conditions at the end of 

compression, with an enlarged view of the entrance channel region (Lf = 16.5 

mm). 

3.4 Computational Results 

3.4.1 Reference Condition 

The results of CFD simulations for the NUI Galway RCM containing nitrogen at initial 

temperature 313 K and initial pressures of 50 and 100 kPa are shown in Figure 3.5. 

Temperature distribution in the main chamber and crevice, and velocity distribution in the 

main chamber, are presented at times from 0 to 200 ms postcompression. Throughout this 

work, time 𝑡 = 0 is defined as the end of the compression stroke. The corresponding 

dimensionless parameters are 𝑟 = 11.42, 𝛾 = 1.37, 𝑅𝑒𝑆  =  2.07 × 105, 𝑀 = 0.0197, 

𝑃𝑟 = 0.73, 𝑎 = 0.0105, 𝑏 = 0.111, and 𝑑 = 0.0147. This case, with initial pressure of 

50 kPa, is defined as the reference operating condition for the present study. 

It is seen from Figure 3.5 that with 𝑃𝑖 =  100 kPa, there is only one vortex on the piston 

face (for one-quarter of the computational domain), and this vortex grows with time after 
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compression. In contrast, for 𝑃𝑖 =  50 kPa, the vortex shown in Figure 3.5 is larger even 

at the end of compression. Later, two vortices develop with higher velocity magnitude, 

mixing the cooler boundary-layer gas into the core. It is therefore computationally 

demonstrated that the roll-up vortex is pressure-dependent. This result is consistent with 

CFD results of Mittal et al. [14] and PLIF measurements of the temperature field reported 

by Mittal and Sung. [13]  The well-known mechanisms of RCM temperature 

inhomogeneity [7,10–14] can be observed. 
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Figure 3.5. Computed temperature and velocity distributions at the reference 

condition after the end of compression: nitrogen; compression time, 16.6 ms; 

initial pressure, Pi = 50 and 100 kPa; initial temperature, 𝑻𝒊 = 313 K; internal 

diameter, D = 38.2 mm; stroke length, S = 172 mm; half of the final clearance 

length, 𝑳𝒇 = 16.5 mm; crevice length, W = 2.7 mm; crevice height, H = 8.1 mm; 

entrance channel inlet height, A = 0.412 mm; entrance channel outlet height, B = 

0.150 mm. Time t = 0 at the end of compression. 

3.4.2 Sensitivity to Dimensionless Parameters 

A sensitivity study was conducted to assess the relative magnitude of effects of the 

dimensionless parameters. The operating condition was perturbed from the reference case 

(defined in section 3.6.1) by adjusting each dimensionless parameter in turn while holding 

the others constant. The resulting change in the temperature inhomogeneity parameter 𝜀̅  

provides a measure of sensitivity to the perturbed parameter. Dimensionless time is not 

considered, since inhomogeneity is expected to be highly time-dependent (see, for 

example, Figure 3.5). For analysis of sensitivity to all other variables, 𝜀̅  is sampled at 30 

ms postcompression. The value of 𝜀̅  in the reference case is denoted 𝜀̅ 0, and the quantity 

(𝜀̅ − 𝜀̅ 0)/𝜀̅ 0 is a fractional change in 𝜀̅  resulting from a perturbation of one parameter. 

To enable a comparison of sensitivity to different parameters, the magnitude of the 

perturbations should be chosen in a consistent manner. It would be meaningless to perturb 

each parameter by the same fraction. For example, it is straightforward to raise the 

Reynolds number by 50% or more by choosing a denser gas, but impossible to raise 𝛾 by 

50% from 1.4. Instead, each dimensionless parameter is perturbed by 10% of its possible 

range. This possible range is based on estimates of the minimum and maximum values of 

each parameter that can practically be attained in an RCM. Where there is uncertainty as 

to these limits, the estimate errs toward a larger range to enable a comprehensive 

characteristic map for RCM operation. Argon and nitrogen are normally used as diluent 
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gases. We also consider helium, which enables low Reynolds and Mach numbers, and 

helium mixtures, which enable the experiment to reach very low Pr [150]. Minimum and 

maximum values for geometrical dimensionless parameters are defined using data reported 

by Goldsborough [151] and Mittal [152] for various RCMs. 

The resulting ranges for the dimensionless parameters are shown in Table 3.1. Based on 

these ranges and reference values, the 10% perturbed values are defined by eq 12. 

𝑋10% = 0.1(𝑋𝑚𝑎𝑥 − 𝑋𝑚𝑖𝑛) + 𝑋𝑟𝑒𝑓;      𝑋

= [𝑅𝑒𝑆, 𝑀, 𝑃𝑟, 𝛾, 𝑟, 𝑏, 𝑎, 𝑑]  

(3.12) 

 

Table 3.1. Range of Dimensionless Parameters for Sensitivity Study. 

 

An important step for sensitivity analysis is the determination of dimensional 

thermophysical and geometrical variables for each perturbation of the dimensionless 

parameters. These dimensional values, required for the computational simulations, can be 

recovered from the dimensionless parameters using Equations (3.13)-(3.20). 

�̂� = (𝑆�̂��̂�−1 2⁄ )𝑀𝛾3 2⁄ (�̂� − 1 )−1𝑅𝑒𝑆
−1 𝑃𝑟−1  (3.13) 

 

�̂� = (𝑆�̂��̂�−1 2⁄ 𝑅−1 2⁄ )𝑀𝛾−1 2⁄ 𝑅𝑒𝑆
−1   (3.14) 
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�̅� = (�̂�1 2⁄ 𝑅1 2⁄ )𝑀𝛾1 2⁄    (3.15) 

 

�̂�𝑝 = 𝑅𝛾(�̂� − 1)−1   (3.16) 

 

𝐿𝑓 = 𝑆(𝑟 − 1)−1   (3.17) 

 

𝑉𝑐𝑟 = 𝜋𝑆3𝑏2𝑎   (3.18) 

 

ℎ = 𝑆𝑑𝑏   (3.19) 

 

𝐷 = 2𝑆𝑏   (3.20) 

This system of equations enables desired values of nine dimensionless numbers to be set 

by varying the eight dimensional parameters on the left-hand side, which are direct inputs 

to the computational simulation. (One of the dimensionless numbers, 𝛾, is itself a direct 

input.) For example, to perturb 𝑃𝑟, the value of thermal conductivity �̂� should be altered, 

since Pr appears only in Equation (3.13). To perturb 𝑅𝑒𝑆 alone, 𝜇 ̂is adjusted according to 

Equation (3.14), but �̂� is also adjusted according to Equation (3.13) (which includes 𝑅𝑒𝑆 

on the right-hand side) to avoid an unwanted perturbation of 𝑃𝑟 =  𝜇̂ �̂�𝑝/�̂�. Alternative 

formulations could be derived by choosing a different set of eight dimensional parameters, 

but according to the Buckingham 𝑃𝑖 theorem, all formulations are equivalent when results 

are nondimensionalized. 

Each perturbed condition was simulated computationally. Results of the sensitivity study 

for 30 ms after the end of compression are shown in Figure 3.6. Temperature 
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inhomogeneity 𝜀̅  decreases by approximately 16.7% for a perturbation of 𝑅𝑒𝑆  by 10% of 

its range, 10.3% for a corresponding perturbation of b, 7.2% for a perturbation of a, and 

4.6% for a perturbation of  𝑃𝑟. Changes in 𝜀̅  due to 𝛾, 𝑟, 𝑑, and 𝑀 are all less than 2%. 

These results show that Reynolds number, aspect ratio, crevice volume ratio, and Prandtl 

number are significantly more important than the remaining parameters in determining 

temperature inhomogeneity. 

 

 

Figure 3.6. Fractional change in temperature inhomogeneity parameter (𝜺̅ −

 𝜺̅ 𝟎)/𝜺̅ 𝟎 resulting from perturbation of each dimensionless parameter by 10% of 

its range at 30 ms after the end of compression. 
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3.4.3 Correlation of Temperature Inhomogeneity 

Based on the results of the sensitivity analysis previously presented, a parametric study 

was conducted to investigate the effect of the four most important parameters Reynolds 

number, Prandtl number, aspect ratio, and crevice volume ratio on temperature 

inhomogeneity. A set of CFD simulations was completed for all possible combinations of 

the minimum, maximum, and geometric average values of each parameter according to 

Table 3.2. 

Table 3.2. Minimum, Geometric Average, and Maximum Values of Each 

Dimensionless Parameter Used in the Parametric Study. 

 

This entails 34  =  81 cases, each one simulated up to dimensionless time 𝑡∗ = 12, which 

corresponds to 200 ms postcompression in the NUI Galway machine. A full time history 

of 𝜀̅  was recorded for every case. The resulting data set can be represented by a correlation 

𝜀̅ = 𝜀̅  (𝑅𝑒, 𝑃𝑟, 𝑎, 𝑏, 𝑡∗)   (3.21) 

To determine a simple form for this correlation, an exponential function is used to 

approximate the growth of temperature inhomogeneity during long postcompression times. 

𝜀̅ 𝑝(𝑅𝑒, 𝑃𝑟, 𝑎, 𝑏, 𝑡
∗) = 𝜀̅ ∞𝑝 − (𝜀̅ ∞𝑝 − 𝜀̅ 0𝑝)e

−β𝑡∗    (3.22) 

In the preceding equation, subscript p denotes prediction based on correlation of the 

computational results. 𝜀̅  0𝑝  and 𝜀̅ ∞𝑝  are predicted values at the end of compression (𝑡∗ = 0) 

and the asymptotic final state (𝑡∗ → ∞), respectively. The dimensionless β characterizes 

the postcompression rate of growth of inhomogeneity. 𝜀̅ ∞, 𝜀̅ 0, and β depend on Reynolds 
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number, Prandtl number, aspect ratio, and crevice volume ratio, but are independent of 

time, by definition (these dependencies are not shown in Equation (3.22), for conciseness). 

By minimizing least-squares error, the following power-law correlations were identified. 

 

β = 3.30𝑅𝑒−0.32𝑃𝑟−0.26𝑎−0.08𝑏−0.40 (3.23) 

 

𝜀̅ 0𝑝 = 1.56𝑅𝑒−0.47𝑃𝑟−0.44𝑎−0.07𝑏−0.63 (3.24) 

 

𝜀̅ ∞𝑝 = 1.65𝑅𝑒−0.22𝑃𝑟−0.22𝑏−0.33 (3.25) 

 

To illustrate the quality of the exponential model for time dependence, the computed 𝜀̅ 𝑐  

and predicted 𝜀̅ 𝑝  are plotted in Figure 3.7 for some representative cases. Across the range 

of cases simulated, the exponential fit provides an acceptable representation of the 

computational results. 𝜀̅ 𝑝  predicted by the aforementioned correlation is plotted in Figure 

3.8, in comparison with the values 𝜀̅ 𝑐  directly computed in CFD simulations, for 

dimensionless times 𝑡∗ = 0, 𝑡∗ = 6, and 𝑡∗ = 12. Instantaneous distributions of 

dimensionless temperature difference 𝜀̅(𝑟, 𝑧) are also shown for a sample of representative 

cases, including the reference case, at the end of compression. There is close agreement 

between predicted and computed values for the temperature inhomogeneity parameter 𝜀̅ . 
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Figure 3.7. Computed and predicted �̅�̅𝒄 and �̅�̅𝒑, repsectively, as functions of 

dimensionless postcompression time, 𝒕∗, for different combinations of Prandtl 

number, 𝑷𝒓; Reynolds number, 𝑹𝒆; crevice volume ratio, 𝒂; and aspect ratio, 𝒃. 
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Figure 3.8. Predicted temperature inhomogeneity parameter, �̅�̅𝒑, as a function 

of Reynolds number, Prandtl number, crevice volume ratio, and aspect ratio, 

compared with computed temperature inhomogeneity parameter, �̅�̅𝒄, for 

postcompression dimensionless times 𝒕∗ = 𝟎, 𝒕∗ = 𝟔, and 𝒕∗ = 𝟏𝟐. The solid line 

denotes �̅�̅𝒑 = �̅�̅𝒄 and dashed lines correspond to ±𝟐𝟎%. 

 

The close similarity of the exponents of 𝑅𝑒𝑆  and 𝑃𝑟 in Equations (3.23)-(3.25) suggests 

that the data can be correlated as a function of the single parameter 𝑅𝑒𝑆 𝑃𝑟, known as the 

Peclet number 𝑃𝑒, which quantifies the ratio of convective to conductive heat transfer. This 

results in new coefficients as follows. 
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β = 3.08𝑃𝑒−0.32𝑎−0.08𝑏−0.40 (3.26) 

 

𝜀̅ 0𝑝 = 1.49𝑃𝑒−0.47𝑎−0.07𝑏−0.63 (3.27) 

 

𝜀̅ ∞𝑝 = 1.665𝑃𝑒−0.22𝑏−0.33 (3.28) 

As shown in Figure 3.9, the predicted results again display close agreement with the 81 

computational results. Thus, to a good approximation, temperature inhomogeneity depends 

on only Pe, a, and b, which characterize the RCM gas properties and configuration. 
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Figure 3.9. Predicted �̅�̅𝒑 as a function of Reynolds number, Prandtl number, 

crevice volume ratio, and aspect ratio, compared with computed �̅�̅𝒄 for 

dimensionless postcompression times 𝒕∗ = 𝟎, 𝒕∗ = 𝟔, and 𝒕∗ = 𝟏𝟐. The solid line 

denotes �̅�̅𝒑 = �̅�̅𝒄, and dashed lines correspond to ±𝟐𝟎%. 

 

The distinct effects of Pe, a,and b on temperature inhomogeneity parameter are 

differentiated in Figure 3.9, Figure 3.10, and Figure 3.11 for dimensionless 

postcompression times of t* =0,6, and 12, respectively (corresponding to 0, 100, and 200 

ms after compression in the NUI Galway RCM). Since Pe now replaces Re and Pr, only 

27 data points are shown instead of 81 data points. Similar trends can be observed at all 

times. Inhomogeneity parameter ε̅ increases with decreasing Pe, a, and b. Peclet number 

has by far the largest influence, followed by b and a. This multivariable analysis confirms 

the results of the sensitivity analysis, which was based on perturbations of a single variable. 
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Figure 3.10. Effect of Pe, a, and b on ε̅ values for 𝒕∗ = 𝟎. Pe, a, and b are coded 

by symbol shape, color, and size, respectively. The solid line denotes �̅�̅𝒑 = �̅�̅𝒄, and 

dashed lines correspond to ±𝟐𝟎%. 
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Figure 3.11. Effect of Pe, a, and b on 𝜺̅  values for 𝒕∗ = 𝟔. Pe, a, and b are coded 

by symbol shape, color, and size, respectively. The solid line denotes �̅�̅𝒑 = �̅�̅𝒄, and 

dashed lines correspond to ±𝟐𝟎%. 
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Figure 3.12. Effect of Pe, a, and b on 𝜺̅  values for 𝒕∗ = 𝟏𝟐. Pe, a, and b are coded 

by symbol shape, color, and size, respectively. The solid line denotes �̅�̅𝒑 = �̅�̅𝒄, and 

dashed lines correspond to ±𝟐𝟎%.  

3.5 Discussion 

For a wide range of geometrical parameters and thermophysical operating conditions, 

dimensional analysis shows that heat transfer and fluid dynamics are dependent on eight 

dimensionless parameters (plus time), instead of 12 gas and machine properties (plus time). 

Various choices of the eight parameters are possible; we select ReS, Pr, M, 𝛾̂, r, b, a, and 

entrance channel average height ratio, d. 
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In a series of preliminary computational models for sensitivity analysis, it was shown 

that four parameters (Reynolds, Prandtl numbers, aspect ratio, and volume crevice ratio) 

have significantly greater effects than the others on temperature inhomogeneity. These 

effects are quantified in terms of the sensitivity of temperature inhomogeneity to each 

parameter over the practically possible range of that parameter. Based on the results of the 

dimensional analysis and sensitivity analysis, a generic RCM was simulated over 

compression and 200 ms post-compression (i.e., a post-compression period 12 times longer 

than compression time) over a range of Reynolds, Prandtl numbers, aspect ratio, and 

crevice volume ratio in order to map temperature inhomogeneity over the full operating 

range of the machine. Results can be predicted with a correlation of the form 

𝜀̅ 𝑝(𝑅𝑒, 𝑃𝑟, 𝑎, 𝑏, 𝑡
∗) =  𝜀̅ ∞𝑝  −  (𝜀̅ ∞𝑝  −  𝜀̅ 0𝑝)𝑒

−𝛽𝑡∗ , where 𝑡∗ is dimensionless time for 

post-compression and 𝜀̅ ∞𝑝, 𝜀̅ 0𝑝, and β are power-law functions of Reynolds number, 

Prandtl number, aspect ratio, and crevice volume ratio. The correlation can be further 

simplified, without loss of accuracy, by introducing  𝑃𝑒 = 𝑅𝑒𝑆 𝑃𝑟 = 𝑈𝑆𝜌𝐶𝑝/𝑘, which 

represents the order of magnitude of the ratio of energy fluxes due to convective transport 

and diffusion (conduction). It describes the balance between fundamental physical 

mechanisms of heat transfer in the RCM. Alternatively, Pe can be rewritten as 

𝑈𝑆/𝛼,offering another interpretation: the primary gas property that affects temperature 

(in)homogeneity is the thermal diffusivity, α. The importance of α has previously been 

highlighted in the work of Mittal et al. [14]. 

The volumetric compression ratio (or the pressure ratio, which could appear in an equally 

valid alternative formulation of the results) is absent from the final correlations. This may 

appear to conflict with previous results (Mittal et al. [14] and Figure 3.5) that show a strong 

effect of final pressure on temperature inhomogeneity. However, there is no contra- diction. 

Pressure ratio affects temperature inhomogeneity but does so through its effect on density, 

and hence thermal diffusivity and (most fundamentally) Peclet number. The pressure is 

important not as a thermodynamic property but as an indirect influence on transport 
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processes. In the present computational study, compression ratio has been varied while 

holding the Peclet number constant, isolating the effects of each variable. The effect of 

pressure ratio has been compounded with Peclet number effects in previous work. 

The absence of M from the list of important variables is to be expected within the low 

range of possible values (0.004 ≤ M ≤ 0.04). For piston Mach numbers close to 1 

(extremely high piston speed), the duration of piston travel would be of the same order as 

the transit time of the compression or shock waves created by its acceleration. Significant 

spatial inhomoge- neity would result directly from the compression process itself. At the 

very low Mach numbers typical of RCMs, however, many transits of acoustic compression 

waves occur while the piston is in motion, enabling the temperature field to remain spatially 

uniform (in the absence of wall heat transfer). 

Mittal et al. [14] examined the effect of several parameters on vortex formation and 

temperature inhomogeneity in an RCM with a creviced piston. They observed that higher 

absolute pressure results in a smaller vortex and a more homogeneous temperature field. 

This is consistent with the findings of the present dimensionless framework and CFD 

simulations of the reference case, since high pressure results in higher density and hence 

higher Peclet number. Mittal et al. [14] also reported that vortex formation and temperature 

inhomogeneity decreased with increasing clearance length (i.e., increasing final volume) 

for constant stroke length and approximately constant final conditions. However, to ensure 

constant final (end-compression) conditions in the main chamber, initial pressure was 

varied. Hence the average Reynolds number increased as clearance was increased. 

Therefore, our approach (which is based on the mid pressure Pe as a surrogate for the 

average) would predict an increasingly homogeneous final state as final clearance is 

increased in this scenario, consistent with the direct results of Mittal et al. [14]. 

The role of the corner vortex in temperature inhomogeneity of an RCM has two main 

stages. The first aspect is the formation of the roll-up vortex from the boundary layer during 

the compression phase. a is closely related to this process, since the main function of the 

crevice is to suppress formation of the roll-up vortex during compression by swallowing 
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the boundary layer. The second stage is mixing of the cool boundary layer into hot core 

gas, which is due to the development and propagation of any residual vortex. 𝑏 =  𝐷/(2𝑆) 

in the final correlation characterizes the space available for cooler roll-up vortex to move 

from the corner toward the centerline and mix cool wall gas with hot core gas. The results 

of CFD simulations show that the aspect ratio has a larger effect than crevice volume ratio. 

The parameter a is related to the role of the crevice in suppressing the roll-up vortex, 

which is just one mechanism of overall temperature inhomogeneity. The apparent 

secondary importance of a is due to the fact that the thermal boundary layers also make a 

large contribution, which becomes dominant when the crevice is large. At long post-

compression time, the influence of the crevice volume becomes negligible, as expressed in 

the correlation for 𝜀̅ ∞𝑝. The direct influence of crevice volume is small, but the correlation 

as presented does not account for the practical difficulties that research operators may 

encounter in adjusting an RCM. The crevice volume may be less constrained than other 

parameters such as piston velocity or diluent gas composition and thus can yield a larger 

impact than a simple comparison of the exponents in the correlation would suggest. 

Because of the large number of simulations and high computational costs for development 

of a correlation, some details have been simplified in this study. The sensitivity analysis 

does not consider nonlinear effects or interactions between dimensionless parameters 

(although the full multi- variable parametric study confirms the relative importance of the 

variables, as predicted by the sensitivity study, for the four variables retained). The 

methodology should be extended in the future to study the interactions and nonlinear 

effects of dimensionless parameters. Precompression temperature inhomogeneity 

(stratification) due to uneven wall heating or chamber filling, piston mis-timing, and three-

dimensional effects (e.g., due to filling ports) could be investigated. The contributions of 

boundary-layer formation and vortex-enhanced mixing to overall inhomogeneity could be 

differentiated in future work. Systematic optimization of crevice and entrance channel 

geometry could be undertaken with the aid of automated simulations. Recent 

experimental18 and theoretical19 works suggest that turbulence may be significant, and 
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large eddy simulation should be considered in future studies, supported by experimental 

measurements. 

3.6 Summary and Conclusions 

A simplified framework has been presented for prediction of temperature inhomogeneity 

in RCMs. The approach is applicable to any RCM configuration and any gas mixture 

properties. It is based on a definition of a reduced set of variables that govern 

inhomogeneity, by systematic elimination of many variables that are redundant or 

insignificant. A dimensionless measure of temperature inhomogeneity was defined and 

found to be primarily dependent on only three dimensionless parameters, the Peclet 

number, Pe, aspect ratio, b, and crevice volume ratio, a, in order of decreasing importance. 

Temperature inhomogeneity has been computed by simulation over the full range of these 

parameters. Specific trends observed in the present work are in agreement with previous 

research, but the dimensionless framework is more comprehensive in mapping the RCM 

parameter space than any previous work, and permits simple and general application. The 

computational results are well-modeled by a simple correlation 

𝜀̅ 𝑝(𝑃𝑒, 𝑎, 𝑏, 𝑡
∗) = 𝜀̅ ∞𝑝 − (𝜀̅ ∞𝑝 − 𝜀̅ 0𝑝)e

−β𝑡∗    (3.29) 

 

β = 3.08𝑃𝑒−0.32𝑎−0.08𝑏−0.40 (3.30) 

 

𝜀̅ 0𝑝 = 1.49𝑃𝑒−0.47𝑎−0.07𝑏−0.63 (3.31) 

 

𝜀̅ ∞𝑝 = 1.665𝑃𝑒−0.22𝑏−0.33 (3.32) 

These equations enable prediction of inhomogeneity in any RCM (within the broad range 

of parameters considered) up to time t* = 12 post-compression, or 200 ms in our machine. 
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4.1 Introduction 

 The literature review in Chapter 2 showed that the characterization of turbulent flow in 

an RCM remains an open challenge. The dominant assumption for CFD studies in the 

literature is a laminar model which needs to be validated over different operating 

conditions. The main focus of above studies is on the end of compression or early post-

compression times. However, characterization of the flow field over the entire range of 

post-compression time (5-200 ms) is essential to study ignition delay times. Moreover, 

there is a need to characterize the performance of an operating RCM for a range of 

operating condition and crevice configuration to assess the level of temperature 

inhomogeneity using more computationally-efficient tools. Therefore, the objectives of 

this section are: (1) to characterize the in-chamber fluid velocity and temperature fields in 

the NUI Galway twin-piston RCM using a three-dimensional (3D) large eddy simulation 

(LES) approach, (2) to compare the post-compression temperature field predictions of 

axisymmetric two-dimensional (2D) laminar and 3D LES approaches, (3) to compare post-

compression temperature inhomogeneity predictions given by 2D laminar CFD, 3D LES 

CFD and the developed correlation in previous section, and (4) to propose a 

computationally-efficient framework for RCM testing campaigns.  

 

4.2 Numerical Approach 

4.2.1  Computational Domain and Boundary Conditions 

A section view of key parts of RCM including main chamber (in grey), compression 

sleeves (in blue), and piston plungers (in red) is shown in Figure 4.1 at the beginning of 

compression (BOC) and the end of compression (EOC) including creviced piston head. 

Stroke length per piston is 168.17 mm, main chamber diameter is 38.2 mm, and half of 

clearance length is 14.48 mm. More details of RCM and crevice dimensions are shown in 
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Figure 4.1. Cross-section views of the computational domain at the BOC and EOC are 

shown in Figure 4.1 (orange colour). While a two-dimensional axisymmetric 

computational domain was used in previous works [153] for a similar RCM, a full three-

dimensional computational domain is used in this study due to the need to capture unsteady 

turbulent structures. The original CAD geometry of the main chamber is cleaned-up and 

simplified by deleting the spurious details from numerical simulation point of view.  

 

 

Figure 4.1: Simplified schematic view of the NUI Galway RCM in the BOC and 

EOC positions for LES setup.  
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4.2.2 Boundary Conditions 

 Although the RCM consists of two opposed pistons in a symmetrical arrangement, one 

piston has been considered in this study using the symmetry plane as a boundary condition 

at the middle of main chamber, which saves grid size and computational cost. The grid size 

is the total number of cells in the grid or mesh. Turbulence does not obey symmetry and 

the application of symmetry plane would therefore impose a constraint onto the resolved 

scales [154]. However, since the roll-up vortex, which is the main source of local flow 

instability, grows on the piston head, which is initially far from the symmetry plane, this 

simplification is deemed acceptable. The computational domain (orange colour) is divided 

to three zones in CFD simulations; the main chamber, entrance channel and crevice, as 

described in Figure 4.1. The piston and cylinder surfaces are modelled as isothermal no-

slip walls at a temperature equal to the initial gas temperature. The piston motion is 

simulated using a profile based on experimental piston displacement. For post-compression 

times, the piston position is held constant.  Experimental piston displacement as a function 

of time and approximated piston velocity (1st derivative of piston displacement) as a 

function of piston motion are shown in Figure 4.2.  
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Figure 4.2: Experimental piston displacement as a function of time (top) and 

Approximated piston velocity as a function of piston position (bottom). 

Compression time 18 ms and stroke length 168.17 mm. 
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4.2.3 Numerical Schemes and Simulation Cases 

Solving all scale levels of turbulence and simulation of the whole transition process 

including the development of disturbance waves, interaction between waves and boundary 

layers, ignition of turbulent spots, laminar flow breakdown, and development into fully 

turbulent is only possible in DNS [155]. However, LES as an alternative method for DNS 

uses the concept of solving the large-scale eddies directly, and modelling the small eddies. 

In this study the flow is simulated using ANSYS Fluent v16.0 using LES.   

The subgrid-scale stresses resulting from the filtering operation in LES are unknown and 

require modelling. The original and dynamic Smagorinsky-Lilly models, are essentially 

algebraic models in which subgrid-scale stresses are parameterized using the resolved 

velocity scales. The underlying assumption is the local equilibrium between the transferred 

energy through the grid-filter scale and the dissipation of kinetic energy at small subgrid 

scales. Furthermore, using the Smagorinsky eddy viscosity approach [156] to model the 

small eddies create a major problem, as the transition onset location predicted by LES is 

sensitive to the value of Smagorinsky constant. The subgrid-scale turbulence can be better 

modeled by accounting for the transport of the subgrid-scale turbulence kinetic energy 

[157]. This model is more appropriate for predicting the transition onset, because the sub-

grid eddy viscosity is automatically reduced to zero in a laminar boundary layer [155].  

Therefore, the dynamic subgrid-scale kinetic energy model (DKEM) in ANSYS Fluent 

v16.0 based on the model proposed by Kim and Menon [158] and Kim [157] is used in this 

study.  The subgrid-scale (sgs) kinetic energy (𝑘𝑠𝑔𝑠) is defined in Equation (4.1). 

𝑘𝑠𝑔𝑠 =
1

2
(𝑢𝑘

2̅̅ ̅ − �̅�𝑘
2) (4.1) 

The subgrid-scale eddy viscosity, 𝜇𝑡 is computed using 𝑘𝑠𝑔𝑠 in Equation (4.2) where ∆𝑓 is 

the filter-size computed from ∆𝑓≡ 𝑉𝑐𝑒𝑙𝑙
1/3

. 

𝜇𝑡 = 𝐶𝑘𝜌𝑘𝑠𝑔𝑠
1/2

∆𝑓 (4.2) 

The subgrid-scale stress (𝜏𝑖𝑗) can then be written in Equation (4.3). 
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𝜏𝑖𝑗 −
2

3
𝜌𝑘𝑠𝑔𝑠𝛿𝑖𝑗 = −2𝐶𝑘𝜌𝑘𝑠𝑔𝑠

1/2
∆𝑓+𝑆 𝑖𝑗 (4.3) 

 

S̅ij is the rate-of-strain tensor for the resolved scale, which is determined directly from 

the gradient of the velocity field. 

 

𝑆 𝑖𝑗 ≡
1

2
(
𝜕�̅�𝑖
𝜕𝑥𝑗

+
𝜕�̅�𝑗

𝜕𝑥𝑖
) (4.4) 

 

 𝑘𝑠𝑔𝑠 in the Equation (4.2) is obtained by solving the sgs kinetic energy transport 

equation. 

𝜌
𝜕�̅�𝑠𝑔𝑠

𝜕𝑡
− 𝜌

𝜕�̅�𝑗�̅�𝑠𝑔𝑠

𝜕𝑥𝑗
= −𝜏𝑖𝑗

𝜕�̅�𝑗

𝜕𝑥𝑗
− 𝐶𝜀𝜌

𝑘𝑠𝑔𝑠

3
2

∆𝑓
+

𝜕

𝜕𝑥𝑗
(
𝜇𝑡
𝜎𝑘

𝜕𝑘𝑠𝑔𝑠

𝜕𝑥𝑗
) (4.5) 

In the above equations, 𝜏𝑖𝑗 = 𝜌𝑢𝑖𝑢𝑗̅̅ ̅̅ ̅ − 𝜌�̅�𝑖�̅�𝑗  is the subgrid-scale stress and the model 

constants, 𝐶𝑘 and 𝐶𝜀 , are determined dynamically and 𝜎𝑘 is set to 1.0 [157]. 

The Semi-Implicit Method for Pressure Linked Equations-Consistent (SIMPLEC) 

scheme is used for pressure-velocity coupling. A second order scheme for pressure is 

employed, along with second order upwind schemes for density, energy, and subgrid 

kinetic energy. Bounded central differencing for momentum; and a second order implicit 

method for the transient formulation of momentum are additionally used. Species transport 

is not considered as the flow is modelled as non-reacting. A maximum of fifty iterations 

were run per time step with criteria for globally-scaled residuals of 10-3 for continuity, 

momentum and sub-grid kinetic energy, and 10-6 for energy. Temperature-dependent gas 

thermophysical properties are evaluated by polynomials using the National Institute of 

Standards and Technology (NIST) database [148]. Simulations are carried out on Fionn, 

an Intel Xeon E5-based cluster at the Irish Centre for High-End Computing (ICHEC) [17].  

     In this study, seven LES simulations are conducted to study mesh sensitivity, the 

effects of operating conditions on flow regimes, and the assessment of temperature 
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inhomogeneity correlation which was developed in previous study [153]. Three 

simulations are conducted for different mesh sizes at the initial pressure and temperature 

of 50 kPa and 298 K for nitrogen, which is described in detail in the mesh methodology 

section. The results of previous study [153] showed that various initial pressures resulted 

in different velocity and temperature distributions inside the RCM main chamber. 

Therefore, another simulation is conducted for the selected mesh at initial pressure and 

temperature of 100 kPa and 298 K for nitrogen to study the effect of operating conditions. 

Finally, three simulations at 50 kPa for minimum, average, and maximum Peclet numbers 

are conducted to assess the accuracy of the temperature inhomogeneity correlation [153] 

to predict LES results. 

4.2.4 Mesh Methodology  

Structured hexahedral meshes are usually used to produce more accurate predictions of 

head losses for internal flows or of the drag force for external flows. The quality of their 

elements and their improved control over their distribution in the computational domain 

are the main factors that make them more appealing than tetrahedral meshes [159]. 

However, designing a hexahedral mesh with a good level of quality for complex geometry 

requires a considerable time investment. Unstructured tetrahedral meshes are preferred for 

their ability to quickly mesh complex geometries. However, the addition of structured 

elements in boundary layers is necessary to improve energy loss prediction. As a result, 

hybrid tetrahedral meshes can be used. The hybrid tetrahedral mesh produced by ANSYS 

ICEM CFD often has problems in the transition between the boundary layer structured 

elements and the neighbouring unstructured ones. The rapid increase of volume elements 

in tetrahedral mesh is often the source of inaccuracies and convergence problems especially 

for dynamic mesh layering. Other problems inherent to tetrahedral elements are the 

inappropriate spatial discretization of trailing and leading edges, which are also the cause 

of inaccuracy in the determination of the energy loss. Therefore, a fully structured mesh 

using hexahedral mesh generation feature of ICEM CFD is used in this study to generate a 



4 LES of Turbulent Flow and Validation of Correlation in RCMs 90 

 

 

structured mesh for the computational domain at the BOC shown in Figure 4.1.  This type 

of mesh is also more compatible with dynamic mesh layering approach to prevent negative 

volume elements during mesh compression.   

A blocking approach is implemented to construct 30 blocks and generate hexahedral 

elements inside the computational domain. The main chamber consists of two rectangular 

H-H blocks, coupled with eight O-H blocks outside them, and eight O-O blocks close to 

walls. The entrance channel includes four O-O blocks and the crevice includes four O-H 

blocks coupled with four O-O blocks. As the piston moves, the mesh must conform to the 

decreasing volume of the domain. This is managed using the dynamic mesh layering 

scheme in ANSYS Fluent v16.0. The mesh as a whole translates with the piston, except 

for the layer of cells adjacent to the symmetry plane, which are reduced in axial length. As 

previously mentioned, the piston motion is simulated by the profile shown in Figure 4.2. 

When the length of these cells has decreased by a specified ratio, they are merged with the 

full-size cells in the next layer at the symmetry plane. This method allows the mesh in the 

area of most complex flow (near the piston) to remain constant, and results in faster 

computation due to the decrease in number of cells as compression proceeds. The blocking 

approach in ICEM CFD and mesh topology for the EOC and more detailed views for mesh 

number 2, which will be discussed in next section, are shown in Figure 4.3. The resolution 

of mesh is increased close to the walls in the main chamber, crevice and entrance channel 

to capture boundary layer. 
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Figure 4.3: Blocking approach in ICEM CFD (top) and computational mesh number 2 

at the EOC (bottom). 
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4.2.5 Mesh Sensitivity Analysis  

According to Pope’s criterion [154,160] , the quality of LES depends on the ratio of 

resolved turbulent kinetic energy (kres) to total k, ktot. This criterion assumes that kres should 

account for at least 80% of ktot. The ratio between 𝑘𝑟𝑒𝑠 and 𝑘𝑡𝑜𝑡  is defined as 𝑀 or Pope’s 

criterion which is shown in Equation (4.6). This means that the computational mesh must 

be fine enough to enable a portion defined by M of the k in the domain to be resolved as 

opposed to modelled at the subgrid- scale (sgs). 𝑘𝑠𝑔𝑠 represents subgrid-scale turbulent 

kinetic energy. 

𝑀 =
𝑘𝑟𝑒𝑠 
𝑘𝑡𝑜𝑡 

=
𝑘𝑟𝑒𝑠

𝑘𝑠𝑔𝑠 + 𝑘𝑟𝑒𝑠
 (4.6) 

A survey of LES simulation studies for internal combustion engine applications shows 

that some researchers, such as Di Mari et al. [161] and Wang et al. [162], used the value of 

80% for Pope’s criterion, while others, such as Bottone et al. [163] and Wang et al. [164], 

used 70%. Three computational meshes with different sizes are generated as described in 

Table 4.1 using the blocking method described above.  

 Table 4.1. Comparison of three sets of meshes. 

Mesh number 1 2 3 

Number of mesh elements 

BOC  937,650 2,427,880 3,770,520 

EOC 460,750 1,109,801 1,703,481 

Average cell size at EOC ∆ (mm) 0.510 0.358 0.297 

Computational cost (CPU-hours) 5,832 15,024 41,952 

Three simulations at initial pressure and temperature of 50 kPa and 298 K for nitrogen 

are conducted to evaluate Pope’s criterion using these meshes. The impact of mesh size on 

Pope’s criterion M over the whole 200 ms post-compression time inside the main chamber 
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is plotted in Figure 4.4. This Figure shows that mesh number 3 can resolve the highest 

proportion of kinetic energy, but its computational cost is extremely high, as indicated in 

Table 4.1.  The results show that mesh number 2 is adequate and computationally efficient 

enough to capture the detailed structure of the velocity field over a wide range of post-

compression times in which the turbulence levels are high. Furthermore, the distributions 

of M inside the crevice and entrance channel for mesh number 2 are shown in Figure 4.4. 

Therefore, mesh number 2 is selected for the LES simulations in this study. At the end of 

compression (post-compression time=0), the value of Pope’s criterion for mesh number 2 

is almost 26.3% bigger than mesh number 1 (coarse mesh) and 4.6 % lower than mesh 

number 3 (fine mesh). Therefore, using mesh number 1 and corresponding filter size grid 

considerably affects resolving the turbulent length scales at the end of compression. 

 As mentioned in the introduction section, Banaeizadeh [21] used LES to simulate the 

MSU RCM. To the authors’ knowledge, this is the only available LES simulation for a 

practical and operating RCM in the literature. This study was limited to EOC and 5 ms 

post-compression time. It employed a mesh size of 572,920 elements and was implemented 

for stroke and bore dimensions of 254 mm and 50 mm, respectively. The working fluid 

was pure nitrogen with initial temperature and pressure of 297 K and 0.93 bar, 

respectively, which is close to the higher pressure initial condition in this study. The 

results of LES simulation for creviced configuration in this study using this mesh size 

was in satisfactory agreement with experimental temperature data. Although the NUI 

Galway RCM has considerably smaller dimensions of 168.2 mm and 38.2 mm for stroke 

and bore, a finer mesh of 2,427,880 elements (mesh number 2) has been used in this study. 

Moreover, Goryntsev et al. [165] and Bottone et al. [163] proposed that a mesh with 

average cell size ∆≈ 1 mm seems to be the minimum required to represent the flow field 

for internal combustion engine applications with reasonable accuracy. The cell size ∆ is 

calculated as the cubic root of the cell volume. In general, the bore dimension for practical 

internal combustion engines is bigger than the NUI Galway RCM. Therefore, mesh sizes 
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with average cell size of smaller than ∆≈ 1 mm are selected for the simulation of this 

machine as shown in Table 4.1. 

 

Figure 4.4. Evolution of 𝑴 during post-compression for different mesh sizes. 

4.3 Assessment of mass imbalance, 𝒚+ and CFL number in simulation 

setup 

A normalized mass imbalance as a function of simulation time is shown in Figure 4.5. 

The value of mass imbalance (kg/s) in each selected time step is divided by the average 

mass flow rate of 0.0466 (kg/s) inside the main chamber for mesh number 2 inside the main 

chamber to calculate the normalized mass imbalance. The results show very small values 
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for this parameter on the order of machine zero. These values confirm the convergence 

during the compression time using dynamic mesh layering approach. 

 

Figure 4.5. Distribution of normalized mass imbalance a function of simulation for 3D 

LES in mesh number 2. Nitrogen, compression time 18 ms, post-compression time 200 ms, 

initial pressure 50 kPa and initial temperature 298 K. 

 

Two important parameters for the 3D LES simulations are 𝑦+ and Courant-Friedrichs-

Levy (CFL) number. A 𝑦+ value below 1 is required to resolve the viscos sublayer. 

Furthermore, a 𝐶𝐹𝐿 = (𝑈∆𝑡/∆𝑥) number below 1 is recommended to get a converged 

solution for 3D LES simulation. The distributions of mass-weighted averaged of 𝑦+ and 

CFL number as a function of simulation time for mesh number 2 are shown in Figure 4.6 

and Figure 4.7 . The results show that above requirements have been satisfied over the 

compression and post-compression times. 
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Figure 4.6. Distribution of mass-weighted averaged 𝒚+ for 3D LES as a function of 

simulation time. Nitrogen, compression time 18 ms, post-compression time 200 ms, initial 

pressure 50 kPa and initial temperature 298 K. 
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Figure 4.7. Distribution of mass-weighted averaged CFL number for 3D LES as a 

function of simulationtime. Nitrogen, compression time 18 ms, post-compression time 200 

ms, initial pressure 50 kPa and initial temperature 298 K. 

4.4 Results and Discussion 

The results of LES simulations using computational grid number 2 are presented in this 

section. The main focus within the computational domain for this analysis is the main 

chamber during long post-compression times. Figure 4.8 shows planes A and B inside the 

computational domain which are selected for post-processing. Plane A is the middle plane 

across main chamber, entrance channel, and crevice perpendicular to z axis. Plane B is 
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middle plane inside main chamber perpendicular to x axis. Moreover, two lines are selected 

inside the main chamber to show the distribution of selected flow field variables. As shown 

in Figure 4.8, line C is close to the piston head and line D is located at the middle of main 

chamber after EOC.  

 

Figure 4.8: Representation of planes and lines inside the computational domain to show the 

distribution of flow field variables. 

4.4.1 Effect of Initial Pressure 

Figure 4.9 shows total temperature distribution on planes A and B at the 0 ms (EOC), 50 

ms, 100 ms, 150 ms, and 200 ms post-compression times for the high pressure (Pi = 100 

kPa, PEOC = 2639 kPa) case. The maximum temperature in the chamber is 740 K for this 

case occurs at EOC. The result at EOC shows that crevice design is able to effectively 

capture the thermal boundary layer during compression and there is no roll-up vortex on 

the piston face. Previous work [153] showed that for an older crevice design, with a volume 

of 12% smaller than the current design, there was still a vortex on piston face at EOC at 
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similar condition. At this time, thermal boundary layer thickness is very small compared 

to the main chamber diameter. At 50 ms post-compression time, the temperature field has 

still a well-controlled homogenous core. Due to heat transfer at the isothermal wall, 

temperature decreases and thermal boundary layer thickness increases, as shown on plane 

B. For longer post-compression times of 100 and 150 ms, temperature throughout the main 

chamber is mostly homogeneous, with a few regions of low temperatures, as shown on 

plane B. At a very long post-compression time of 200 ms, the thermal boundary layer has 

maximum thickness, and the volumes of regions with lower temperatures at the core region 

of main chamber are increased.  
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Figure 4.9: LES computed total temperature distributions at the high-pressure 

reference condition during post-compression times on planes A and B. Nitrogen, 

compression time 18 ms, initial pressure 100 kPa, initial temperature 298 K.   
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In general, the RCM at this condition has a satisfactory performance with regard to 

temperature homogeneity and there is no roll-up vortex mixing effects even for long post-

compression times.  The main source of turbulence at long post-compression times (more 

than 100 ms) for this condition is boundary layer generated turbulence. Ihme [31] 

emphasized the role of this mechanism to generate turbulent flow field in RCMs.  

Boundary layer generated turbulence is limited to the region close to piston head. 

Figure 4.10 shows velocity vector distribution (plane A and B) at the high-pressure 

reference condition for 0-200 ms post-compression times. The velocity vector distribution 

inside the entrance channel and crevice, which are almost two order of magnitude higher 

than in the main chamber, are not shown in this Figure for reasons of clarity. This Figure 

shows that for this condition, velocity magnitude inside the main chamber has small values 

during the post-compression time, relative to the average piston speed (~10 m/s). At the 

EOC there is flow from the main chamber to the entrance channel of the crevice with a 

maximum velocity magnitude of 0.74 m/s. The velocity vector distribution close to the 

chamber walls shows that during all post-compression times, the flow direction is from 

main chamber to the entrance channel. This shows the capability of crevice to 

accommodate boundary layer flow during the compression time and even post-

compression times, due to the cooling of the crevice gas. Therefore, there is no roll-up 

vortex on the piston face. At 150 ms and 200 ms post-compression times there are eddies 

with low velocity magnitues inside the main chamber corresponding to low temperature 

regions as shown on plane B. 
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Plane A (EOC) Plane B (EOC) Plane A (50 ms) Plane B (50 ms) 

   
 

Plane A (100 ms) Plane B (100 ms) Plane A (150 ms) Plane B (150 ms) 

  

 

Plane A (200 ms) Plane B (200 ms) 

Figure 4.10: LES computed velocity vector distribution (planes A and B) and corresponding 

instantaneous streamlines (Plane B) at the high-pressure reference condition during post-

compression times. Nitrogen, compression time 18 ms, initial pressure 100 kPa, initial 

temperature 298 K.   
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Figure 4.11 shows total temperature distribution on planes A and B at the EOC, 50 ms, 

100 ms, 150 ms, and 200 ms post-compression times for the low pressure (Pi = 50 kPa, 

PEOC = 1293 kPa) reference case. Although a considerable amount of boundary layer flow 

is captured during compression, there is small roll-up vortex on the piston face at EOC 

seen on plane A. At 50 ms, in contrast to the high pressure case, almost the entire volume 

of the main chamber is occupied by the growing roll-up vortex. Turbulent eddy structures 

appear inside the main chamber due to this mechanism at this time as show on plane B. 

At 100 ms post-compression time this vortex is mixing with the thermal boundary layer, 

which considerably increases the level of temperature inhomogeneity by bringing cold 

boundary layer gas into the core. The overall phenomenon was previously predicted using 

a 2D laminar axisymmetric model [153]. However, the LES model helps to characterize 

eddy structures with different length scales, which the 2D laminar axisymmetric model 

failed to predict. At longer post-compression times of 150 and 200 ms, turbulent eddy 

structures are completely distributed inside the main chamber. Turbulent eddy structures 

are scattered over the entire volume with different length scales. The values of 

temperature for these turbulent eddies are lower than the core regions, which further 

increases temperature non-uniformity.  
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Figure 4.11: LES computed temperature distribution at the low-pressure 

reference condition during post-compression times. Nitrogen, compression time 

18 ms, initial pressure 50 kPa, initial temperature 298 K.   
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Park and Keck [166] developed a criterion for a well-defined adiabatic core in a designed 

RCM. The Authors prescribed that for the type designed and constructed in their 

experiment, the Reynolds number based on piston speed U, stroke length S and average 

kinematic viscosity during the compression time ν requires a value less than 105 to keep 

all boundary layers laminar. Under these conditions the laminar boundary layer thickness 

is given by [166]: 

δl = √αtq (4.7) 

Where, α is average thermal diffusivity during the compression time and tq is cooling 

time [166].  The cooling time in above equation is sum of the compression time, 18 ms, 

and post-compression time. According to the Park and Keck [166], for a well-defined 

adiabatic core in the developed RCM, the laminar boundary layer thickness to the clearance 

length (δl L⁄ ) should be less than ~0.1. The average thermal diffusivity during the 

compression time is calculated using 3D LES simulations at high and low initial pressure 

conditions to estimate the parameter (δ L⁄ ) during post-compression times for the NUI 

Galway RCM and the results are shown in Table 4.2. The results show that the values of 

(δ L⁄ ) < 0.1 for most post-compression times at high initial pressure condition and > 0.1 

for most post-compression times at low initial pressure condition.  Based on the computed 

results using 3D LES in Figure 4.9 and Figure 4.11, there is a well-controlled homogeneous 

core during post-compression times at high initial pressure condition and a perturbed core 

at low initial pressure conditions. Therefore, the predicted results using the criterion 

developed by the Park and Keck [166] are in agreement with the computed results by 3D 

LES. 
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Table 4.2. Comparison of values for the criterion developed by Park 

and Keck [166] at high and low initial pressure conditions using 3D 

LES simulations in the NUI Galway RCM. 

Post-Compression 

time  (ms) 

𝜹𝒍 𝑳⁄  

(High initial pressure) 

𝜹𝒍 𝑳⁄  

(Low initial pressure) 

50 0.057 0.080 

100 0.081 0.114 

150 0.099 0.140 

200 0.115 0.162 

 

The structures of these turbulent eddies are visualized in Figure 4.12 using velocity 

vector distributions on planes A and B. At EOC the velocity magnitude is considerably 

higher in comparison to the high-pressure condition (Figure 4.10). At 50 ms post-

compression time, there are streamlines with maximum velocity magnitude of 0.74 m/s 

approaching to core of main chamber and forming eddy structures. At 100 ms post-

compression there are turbulent eddies with different length scales close to the wall. The 

presence of these eddies confirms the interaction of roll-up vortex and boundary layer, 

which intensifies the level of temperature inhomogeneity. At 150 and 200 ms post-

compression times, thermal boundary layers are swept into the main chamber core by 

eddies with high length scale due to mixing with roll-up vortex. At these times, there are 

high intensity turbulent eddies with various length scales present in the core, as shown on 

plane B.   
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Plane A (EOC) Plane B (EOC) Plane A (50 ms) Plane B (50 ms) 

    

Plane A (100 ms) Plane B (100 ms) Plane A (150 ms) Plane B (150 ms) 

  

 

Plane A (200 ms) Plane B (200 ms) 

Figure 4.12: LES computed velocity vector distribution (planes A and B) and 

corresponding instantaneous streamlines (Plane B) at the low-pressure reference 

condition during post-compression times. Nitrogen, compression time 18 ms, initial 

pressure 50 kPa, initial temperature 298 K.   
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Figure 4.13 and Figure 4.14 show the comparison of total temperature distribution along 

line C, close to piston face, and line D, at the middle of main chamber, for the high-pressure 

(solid lines) and low-pressure (dashed lines) reference cases at post-compression times of 

50 ms (blue lines) and 200 ms (red lines). Figure 4.13 shows that for the high initial 

pressure condition at 50 ms post-compression there is a well-controlled temperature 

distribution. However, this temperature distribution is disturbed due to the spatial 

inhomogeneity at 200 ms. For the low-pressure condition at 50 ms, there is a lower 

magnitude, non-uniform and non-symmetric temperature distribution due to the mixing 

effects of the roll-up vortex. At 200 ms, there is a turbulent flow close to the piston face 

with a perturbed spatial distribution for velocity vectors as shown in Figure 4.10 and Figure 

4.12. Therefore, the temperature distribution on line C, which is close to the piston face, is 

chaotic with fluctuations for both low and high initial pressure conditions. The same 

behavior is observed at a different spatial location in Figure 4.14. 
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Figure 4.13: Comparison of computed temperature distribution along line C for 

high-pressure (solid lines) and low-pressure (dashed lines) reference cases at post-

compression times of 50 ms (blue lines) and 200 ms (red lines). 
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Figure 4.14: Comparison of computed temperature distribution along line D for 

high-pressure (solid lines) and low-pressure (dashed lines) reference cases at post-

compression times of 50 ms (blue lines) and 200 ms (red lines). 

4.4.2 Comparison of LES and 2D Laminar Models 

As described previously, the main focus of the literature to date has been on using the 

laminar approximation in CFD simulations. This section performs a full comparison of 

LES and 2D laminar results. In previous work by the authors [153], a 2D laminar model 

was implemented for the same RCM configuration but with a different crevice design. A 
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set of 2D laminar and 3D LES CFD simulations are conducted in this study for the high 

and low initial pressure conditions using the current crevice design. The simulation setup 

for 2D laminar case is described in previous study [153]. The computational grid of mesh 

number 2 for 3D LES simulations is 60 times finer than 2D laminar case. 

A comparison for mass-weighted average of total pressure inside the main chamber of 

RCM as a function of time using both LES and 2D laminar models at high and low initial 

pressure conditions is shown in Figure 4.15. The mass-weighted average of a quantity is 

computed by dividing the summation of the product of density, cell volume, and the 

selected field variable by the summation of the product of density and cell volume [47]. 

The computational cells in a fluid zone have smaller volumes close to the walls and bigger 

volumes close to the core. Therefore, this type of volume integration can be used in ANSYS 

Fluent to appropriately calculate the average value of a bulk property in a fluid zone with 

different cell volumes [47]. The results show that there is a good agreement between the 

3D LES and 2D laminar models over the compression and post-compression times at both 

high and low initial pressure conditions. 
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Figure 4.15: Comparison of computed mass-weighted average of pressure inside 

the main chamber of RCM using 2D laminar axisymmetric [153] (dashed lines) 

and LES (solid lines) at low and high initial pressure conditions. Nitrogen, 

compression time 18 ms, post-compression time 200 ms, initial pressures 50 and 

100 kPa, initial temperature 298 K.   

 

The comparison of temperature distribution for LES and 2D laminar cases at EOC and 

post-compression times for high initial pressure condition is presented in Figure 4.16. This 

Figure confirms that at high pressures, the 2D laminar axisymmetric model gives results 

very close to LES. It can therefore be stated that under these conditions, laminar modelling 

can be used instead of LES. The computational cost for one 2D laminar simulation is 356 
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CPU-hours, which is ~42 times lower than that for LES. As discussed in the previous 

section, boundary layer generated turbulence is important in the absence of a roll-up vortex.  

 

 

Figure 4.16: Comparison of computed total temperature distribution for LES 

and 2D laminar axisymmetric [153]. Nitrogen, compression time 18 ms, initial 
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pressure 100 kPa, initial temperature 298 K.  Left side of dashed line shows LES 

results and right side of dashed line shows 2D laminar result. Horizontal dash-dot 

line represents symmetry line for 2D laminar result.   

 

Figure 4.17 shows the radial distribution of temperature on line C close to the piston head 

for LES and 2D laminar cases at 50 ms and 200 ms post-compression times. This Figure 

shows that there is an agreement between the 2D laminar and 3D LES models at 50 ms 

post-compression and there are no temperature fluctuations or roll-up vortex close to piston 

face. The contrast between the predictions of laminar and LES models is obvious at 200 

ms. At 200 ms for the LES case, non-uniform temperature distribution is present close to 

piston face due to the fluctuations in the boundary layer. For the laminar case, there is no 

perturbation in the boundary layer for temperature distribution.  
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Figure 4.17: Comparison of computed temperature distribution along line C 

using 2D laminar axisymmetric [153] (solid lines) and LES (dashed lines) models 

at post-compression times of 50 (blue lines) and 200ms (red lines) for high-

pressure condition.  

Figure 4.18 shows the comparison of LES and 2D laminar cases for the low-pressure 

condition at the end of compression and during the post-compression times. Furthermore, 

the comparison of LES and URANS (k − ω SST) for temperature distribution is shown at 

the end of compression. The simulation of URANS (k − ω SST) model is conducted using 

mesh number.  The position of roll-up vortex on piston face using 2D laminar model is 

slightly bigger and closer to the centreline of main chamber due to different prediction of 

radial velocity in comparison with the 3D LES. However, the predicted roll-up vortex on 
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piston face using URANS (k − ω SST) is highly dissipated at the end of compression in 

comparison with the 3D LES. Therefore, the results of 2D laminar is closer to the 3D LES 

results with regard to the location of roll-up vortex in comparison with 3D URANS (k-ω 

SST).  
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Figure 4.18: Comparison of computed total temperature distribution for LES, 

2D laminar axisymmetric[153] and 3D URANS (𝒌 − 𝝎 SST). Nitrogen, 

compression time 18 ms, initial pressure 50 kPa, initial temperature 298 K.  Left 

side of dashed line shows LES results and right side of dashed line shows 2D 

laminar result. Horizontal dash-dot line represents symmetry line for 2D laminar 

result.   

As described, the position of roll-up vortex on piston face in the 2D laminar model is 

different in comparison with the 3D LES at the end of compression. The role of crevice at 

the end of compression is important for this difference. At the low initial pressure 

condition, the flow inside the crevice is fully turbulent and the mass-weighted average 

velocity magnitude inside the crevice for 2D Laminar and 3D LES models are 23.30 m/s 

and 12.83 m/s, respectively. In addition to the axial and radial components, the 3D LES 

model is able to resolve the tangential component of velocity as well as the three-

dimensional structures inside the crevice. This is not possible with the 2D laminar model. 

Resolving the tangential component and 3D structures of turbulent eddies considerably 

change the velocity distribution and magnitude inside the crevice for 3D LES in 

comparison to the 2D laminar model. There is a simple and relatively steady structure of 

the flow in the 2D laminar model. However, in the 3D LES model there is an unsteady, 

irregular and asymmetrical pattern for the velocity distribution which is different at each 

time step and dominated by the motion and evolution of small eddies. 

As shown in Figure 4.18, during post-compression times, temperature distributions are 

different for LES and 2D laminar due to the failure of 2D laminar model to predict highly 

turbulent eddies with lower temperatures inside the main chamber. The results confirm the 

deficiency of the 2D laminar model to predict exact flow field inside the main chamber 
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during post-compression times in the case of there being a roll-up vortex on the piston face 

at EOC.  Also, the laminar model fails to predict the propagation of turbulent eddies from 

the thermal boundary layer into the core of the main chamber. Therefore, the 

simplifications inherent to the 2D laminar model, such as two-dimensional computational 

domain, low grid resolution, and the assumption of laminar flow, influence the capability 

of model to predict the flow field.   

At 50 ms post-compression in Figure 4.18, the position of roll-up vortex is closer to the 

centreline in the 2D laminar model than in LES. The profile of radial velocity along the 

line C close to piston face is shown in Figure 4.19 at this time. In this Figure, the positions 

of maximum velocity magnitude correspond to the roll-up vortex on piston face. For the 

laminar model these positions are close to the centreline, with different magnitude in 

comparison with LES model. Moreover, there is a non-uniform distribution of radial 

velocity for LES model which shows the distribution of turbulent eddies as well as roll-up 

vortex on piston face. 
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Figure 4.19: Comparison of radial velocity distribution along line C using 2D 

laminar (solid lines) and LES (dashed lines) models at post-compression time of 

50 for low-pressure condition.   

 

Figure 4.20 shows the radial distribution of temperature on line C close to the piston head 

for LES and 2D laminar cases at 50 ms and 200 ms post-compression times for the low 

initial pressure case. This Figure shows that at both times the laminar model fails to predict 

temperature fluctuations on this line. At 50 ms post-compression time the temperature 

magnitude is for laminar case is close to LES model, but at 200 ms post-compression time 

laminar model over-predict temperature magnitude over most points on line C. The 
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predictions of laminar and LES models are completely different at 50 and 200 ms. Similar 

to high-pressure case, there is a uniform temperature distribution and considerable amount 

of under-prediction for the total temperature at the centerline for laminar model. Also, at 

200 ms post-compression there is a considerable over-prediction for the temperature 

distribution before the centerline position for laminar case.  

 

Figure 4.20: Comparison of computed temperature distribution along line C 

using 2D laminar (solid lines) and LES (dashed lines) models at post-compression 

times of 50 (blue lines) and 200ms (red lines) for low-pressure condition.  
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4.4.3 Comparison of CFD Results and Correlation Prediction 

In the previous chapter, an analytical correlation was developed to predict a temperature 

inhomogeneity parameter using a set of 2D laminar simulations. The main purpose of 

developing an analytical correlation is to enable approximation of temperature 

inhomogeneity using simple engineering calculations without having to resort to expensive 

experimental measurement and/or CFD simulations.  The correlation can be used to design 

an experimental campaign that avoids conditions likely to cause non-uniform ignition. It 

can also be used to guide and assess crevice designs for previously unstudied conditions 

and gas mixtures. The temperature inhomogeneity parameters computed by 2D laminar 

and 3D LES CFD results are compared to that predicted by the correlation. For initial 

pressure of 50 kPa and temperature of 298 K, four LES simulations and four 2D laminar 

simulations are conducted for minimum, average and maximum Peclet numbers. The 

values of reference, minimum, average and maximum Peclet numbers are shown in Table 

4.3. As stated in the previous study [153], these values represent the minimum, average 

and maximum possible of Peclet numbers for a wide range of available RCMs in the 

literature. Note that a and b are fixed values since this study focuses solely on the current 

NUI Galway RCM and crevice designs. These reference values are presented in Table 4.3. 

The results predicted by 2D laminar and 3D LES CFD simulations and the correlation 

are shown and compared in Figure 4.21. As predicted in the previous study [153], the 

results show that for minimum 𝑃𝑒, temperature inhomogeneity is maximum and for 

maximum 𝑃𝑒, temperature inhomogeneity is minimum, during all post-compression times. 

The results show that for all 𝑃𝑒 there is satisfactory agreement between 2D laminar and 

3D LES results especially for long post-compression times. As described in [153], the 

correlation is able to predict the temperature inhomogeneity parameter within a ±20% 

tolerance of 2D laminar CFD results for most cases. According to this Figure, for 

minimum, maximum and reference 𝑃𝑒, the predicted inhomogeneity parameter using the 

correlation satisfies this tolerance. For average 𝑃𝑒, the correlation can predict the trend of 
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CFD results. These findings indicate the following: (1) 2D laminar and 3D LES CFD 

simulations produce very similar predictions of temperature inhomogeneity at high 

pressures, (2) basing the correlation for temperature inhomogeneity on computationally 

expensive 3D LES results rather than cheaper 2D laminar predictions would have 

negligible impact on correlation predictions. 

 

Table 4.3. Minimum, geometric average and maximum possible values of each 

dimensionless parameter based on a wide range of available RCMs used in the 

parametric study [153]. Note that a and b are fixed at the reference values for the 

simulations in Figure 4.21 since this study focuses solely on the RCM and crevice 

design of current NUI Galway RCM and crevice designs. 

Dimensionless 

Parameter 
Reference Minimum     Average    Maximum 

𝑹𝒆𝑺 2.128 × 105 0.100 × 105 0.894 × 105 8.000 × 105 

𝑷𝒓 0.728 0.15 0.500 0.85 

𝑷𝒆 1.549 × 105 0.015 × 105 0.447 × 105 6.800 × 105 

𝒂 0.012 0.004 0.020 0.009 

𝒃 0.114 0.070 0.200 0.118 
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Figure 4.21: Comparison of computed temperature inhomogeneity parameter 

using LES and 2D laminar CFD, and that predicted using the correlation [153]. �̅�̅ is 

the average temperature inhomogeneity parameter defined in Eq. 7, and 𝒕∗ is 

dimensionless post-compression time defined in Eq. 14. Solid lines represent 3D 

LES CFD results, dashed lines are 2D laminar CFD and dotted lines are predicted 

results by correlation.  𝒕𝒄 = 𝟏𝟖 𝒎𝒔, 𝑷𝒊 = 𝟓𝟎 𝐤𝐏𝐚 , 𝑻𝒊 = 𝟐𝟗𝟖 𝑲, 𝒂 = 𝟎. 𝟎𝟏𝟐 and 𝒃 =

𝟎. 𝟏𝟏𝟒. 

4.5 Summary and Conclusions 

A set of CFD simulations is presented in this study to develop a framework for RCM 

testing campaigns and validate performance of a previously-developed correlation for 
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temperature inhomogeneity in RCMs at different conditions. The flow field inside the main 

chamber of the NUI Galway RCM is characterized at different initial pressures using 3D 

LES simulations and the results are compared with 2D laminar CFD results. The 

temperature inhomogeneity parameter during post-compression times in the main chamber 

is computed and compared using 3D LES, 2D laminar and a previously-developed 

correlation [153]. 

The results show that the current NUI Galway crevice has a satisfactory ability during 

compression to suppress the roll-up vortex at the high-pressure condition. As a result, there 

is no vortex on the piston face at the end of compression. During the post-compression 

period, there is therefore a uniform temperature field inside the main chamber, with only a 

few small eddies appearing at long post-compression times. At this condition in which the 

crevice is able to suppress the roll-up vortex, the 2D laminar CFD model is able to 

effectively predict compression and post-compression flow field in comparison with LES 

model. For the low-pressure condition, the crevice fails to fully absorb the boundary layer 

gas. There is therefore a remaining vortex inside the main chamber on the piston face, 

which generates irregular flow structures and turbulent eddies during the post-compression 

period. As a result, there is a need to modify the crevice configuration in this condition to 

prevent the formation of the roll-up vortex. Furthermore, the results show that the 

previously-developed correlation [153] is able to predict the computed results of 3D LES 

for the temperature inhomogeneity parameter within a ±20% in most cases.   

A computationally-efficient framework is proposed for RCM testing consisting of the 

following steps: (1) select required in-chamber test conditions, (2) list all possible RCM, 

crevice, diluent and initial condition configurations that can reach the test conditions, (3) 

use the correlation to eliminate those configurations that produce unacceptable temperature 

inhomogeneity, (4) use 2D laminar simulations of some or all of the acceptable 

configurations to further eliminate configurations predicted to produce roll-up vortices, (5) 
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use 3D LES simulations of some or all of these remaining configurations to gain further 

confidence that roll-up vortices are not formed. 
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5.1 Introduction 

The goal of this chapter is to describe the methods for the development of the UQ-

enabled emissions prediction tool for gas turbine combustion systems in Python [167–169]. 

A computationally-efficient framework is proposed and developed to integrate emissions 

modelling, uncertainty characterization, uncertainty analysis, global sensitivity analysis 

and reliability analysis. The sampling-based method (SBM), polynomial chaos expansion 

(PCE), non-intrusive PCE approaches based on spectral projection method (SPM) and 

point collocation method (PCM), global sensitivity analysis based on Sobol sensitivity 

indices and reliability analysis based on first-order reliability method (FORM) are 

described in this chapter.  CRN approach that described in chapter 2 is implemented for 

emissions modelling in Python. A number of packages consist of NumPy & SciPy [170], 

Matplotlib [171], scikit-learn [172], SALib [173], chaospy [132,174] and Cantera [175] are 

implemented in python 3.5 [167–169] to develop the UQ-enabled emission prediction tool 

in this study.  

5.2 Description of Methods 

5.2.1 Sampling-Based Methods (SBM) 

Modern or probabilistic design of experiment (DOE) technique is a procedure for 

choosing a set of samples in the design space, with the general goal of maximizing the 

amount of information gained from a limited set of deterministic computer simulations. 

This knowledge extraction process is referred to the uncertainty quantification [176]. The 

basic approach for DOE is standard Monte Carlo simulation (MCS). During a standard, 

classic, direct or traditional MCS, random sampling of the input parameter distributions is 

performed. However, to ensure representation of the entire parameter range, a large number 

of simulations must be performed, often resulting in extensive computational costs. The 
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random sampling is also referred to as pseudo-sampling, as the random numbers are 

generated by a deterministic process [177]. However, it is well known that this may result 

in some randomly selected parameter sets being very close to each other, while large 

domains may remain empty within the parameter space [119,178]. Moreover, the classic 

MCS is by nature a very slow converging method. The error in convergence is proportional 

to 1 √𝑁⁄  where N is the number of samples.  

In advanced sampling methods, selection of samples is guided using more structured 

sampling approaches such as stratified sampling, importance sampling, Latin hypercube 

sampling (LHS) or Sobol sequences, which belong to a family of quasi-random sampling 

methods [179]. These methods are designed to generate samples of multiple parameters as 

uniformly as possible over multi-dimensional parameter space. The most significant 

difference to random sampling is that the sample values are chosen under consideration of 

the previously sampled points and thus avoiding the occurrence of clusters and gaps [180]. 

Furthermore, these methods are based on variance reduction techniques that often reach 

errors proportional to 1 𝑁⁄ . However, as the number of dimensions grows, convergence 

rate stays the same as 1 √𝑁⁄  [174]. The LHS and the sampling based on the Sobol 

sequences have the fastest convergence of the mean estimates. Furthermore, the sampling 

based on the Sobol sequences has the least variations and produces the most robust results 

[180]. Saltelli’s sampling scheme extends the Sobol sequence in a way to reduce the error 

rates in the resulting sensitivity index calculations [177,181]. In this study, the SALib 

package [182] is used in Python 3.5 [167–169] to generate samples using the Sobol 

sequences for the SBM. 

5.2.2 Polynomial Chaos Expansion (PCE)  

So-called polynomial chaos (PC) has been developed based on Wiener’s theory of 

homogeneous chaos [121]. PC represents a stochastic method using a spectral 
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representation of the uncertainty. An essential aspect of the spectral representation of 

uncertainty is that a random function (or variable) is decomposed into separable 

deterministic and stochastic components [3]. In a practical computational context, one 

truncates the polynomial chaos expansion (PCE) in both order p and dimension n. 

According to Wiener [121], a stochastic process can be represented through a spectral 

expansion using orthogonal polynomials or PCEs as follows [113,183,184]: 

�̂� =∑𝛼𝑖Ψ𝑖(𝝃)

𝑃

𝑖=0

 (5.1) 

  Where �̂� is a good approximation of 𝑦, and is assumed to be a function of a deterministic 

independent 𝑛-dimensional random variable vector of 𝝃 = (𝜉1, 𝜉2, … , 𝜉𝑛). Ψ𝑖(𝝃) are 

multivariate polynomials which involve products of the one-dimensional polynomials of 

order 𝑖 and 𝛼𝑖 is the corresponding deterministic coefficient to be calculated from a limited 

number of model simulations [185]. The set of Ψ𝑖(𝝃) is orthogonal on a custom weighted 

function space. The total number of terms 𝒩𝑡 in an expansion of total order p involving n 

random variables is given by  [185]: 

𝒩𝑡 = 𝑃 + 1 =
(𝑛 + 𝑝)!

𝑛! 𝑝!
 (5.2) 

In this study, �̂� represents a surrogate model or a polynomial which represents NOx 

emission and variable vector of 𝝃 represents input parameters such as fuel composition or 

operating conditions. PCE-represented uncertainty can be propagated through a model 

using Galerkin projection to reformulate the governing equations into equations for the 

PCE mode strengths. An alternative to this approach is to construct empirical probability 

distributions of the output using multiple samples of solutions corresponding to the 

stochastic inputs [122]. The latter approach has been termed nonintrusive, as the original 

code can be treated as a black box, whereas the former has been termed intrusive which 

requires new codes designed for the reformulated equation system. The main advantage of 
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the intrusive approach is that it directly finds the PC representation of model outputs by a 

one-time solution of the reformulated model. The advantage of the non-intrusive approach 

is that it uses the original model code, but this has to be balanced against the requisite 

computational cost of potentially many evaluations of the original model [86,115]. Such 

non-intrusive methods do not require modification of existing codes but rely exclusively 

on repeated runs of the deterministic code, which make them computationally attractive, 

particularly for complex problems. Another class of nonintrusive collocation methods 

evaluates the PCE using a linear equation system, or regression, based on a selected set of 

points, rather than by numerical evaluation of the Galerkin integrals [115]. In this study, 

orthogonal polynomial expansions are generated from three terms recursion formula using 

chaospy [132,174] package in Python. 

5.2.3 Non-Intrusive PCE (NIPCE) Approaches 

In the NIPCE approaches, simulations are used as black boxes, and the calculation of 

chaos expansion coefficients for response metrics of interest is based on a set of simulation 

response evaluations [185]. To calculate these response PCE coefficients, two primary 

classes of approaches have been proposed by Feinberg and Langtangen in chaospy 

[132,174]: spectral projection method (SPM) and point collocation method (PCM) or linear 

regression. The SPM approach projects the response against each basis function using inner 

products and employs the polynomial orthogonality properties to extract each coefficient 

[185]. Each inner product includes a multidimensional integral, which can be evaluated 

numerically using sampling, quadrature, or sparse grid approaches. The PCM approach 

uses a single linear least squares solution to solve for the PCE coefficients which best match 

a set of response values obtained from a DOEs, response values or forward model 

evaluations [185]. The NIPCE approach based on the PCM method is called NIPCE-PCM 

in this study. 
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To conduct the NIPCE-PCM study, an orthogonal polynomial corresponding to the joint 

distribution must be generated. Creating the orthogonal polynomial expansion can be 

numerically unstable when using raw statistical moments as input [186]. This can be a 

problem if constructing massive expansions since error increases. Multivariate orthogonal 

polynomial expansions are created by multiplying univariate polynomials. Therefore, the 

NIPCE-PCM starts with replacing the uncertain variables of interest with their polynomial 

expansions given by Equation (5.1). Then, 𝒩𝑡 vectors (𝝃 = (𝜉1, 𝜉2, … , 𝜉𝑛)𝑖, 𝑖 =

0, 1, 2, … ,𝒩𝑡 − 1) are chosen in random space for a given PCE with 𝒩𝑡 modes and a 

deterministic emission prediction code is evaluated at these points. The next step is 

calculation of coefficients for the PCE using the PCM method. With the left-hand side of 

equation (5.1) known from the solutions of deterministic evaluations at the chosen random 

points, a linear system of equations can be obtained and solved. It is generally advisable to 

use an over-sampling to determine the sample size, resulting in a least squares solution for 

the over-determined system [187]. It is proposed to use 2𝒩𝑡  or (𝑛 − 1)𝒩𝑡 in [185,188], 

which can be significantly more affordable than tensor-product quadrature ((𝑝 + 1)𝑛) in 

the SPM approach for larger problems [185].  

5.2.4 Global Sensitivity Analysis (SA) Method 

According to Saltelli [177], sensitivity analysis (SA) is the study of how uncertainty in 

an output of a model can be apportioned to different sources of uncertainty in the model 

input. Ideally, uncertainty and sensitivity analyses should be run in tandem, with the 

uncertainty analysis preceding in current practice [179]. Global SA aims at quantifying the 

respective effects of random input variables onto the variance of the response of a physical 

or mathematical model.  Among the abundant literature on sensitivity analesys, Sobol 

indices have received much attention since this approach provides accurate information for 

most models [188]. In this study, Sobol indices are used for the SA which is a form of 
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global SA and is based on analysis of variance (ANOVA) [189]. This method decomposes 

the variance of the output of a model into fractions which can be attributed to inputs. Let 

�̂� = 𝑓(𝝃) be a squared integrable function of a set of n independent random inputs 𝝃 =

(𝜉1, 𝜉2, … , 𝜉𝑛). Sobol proved that 𝑓 can be expanded as a sum of orthogonal functions of 

increasing dimension [187]: 

𝑓(𝝃) = 𝑓0 +∑𝑓𝑖(𝜉𝑖) +

𝑛

𝑖=1

∑𝑓𝑖𝑗(𝜉𝑖, 𝜉𝑗) +⋯+ 𝑓1…𝑛(𝜉1, … , 𝜉𝑛)

𝑛

𝑗>𝑖

 (5.3) 

Using the orthogonality of the functions in above equation, it is straightforward to 

decompose the variance of y, denoted 𝑉𝑦: 

𝑉𝑦 =∑𝑉𝑖 +

𝑛

𝑖=1

∑𝑉𝑖𝑗 +⋯+ 𝑉1…𝑛

𝑛

𝑗>𝑖

 (5.4) 

Sobol sensitivity indices are obtained by renormalizing the above equation with the total 

variance 𝑉𝑦: 

𝑆𝑖1…𝑖𝑠 =
𝑉𝑖1…𝑖𝑠
𝑉𝑦

 , 1 ≤ 𝑖1 ≤ ⋯ ≤ 𝑖𝑠 ≤ 𝑛 (5.5) 

 Where 𝑆𝑖1…𝑖𝑠 represents the amount of 𝑉𝑦 due to the interaction between (𝜉1, 𝜉2, … , 𝜉𝑛). 

The first order sensitivity index, denoted 𝑆𝑖 represents the individual contribution of the 

parameter 𝜉𝑖 to the variance of y:  

𝑆𝑖 =
𝑉𝑖
𝑉𝑦

 (5.6) 

The total sensitivity index of parameter 𝜉𝑖, denoted 𝑆𝑇𝑖, that includes its individual as 

well as its collective contributions to 𝑉𝑦 can be represented in the form as follows [187]: 

𝑆𝑇𝑖 = ∑ 𝑆𝑢𝑖
𝑖∈𝑢𝑖⊆{1,…,𝑛}

 (5.7) 

The above Sobol sensitivity indices can be calculated using MCSs or a Fourier analysis. 

Using MCSs with a sample size of N for a model with n parameters leads to 𝑁 × 2𝑛 

evaluations of the model function to compute all the indices [187]. This can be very costly 
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to manage. An alternative approach is casting the orthogonal functions in the Equation (5.3) 

onto orthogonal polynomials using the PCE. Indeed, the Sobol sensitivity indices could be 

evaluated as analytical expressions of the PCE coefficients. Hence, the cost of computing 

the Sobol sensitivity indices is one of evaluating the PCE coefficients.  

The global SA based on sampling approach can be defined in five steps: (1) selection of 

the range, type of input distributions and definition of a joint probability distribution, (2) 

sample generation from the input ranges and distributions that are defined in step 1 to create 

a sample space, (3) execution of samples to generate the response sequence, (4) processing 

the data for the UA using histogram plots for model’s output and statistical data such as 

expected value (mean), variance and skewness, and (5) SA through the use of Sobol indices 

to obtain the contribution of the uncertainty of inputs to the variability of the output. 

The global SA based on the NIPCE-PCM can be defined in five steps: (1) selection of 

the range, type of input distributions and definition of a joint probability distribution, (2) 

construction of a orthogonal polynomial using the joint probability distribution of inputs, 

(3) calculation of coefficients for the polynomial using PCM as a non-intrusive and (4) SA 

through the use of Sobol indices to obtain the contribution of the uncertainty of inputs to 

the variability of the output.  

5.2.5 Reliability Analysis (RA) Method 

Reliability analysis (RA) computes the probability of exceeding a threshold (a failure 

probability) due to input variability. Although a nominal simulation shows that all values 

of the constraints are located in reliable boundaries, the system reliability cannot be 

warranted due to input variability. A fundamental problem in reliability theory is the 

computation of probability integral [190]: 

Pf = ∫ fX(
1

Df={x:g(X,d)≤0}

x)dx (5.8) 
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X denotes a random input vectors or variables, representing the sources of uncertainties, 

fX(x) denotes the joint probability density function of random vector X, Df is the failure 

domain, d a deterministic vector and g(X, d) is the limit state function which represents the 

failure criterion.   

An SBM such as Monte Carlo simulation (MCS) or Latin Hypercube (LH) can be used 

to compute Pf by calculating the ratio between the total number of simulations and the 

number of simulations in the failure space [191]. However, accurate estimation of the 

probability of the failure requires an expensive computational cost. Sudret [192,193] 

described that to compute Pf = 10−k using MCS with an accuracy of ±10%, N > 4.10k+2 

runs are required. This requirement is clearly big when small values of Pf are sought. 

Difficulty in computing this probability has led to the development of various 

approximation methods. First-order reliability method (FORM) is considered to be one of 

the most reliable computational methods for reliability analysis [190,194]. In most 

applications, FORM only needs a small number of iterations for convergence, making it 

more computationally efficient than SBM particularly when the failure probabilities are 

low [195]. This method is an analytical approximation in which the reliability index is 

interpreted as the minimum distance from the origin to the limit state surface in 

standardized normal space and the most likely failure point (design point) is searched using 

mathematical programming methods [190].  

The first step in the FORM method is recasting the Pf in the standard normal space by 

using an isoprobabilistic transform U = T(X). The transformation of the limit state function 

is G(U, d) = g(T−1(U, d)). 

Pf = ∫ fX(
1

Df

x)dx =  ∫ fU(
1

G(u,d)≤0

u)du (5.9) 

Where fU(u)  is the standard multinormal PDF and is maximal at the origin and decreases 

exponentially with ‖U‖2 only. The second step in FORM is determining the so-called 
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design point which is the point of the failure domain closest to the origin in the standard 

normal space. The point u∗ is obtained by solving an optimization problem: 

u∗ = argmin{‖U‖2: g(T−1(U, d)) ≤ 0} (5.10) 

In the standard space, the design point u∗is the point on the limit state boundary the 

nearest to the origin of the standard space. The design point is x∗ in the physical space, 

where x∗ = T−1(u∗). The Hasofer-Lind reliability indexreliability index is defined as the 

algebraic distance of the design point u∗ to the origin of standard space and counted as 

positive if the origin is in the safe domain, or negative in the other case: 

βHL = ‖u∗‖ (5.11) 

The third step of FORM is replacing the failure domain by the half space HS(u∗) defined 

by means of a hyperplane which is tangent to the limit state surface at the design point as 

shown in Figure 5.1.  

 

Figure 5.1. The principle of the First Order Reliability Method (FORM). 

 

The equation of this hyperplane is defined as a linearized limit state function [192]: 

gFORM(U) = β − κ. U = 0 (5.12) 

Where the unit vector κ = u∗ β⁄  is also normal to the limit state surface at the design 

point. Therefore, the Pf leads to: 
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Pf = ∫ fU(
1

G(u,d)≤0

u)du ≈  ∫ fU(
1

HS(P∗) 

u)du (5.13) 

Above integral can be evaluated in a closed form and gives the first order approximation 

of the probability of failure from the reliability index [195,196]: 

Pf ≈ Pf,FORM = {
E(−βHL)  

E(+βHL)   
if the origin of the u − space lies in the domain Df

otherwise
 (5.14) 

Where E is the marginal cumulative density function (CDF) of the spherical distributions 

in the standard space. The reliability of sythe stem then can be defined as 1 − Pf.  

This linearized limit state function gFORM can be considered as a margin function which 

quantifies the distance between a realization U of the input random vector and the failure 

surface and its variance is: 

Var[gFORM(U)] =∑κi
2

n

i=1

= 1 (5.15) 

The coefficients κi
2( i = 1,… , n) are FORM importance factors correspond to the portion 

of the variance of the linearized margin which is due to each ui. Therfore, the importance 

factor κi
2 is: 

κi
2 =

(ui
∗)2

βHL
2  (5.16) 

In this study, the developed surrogate models by NIPCE-PCM method are used to 

evaluate emissions for the RA. OpenTURNS [196] package in Python 3.5 [167–169] is 

used to implement FORM for RA and calculation of FORM importance factors. 

5.2.6 Surrogate model validation and quality assessment 

It is important to assess the quality of the computed surrogate models in order to see how 

accurate they are. To extract a global quality from the built surrogate models, the following 

so-called generalization error is considered [197]: 
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𝐸𝑟𝑟 = 𝔼 [(𝑦(𝒙) − �̂�(𝒙))
2
] (5.17) 

where 𝒚 is the original CRN model for NOx emission, �̂� is the predictor provided by the 

surrogate model. In this study, in order to override the underestimation issue and to be able 

to compare PCE performance, the Leave-one-out cross-validation technique (LOOCV) is 

used. LOOCV is a frequently used method in machine learning to assess the quality of a 

metamodel and/or to select the best metamodel among several ones. To perform LOOCV, 

one point 𝒙(𝒊) is taken out of the design of experiments and the metamodel �̂�(−𝒊) is 

computed from the design of experiments (𝒙(𝒊), 𝒚(𝒙(𝒊))). Then, one can calculate the 

prediction error at 𝒙(𝒊) [196]: 

∆(𝑖)= 𝑦(𝑥(𝑖)) − �̂�(−𝑖)(𝑥(𝑖)) (5.18) 

After computing ∆(𝑖) for all 𝑥(𝑖) in the design of experiments, the generalization error 

can be estimated by the so-called Leave-one-out error (a.k.a. predicted residual sum of 

squares (PRESS)): 

𝐸𝑟𝑟𝐿𝑂𝑂 =
1

𝑁
 ∑∆(𝑖)

2

𝑁

𝑖=1

 (5.19) 

Even if this estimator may be a bit optimistic compared to the actual generalization error, 

it is much better than a classical empirical mean-square error and it can be used to assess 

the generalization capacity of polynomial chaos expansion. For an easier interpretation of 

this LOO error, a determination coefficient 𝑄2 can be extracted from it (which is the 

equivalent of the classic 𝑅2 coefficient of the mean-square error): 

𝑄2 = 1 −
𝐸𝑟𝑟𝐿𝑂𝑂
�̂�𝑦2

 (5.20) 

where �̂�𝑦
2 is the estimated variance of the output variable. Thus, the closer 𝑄2 is to 1, the 

better is the generalization capacity of the metamodel. 𝑄2 is called the predictivity factor 

[196]. 
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5.3 Summary and Conclusions 

The methods for uncertainty propagation, global sensitivity analysis and reliability analysis 

in the UQ-enabled emissions prediction tool have been described in this chapter. This tool 

is implemented on two benchmark premixed burners and results are presented in chapters 

6 and 7. These premixed burners represent practical gas turbine combustion systems. 
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6.1 Introduction 

The goals of this chapter are to (1) implement the UQ-enabled emission prediction tool 

on a high-pressure premixed burner, (2) perform uncertainty analysis of NOx emission due 

to operating conditions and chemical kinetic parameters, (3) perform global sensitivity 

analysis of NOx emission due to operating conditions, (4) compare NIPCE based on PCM 

and SBM approaches for uncertainty and global sensitivity analyses and (5) propose a 

computationally-efficient approach for UQ study based on  NIPCE-PCM. A number of 

packages consist of NumPy & SciPy [170], Matplotlib [171], scikit-learn [172], SALib 

[173], chaospy [132,174] and Cantera [175] are implemented in python 3.5 [167–169] to 

develop the UQ-enabled emission prediction tool in this study. 

6.2 Benchmark High-Pressure Premixed Burner 

The combustor used in this section is a lean premixed high-pressure burner which was 

studied by Leonard and Correa [198] and Elkady et al. [199]. Experimental studies for NOx 

measurements in this burner was initially performed by Leonard and Correa [198]. Elkady 

et al. [199] then extended the test conditions and range of fuels. Leonard and Correa [198] 

examined NOx formation for perfectly premixed methane/air flames from 1–10 atm and 

compared their experimental results to the Glarborg et al. [200] chemical kinetics 

mechanism using reactor network modeling. Elkady et al. [199] conducted experiments for 

natural gas/air flames for pressures up to approximately 16 atm. Detailed chemical kinetic 

modeling was completed and compared to the experimental results over a representative 

range of conditions. The main components of the test rig in this work is shown in Figure 

6.1 and consist of pressure vessel, quartz liner, perforated plate, igniter, mixing tube, fuel 

and air supply systems, flame arrestor, flame straightener and gas sampling probe. Detailed 

information about the specification, operating conditions and dimensions of the test is 

presented in [201]. The fuel/air mixture used in this burner was perfectly premixed before 

entering the perforated plate combustor. 
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Figure 6.1. Experimental test rig for a lean premixed high-pressure burner 

[199]. 

 

The fuel utilized was a typical pipeline natural gas and was composed of the constituents 

listed in Elkady et al. [199] at the time of the experiments. Elkady et al. [199] stated that 

the goal of the experiments was to examine the effects of different operating parameters 

such as pressure, inlet temperature, and residence time on emissions production. The 

authors used detailed chemical kinetic modelling to predict the NOx and CO generated 

during combustion. According to Elkady et al. [199], this type of burner does not introduce 

significant turbulence to the flow. Therefore, a simple CRN was used in CHEMKIN 

software to model the combustion chemistry. The combustion characteristics of natural gas 

in air were simulated using several chemical kinetics mechanisms. The network consists 

of an inlet, a Perfectly Stirred Reactor (PSR) and a Plug Flow Reactor (PFR). To determine 

the emissions characteristics for natural gas at the relevant conditions, the inlet parameters 

listed in Table 6.1 were used as the inputs to the CRN. In addition to the temperature, 

pressure and mass flow rate of the system the residence times of the PSR and PFR were 
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specified. The summation of the PSR and PFR residence times equate to the total system 

residence time, which was 22 ms on average. Elkady et al. [199] stated that the PSR time 

was related to the reaction front in the flame zone and was chosen to be equal to the 

chemical time scale of the flame. This chemical time scale (CTS), was defined as the ratio 

of the flame thickness to the laminar flame speed as shown in Equation (6.1). In this 

equation, 𝑇0 is the inner-layer temperature and defined to be the average of the burned (𝑇𝑏) 

and unburned gas temperatures (𝑇𝑢), 𝑘 is thermal conductivity, 𝐶𝑝 is specific heat capacity, 

𝜌𝑢 is the unburned gas density and 𝑆𝐿 is the laminar flame speed. 

 

𝜏𝑃𝑆𝑅 = 𝜏𝐶𝑇𝑆 =
(𝑘 𝐶𝑝⁄ )

𝑇0=(𝑇𝑏+𝑇𝑢)/2

𝜌𝑢𝑆𝐿
2  (6.1) 

 

     Elkady et al. [199] conducted a set of experiments to individually study the effects of 

operating parameters, such as inlet pressure, inlet temperature and residence time on 

emissions. Subsequently, the authors used CRN modelling to compare experiments against 

current chemical kinetics models. 

Table 6.1. Simulation conditions for CRN modelling in Cantera. 

Equivalence Ratio 0.45-0.65 

Air Mass Flow Rate [kg/s] 0.022 

Initial Temperature [K] 688 

Initial Pressure [atm] 12.58 

Combustor Length [cm] 11.38 

Combustor Diameter [cm] 5 
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6.3 CRN Modelling Approach 

The general CRN architecture used in this study is similar to the one proposed Elkady et 

al. [199] in the CHEMKIN software. It consists of a hybrid PSR–PFR network: a PSR 

cluster is used to model the mixing region and flame/ignition region while a PFR is used 

for the post–flame region. To generate and simulate the CRN, the open-source software 

Cantera [88,98] is used. Cantera is a suite of object-oriented software tools for problems 

involving chemical kinetics, thermodynamics and transport processes and the Python 

interface of this package is used in this study. The general attributes of Cantera and a 

comparison with other solvers are discussed in previous study [202]. The assumptions for 

residence time calculation, which are described in previous section are used for CRN 

modelling. Rather than imposing the residence time for the reactors in Cantera, their 

volumes are imposed and calculated using Equation (6.2) [203]. In this equation, �̇� is the 

total mass flow rate of fuel and air and 𝜏 is residence time.  

𝑉 =
𝑚𝜏̇

𝜌𝑢
 (6.2) 

Cantera does not have a PFR object, so a series of PSRs used to implement PFR. This 

method is the preferred (and recommended in the documentation) method to implement a 

PFR [68]. A plug–flow region is approximated by a multitude of PSRs in series, 

discretizing spatially the region to model. The PSRs are integrated one at a time until steady 

state, starting with the first in the chain. Once it is integrated from inlet composition to 

steady state, the second reactor is iterated from this new composition to steady state. 

Because of this particular integration and because it is made of PSRs, a PFR implemented 

with this method can be fitted with heat loss. The operating conditions and dimensions of 

the combustor which described by Elkady et al. [199] are used in this study. Table 6.1 

shows the operating conditions and dimensions for the baseline CRN model in Cantera. 

Figure 6.2 shows the results of CRN  modelling using four chemical kinetic mechanisms, 

GRI-Mech 3.0 [87], Sivaramakrishnan [204], Konnov [205], and NUIG for C4-NOx 
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(Zhang et al. [5]). These result are compared with experimental and modelling data of 

Elkady et al. [199]. 

 

 

 

Figure 6.2. Comparison of NOx emission using chemical kinetic mechanisms in this study 

and experimental and modelling data by Elkady et al. [199]. 

 

The results show good agreement between the CRN model in Cantera and the CRN by 

Elkady et al. [199] in Chemkin. For the temperature range of 1700 to 1850 K, kinetic 

mechanisms are able to predict experimental data. However, as the temperature increases, 

all the mechanisms over-predict the NOx. Elkady et al. [199] observed similar trends for 

other kinetic mechanisms such as Dooley et al. [206], Healy et al. [207], Ranzi et al. [208] 
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and Wang et al. [209]. The authors mentioned several possible explanations for the 

disagreement between the chemical kinetic model results and the experimental data: (1) 

The PSR-PFR reactor network model is not an accurate physical model of what is occurring 

in the combustor, (2) the actual reactor network model was a valid assumption but the 

choice of residence time splits between the PSR and PFR were erroneous or the assumption 

of using the chemical timescale for the PSR time was not correct, (3) inaccuracies in the 

chemical kinetic rate of reactions, and (4) the assumption of adiabatic combustion could 

be inaccurate due to heat loss occurring along the length of the combustor (quartz liner) 

such that the temperature at the entrance to the emissions probe was not the adiabatic flame 

temperature [201]. The most likely reason for the disagreement was assumed due to the 

heat loss along the quartz combustor walls. The authors implemented heat loss corrections 

to the experiments and applied a heat loss model in the CRN. This modification decreased 

the discrepancy between the experimental data and the GRI-Mech 3.0 [87]. However, the 

difference still was considerable for the high temperature range.  

 Elkady et al. [199] conducted a set of experiments to individually study the effects of 

operating parameters, such as inlet pressure, inlet temperature and residence time on 

emissions. Subsequently, the authors used CRN modelling to compare experiments against 

current chemical kinetics models.  

6.4 Uncertainty Analysis of Operating Conditions using SBM 

The SA captures the aleatory uncertainty and shows the effect of variation of operating 

conditions on the emission levels. In this section a global SA is conducted on the 

benchmark case using the Sobol method based on SBM and NIPCE-PCM approches. 

SALib package [182] is used in Python 3.5 [167–169] to generate samples based on Sobol 

sequence for SBM and calculation of PCE coefficients based on PCM approch. The results 

of SA for these two approaches are compared. Unlike UA where most of the inputs range 

are defined based on the available ranges, in SA the range of operating condition should 

be based on equal amounts of perturbation from the nominal value [59]. By keeping same 
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variation for the operating conditions, it is possible to assess the contribution of each input 

parameter to the emission levels variability and compare them to each other [32]. This 

requirement puts some constraints on the perturbation magnitude.  

There is a wide range of equivalence ratio in Figure 6.2 which includes different 

mechanisms of NOx generation. Therefore, three reference values are selected for the 

equivalence ratio to perform the SA. These reference equivalence ratios are: 𝜙𝑟𝑒𝑓1 = 0.50 

(𝑇𝑒𝑥𝑖𝑡1 = 1799.0 𝐾), 𝜙𝑟𝑒𝑓2 = 0.55 (𝑇𝑒𝑥𝑖𝑡2 = 1890.0 𝐾) and 𝜙𝑟𝑒𝑓3 = 0.60 (𝑇𝑒𝑥𝑖𝑡3 =

1977.0 𝐾). Therefore, three sets of SA are performed using the selected values of the 

reference equivalence ratios. A perturbation value of ±4% is selected when creating a 

Design of Experiment (DOE) for the SA. This value is in the range of perturbation for the 

operating conditions in industrial applications [210].  For each set of SA, one of reference 

equivalence ratios, air mass flow rate, initial temperature and initial pressure based on the 

values in Table 6.1 are perturbed by ±4%. The equivalence ratio of 𝜙𝑟𝑒𝑓1 = 0.50 and its 

perturbation domain ([0.480, 0.520]) cover the low-temperature region of below 1850 𝐾 

([1761.7 𝐾, 1835.8 𝐾]). There is a good agreement between the CRN model and 

experimental data for NOx generation over this region. The equivalence ratio of 𝜙𝑟𝑒𝑓3 =

0.60 and its perturbation domain ([0.576,0.624]) correspond to the high-temperature 

region ([1936.1 𝐾, 2018.5 𝐾]) which is above 1850 𝐾 and the CRN model using different 

kinetic mechanisms is not able to predict experimental data. In this region the thermal 

pathway could be the dominant mechanism for NOx generation. The equivalence ratio of 

𝜙𝑟𝑒𝑓2 = 0.55 and its perturbation domain ([0.528, 0.572]) cover the remaining range of 

equivalence ratios and correspond to a temperature range of ([1850.4 𝐾, 1929.0 𝐾]). This 

type of selection helps to limit the variation of equivalence ratio and separately study 

dominant mechanisms of NOx generation based on Figure 6.2. 

A uniform distribution is selected for each input parameter based on its range. Then a 

joint probability distribution is constructed using the uniform input distributions. The 

SALib package [182] is used to generate different numbers of samples from the input joint 
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probability distribution to conduct SBMs. These samples are evaluated using CRN model 

in Cantera [175] to estimate NOx emission for the corresponding operating conditions. 

Simulations are carried out on Fionn, an Intel Xeon E5-based cluster at the Irish Centre for 

High-End Computing (ICHEC). The results show that 10,000 samples are sufficient for 

SBMs. Using more samples does not change the expected or the mean values of 

evaluations.  

The results of evaluations for SBMs using 10,000 samples based on the reference 

equivalence ratio of 0.55 are shown in Figure 6.3. These results are compared with the 

results in Figure 6.2 at reference operating conditions. The markers or the evaluations by 

SBM are colored by the initial temperature. The solid line shows the results from Figure 

6.2 at initial temperature of 688 K, initial pressure of 12.58 atm and air mass flow rate of 

0.022 kg/s. 
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Figure 6.3. Distribution of 10,000 evaluations by SBM. The markers colored by initial 

temperature range. Solid line shows the results from Figure 6.2 at initial temperature of 688 

K, initial pressure of 12.58 atm and air mass flow rate of 0.022 kg/s. 

6.5 Selection of the order of PCE 

The main challenge to develop a PCE surrogate model is to select the order of 

polynomial. Although a high-order polynomial is more accurate, the computational cost to 

estimate the 𝛼𝑖 coefficients is considerably high based on 2𝑁𝑡 criterion. Figure 6.4  shows 

the evolution of the predictivity factor 𝑄2 for NOx emission as a function of number of 

learning simulations 𝑁𝑙𝑠 for various PCE degrees. Two criteria of 2𝑁𝑡 and 4𝑁𝑡 are 
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implemented for the number of learning simulations. The solid line in Figure 6.4 shows 

that the predictivity factor number of 𝑄2 for high-order PCEs (e.g. 4th and 5th orders) are 

considerably lower than 2nd order PCE for the minimum criterion of 2𝑁𝑡 learning 

simulations. Therefore, the minimum criterion of 2𝑁𝑡 is not enough to develop high-order 

PCEs. The dashed line in Figure 6.4 shows the same result for 4𝑁𝑡 learning simulations. 

The result confirms that with increasing the number of learning simulations form 2𝑁𝑡 to 

4𝑁𝑡, the predictivity factor of 𝑄2 is increasing for high-order PCEs. The trend shows that 

the value of predictivity factor is not considerably changing with increasing the order of 

PCE from 2 to 5. Therefore, a 2nd order PCE can be implemented with a low number of 

learning simulations to calculate the coefficients.   

 

Figure 6.4. Evolution of the predictivity factor as a function of the number of 

learning simulations for various PCE degrees. 
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6.6 Sensitivity Analysis of Operating Conditions using NIPCE-PCM 

To perform the NIPCE-PCM study, a second order polynomial is generated using a three 

terms recursion relation using chaospy [132,174] for the joint probability distribution of 

the operating conditions. Using Equation (5.2) with four input variables (n=4)  and a second 

order polynomial (p=2), required number of evaluations to estimate polynomial 

coefficients based on two criteria are 15 and 45. Anstett-Collin et al. [187] stated that taking 

more samples does not improve the accuracy of the results. These samples are generated 

using the SALib package [182] to evaluate the forward model in Cantera and predict NOx 

emission. These evaluations are then used to calculate the coefficients and develop the 

polynomial or the surrogate model using chaospy [132,174] package. To compare the 

performance of this surrogate model, the samples from SBMs are evaluated using the 

surrogate model. Figure 6.5, Figure 6.6 and Figure 6.6 show histogram distributions of the 

probability distribution for NOx emission using SBM for three reference conditions. A 

same value is selected for size of bins in these Figures to show histogram distributions. The 

results of probability distribution for the developed surrogate models using NIPCE-PCM 

are also shown in Figure 6.5, Figure 6.6 and Figure 6.7 using the Gaussian curve fit. 

Statistical information such as expected (mean) value, standard deviation and skewness are 

shown in these figures. The histograms in Figure 6.5, Figure 6.6 and Figure 6.6 show a 

skewed distribution to the right which corresponds to a positive value for the skewness 

parameter.  

The results in Figure 6.5, Figure 6.6 and Figure 6.6 show a right-skewed distribution for 

the probability density over all three reference equivalence ratios. The right-skewed 

distributions have a positive value for the skewness and a tail to the right. This means that 

the data is generally clustered around smaller values and there are lower probability 

densities for larger values. The results show that the polynomial is able to predict the 

expected (mean) value of the SBM with a very good accuracy. The results show that a 
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second-order polynomial using 30 evaluations is able to predict the Gaussian fit curve of 

SBM with a good agreement over the whole range of input operating conditions. 

 

 

Figure 6.5. Comparison of probability density distribution for NOx emission using 

advanced SBM and NIPCE-PCM at reference equivalence ratio of 0.5. 
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Figure 6.6. Comparison of probability density distribution for NOx emission using SBM 

and NIPCE-PCM at reference equivalence ratio of 0.55. 
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Figure 6.7. Comparison of probability density distribution for NOx emission using SBM 

and NIPCE-PCM at reference equivalence ratio of 0.60. 

There are some small deviations on both tails of the Gaussian fit curves which could be 

ignored due to a very small frequency or probability density in these regions. The expected 

value in Figure 6.5 which corresponds to the low-temperature region in Figure 6.2 is 4.04 

ppm. This value for the high-temperature region is 44.02 ppm based on Figure 6.7. 

According to Figure 6.5 and Figure 6.6, the value of the variance for the low-temperature 

and the intermediate-temperature cases are 4.04 ppm and 4.98ppm, respectively. However, 

the variance for the high-temperature case in Figure 6.7 is 16.26 which is almost 4 times 

higher than low-temperature case. This difference shows that the high-temperature case is 

more sensitive to the perturbation of input or operating conditions. 
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Figure 6.8 shows a comparison of forward model or CRN model based on advanced 

SBM and the developed surrogate model using NIPCE-PCM for the same distribution of 

input operating conditions at reference equivalence ratio of 0.5. The result shows that the 

surrogate model can be used instead of forward model or CRN model with a very good 

accuracy. There are some discrepancies between forward and surrogate models at high NOx 

values. However, according to Figure 6.5 the probability density or the frequency of these 

values is low. If the number of evaluations to estimate the coefficients of polynomial 

increases, then better accuracy is achieved for the surrogate model. Therefore the result in 

Figure 6.8  is compared with a surrogate model using 3000 evaluations. According to the 

Figure 6.2, there is a good agreement between the experimental data and results of CRN 

model over low-temperature region. Therefore, the developed polynomial or surrogate 

model based on Figure 6.8 can be used for practical applications over the selected range of 

operating conditions to predict NOx emission. Furthermore, the developed surrogate model 

as a PCE can be used for an optimization study to find the optimum operating conditions 

for a specific value of NOx emission. The same results are achieved for the other reference 

equivalence ratios of 0.55 and 0.60 as presented in Figure 6.8.  
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Figure 6.8. Comparison of NOx predictions between forward and surrogate models. The 

data points colored by temperature. 

Figure 6.9 shows the result of SA using Sobol indices based on SBMs. In this Figure the 

results of the first-order sensitivity indices for three reference cases are presented. The 

results show that after equivalence ratio, the most important input parameter or operation 

condition is initial temperature. Initial pressure and mass flow rate of air which represents 

the effect of residence time have smaller contribution on NOx in comparison with 

equivalence ratio and initial temperature.  Note that, the sum of the first-order sensitivity 

indices for all cases is above 0.97 which means that the contribution due to the interactions 

of input parameters or operating conditions is very low and these parameters are 

independent. The results of Figure 6.9 show that the most sensitive input parameter with 

increasing the reference equivalence (exit temperature) is the initial pressure. The first-

order sensitivity indices for initial pressure at 𝜙𝑟𝑒𝑓3(𝑇𝑒𝑥𝑖𝑡3) is more than twice of the value 
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at 𝜙𝑟𝑒𝑓1 (𝑇𝑒𝑥𝑖𝑡1) which highlights the importance of initial pressure at high-temperature 

case. After initial pressure, the most sensitive input parameter is the mass flow rate of air 

which represents the role of residence time. The first-order sensitivity indices for mass flow 

rate of air at 𝜙𝑟𝑒𝑓3(𝑇𝑒𝑥𝑖𝑡3) is increased almost 32% in comparison with the value at 𝜙𝑟𝑒𝑓1 

(𝑇𝑒𝑥𝑖𝑡1). Also, the effect of initial temperature is decreased by almost 14%  at 𝜙𝑟𝑒𝑓3(𝑇𝑒𝑥𝑖𝑡3) 

in camparison to the value at 𝜙𝑟𝑒𝑓1 (𝑇𝑒𝑥𝑖𝑡1). 

 

 

 

Figure 6.9. Comparison of first-order sensitivity indices for different reference conditions 

using SBM. 

Figure 6.10 shows the results of SA using the first-order sensitivity indices based on 

NIPCE-PCM approach. In this Figure the results of first-order sensitivity indices for the 
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three reference cases are presented. The results show that by a second-order polynomial 

using just 30 evaluations, the SA based on NIPCE-PCM is able to predict the results of 

SBM (Figure 6.9) with a very good accuracy. Furthermore, a similar trend for the variation 

of first-order sensitivity indices of input parameters is observed. 

 

Figure 6.10. Comparison of first-order sensitivity indices for different reference conditions 

using NIPCE-PCM. 

6.7  Description of Epistemic Uncertainties for the Benchmark Burner 

The epistemic uncertainties are addressed in this section for the benchmark burner. This 

type of uncertainty can be reduced by increasing the knowledge about the system. The 

possible explanations for the discrepancy between the CRN model and experimental data 

over the high-temperature region can be used as the epistemic uncertainties for the 

benchmark burner. These possible explanations are: (1) the PSR+PFR reactor network 

model is not an accurate physical model of what is occurring in the combustor, (2) the 
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overall assumption of using a PSR+PFR CRN model is a valid assumption but the choice 

of residence time splits between the PSR and PFR are erroneous or the assumption of using 

the chemical timescale for the PSR time for the main flame zone is not correct, (3) the 

overall CRN model is a valid assumption but more than one PSR is required to capture the 

flow field inside the combustor. Therefore, more investigations are required to characterize 

the required number of PSRs), their arrangement and mass flow splits between them, (4) 

the assumption of adiabatic combustion could be inaccurate due to heat loss occurring 

along the length of the combustor (quartz liner), (5) inaccuracies in the measurements due 

to probe cooling effects, (6) the effect of cooling air or possible air leakage thorough the 

quartz liner into the main flame zone could be important and should be implemented in the 

CRN model and (7) inaccuracies in chemical kinetic rates of detailed kinetic mechanisms. 

Elkady et al. [199] also proposed the items number 1, 2, 4, and 7 as the possible sources 

of the disagreement. The authors implemented the heat loss model as the most likely reason 

in to the CRN model and corrected the measurements for this purpose. The results of heat 

loss model improved the prediction but there was still a disagreement over the high-

temperature region [199]. Elkady et al. [199] modelled the CO formation using the CRN 

model and there was no agreement between the model and experimental data over the entire 

operating range. The authors stated that the measured CO values may not represent the true 

concentrations in the combustor due to probe cooling effects [199]. Therefore, the 

measured NOx values could be also affected by this effect as highlighted in the item number 

4. According to Elkady et al. [199], the preheated air was utilized to provide both 

combustion and liner cooling air. The effect of this cooling air has not been addressed in 

the original CRN model by Elkady et al. [199] which could be another explanation for the 

discrepancy. Injection of cooling air or possible air leakage of the preheated air through the 

wall of the combustor into the flame or post-flame zone has a considerable effect on the 

flame temperature. Since the CRN model over-predicts the NOx emission over the high-

temperature region, a temperature drop due to the cooling or leakage air decreases the 

thermal NOx which is the main mechanism of NOx production over this range. The result 
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of uncertainty analysis in Figure 6.7 which corresponds to the high-temperature region 

shows a standard deviation of 16.26 due to the perturbation of operating conditions which 

is almost four times bigger than the standard deviation for the low-temperature region in 

Figure 6.5. Therefore, any change in the operating conditions over the high-temperature 

has more impact on NOx emission in comparison with the low-temperature region.  

According to the comprehensive literature review for CRN modelling in the previous 

study [202], the general assumption of  using PSR(s) for the main flame zone and PFR for 

the post-flame zone is a valid assumption and has been extensively implemented in the 

literature. However, using one PSR for the main flame zone might not be sufficient to 

exactly model the main flame zone for the benchmark burner. Some researchers used 

several PSRs for the main flame zone and part of the post-flame zone using results of CFD 

simulations or experimental data [40,63,92,103,211,212]. A good estimation for a 

minimum number of PSRs, their arrangement and mass flow splits of reactors are essential. 

Furthermore, an accurate calculation of the main flame zone and corresponding PSR(s) is 

important for the development of a CRN model. These parameters can be estimated using 

CFD simulation at reference operating condition to characterize flow field 

[40,63,73,74,92,103,211,212]. Moreover, OH-chemiluminescence or PLIF images can be 

used to estimate the volume of main flame zone [211,212]. Therefore, more investigations 

using a set of CFD simulations and experimental studies are required to address the 

prescribed epistemic uncertainties and implement them in the UQ-enabled tool. These 

investigations for the benchmark burner are beyond the scope of this research. 

The last source of epistemic uncertainty for NOx prediction over the high-temperature 

region in the benchmark burner is due to the chemical kinetic rates of detailed kinetic 

mechanisms. The results of CRN modeling in the previous study by Elkady et al. [199] as 

well as this study shows that all the chemical kinetic mechanisms over-predict the NOx 

emission over high-temperature region. Therefore, study of uncertainties due to the 

chemical kinetic rate of reactions is important over the high-temperature region which is 

addressed in the next section.  
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6.8  UA of Arrhenius Parameters 

In this section the epistemic uncertainty due to the reaction rate coefficients in the 

chemical kinetic mechanism over the high-temperature region is studied for the benchmark 

burner. The developed approach in this section is based on SBM and NIPCE-PCM 

approaches and can be implemented on other benchmark cases. According to Lefebvre and 

Ballal [2], thermal NO is a dominant pathway for NOx emission above  1850 K. Therefore, 

CRN modelling is conducted for the benchmark burner at reference conditions to study the 

role of thermal NO only. For this purpose, the thermal NO pathway in GRI-Mech. 3.0 [87] 

is considered and other mechanisms such as prompt and N2O-intermediate pathways are 

removed. The correponding results are shown in Figure 6.2. The results confirm the 

dominant effect of thermal NO over the high-temperature region. Therefore, the main focus 

of this section is the uncertainty analysis of reaction rate coefficents for the thermal NO 

reactions, which utilize the extended Zeldovich mechanism.  

Unlike the SA where the range of operating condition should be based on equal amounts 

of perturbation from the nominal value, in the UA most of the input ranges are defined 

based on the available ranges.  Chemical kinetics databases contain recommended values 

of Arrhenius parameters, an uncertainty parameter 𝑓 of the rate coefficient 𝑘 and 

corresponding temperature range of validity [213,214]. The first step for the UA of thermal 

NO reactions is determination of uncertainty domain for the Arrhenius parameters which 

define the rate coefficient 𝑘. Table 6.2 shows the thermal NO reactions, the recommended 

Arrhenius parameters and uncertainty factors based on Baulch et al. [215] database.  
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Table 6.2. Thermal NO reactions and corresponding Arrhenius 

parameters and uncertainty factors [215]. 

# Reaction 𝒌[𝒄𝒎𝟑𝒎𝒐𝒍𝒆𝒄𝒖𝒍𝒆−𝟏𝒔−𝟏] 𝒇 

1 N + NO → N2 + O 3.5 × 10−11 
0.3 over the range  

210-3700 K 

2 N + O2 → NO+ O 9.7 × 10−15𝑇1.011exp (−3120 𝑇⁄ ) 

0.2 over the range  

280-1500 K 

0.5 at 5000K 

3 N + OH → NO + H 1.5 × 10−10𝑇−0.2 

0.1 at 300K 

0.3 at 100K 

0.4 at 2500K 

 

In high-temperature gas kinetic systems, the rate coefficient 𝑘 is described in the form 

of a modified Arrhenius expression. Nagy and Turanyi  [214,216] used the below form to 

present the rate coefficient: 

𝜅(𝑇) = 𝛼 + 𝑛𝑙𝑛𝑇 − 𝜀̅𝑇−1 = 𝜃𝑇𝑃 (6.3) 

Where 𝜅(𝑇) = 𝑙𝑛𝑘(𝑇), 𝛼 = 𝑙𝑛𝐴 , 𝜀̅ = 𝐸 𝑅⁄ , 𝜃 = (1, 𝑙𝑛𝑇,−𝑇−1)𝑇and 𝑃 = (𝛼, 𝑛, 𝜀̅)𝑇.  𝐴, 

n and 𝐸 are Arrhenius parameters in these relations. According to the Baulch et al. [215], 

the uncertainty of the rate coefficient is defined by 𝑓 = log10(𝑘
0 𝑘𝑚𝑖𝑛⁄ ) or 𝑓 =

log10(𝑘
𝑚𝑎𝑥 𝑘0⁄ ) where 𝑘0 is a recommended value of the rate coefficient of the reaction, 

and 𝑘𝑚𝑖𝑛 and 𝑘𝑚𝑎𝑥 are possible extreme values [214,217,218]. In general, the uncertainty 

parameter 𝑓 depends on temperature. Minimum and maximum values of the rate 

coefficients are assumed to deviate on a logarithmic scale from the recommended value by 

to 3𝜎 or 2𝜎 [214]. Therefore, the uncertainty parameter 𝑓 can be converted at a given 

temperature T to the standard deviation of the logarithm of the rate coefficient using below 

equation where m=3 or 2 [214]. 
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𝜎(log10𝑘) =
𝜎(𝑙𝑛𝑘)

𝑙𝑛10
=
1

𝑚
𝑓(𝑇) (6.4) 

Nagy and Turanyi [214,216] used the below relation for  𝑓(𝑇), variance of 𝜅(𝑇), 

standard deviations of Arrhenius parameters (𝜎𝛼, 𝜎𝑛, 𝜎𝜀) and correlations (𝑟𝛼𝑛, 𝑟𝛼𝜀 , 𝑟𝑛𝜀) 

which are also temperature dependent. In below equation, 𝑀 = 3 𝑙𝑛10⁄  or 𝑀 = 2 𝑙𝑛10⁄ , 

𝜎𝛼, 𝜎𝑛, 𝜎𝜀 ≥ 0 and −1 ≤ 𝑟𝛼𝑛, 𝑟𝛼𝜀 , 𝑟𝑛𝜀 ≤ 1.  

𝑓(𝑇) = 𝑀√𝜎𝛼
2 + 𝜎𝑛

2𝑙𝑛2𝑇 + 𝜎𝜀
2𝑇−2 + 2𝑟𝛼𝑛𝜎𝛼𝜎𝑛𝑙𝑛𝑇 − 2𝑟𝛼𝜀𝜎𝛼𝜎𝜀𝑇

−1 − 2𝑟𝑛𝜀𝜎𝑛𝜎𝜀𝑇
−1𝑙𝑛𝑇 (6.5) 

The uncertainty factors of reactions in Baulch et al. [215] are constant in the 

corresponding temperature range. However, the uncertainty factor in Equation (6.5) is a 

function of temperature over the entire range. The uncertainty of the rate coefficients can 

be extracted from Baulch et al. [215] using at least 6 different temperatures to determine 6 

independent elements of a covariance matrix for the three Arrhenius parameters [214]. In 

each reaction, corresponding standard deviations of Arrhenius parameters (𝜎𝛼, 𝜎𝑛, 𝜎𝜀) and 

correlations (𝑟𝛼𝑛, 𝑟𝛼𝜀 , 𝑟𝑛𝜀) parameters are calculated using Equation (6.5) which is a non-

linear and constrained equation. In this study, advanced optimization techniques in SciPy 

[170] are implemented in Python 3.5 [167–169] to find the solutions of this equation.  

Table 6.3 shows three sets of SBM s and corresponding results which are conducted for 

the high-temperature range based on the reference equivalence ratio of 𝜙𝑟𝑒𝑓3 = 0.60 

(𝑇𝑒𝑥𝑖𝑡3 = 1977.0 𝐾) to study the uncertainty of the Arrhenius parameters. 
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 Table 6.3. Results of UA for thermal NO reactions. 

# Reaction(s) 

Expected (mean) value of 

NOx:  𝝁 [ppm] 

Standard Deviation of 

NOx: 𝝈 [ppm] 

SBM SBM 

1 
R2 

N + O2 → NO + O 
41.46 0.13 

2 

R1+R2 

N + O2 → NO + O 

N + NO → N2 + O 

48.08 14.33 

3 

R1+R2+R3 

N + O2 → NO + O 

N + NO → N2 + O 

N + OH → NO+ H 

46.90 14.82 

 

In simulation number 1 the uncertainties of Arrhenius parameters due to R2 are studied. 

The expected value and the corresponding standard deviation for this simulation are 41.46 

and 0.13, respectively. In simulation number 2 the uncertainties of Arrhenius parameters 

due to R1 and R2 are studied. The expected value and the corresponding standard deviation 

for this simulation are 48.08 and 14.33, respectively. The value of standard deviation is 

dramatically changed from the simulation number 1 which shows the importance of R1. 

The predicted NOx emissions for the high-temperature region are very sensitive to R1. 

This result is in agreement with the study of Elkady et al. [199]. The authors showed that 

with increasing of initial pressure from 8.16 atm to 16 atm over a wide range of temperature 

from 1800 K to 2050 K, R1 has the highest value of production rate in comparison with R2 

and R3 [199]. Moreover, according to the result of the global SA in this study, the effect of 

initial pressure in the high-temperature region (𝜙𝑟𝑒𝑓3 = 0.60, 𝑇𝑒𝑥𝑖𝑡3 = 1977.0 𝐾) is 

almost doubled in comparison with the low-temperature region(𝜙𝑟𝑒𝑓3 = 0.50, 𝑇𝑒𝑥𝑖𝑡3 =

1799.0 𝐾). Therefore, the uncertain Arrhenius parameters in the R1 result in a high 

standard deviation from the mean value over the high-temperature region at a high-pressure 
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condition (𝑃𝑖 = 12.58 𝑎𝑡𝑚). In simulation number 3 the uncertainties of Arrhenius 

parameters due to all reactions (R1, R2 and R2) are studied. The expected value and the 

corresponding standard deviation for this simulation are 46.90 and 14.82, respectively. The 

results show the small contribution of R3 on the standard deviation for the distribution of 

NOx emission.   

     Table 6.4 shows the comparison of UA for thermal NO reactions based on simulation 

number 3 including all reactions using SBM and NIPCE-PCM at reference equivalence 

ratio of 0.60. A first-order polynomial is selected for six uncertain Arrhenius parameters 

of thermal NO reactions.  

 

Table 6.4. Comparison of UA for thermal NO reactions using SBM and NIPCE-

PCM at reference equivalence ratio of 0.60. 

Reactions 

Expected (mean) value 

of NOx: 𝝁 [ppm] 

Standard Deviation 

of NOx: 𝝈 [ppm] 

SBM NIPCE-PCM SBM NIPCE-PCM 

R1+R2+R3 

𝐍 + 𝐎𝟐 → 𝐍𝐎 + 𝐎 

𝐍 + 𝐍𝐎 → 𝐍𝟐 + 𝐎 

𝐍 + 𝐎𝐇 → 𝐍𝐎+ 𝐇 

46.90 47.01 14.82 14.92 

 

The results of expected value and standard deviation in Table 6.4 show that a first-order 

polynomial using 14 evaluations in NIPCE-PCM approach can predict the results of SBM 

with a very good accuracy. The developed PCE as a surrogate model can be used to perform 

an optimization study to find optimum Arrhenius parameters over the high-temperature 

region for the benchmark burner within the framework of the available CRN model. 
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6.9 Summary and Conclusions 

      This chapter has presented a methodology for uncertainty quantification of NOx 

emission using NIPCE-PCM and SBM methods in a high-pressure premixed burner. The 

UQ-enabled emission prediction tool was developed in Python using a series of packages.  

NOx emission was modelled using a simple CRN for a benchmark premixed burner under 

gas turbine operating conditions and uncertainty and sensitivity analyses were conducted 

to characterize aleatory and epistemic uncertainties. The effect of variations for the input 

parameters and operating conditions such as equivalence ratio, initial pressure, initial 

temperature and residence time on NOx were studied using a global sensitivity analysis 

method. The Sobol sensitivity indices were used for the SA based on the NIPCE-PCM 

method and the results compared with the sensitivity indices calculated by the SBM. The 

results presented the capability of the NIPCE-PCM approach to accurately predict 

sensitivity indices using a limited number of evaluations in comparison with the SBM. The 

sensitivity indices highlighted the effects of the equivalence ratio and initial temperature 

on NOx level while the initial pressure and residence time have smaller contribution. The 

importance of initial pressure was observed over the high-temperature region in 

comparison with the low-temperature region. Furthermore, an uncertainty analysis was 

conducted to study the effects of Arrhenius parameters for thermal NO reactions. A 

proposed method in the literature was used to characterize the uncertainty domains of 

Arrhenius parameters. NIPCE-PCM and SBM approaches were used to conduct the 

uncertainty analysis based on the uncertain domains. It was shown that the uncertainties in 

the Arrhenius parameters for R1 (N + NO → N2 + O) play an important role in NOx 

distribution in comparison with other thermal NO reactions over the high-temperature 

region. A surrogate model was developed for NOx emission as a function of the Arrhenius 

parameters using the NIPCE-PCM approach which could be used in an optimization study. 

The optimized parameters then could be implemented in a chemical kinetic mechanism to 
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predict the experimental data over the high-temperature region for the benchmark burner 

within the framework of the available CRN model. 
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7.1 Introduction 

The goals of this chapter are to (1) quantify uncertainty of CO and NOx emissions due to 

the fuel composition variations and operating conditions in a swirl-stabilized premixed 

burner as a more representative case of gas turbine combustors and (2) implement a 

computationally-efficient method for reliability analysis in addition to the methods for 

uncertainty and sensitivity analyses to complete the developed framework in previous 

chapter.  

7.2 Benchmark Combustion System  

Swirling flows have long been used in gas turbine combustors and many practical 

combustion systems to control the stability and intensity of combustion and the size and 

shape of the flame region. This type of recirculation provides better mixing than is normally 

obtained by other means, such as bluff bodies, because swirl components produce strong 

shear regions, high turbulence, and rapid mixing rates [2]. Therefore, a swirl-stabilized 

burner is selected in this study as the benchmark case which represents a practical 

combustion system to implement the UQ study.  

7.3 Swirl-Stabilized Burner 

The benchmark burner was studied by Göke et al. [211] and Stathopoulos et al. [212] 

and is shown in Figure 7.1. This burner has a radial swirl generator followed by a mixing 

tube with a diffuser and an area expansion to the combustion chamber. The swirl intensity 

can be varied by partially blocking the radial slots and, hence, increasing the tangential 

momentum of the flow [211]. The diffuser at the end of the mixing tube decelerates the 

flow at the combustion chamber inlet and stabilizes a vortex breakdown at the area change, 

leading to the typical flow field of a swirl-stabilized flame [211]. The combustor was 

operated in a technically premixed mode, with fuel being injected through 16 

circumferentially distributed holes in the swirler bottom plate [211]. An excellent mixing 
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was the focus in the development of the injector. Therefore, providing defined operating 

conditions and allowing the modelling of the combustion process with a reactor network. 

This has been achieved by using a mixing tube that increases the distance between the fuel 

injection and the burner inlet. This burner was developed to operate on natural gas with a 

very high level of steam. The steam content is characterized by the steam-to-air mass ratio 

(Ω). 

Ω =
�̇�𝑠𝑡𝑒𝑎𝑚

�̇�𝑎𝑖𝑟
 (7.1) 

 

 

 

Figure 7.1. Benchmark swirl-stabilized burner [211].  
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7.4 Combustion Test Rig and Operating Conditions 

The experimental investigations of Göke et al. [211] for the swirl-stabilized burner were 

carried out in a high-pressure combustion test rig Stuttgart (HBK-S) as shown in Figure 

7.2. This high pressure test rig has been used in several studies [210–212,219,220].  

 

 

Figure 7.2. Combustor with optical access integrated into the HBK-S test rig 

[211,212,219].  

The air supply to this test rig consists of several subsystems (main, cooling, secondary 

air) with a maximum total air flow rate of 1.3 kg/s at a maximum pressure of 40 bar [219]. 

The main air can be electrically preheated up to 1000 K. The fuel supply allows operation 

with various gaseous and liquid fuels. A water-cooled exhaust gas nozzle was mounted at 

the combustor exit, followed by an extension pipe. A detailed description of the test rig is 

given by Fleck et al. [219].  Table 7.1 shows details of the combustor geometry and 

operating conditions of the benchmark burner in the test rig [211]. 



7 UQ of NOx and CO Emissions in a Swirl-Stabilized Premixed Burner 171 

 

 

Table 7.1. Operating conditions and geometry of burner in the test 

rig [211]. 

Combustor Cross Section [mm] 100×140 

Combustor Length [mm] 280 

Mixing Tube Length [mm] 38.5 

Mixing Tube Diameter [mm] 25 

Exhaust Length [mm] 305 

Minimum Exhaust Diameter [mm] 50 

Thermal Power [kw] 70 to 900 

Fuel Composition [%] 95% CH4, 3%C2+2% inert gases 

Total Mass Flow [kg/s] 0.05 at P= 1bar- 0.3 at P= 9bar 

Cooling Air [% of Total Air] 7% of total air 

Equivalence ratio From 0.95 to lean blowout (LBO) extinction 

Pressure [bar] 1.5, 9 

Air Inlet Temperature [K] 673 

Mean Flame Residence Time [ms] 3 

𝛀 [%] 0, 20 

Flame  Stabilization Swirl number 0.9 

7.5 CRN Modelling Approach 

The CRN architecture in this study for the benchmark burner is similar to the one 

proposed by Göke et al. [211] in Cantera [88,98]. Available CFD data and experimental 

measurements for the benchmark burner are used to construct the CRN for a combustion 

system.  Göke et al. [211] used one cluster of reactors to simulate main-flame and post-

flame zones. A cluster consists of a series of PSRs which are connected using flow 

controllers such as valves, mass flow controllers or pressure controllers which allows users 

to route the flow out of one PSR into an inlet of another PSR, providing a representation 

of more complex reacting flow systems. The reactors in a cluster are solved simultaneously 

to provide full coupling of the dependent flows.   
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In this study, two clusters are implemented to reduce the computational costs for CRN 

modelling, which is substantial, to conduct a large number of simulations for UQ study. 

The schematic of the CRN and clusters are shown in Figure 7.3. The first cluster consists 

of seven PSRs to model the mixing region and main-flame region, while the second cluster 

includes several PSRs to model a PFR for the post-flame region.  

 

Figure 7.3. Schematic of CRN modelling in Cantera. 

The operating parameters listed in Table 7.1 are used as the inputs to the CRN and 

simulation conditions to determine the emissions of the benchmark burner. In addition to 

the temperature, pressure and mass flow rate of the system, the residence times should be 

specified. Göke et al. [211] used the results of 𝑂𝐻∗ chemiluminescence experiments to 

estimate the residence time of the flame reactor. Therefore, the flame reactor has a mean 

residence time  𝜏𝑟𝑒𝑠 = 𝑉𝑃𝑆𝑅 �̇�𝑃𝑆𝑅⁄  of approximately 3 ms. The total residence time of the 

complete network varies between 27ms and 35 ms, depending on air and steam fraction 

[211].  

In the present work, a relatively simple approach to radiative heat transfer is adopted. 

The model used is that described by Barlow et al. [221] in which it is assumed that the 

flame is optically thin, such that each radiating point source has an unimpeded isotropic 
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view of the surroundings [222]. The radiative heat loss rate per unit volume may thus be 

calculated from: 

Q̇ = 4𝜎(𝑇4 − 𝑇𝑏
4)∑(𝑝𝛼𝑎𝑝,𝛼)

𝛼

 (7.2) 

Where 𝜎 = 5.669 × 10−8 W m2K4⁄  is the Stefan–Boltzmann constant, T is the local 

temperature, 𝑇𝑏 = 300 K is the background temperature, 𝑝𝛼 is the partial pressure of 

species 𝛼 in atmospheres, whilst 𝑎𝑝,𝛼 is the Planck mean absorption coefficient for species 

𝛼. Only the species CO2, H2O, CH4 and CO are considered in the evaluation of radiative 

heat loss. 

Since UQ study requires a large number of simulations, GRI-Mech 3.0 [87] is selected 

for CRN modelling. More advanced and larger kinetic mechanisms have been developed 

for natural gas combustion. However, GRI-Mech 3.0 is a considerably more 

computationally-efficient mechanism, and it has been used for almost 45% of studies, 

especially for industrial applications [8]. Göke et al. [211] described that a part of the 

cooling flow of the front panel, and some of the air leakages through the windows are 

injected into the main flame and post flame zones [211]. However, the exact values of 

cooling flow and air leakage into the flame and post flame zones are not specified by the 

authors. Therefore, these values are tuned to this study through the calibration of CRN 

using experimental data. 

7.6 UQ-Enabled Emissions Prediction Tool 

The developed CRN model is implemented in the UQ framework to perform uncertainty, 

sensitivity and reliability analyses for CO and NOx emissions. As prescribed, UQ study of 

uncertain operating conditions and a variety of fuels at part load conditions is a substantial 

task for the development of practical combustion systems.  Therefore, uncertain input 

parameters for UQ study in this work are operating conditions and components of fuel 

composition which can be characterized as the aleatory uncertainties. A joint probability 

distribution is then defined based on probability distributions of input parameters.  
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A set of uncertainty and global sensitivity analyses is conducted on the benchmark case 

using SBM, and NIPCE-PCM approaches and the results are compared. The sensitivity 

analysis captures the aleatory uncertainty and shows the effect of variation of operating 

conditions and components of fuel composition on the emission levels. The purpose of this 

comparison is to show the performance of NIPCE-PCM approach as a computationally-

efficient method for UQ study in comparison with the SBM.  Saltelli’s sampling approach 

is used to calculate Sobol sensitivity indices in SBM and prediction of PCE coefficients in 

NIPCE-PCM method. The Saltelli’s scheme extends the Sobol sequence in a way to reduce 

the error rates in the resulting sensitivity index calculations [177,181]. The required 

number of samples to calculate first-order and second-order sensitivity indices are N(n +

2) and  N(2n + 2) respectively, where 𝑛 is the number of input parameters [182].  

Furthermore, a set of RAs is conducted using the surrogate models developed by NIPCE-

PCM approach to computes the probability of exceeding a threshold for the emissions due 

to the variability of operating conditions. The FORM importance factors are presented for 

RA to offer a way to rank the importance of the input components concerning the threshold 

exceedance by the quantity of interest such as NOx and CO emissions. These importance 

factors can be seen as a specific SA technique dedicated to the quantity of interest around 

a particular threshold, 𝛿, rather than to its variance. A connected series of pachages consist 

of  SALib [173], chaospy [132,174] and OpenTURNS [196] are integrated with the Cantera 

in Python 3.5 [167–169] to implement UQ study for the benchmark burner. 

7.7 Results and Discussions 

In this section, the results of UQ-enabled emissions prediction tool are presented. In 

section 7.7.1 the results of CRN modelling for NOx and CO emissions in benchmark burner 

are presented. The results of uncertainty characterization, uncertainty analysis, global 

sensitivity analysis and reliability analysis of emissions due to operating conditions are 

presented and discussed in sections 7.7.2, 7.7.3, 7.7.4 and 7.7.5, respectively. Furthermore, 

the results of uncertainty characterization, uncertainty analysis and global sensitivity 
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analysis due to fuel compositions are presented and discussed in sections 7.7.6 and 7.7.7, 

respectively.  

7.7.1 CRN modelling 

The results of CRN modelling for NOx and CO emissions at operating pressures of 𝑃 =

 1.5 and 9.0 bar for the dry and wet condition (Ω = 0.2) over the entire range of 

equivalence ratios are shown in Figure 7.4and Figure 7.5for NOx and CO emissions. The 

results of CRN modelling are also compared with experimental data by Göke et al. [211]. 

The results show satisfactory agreement between the CRN model in Cantera and the 

experimental data.   
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Figure 7.4. Comparison of NOx emission using CRN model (Solid lines) and 

experimental data (circles) by Göke et al. [211] at low (top) and high (bottom) 

pressures. Reference Parameters: P=1.5, 9.0 bar, 𝛀=0.0, 0.2, 𝑻𝒊 = 673 K, �̇�𝒂𝒊𝒓 

=0.05 𝐤𝐠 𝐬⁄   (at P=1.5 bar), �̇�𝒂𝒊𝒓 =0.30 𝐤𝐠 𝐬⁄   (at P=9.0 bar), Natural gas (95% 

CH4, 3%C2+2% inert gases) and GRI-Mech 3.0. 
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Figure 7.5. Comparison of CO emission using CRN model (Solid lines) and 

experimental data (circles) by Göke et al. [211] at low (top) and high (bottom) 

pressures. Reference Parameters: P=1.5, 9.0 bar, 𝛀=0.0, 0.2, 𝑻𝒊 = 673 K, �̇�𝒂𝒊𝒓 

=0.05 𝐤𝐠 𝐬⁄   (at P=1.5 bar), �̇�𝒂𝒊𝒓 =0.30 𝐤𝐠 𝐬⁄   (at P=9.0 bar), Natural gas (95% 

CH4, 3%C2+2% inert gases) and GRI-Mech 3.0. 
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7.7.2 Uncertainty Characterization of Operating Conditions 

There is a wide range of equivalence ratio in Figure 7.4 and Figure 7.5, so four reference 

equivalence ratio values are selected to perform the UQ study. These reference equivalence 

ratios are: 𝜙𝑟𝑒𝑓1 = 0.50, 𝜙𝑟𝑒𝑓2 = 0.60, 𝜙𝑟𝑒𝑓3 = 0.70 and 𝜙𝑟𝑒𝑓4 = 0.80. Therefore, eight 

sets of uncertainty and global sensitivity analyses are performed for CO and NOx emissions 

using the selected values of the reference equivalence ratios. Three Input parameters of 

fuel-to-air ratio, initial temperature and initial pressure are selected. Since mass flow rate 

of air is constant (ṁ𝑎𝑖𝑟 = 0.30 kg/s), the fuel-to-air ratio (ṁ𝑓𝑢𝑒𝑙 ṁ𝑎𝑖𝑟⁄ ) can be perturbed 

in the simulations by perturbation of equivalence ratio. Therefore, the input uncertain 

parameters are ξ1 = 𝜙, ξ2 = Ti and ξ2 = Pi as shown in Table 7.2. A perturbation value of 

𝜀̅ = 0.03 is selected, which is equivalent to ±3.0% at nominal values in Table 7.2. This 

value is in the range of perturbation for the operating conditions in industrial applications 

[210]. Furthermore, the uncertainty of the emission measurements is typically 3% in the 

test rig of benchmark burner [212].   

Table 7.2. Input parameters and nominal values for UQ of emissions due to 

operating conditions. 

Input parameters Nominal values 

𝛏𝟏 = 𝝓  

(�̇�𝒇𝒖𝒆𝒍 �̇�𝒂𝒊𝒓⁄ ) 

0.5 

(0.0305) 

0.6 

(0.0366) 

0.7 

(0.0427) 

0.8 

(0.0488) 

𝛏𝟐 = 𝐓𝐢 673 K 

𝛏𝟑 = 𝐏𝐢 9.0 bar 

 

Uncertain input parameters are assumed to be generally characterized by Gaussian 

(normal) distributions. Each distribution is described by nominal or mean (𝜇𝑖) and standard 

deviation (𝜎𝑖) values. The standard deviation of input parameters, 𝜎𝑖 = (𝜇i 𝜀̅)/3, are set so 

that 99.7% of values are within 3𝜎𝑖.  Figure 7.6, Figure 7.7 and Figure 7.8 show the 

probability density function (PDF) and cumulative distribution function (CDF) of input 
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uncertain parametrs. The nominal or mean 𝜇𝑖 and standard deviation 𝜎𝑖 values of 

parameters are shown in Figure 7.6, Figure 7.7, and Figure 7.8. A joint probability 

distribution is constructed using the normal input distributions. 
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Figure 7.6. PDF and CDF of input reference equivalence ratios of 𝝓𝒓𝒆𝒇𝟏 (top) and 

𝝓𝒓𝒆𝒇𝟐 (bottom). 
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Figure 7.7. PDF and CDF of input reference equivalence ratios of 𝝓𝒓𝒆𝒇𝟑 (top) and 

𝝓𝒓𝒆𝒇𝟒 (bottom). 
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Figure 7.8. PDF and CDF of input uncertain parameters for inlet pressure (top) 

and temperature (bottom). 
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7.7.3 Uncertainty Analysis of Emissions Due to Operating Conditions 

In this section, two approaches of SBM and NIPCE-PCM are described for uncertainty 

analysis. The SALib package [182] is used to generate different numbers of samples from 

the input joint probability distribution to conduct DOEs. A relative error of the order of 

magnitude of 10−4Is selected for the samples to obtain the nominal value of input 

parameters. Therefore, Saltelli’s scheme requires 1,210 simulations to reach the mentioned 

precision, as well as the calculation of the first-order sensitivity indices. To obtain a relative 

error of 10−5, the required number of samples and corresponding deterministic simulations 

is 3930 which is prohibitive. Simulations are carried out on Fionn, an Intel Xeon E5-based 

cluster at the Irish Centre for High-End Computing (ICHEC).  In the NIPCE-PCM 

approach, the required number of samples to estimate PCE coefficients based on PCM is 

2(𝑛 + 𝑝)! (𝑛! 𝑝!)⁄ ,  where 𝑝 is the order of PCE. To perform the NIPCE-PCM study, a 

second-order polynomial is generated using a three-term recursion relation using chaospy 

for the joint probability distribution of the operating conditions. Therefore, the required 

number of samples to estimate PCE coefficients for a second-order polynomial is 20. 

Anstett-Collin et al. [187] stated that taking more samples does not improve the accuracy 

of the results. These evaluations are then used to calculate the coefficients and develop the 

polynomial (or surrogate) model using chaospy package. The final forms of the developed 

PCEs for the NOx and CO emissions are: 

𝑁𝑂�̂�(𝑞0, 𝑞1, 𝑞2) = 𝛼0𝜉1
2 + 𝛼1𝜉2

2 + 𝛼2ξ1ξ2 + 𝛼3ξ1ξ3 + 𝛼4ξ1 + 𝛼5ξ2ξ3 + 𝛼6ξ2 + 𝛼7𝜉3
2 + 𝛼8ξ3 + 𝛼9 (7.3) 

 

𝐶�̂�(𝑞0, 𝑞1, 𝑞2) = 𝛼0́𝜉1
2 + 𝛼1́𝜉2

2 + 𝛼2́ξ1ξ2 + 𝛼3́ξ1ξ3 + 𝛼4́ξ1 + 𝛼5́ξ2ξ3 + 𝛼6́ξ2 + 𝛼7́𝜉3
2 + 𝛼8́ξ3 + 𝛼9́ 

 
(7.4) 

Where, 𝛼𝑖 and �́�𝑖 (𝑖 = 0, 1, 2, … ,𝒩𝑡 − 1) are coefficients of PCEs for surrogate models 

of NOx and CO, respectively and number of terms in PCEs is 𝒩𝑡 = 10 based on Equation 

(5.2) The values of these coefficients at reference equivalence ratios for eight PCEs are 

presented in Table A1 (Appendix A). 
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The samples generated by the SBM are evaluated using physics-based CRN model and 

compared with the evaluations by PCE surrogate models to validate the performance of 

NIPCE-PCM approach. Figure 7.9, Figure 7.10 and Figure 7.11 show the results of UA 

and histogram distributions of the probability distribution for NOx and CO emissions using 

SBM for four reference conditions. The same value is selected for the size of bins in these 

figures to show histogram distributions. Since the histogram distribution depends on the 

size of the bin, Gaussian curves are fitted to the evaluations by SBM and PCE surrogate 

models which are more accurate approximation for the distribution of the probability 

density. The results of probability distribution for the developed surrogate models using 

NIPCE-PCM are also shown in Figure 7.9, Figure 7.10 and Figure 7.11 using the Gaussian 

curve fit. Statistical information such as expected (mean) value, standard deviation and 

skewness are shown in these figures. The results show that the developed surrogate models 

accurately predict the expected (mean), standard deviation and skewness values. 

Furthermore, the Gaussian curve fits evaluated by NIPCE-PCM have a very good 

agreement with the Gaussian curve fits of SBM. The results show that second-order PCEs 

are the computationally-efficient alternatives for SBMs to perform UA and SA with a 

limited number of evaluations of 20. Since the values of CO emissions at reference 

equivalence ratio of 0.5 and 0.6 are very small, the results at these equivalence ratios are 

not presented. 
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Figure 7.9. The results of UA and comparison of probability density distribution of 

NOx emission using SBM (Saltelli’s sampling) and NIPCE-PCM approaches at 𝝓𝒓𝒆𝒇𝟏 

(top) and 𝝓𝒓𝒆𝒇𝟐 (bottom). 
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Figure 7.10. The results of UA and comparison of probability density distribution 

of NOx emission using SBM (Saltelli’s sampling) and NIPCE-PCM approaches at 

𝝓𝒓𝒆𝒇𝟑 (top) and 𝝓𝒓𝒆𝒇𝟒 (bottom). 
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Figure 7.11. The results of UA and comparison of probability density distribution 

of CO emission using SBM (Saltelli’s sampling) and NIPCE-PCM approaches at 

𝝓𝒓𝒆𝒇𝟑 (top) and 𝝓𝒓𝒆𝒇𝟒 (bottom). 
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7.7.4 Global Sensitivity Analysis of Emissions Due to Operating Conditions 

Figure 7.12 shows the result of global SA using Sobol indices based on SBM and NIPCE-

PCM approaches. A comparison of first-order sensitivity indices of NOx and CO emissions 

for operating conditions at various reference conditions is presented. The results show that 

after equivalence ratio, the most crucial input parameter or operation condition is initial 

temperature. As prescribed, equivalence ratio represents the effects of uncertainty in fuel-

to-air ratio with a constant air mass flow rate. The contribution of initial pressure to NOx 

and CO emissions is almost two orders of magnitude lower than the equivalence ratio and 

initial temperature.  Note that the sum of the first-order sensitivity indices in all reference 

cases using NIPCE-PCM for NOx and CO emissions is above 0.998. This value means that 

there is almost no contribution due to the interactions of input parameters, or operating 

conditions and these parameters are independent. The corresponding value in the SBM 

approach is above 0.955 which can be improved using more samples. The details of 

computational costs for SBM and NIPCE-PCM approaches are presented in Table A3 

(Appendix A). The results show that the computational cost for the NIPCE-PCM approach 

in each reference condition is almost 60 times lower than SBM.  Therefore, the NIPCE-

PCM approach is a more accurate and computationally efficient approach to estimate 

sensitivity indices than SBM.  

 The results of Figure 7.12 show that the most sensitive input parameter with increasing 

the reference equivalence on NOx emission is the initial pressure. The first-order sensitivity 

indices for initial pressure at 𝜙𝑟𝑒𝑓4 is almost two orders of magnitude higher than its value 

at 𝜙𝑟𝑒𝑓1, which highlights the importance of initial pressure at high reference equivalence 

ratios. While the effect of equivalence ratio and initial pressure on CO emission are 

increased by increasing the reference equivalence ratio, the effect of initial temperature is 

decreased. The first-order sensitivity indices of CO emission for initial pressure at 𝜙𝑟𝑒𝑓4 is 

increased and for initial temperature is decreased almost with a same value of 59% in 
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comparison with the value at 𝜙𝑟𝑒𝑓1. Also, the effect of equivalence ratio (fuel-to-air ratio) 

is increased by almost 17%  at 𝜙𝑟𝑒𝑓4 in camparison to the value at 𝜙𝑟𝑒𝑓1. 

 

 

 



7 UQ of NOx and CO Emissions in a Swirl-Stabilized Premixed Burner 190 

 

 

Figure 7.12. Comparison of first-order sensitivity indices on NOx (top) and CO 

(bottom) emissions for operating conditions at various reference conditions using SBM 

(hatched pattern) and NIPCE-PCM (solid pattern) approaches. 

7.7.5 Reliability Analysis of Emissions Due to Operating Conditions  

In this section, a computationally-efficient method for reliability analysis (RA) of NOx 

and CO emissions in the benchmark burner is developed based on FORM-NIPCE-PCM 

approach. The FORM has been introduced to get an approximation of the probability of 

failure at a low computational cost compared SBM. The performance of PCE surrogate 

models are validated in Figure 7.9, Figure 7.10 and Figure 7.11 by comparison of their 

Gaussian curve fits with the Gaussian curve fits of SBM. The Gaussian curve fits for SBM 

are evaluated by CRN model. The results confirmed that the PCE surrogate models predict 

the results of the CRN model with a very good agreement. Therefore, the developed 

surrogate models for NOx and CO based on the NIPCE-PCM approach is used to 

implement RA. Using the surrogate models in Table A1 instead of the forward CRN model 

significantly reduce the required computational costs and facilitate the process of RA.  As 

prescribed, the RA computes the probability of exceeding a threshold due to input 

variability. Therefore, the RA is implemented on the benchmark burner to calculate the 

probability of exceeding a limit for NOx and CO emissions due to the variability of 

equivalence ratio (fuel-to-air ratio), initial temperature and pressure parameters. This 

method can be used in practical combustion system to evaluate the probability of exceeding 

emissions from a design point due to the variability of operating conditions.  

To implement the FORM-NIPCE-PCM approach, a reference equivalence ratio and an 

arbitrary threshold for the NOx and CO emissions based on the results in Figure 7.4 and 

Figure 7.5 are selected to perform RA. The reference equivalence ratios for NOx and CO 

emissions are 𝜙𝑟𝑒𝑓2 = 0.60 and 𝜙𝑟𝑒𝑓4 = 0.80 respectively, with a threshold value of 𝛿 =

70 ppm. These values are arbitrary since the aim of this exercise is only to develop and 

demonstrate the FORM-NIPCE-PCM approach for RA. Two events of failure are created 
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for the NOx and CO emissions to estimate the probability of exceeding the emissions above 

the prescribed 𝛿 = 70 ppm. The results of the RAs are shown in Figure 7.13 for NOx and 

CO emissions. The results show that the probabilities of NOx and CO emissions above 70 

ppm are 4.75% and 20.69%, respectively. 
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Figure 7.13. Results of reliability analysis for NOx (top) and CO 

(bottom) emissions based on the threshold value of 𝜹 = 𝟕𝟎 ppm using 

FORM-NIPCE-PCM approach. The red regions correspond to the 

events for reliability analyses. 

 

Table 7.3 shows the details of probability values, reliability indices, design points in the 

standard 𝑢∗ space and design points in the physical space of (𝜙, 𝑇𝑖, 𝑃𝑖). The physical space 

shows the corresponding equivalence ratio, initial temperature and pressure for the 

threshold value. 

Table 7.3. Results of reliability analyses for NOx and CO emissions on 

prescribed events. 

 NOx CO 

𝑷𝒇 0.0475 0.2069 

Reliability index 1.6692 0.8172 

Design point in the 

standard u* space 
[1.4915,0.7460,0.0722] [0.7781,0.2464,-0.0396] 

Design point in the 

physical space[𝝓, 𝑻, 𝑷] 
[0.6089,678.021,900,650] [0.806,674.658,899,643] 

 

As prescribed, FORM importance factors can be used for the SA to describe the 

importance of the ith input parameter in the failure event. These factors correspond to the 

portion of the variance of the linearized margin which is due to each input parameter. 

Therefore, the FORM importance factors offer a way to rank the importance of the input 

components with respect to the threshold exceedance by the quantity of interest such as 

NOx and CO emissions. As prescribed, they can be seen as a specific SA technique 

dedicated to the quantity of interest such as NOx and CO emissions around a particular 

threshold, 𝛿, rather than to its variance. Comparison of FORM importance factors of the 
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input parameters   with respect to the threshold exceedance for NOx and CO emissions are 

shown in Figure 7.14. 

  

Figure 7.14. Comparison of FORM importance factors of the input parameters 

with respect to the threshold exceedance for NOx (top) and CO (bottom) emissions. 

7.7.6 Uncertainty Characterisation of Fuel Composition  

Natural gas compositions consist primarily of methane, but commonly include varying 

amounts of higher alkanes and diluents. The purpose of this section is to quantify the 

uncertainty in NOx and CO emissions due to the presence of higher alkanes and diluents in 

natural gas composition. Table 7.4 shows volume fractions of C2H6, C3H8, C4+ and CO2  

in several natural gas compositions that have been used in the HBK-S test rig [210–

212,219,222]. Therefore, the volume fraction of higher alkanes and diluents can be 

considered as a source of aleatory uncertainty in emission modelling. The GRI-Mech 3.0 

[87] is not able to efficiently model the chemistry of heavier hydrocarbon such as C3H8 and 

https://en.wikipedia.org/wiki/Methane
https://en.wikipedia.org/wiki/Alkanes
https://en.wikipedia.org/wiki/Alkanes
https://en.wikipedia.org/wiki/Alkanes
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C4+. As a result, the uncertain input parameters in this study are C2H6 as well as the CO2 

as a diluent. 

Table 7.4. The natural gas compositions (% volume) used in the HBK-S test rig. 

 CH4 [%] C2H6 [%] C3H8 [%] C4+ [%] N2 [%] CO2 [%] 

Göke et al. [211] 95.00 3.00 0.00 0.00 1.0 1.0 

Stathopoulos  et al. 

[212] 
90.70-96.30 

3.80-

4.80 

0.40- 

0.70 
0.00 

1.40-

2.80 

1.10-

1.50 

Stopper  et al. 

[210] 
96.60 1.66 0.36 0.10 0.90 0.41 

Bulat et al. [222] 96.97 1.553 0.35 0.05 0.753 0.27 

Fleck et al. [219] 94.20-98.70 
3.30-

0.80 

0.90- 

0.20 

0.20-

0.10 

1.30-

0.40 

0.10-

0.30 

 

Input parameters of ξ1 = XC2H6
 and ξ2 = XCO2 are characterized by Gaussian (normal) 

distributions and each distribution is described by nominal (mean) 𝜇𝑖 and standard 

deviation 𝜎𝑖 values. The nominal (mean) values for ξ1 and ξ2 are 𝜇1 = 2.72 and 𝜇2 = 0.71, 

respectively based on the data in Table 7.4. As prescribed in the previous section, by 

keeping the same variation for the ξ1 and ξ2, it is possible to assess the contribution of each 

input parameter to the emission levels variability and compare them to each other [32]. 

Therefore, a perturbation value of 𝜀̅ = 0.70 is selected which is equivalent to ±70% at 

mean values. This value is such that all the perturbed values are within the prescribed 

ranges of ξ1 = XC2H6
 and ξ2 = XCO2 in Table 7.4. The standard deviations, 𝜎𝑖 = (𝜇i 𝜀̅)/3, 

are set so that 99.7% of values are within 3𝜎𝑖. Figure 7.15 shows the PDF and CDF of input 

parametrs of ξ1 = XC2H6
 and ξ2 = XCO2 
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Figure 7.15. PDF and CDF of uncertain input parameters of 𝛏𝟏 = 𝐂𝟐𝐇𝟔 and 𝛏𝟐 =

𝐂𝐎𝟐. 

7.7.7 Uncertainty and Global Sensitivity Analyses Due to Fuel Composition 

Similar to the previous section, the Sobol sensitivity indices are calculated using the 

SBM and NIPCE- PCM approach. The SALib package is used in Python 3.5 to generate 

samples from the input joint probability distribution using Saltelli’s sampling scheme for 

SBM and calculation of PCE coefficients based on PCM method. A relative error of the 

order of magnitude of 10−4 is selected for the samples to obtain mean 𝜇𝑖 values. Therefore, 

the required number of samples or CRN simulations to reach the desired precision for the 

calculation of first-and second-order sensitivity indices are 2,120 and 3,180, respectively. 

The second-order sensitivity indices are not calculated in order to save computational costs. 

The required number of samples to estimate PCE coefficients in NIPCE-PCM approch for 

a second-order polynomial is 12. The SALib package is used to generate samples from the 
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input joint probability distribution. Figure 7.16  shows a comparison of sampling space for 

SBM and NIPCE-PCM. 

  

Figure 7.16. Comparison of sampling space for SBM and NIPCE-PCM 

approaches. 

The 12 samples for the NIPCE-PCM approach are then evaluated by the CRN model to 

calculate the coefficients and develop the polynomial or the surrogate model using chaospy 

[132,174] package. The final forms of the developed PCEs for the NOx and CO emissions 

are: 

𝑁𝑂�̂�(𝑞0, 𝑞1) = 𝛼0𝜉1
2 + 𝛼1ξ1ξ2 + 𝛼2𝜉2

2 + 𝛼3ξ1 + 𝛼4ξ2 + 𝛼5 (7.5) 

 

𝐶�̂�(𝑞0, 𝑞1) = 𝛼0́𝜉1
2 + 𝛼1́ξ1ξ2 + 𝛼2́𝜉2

2 + 𝛼3́ξ1 + 𝛼4́ξ2 + 𝛼5́ (7.6) 
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Where, 𝜶𝒊 and �́�𝒊 (𝒊 = 𝟎, 𝟏, 𝟐, … ,𝓝𝒕 − 𝟏) are coefficients of PCEs for surrogate models 

of NOx and CO, respectively and number of terms in PCEs is 𝓝𝒕 = 𝟔 based on Equation 

(5.2). The values of these coefficients at reference equivalence ratios for eight PCEs are 

presented in Table A2 (Appendix A).  

Similar to the previous section, four reference values are selected for the equivalence 

ratio to perform the SA. These reference equivalence ratios are: 𝜙𝑟𝑒𝑓1 = 0.50, 𝜙𝑟𝑒𝑓2 =

0.60, 𝜙𝑟𝑒𝑓3 = 0.70 and 𝜙𝑟𝑒𝑓4 = 0.80. Therefore, eight sets of SA are performed using the 

selected values of the reference equivalence ratios. Figure 7.17 shows the results of global 

SA using Sobol indices based on SBM and NIPCE-PCM approaches. A comparison of 

first-order sensitivity indices on NOx and CO emissions for two components of C2H6 and 

CO2 in fuel composition at various reference conditions is presented.  

Note that the sum of the first-order sensitivity indices in all reference cases using NIPCE-

PCM for NOx and CO emissions is above 0.999. This value means that there is almost no 

contribution due to the interactions of input parameters. The corresponding value in SBM 

approach is above 0.994. This value is closer to the value of NIPCE-PCM approach in 

comparison with the results for SA of operating conditions due to increasing the number 

of samples. The details of computational costs for SBM and NIPCE-PCM approaches are 

presented in Table A3 (Appendix A). The results show that the computational cost for 

NIPCE-PCM approach in each reference condition is almost three orders of magnitude 

lower than SBM. Therefore, the NIPCE-PCM approach is a considerably more efficient 

approach to estimate sensitivity indices. 

 The results of Figure 7.17 for NOx emission show that with increasing the reference 

equivalence ratios, the first-order sensitivity index for CO2 is increased from 0.34 at 𝜙𝑟𝑒𝑓1 

to 0.82 at 𝜙𝑟𝑒𝑓4. This index for C2H6 is decreased from 0.66 at 𝜙𝑟𝑒𝑓1 to 0.18 at 𝜙𝑟𝑒𝑓4. 

Furthermore, the effect of variability in CO2 as a diluent and its contribution is more 

influential than C2H6 at 𝜙𝑟𝑒𝑓2 = 0.6, 𝜙𝑟𝑒𝑓3 = 0.7 and 𝜙𝑟𝑒𝑓4 = 0.8 on NOx emission. The 

results of Figure 7.17 for CO emission show that with increasing the reference equivalence 
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ratios, the first-order sensitivity index for CO2 is increased from 0.026 at 𝜙𝑟𝑒𝑓1 to 0.099 at 

𝜙𝑟𝑒𝑓4. This index for C2H6 is decreased from 0.974 at 𝜙𝑟𝑒𝑓1 to 0.901 at 𝜙𝑟𝑒𝑓4. 

Furthermore, the contribution of C2H6 is significantly more influential than the CO2 on CO 

emission for all the reference equivalence ratios. 
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Figure 7.17. Comparison of first-order sensitivity indices on NOx (top) and CO 

(bottom) emissions for two components of C2H6 and CO2 in fuel composition at 

various reference conditions using SBM (hatched pattern) and NIPCE-PCM 

(solid pattern) approaches. 
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7.8   Summary and Conclusions 

           This chapter has presented a novel and computationally-efficient methodology for 

uncertainty quantification of NOx and CO emissions in a swirl-stabilized premixed burner.  

The method facilitates probabilistic modelling of emissions for gas turbine combustion 

system with uncertain conditions and a variety of gaseous fuels, particularly at part load 

conditions. The UQ-enabled emissions prediction tool was developed in Python based on 

CRN modelling and NIPCE-PCM approaches to integrating emissions modelling, 

uncertainty, global sensitivity and reliability analyses. NOx and CO emissions were 

modelled using a CRN for the swirl-stabilized premixed burner. The results of CRN 

modelling were used to develop a set of surrogate models based on NIPCE-PCM approach. 

The effect of uncertain operating conditions (fuel-air ratio, initial pressure and initial 

temperature) and fuel composition (C2H6 and CO2) on NOx and CO emissions were studied. 

The uncertainty analysis was performed and compared using NIPCE-PCM, and SBM 

approaches to validate the performance of surrogate models. The Sobol sensitivity indices 

were calculated for the global SA based on the NIPCE-PCM and the results compared with 

the SBM. Furthermore, a method based on FORM-NIPCE-PCM approach was 

implemented to study the RA of emissions due to the operating conditions using developed 

surrogate models. The results presented the capability of the surrogate models by NIPCE-

PCM approach to accurately perform UA, predict sensitivity indices for SA, perform RA 

and calculate the importance factors using a limited number of evaluations in comparison 

with the SBM. The sensitivity indices for operating conditions highlighted the effects of 

the equivalence ratio and initial temperature on NOx and CO level while the initial pressure 

has a smaller contribution. The importance of initial pressure and was observed with 

increasing the reference equivalence ratios (exit temperatures). Furthermore, the results of 

sensitivity indices for fuel composition highlighted the effect of CO2 in comparison with 

the C2H6 on NOx level by increasing the reference equivalence ratios. 
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8.1 Introduction 

Despite the continuous development of CFD methods and computational power, high 

fidelity physics-based approaches require long set-up time, demanding computational 

resources and high cost to predict emissions using a detailed chemistry. Therefore, the 

hybrid CFD-CRN approach has been used as an alternative approach. In this approach, 

CFD using simplified chemistry is used for the flow-field analysis. Subsequently, finite-

rate chemistry is modelled using the chemical reactors network (CRN) approach. This 

method is based on dividing the combustor into smaller zones in which physical and 

chemical characteristic variations are small. Each region can be replaced by a single or 

several simple elementary chemical reactors. The characteristics of each reactor and its 

connections with other reactors depend on the flow-field obtained from CFD. The 

background of this approach in the literature was comprehensively studied in the literature 

review section. So far, the majority of CRNs generated for practical combustors require the 

user to adjust very important factors like residence time and mass flow splits, to ensure 

compliance with experimental data. Therefore, development of a systematic and automatic 

approach to construct CRNs using flow-field information of CFD is desired. As prescribed 

in the literature review section, there are some research efforts for systematic CRN 

modelling using reactive flow simulations [57,58,70,73,74,79]. However, most of these 

studies are suitable for a single analysis only and need to generate and then solve for 

hundreds or thousands of reactors to estimate emission. Therefore, there is a need to 

develop a computationally-efficient approach which can be fitted for probabilistic 

modelling and UQ study. Furthermore, the amount of emissions at the exit of a combustion 

system is important for practical applications. As a result, the focus of this section is to 

develop a systematic method in Python to construct and solve a CRN with a limited number 

of reactors, on the order of 101, to predict output emissions for a combustion system based 

on an available reactive flow simulation. Moreover, the developed method must be 

compatible with a probabilistic modelling for UQ study.  
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In this chapter, the proposed method is described and implemented on a benchmark case. 

The main part of this method is the use of a clustering approach. Therefore, clustering 

methods are also reviewed and compared with respect to computational time and space 

complexity in order to implement on CFD simulation solutions. The best clustering 

approach is then implemented on the reactive flow simulation of Sandia Flame D to predict 

exit NOx emission.  

8.2 Clustering Methods 

Clustering is an approach to optimally group volume elements within a CFD solution 

domain into lumped homogeneous control volumes that preserve the flow structure. Jain 

et al. [223] defined clustering as the unsupervised classification of patterns, observations, 

data items, or feature vectors into groups or clusters. The notion that clustering is 

unsupervised means that there is no predetermined answer to which the machine learning 

algorithm might train. Clustering methods consist of partitional, hierarchical and density-

based approaches. The two most widely studied clustering algorithms are partitional 

hierarchical methods [224,225]. Partitional clustering aims to discover the groupings 

present in the data by optimizing a specific objective function and iteratively improving 

the quality of the partitions [224]. The most widely used partitional clustering method is 

the K-means method. It starts by choosing K representative points as the initial centroids. 

Each point is then assigned to the closest centroid based on a particular proximity measure 

chosen. Once the clusters are formed, the centroids for each cluster are updated. The 

algorithm then iteratively repeats these two steps until the centroids do not change or 

another alternative relaxed convergence criterion is met [224].  Partitional methods need 

to be provided with a set of initial clusters that are then improved iteratively. Figure 8.1 

shows sample input data and corresponding clusters by the  K-means method. 
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Figure 8.1. Sample input data (left) and corresponding clusters (right) by the K-

means clustering method. 

Hierarchical clustering algorithms, on the other hand, approach the problem of clustering 

by developing a binary tree-based data structure called the dendrogram as shown in Figure 

8.2. Once the dendrogram is constructed, one can automatically choose the right number 

of clusters by splitting the tree at different levels to obtain different clustering solutions for 

the same dataset without rerunning the clustering algorithm again.  
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Figure 8.2. A sample dendrogram by the hierarchical clustering method with 

lines indicating splits into two and three clusters [226]. 

These methods were developed to overcome some of the disadvantages associated with 

partitional-based clustering methods. Partitional methods generally require a user 

predefined parameter K to obtain a clustering solution and they are often nondeterministic 

in nature. Hierarchical algorithms were developed to build a more deterministic and 

flexible mechanism for clustering the data objects. Hierarchical methods can be 

categorized into agglomerative and divisive clustering methods. Agglomerative methods 

start by taking singleton clusters (that contain only one data object per cluster) at the bottom 

level and continue merging two clusters at a time to build a bottom-up hierarchy of the 

clusters. Divisive methods, on the other hand, start with all the data objects in a huge 

macro-cluster and split it continuously into two groups generating a top-down hierarchy of 

clusters [224]. 

Density-based clustering can be considered a non-parametric method, as it makes no 

assumptions about the number of clusters or their spatial distribution. Density-based 

clusters are connected, with dense areas in the data space separated from each other by 

sparser areas. Furthermore, the densities within the areas of noise are assumed to be lower 

than the densities in any of the clusters. Due to their local nature, dense connected areas in 

the data space have arbitrary shapes. Density-based spatial clustering of applications with 

noise (DBSCAN) estimates the density by counting the number of points in a fixed-radius 

neighbourhood and considers two points as connected if they lie within each other’s 

neighbourhood [224]. A random set of samples and corresponding clusters by the 

DBSCAN method is shown in Figure 8.3. 
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Figure 8.3. A random set of samples (left) and corresponding clusters (right) by 

the DBSCAN method [226]. 

An important feature of the implementation of a clustering method is its computational 

expense. Two common measures of the computational effort required as a function of the 

inputs are time complexity and space complexity [227]. Time complexity of an algorithm 

quantifies the amount of time taken by an algorithm to run as a function of the size of the 

input. Table 8.1 shows required computational cost for the various clustering methods 

[223–225]. In this table, K is the number of desired clusters, 𝑁 is the number of objects or 

data points to be clustered (which equals the size of the dataset), 𝑟 is the number of 

iterations until convergence is reached and 𝐷 is the dimensionality of the object space or 

the number of attributes. The role of the distance metric is also different in both of these 

algorithms. In hierarchical or agglomeration clustering, the distance metric is initially 

applied on the data points at the base level and then progressively applied on sub-clusters 

by choosing absolute representative points for the sub-clusters. However, in the case of 

partitional methods, in general, the representative points chosen at different iterations can 

be virtual points such as the centroid of the cluster, which is non-existent in the data [224]. 

The time requirements for K-means are modest—basically linear in the number of data 

points 𝑁. 𝑟 is often small and can usually be safely bounded, as most changes typically 

occur in the first few iterations. Therefore, K-means is linear in m, the number of points, 



8 Proposed Method for Systematic CRN Construction from CFD in Python 207 

 

 

and is efficient as well as simple provided that K, the number of clusters, is significantly 

less than 𝑁 [225]. Unlike hierarchal clustering, K-means clustering operates on actual 

observations, rather than the larger set of dissimilarity measures, and creates a single level 

of clusters. The distinction means that K-means clustering is often more suitable than 

hieratical clustering for large amounts of data [228]. As a result, the K-means method is a 

better method for grouping CFD domain cells on a chemistry basis thanks to its limited 

computational demands, where the most time-consuming task is that required by evaluation 

of point-to-centre distances. Moreover, this method has been successfully implemented for 

practical combustion systems such as internal combustion engines in the literature [229]. 

Therefore, this method is selected as the clustering approach in this study. 

 

 

8.3 K-means Clustering Approach 

K-means clustering is a partitioning method that partitions data into K mutually exclusive 

clusters. This method treats each attribute (e.g., temperature, velocity components, etc.) of 

each computational cell as an object having a location in space. It finds a partition in which 

objects within each cluster are as close to each other as possible, and as far from objects in 

other clusters as possible. Different distance measures could be selected, depending on the 

kind of data.  Each cluster in the partition is defined by its member objects and by its 

centroid. The centroid for each cluster is the point to which the sum of distances from all 

Table 8.1. Time and space Complexity of Clustering methods. 

Method Time complexity Space complexity 

Partitional (K-means) 𝒪(𝑁𝐾𝑟𝐷) 𝒪((𝑁 + 𝐾)𝐷) 

Hierarchical (agglomeration) 
𝒪(𝑁2𝑙𝑜𝑔𝑁) 𝑡𝑜  

𝒪(𝑁3) 
𝒪(𝑁2) 

Density-based (DBSCAN) 
𝒪(𝑁𝑙𝑜𝑔𝑁) 𝑡𝑜  

𝒪(𝑁2) 
𝒪(𝑁) 
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objects in that cluster is minimized. Figure 8.4 shows the flowchart of the overall K-means 

clustering method implemented in this study. The first step in this flowchart is importing 

the CFD cell database. The next step is defining a standardized version of field variables 

or features that will be clustered. Standardization of data helps to put data on the same scale 

before further analysis. This allows comparison of two or more data sets or field variables 

with the different units. The standardized data set has mean 0 and standard deviation 1, and 

retains the shape properties of the original data set (same skewness and kurtosis). Equation 

(8.2) is used to standardize data sets. In this relation 𝒙𝑗 is 𝑗th field variable (dimension) 

vector with mean �̅�𝑗 and standard deviation 𝜎𝑗, 𝐷 is the total number of dimensions, and 𝑁 

is the total number of points or cells. 

𝒙𝒋 = [𝑥1,𝑗 , 𝑥2,𝑗 , … , 𝑥𝑁,𝑗]
𝑇
       𝑗 = 1, … , 𝐷 (8.1) 

𝒛𝑗 =
𝒙𝒋 − 𝒙𝒋

𝜎𝑗
            (8.2) 

The first iteration in the flowchart of Figure 8.4 initializes random points as centroids. In 

subsequent iterations the centroids change positions until convergence. A wide range of 

proximity measures can be used while computing the closest centroid [224]. In general, 

Euclidean distance metric is the most popular choice. However, different clusters can be 

obtained for different values of K and proximity measures. The objective function 

employed by K-means is called the Sum of Squared Errors (SSE). The SSE for this 

clustering is defined in Equation (8.3). The objective is to find a clustering that minimizes 

the SSE score. The iterative assignment and update steps of the K-means algorithm aim to 

minimize the SSE score for the given set of centroids [224]. 

𝑆𝑆𝐸(𝐶) = ∑ ∑ ‖𝑥𝑖,𝑗 − 𝑐𝑘‖
2

𝑥𝑖,𝑗∈𝐶𝑘

𝐾

𝑘=1

 (8.3) 

𝑐𝑘 =
1

|𝐶𝑘|
∑ 𝑥𝑖,𝑗

𝑥𝑖,𝑗∈𝐶𝑘

            (8.4) 

In the above relations, 𝐶𝑘 is the 𝑘th cluster, 𝑥𝑖,𝑗 is a point in 𝐶𝑘, and 𝑐𝑘 is the mean of the 

𝑘th cluster. 
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Figure 8.4. Overall K-means clustering approach. 
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8.4 Description of Principal Component Analysis (PCA) method 

The central idea of principal component analysis (PCA) is to reduce the dimensionality 

of the data set consisting of a large number of variables [230]. Sutherland and Parente 

[231–234] proposed and used this method in turbulent reacting systems and developed 

PCA-based combustion models. A particularly noteworthy feature of PCA-based models 

is the possibility of obtaining low-dimensional parameterizations satisfying well-defined 

error bounds [233]. This method extracts important variables in the form of components 

from a large set of variables in a data set. It extracts a low dimensional set of features from 

a high dimensional data set with a motive to capture as much information as possible. PCA 

is more useful when dealing with data of 3 or more dimensions. 

In PCA, n observations of Q variables are assigned to a (𝑛 × 𝑄) matrix 𝑿 whose rows 

represent individual observations of all Q variables 𝒙. For the combustion applications 

considered in this study, the Q columns in 𝑿 could be the turbulent flow field properties 

and species mass fractions. PCA projects 𝒙 onto a rotated basis obtained from the 

eigenvalue decomposition of the (𝑄 × 𝑄)  covariance matrix [233], 

𝑺 =
1

𝑛 − 1
𝑿𝑇𝑿 = 𝑨𝑳𝑨𝑇 (8.5) 

where A and L are the eigenvectors and eigenvalues of S. The rotated basis, defined by 

the eigenvectors A, may be truncated to retain the most energetic directions (those columns 

of A associated with the largest eigenvalues of L), providing the non-square matrix 𝑨𝑞 on 

which the original data are projected to obtain the principal components (PC), 𝒁𝑞, 

𝒁𝑞 = 𝑿𝑨𝑞 (8.6) 

The above equation can be inverted to obtain an approximate reconstruction of the 

original (𝑛 × 𝑄) dimensional sample using a linear reconstruction: 

𝑿𝑞 = 𝒁𝑞𝑨𝑞
𝑇 (8.7) 

The process of PCA reduction is shown in Figure 8.5. 
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Figure 8.5. Process of PCA reduction [233] . 

 

Before performing the PCA, several procedures are required such as outliner removal 

and centering and scaling the data. For a one-dimensional case, the outliners can be 

classified as those observations which are either very small or very large with respect to 

the others. Centering leaves only the relevant variation for analysis of the data. Since flow 

field properties and mass fraction of species have different units and vary over different 

scales, scaling is a crucial step when analyzing the data of a reactive flow system.  

8.5 Combined PCA and K-means Approach 

Before implementing the K-means clustering approach on CFD data, PCA method is 

implemented to reduce the complexity of turbulent combustion data. Reduction of 

dimension and complexity in input CFD data can improve the efficiency of K-means [230]. 

PCA transforms the dataset to a new coordinate system such that the greatest variance by 

any projection of the dataset comes to lie on the first coordinate which is the principal 

component. As prescribed, PCA is computed by calculating the covariance matrix of the 

n-dimensional dataset. Covariance is then defined as the amount by which dimensions of 

the dataset vary from the mean with respect to each other. Eigenvectors are found for this 

covariance matrix. These Eigenvectors describe the patterns and characteristics present in 

the dataset. K-means approach is then implemented on this new dataset to perform 

clustering approach. Figure 8.6 shows the steps of combined PCA and K-means approach. 



8 Proposed Method for Systematic CRN Construction from CFD in Python 212 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8.6. Combined PCA and K-means approach. 

8.6 Description of Method for Systematic CRN Construction 

A systematic method for construction of a CRN from an available reactive flow 

simulation is proposed in this section. As prescribed in the introduction section, user 

expertise is the main approach for the construction of CRNs from CFD simulations in the 

literature for industrial and practical combustion systems. The goal of this section is to 

propose a computationally-efficient method using Python 3.5 based on PCA and K-means 

approaches to construct and solve CRNs using a limited number of reactors to predict 

CFD cells 
Database 

Define dimensionless & 
standardized field variables 

Implement PCA method 

Characterise the directions 
with the most variance and 
removing features with low 

variance 

K-means cluster Analysis 
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output emissions. This method then can be integrated with a UQ study. Figure 8.7 shows 

the steps of systematic CRN construction in Python. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8.7. The steps of systematic CRN construction from CFD. 

 

The process starts with exporting data from a steady-state CFD simulation using Ensight 

Case Gold format. Data of CFD cells such as x, y and z coordinates, velocity components, 
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temperature, density, mass fraction of species and cell volumes are exported from a CFD 

solver such as ANSYS Fluent. Furthermore, mass fluxes through the faces of cells need to 

be exported. In this study, a UDF is written and used in ANSYS Fluent to export mass 

fluxes. The exported data are then imported and read in Python to construct clusters for 

CRN modelling. The steps for construction of clusters in Python are as following:  

1) Filtering and dimension reduction using PCA. 

2) K-means clustering of PCA transformed CFD data. 

3) Refinement of clusters using Agglomeration clustering. 

4) Calculation of flow field properties for clustered zones.  

5) Calculation of mass flows inside and across clustered zones.  

6) Remapping and post-processing of clustered zones properties.  

 

Scikit-learn [172] package is used in Python 3.5 to implement PCA, K-means and 

Agglomeration clustering methods. The final step after development of clusters is the 

construction and solution of a CRN using Cantera in Python 3.5. The prescribed approach 

is implemented for the Sandia Flame D as a benchmark case. The specification of this flame 

and the results of automatic CRN construction and solution in Python 3.5 are described in 

next sections. 

8.7 Description of Sandia Flame D 

Sandia flame D is an atmospheric pressure methane−air round-jet flame that is used to 

develop computational techniques and model validation for combustion [110,235]. It has 

been the subject of numerous extensive RANS [236] and LES [237–240] simulation 

campaigns. The mixing rates are high enough that it burns as a diffusion flame, with a 

single reaction zone near the stoichiometric mixture fraction in the fuel-rich CH4/air 

mixtures. The pilot is a lean (𝜙 = 0.77) mixture of C2H2, H2, air, CO2, and N2 with the 

same nominal enthalpy and equilibrium composition as methane/air at this equivalence 
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ratio [235]. The burner dimensions, bulk flow and scalar boundary conditions are shown 

in Table 8.2. The configuration of Sandia flame D along with a close-up of the pilot flame 

is shown in Figure 8.8. 

Table 8.2. Burner dimensions, bulk flow and scalar 

boundary conditions [235]. 

Main jet inner diameter, d [mm] 7.2  

Pilot annulus inner diameter [mm] 7.7 

Pilot annulus outer diameter [mm] 18.2 

Burner outer wall diameter [mm] 18.9 

Co-flow velocity (Ucfl) [m/s] @ 291 K, 0.993 atm 0.9 

Main jet kinematic viscosity [m2/s] 1.58e-5 

Main jet velocity [m/s] @ 294 K, 0.993 atm 29.7 
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Figure 8.8. Flame D (left) with laser beam and close-up of the pilot flame (right) 

[235]. 

8.8 CFD Simulation of Sandia Flame D 

Figure 8.9 shows the computational domain, boundary conditions and corresponding 

computational mesh for CFD analysis of Sandia Flame D which was developed by 

Monaghan et al. [73]. 

 

Figure 8.9. Computational mesh of Sandia D for CFD simulation [73]. 

 The size of the CFD domain in Figure 8.9 is 0.72 × 0.72 m. The inlet velocities of the 

jet, pilot, and co-flow streams are 𝑢𝑗𝑒𝑡 =49.6 m s−1, 𝑢𝑝𝑖𝑙𝑜𝑡 = 11.4 m s−1,and 𝑢𝑐𝑜−𝑓𝑙𝑜𝑤= 0.9 

m s−1, respectively. Inlet temperatures are 𝑇𝑗𝑒𝑡 = 294 K, 𝑇𝑝𝑖𝑙𝑜𝑡 = 1880 K (burned 

temperature), and 𝑇𝑐𝑜−𝑓𝑙𝑜𝑤 = 291 K. The inlet diameter of the jet, 𝑑𝑗𝑒𝑡, is 7.2 mm, while 

the outer diameter of the annular pilot, 𝑑𝑝𝑖𝑙𝑜𝑡, is 18.2 mm. The jet composition is 25% CH4 
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and 75% air by volume. The Reynolds number of the jet (𝑅𝑒𝑗𝑒𝑡) is roughly 22,400. The 

co-flow stream consists of dry air. Experimental mean and root-mean-square (rms) values 

of the temperature (T), mixture fraction (f), and mass fractions (Y) of CH4, O2, N2, H2O, 

CO2, H2, CO, OH, and NO at locations throughout the flame are available in [235].  

The mixture fraction at any location in the experimental results is defined in Equation 

(8.8) using only the elemental mass fractions of hydrogen and carbon [235].  

𝑓 =

0.5(𝑌𝐻 − 𝑌2,𝐻)
𝑊𝐻

+
2(𝑌𝐶 − 𝑌2,𝐶)

𝑊𝐶

0.5(𝑌1,𝐻 − 𝑌2,𝐻)
𝑊𝐻

+
2(𝑌1,𝐶 − 𝑌2,𝐶)

𝑊𝐶

 (8.8) 

Where  

𝑌𝐻= H element mass fraction at any location 

𝑌𝐶= C element mass fraction at any location 

𝑌1,𝐻= H element mass fraction in main jet stream 

𝑌1,𝐶= C element mass fraction in main jet stream 

𝑌2,𝐻= H element mass fraction in co-flow stream 

𝑌2,𝐶= C element mass fraction in co-flow stream 

And 𝑊𝐻= 1.008, 𝑊𝐶= 12.011 are atomic weights. 

A three-dimensional steady-state CFD simulation of Sandia D has been created in 

ANSYS FLUENT 12.1. The computational mesh consists of 193,968 cells, a cross-section 

of which is shown in Figure 8.9. The reason for using a three-dimensional mesh, as opposed 

to a two-dimension mesh, is to ensure that this approach is developed in as general of a 

way as possible and can be adapted for more complex combustion systems that may not 

exhibit axisymmetric behavior. The mesh has been highly refined in regions of importance 

for this flame. Turbulence boundary conditions are defined as follows for the inlet streams: 

turbulent intensity of 5% for all inlets, with hydraulic diameters of 7.2 and 10 mm for the 

jet and pilot inlets, respectively, and turbulent viscosity ratio of 10% for the co-flow inlet. 

The RSM with the quadratic pressure-strain model is used to model viscosity. This level 
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of detail was found to be required to correctly predict the axial extent of the flame [73]. 

Thermal radiation is not modeled because its inclusion was found by this work to have a 

negligible effect on the predicted temperature field. Combustion is modeled using the 

DRM22 skeletal mechanism, which consists of 22 reacting species, 2 non-reacting species, 

and 104 reactions. EDC is used to model the turbulence−chemistry interaction. SIMPLE 

pressure−velocity coupling is used, and all transport equations are solved using second-

order discretization. Validation and results of CFD simulation are available in [73].  

8.9 Results of automatic CRN construction using Sandia Flame D 

The prescribed method in section 8.6 is implemented on the CFD database of Sandia 

Flame D using Python 3.5 [167–169] and the results are presented in this section. The 

selected input parameters to implement the method is 𝑄 = 9 which are x, y, z coordinates, 

x, y, z velocity components, velocity magnitude, total temperature and mixture fraction 

𝒙 = [𝑥,  𝑦, 𝑧, 𝑣𝑥, 𝑣𝑦, 𝑣𝑧 , 𝑣, 𝑇, 𝑓]. The matrix 𝐗, whose rows represent individual 

observations of all Q variables, is then defined with a dimension of (𝑛 × 𝑄), in which n is 

the total number of observations or computational cells 𝑛 = 193,968. The prescribed 

method for clustering is implemented in matrix 𝑿 to group computational cells into lumped 

homogeneous zones or clusters. Figure 8.10 shows a comparison of clustering of CFD data 

using K-means and combined K-means and agglomeration clustering approaches. The 

initial number of clusters in this figure to start the clustering is 15.  
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K-means clustering Combined K-means and agglomeration 

clustering 

Figure 8.10. A cross section view of clusters inside the computational domain. 

Comparison of clustering using K-means (15 clusters) and combined K-means and 

agglomeration clustering (14 clusters) approaches. 

 

The result shows that agglomeration clustering can effectively be used as a post-

clustering approach to refine the clustering and join similar clusters. As prescribed, since 

agglomeration clustering has a huge computational cost, it cannot be used at the start of 

clustering. 



8 Proposed Method for Systematic CRN Construction from CFD in Python 220 

 

 

Figure 8.11 shows the distribution of three-dimensional clusters inside the computational 

domain based on the combined K-means and agglomeration clustering.  

  

Cluster labels 0-5 Cluster labels 6-13 

 

Figure 8.11. Three-dimensional distribution of clusters inside the computational domain. 

 

A set of reactors is then assigned to the clusters for CRN modelling. Cantera [175] is 

implemented to solve the CRN and calculate temperature and NO mass fraction using GRI-

Mech. 3. The results show that a minimum number of 14 reactors can be used to estimate 

NO mass fraction at the outlet of flame with an accuracy of 5.6% in comparison with the 

experimental data. Table 8.3 shows the result of CRN modelling and experimental data. 
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Table 8.3.  Comparison of NO mass fraction 

using CRN and experimental data at the outlet  of 

flame (Axial position: 𝒛 𝒅𝒋𝒆𝒕 = 𝟕𝟓⁄  and Radial 

position:  𝒓 𝒅𝒋𝒆𝒕 = 𝟎⁄ ). 

Experiment 2.99-05 

CRN (14 Reactors) 2.83e-05 

 

8.10 Summary and Conclusions 

Clustering methods in the literature are reviewed in this chapter with regard to the 

required computational time and space complexity for the CFD simulations of combustion 

systems.  Partitional (K-means), hierarchical (agglomeration), and density-based 

(DBSCAN) clustering methods are compared. The results show that the K-means method 

is a better method for grouping CFD domain cells on a chemistry basis with respect to 

computational complexity as well as the simplicity of the implementation.   

A method is then proposed in Python to systematically construct and solve CRN from a 

CFD dataset. The CFD cell data and mass fluxes are imported in Python to implement the 

method. CFD data is then pre-processed using the PCA method to reduce complexity and 

dimension of dataset. K-means clustering is then applied to generate homogeneous zones 

or clusters. Agglomeration clustering is applied on these clusters to refine them and mass 

fluxes between them are calculated. These clusters and their corresponding information 

such as temperature, pressure, species mass fraction and volume as well as the mass fluxes 

between them are then mapped to a set of reactors in Cantera to construct a CRN. The CRN 

is solved using detailed chemistry such as GRI-Mech. 3, to calculate exit temperature and 

mass fractions of target species. The method is implemented on the Sandia Flame D as a 

benchmark case. The results show the applicability of the method to generate and solve a 
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relatively small CRN with a limited number of reactors to predict exit emission. The 

method can be coupled with the prescribed UQ approach to conduct a UQ study. 
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9.1 Introduction 

This chapter provides an overview, discussion, and conclusions of the research in this 

thesis. The Results are briefly described and highlighted within the framework of research 

aim and objectives. Finally, recommendations are provided for future work. 

9.2 Discussion and Conclusions 

9.2.1 Ensuring Experimental Reliability in RCMs 

A simplified framework was presented for prediction of temperature inhomogeneity in 

RCMs. The approach was applicable to any RCM configuration and any gas mixture 

properties. It was based on a definition of a reduced set of variables that govern 

inhomogeneity, by systematic elimination of many variables that are redundant or 

insignificant. Based on the results of the dimensional analysis and sensitivity analysis, it 

was shown that four parameters of Reynolds, Prandtl numbers, aspect ratio, and crevice 

volume ratio have significantly greater effects than the other thermophysical and 

geometrical parameters on temperature inhomogeneity in RCMs. A generic RCM then was 

simulated over compression and 200 ms post-compression times for a range of Reynolds, 

Prandtl numbers, aspect ratio, and crevice volume ratio to develop a correlation for the 

temperature inhomogeneity parameter. The correlation was further simplified as a function 

of Peclet number, aspect ratio, and crevice volume ratio without loss of accuracy. The 

computational results were well-modeled by a simple correlation: 

𝜀̅ 𝑝(𝑃𝑒, 𝑎, 𝑏, 𝑡
∗) = 𝜀̅ ∞𝑝 − (𝜀̅ ∞𝑝 − 𝜀̅ 0𝑝)e

−β𝑡∗    (9.1) 

 

𝛽 = 3.08𝑃𝑒−0.32𝑎−0.08𝑏−0.40 (9.2) 
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𝜀̅ 0𝑝 = 1.49𝑃𝑒−0.47𝑎−0.07𝑏−0.63 (9.3) 

 

𝜀̅ ∞𝑝 = 1.665𝑃𝑒−0.22𝑏−0.33 (9.4) 

These equations enable prediction of inhomogeneity in any RCM (within the broad range 

of parameters considered) up to time 𝑡∗  =  12 post-compression, or 200 ms in our 

machine. Peclet number, 𝑃𝑒 = 𝑅𝑒𝑆 𝑃𝑟 = 𝑈𝑆𝜌𝐶𝑝/𝑘, in the correlation represents the order 

of magnitude of the ratio of energy fluxes due to convective transport and diffusion 

(conduction). It describes the balance between fundamental physical mechanisms of heat 

transfer in the RCM. Alternatively, Pe can be rewritten as 𝑈𝑆/𝛼,offering another 

interpretation: the primary gas property that affects temperature (in)homogeneity is the 

thermal diffusivity, 𝛼.  

The crevice volume ratio, 𝑎, and aspect ratio, 𝑏, parameters in the developed correlation 

represent the role of the corner vortex in temperature inhomogeneity of an RCM. Crevice 

volume ratio was closely related to the formation of the roll-up vortex from the boundary 

layer during the compression phase, since the main function of the crevice is to suppress 

formation of the roll-up vortex during compression by swallowing the boundary layer. The 

mixing of the cool boundary layer into hot core gas, which was due to the development and 

propagation of any residual vortex was characterized by the aspect ratio, 𝑏 =  𝐷/(2𝑆). 

This parameter in the final correlation indicated the space available for cooler roll-up 

vortex to move from the corner toward the centerline and mix cool wall gas with hot core 

gas. 

A set of 3D LES CFD simulations was then presented to characterize turbulent flow 

inside the main chamber of the NUI Galway RCM due to the roll-up vortex and validate 

the developed correlation for the temperature inhomogeneity. The effect of initial pressure 

was studied and the results were compared with 2D laminar CFD results. The temperature 

inhomogeneity parameter during post-compression times in the main chamber was 
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computed and compared using 3D LES, 2D laminar and the developed correlation. The 

results indicated that the current NUI Galway crevice has a satisfactory ability during 

compression to suppress the roll-up vortex at the high-pressure condition. As a result, there 

is no vortex on the piston face at the end of compression. During the post-compression 

period, there is therefore a uniform temperature field inside the main chamber, with only a 

few small eddies appearing at long post-compression times. At this condition in which the 

crevice was able to suppress the roll-up vortex, the 2D laminar CFD model was able to 

effectively predict compression and post-compression flow field in comparison with LES 

model. For the low-pressure condition, the crevice failed to fully absorb the boundary layer 

gas. There was therefore a remaining vortex inside the main chamber on the piston face, 

which generated irregular flow structures and turbulent eddies during the post-compression 

period. As a result, there was a need to modify the crevice configuration in this condition 

to prevent the formation of the roll-up vortex. Furthermore, the results showed that the 

developed correlation for the temperature inhomogeneity was able to predict the computed 

results of 3D LES for the temperature inhomogeneity parameter within a ±20% in most 

cases.   

A computationally-efficient framework was then proposed for RCM testing consisting 

of the following steps: (1) select required in-chamber test conditions, (2) list all possible 

RCM, crevice, diluent and initial condition configurations that can reach the test 

conditions, (3) use the correlation to eliminate those configurations that produce 

unacceptable temperature inhomogeneity, (4) use 2D laminar simulations of some or all of 

the acceptable configurations to further eliminate configurations predicted to produce roll-

up vortices, (5) use 3D LES simulations of some or all of these remaining configurations 

to gain further confidence that roll-up vortices are not formed.  
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9.2.2 Quantifying Emissions Uncertainty 

9.2.2.1 UQ-Enabled Emissions Prediction Tool 

A comprehensive review of methods for UQ analysis and hybrid emissions prediction 

methods were conducted in Chapter 2. The results indicated that the polynomial chaos 

expansion (PCE) method has been proven to be a computationally superior alternative to 

the traditional SBMs such as Monte Carlo method for many applications. Although the 

Monte Carlo method has been used for combustion modelling to predict uncertainties, the 

PCE method has not been extensively implemented for combustion modelling, especially 

for CFD-CRN modelling. The advantage of the non-intrusive PC (NIPC) approach, in 

which the model can be treated as a black box, was that it can be used to study the 

propagation of uncertainty of input parameters for CFD-CRN modelling. 

A novel and computationally-efficient UQ-enabled tool was then developed in Python 

using CRN modelling and NIPCE-PCM approach in this study. The method was facilitated 

the probabilistic modelling of NOx and CO emissions in a gas turbine combustion system 

with uncertain conditions and a variety of gaseous fuels, particularly at part load conditions. 

NOx and CO emissions modelling, uncertainty characterization, uncertainty propagation, 

global sensitivity analysis and reliability analysis were integrated in this tool. The NIPCE-

PCM approach was used to develop a set of surrogate models instead of the physics-based 

CRN model. The performance of surrogate models to propagate uncertainties were then 

validated and compared with the traditional SBM. Sobol sensitivity indices and FORM 

methods were coupled with the NIPCE-PCM approach to perform global sensitivity and 

reliability analyses. The UQ-enabled tool was implemented on a high-pressure premixed 

burner and a swirl-stabilized premixed burner in Chapter 6 and Chapter 7. The results were 

presented the capability of the developed tool as an efficient approach to perform UQ study 

of emissions in practical combustion systems.   

In Chapter 6, NOx emission was modelled using a simple CRN for a high-pressure 

premixed burner under gas turbine operating conditions and uncertainty and sensitivity 
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analyses were conducted to characterize aleatory and epistemic uncertainties. The effect of 

variations for the input parameters and operating conditions such as equivalence ratio, 

initial pressure, initial temperature and residence time on NOx were studied using a global 

sensitivity analysis method. The results presented the capability of the NIPCE-PCM 

approach to accurately predict sensitivity indices using a limited number of evaluations in 

comparison with the SBM. The sensitivity indices highlighted the effects of the 

equivalence ratio and initial temperature on NOx level while the initial pressure and 

residence time have smaller contribution. The importance of initial pressure was observed 

over the high-temperature region in comparison with the low-temperature region. 

Furthermore, an uncertainty analysis was conducted to study the effects of Arrhenius 

parameters for thermal NO reactions. A proposed method in the literature was used to 

characterize the uncertainty domains of Arrhenius parameters. NIPCE-PCM and SBM 

approaches were used to conduct the uncertainty analysis based on the uncertain domains. 

It was shown that the uncertainties in the Arrhenius parameters for R1 (N + NO → N2 + O) 

play an important role in NOx distribution in comparison with other thermal NO reactions 

over the high-temperature region. A surrogate model was developed for NOx emission as 

a function of the Arrhenius parameters using the NIPCE-PCM approach which could be 

used in an optimization study. The optimized parameters then could be implemented in a 

chemical kinetic mechanism to predict the experimental data over the high-temperature 

region for the benchmark burner within the framework of the available CRN model. 

The results of CRN modelling for the benchmark burner in Chapter 6 indicated a 

discrepancy between the NOx emission predicted by the CRN model and experimental data 

over the high-temperature region. The possible explanations or epistemic uncertainties 

were: (1) the PSR+PFR reactor network model was not an accurate physical model of what 

is occurring in the combustor, (2) the overall assumption of using a PSR+PFR CRN model 

was a valid assumption but the choice of residence time splits between the PSR and PFR 

are erroneous or the assumption of using the chemical timescale for the PSR time for the 
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main flame zone is not correct, (3) the overall CRN model was a valid assumption but more 

than one PSR is required to capture the flow field inside the combustor.  

Therefore, the epistemic uncertainties in CRN modeling were reduced by a more 

complex CRN model for a swirl-stabilized burner in Chapter 7.  Available information 

from CFD simulations and experimental measurements were used to generate the CRN and 

calculate NOx and CO emissions over a wide range of equivalence ratios. The results of 

CRN model presented a satisfactory agreement between CRN model and experimental data 

over the entire range of operating conditions. This was not achieved for the benchmark 

burner in Chapter 6 over the high-temperature region due to the lack of CFD and 

experimental data to generate a CRN using more than PSR. The methodology for 

uncertainty quantification of NOx and CO emissions was implemented on the swirl-

stabilized premixed burner. Uncertainty, sensitivity and reliability analyses were 

conducted for the benchmark burner. The effect of uncertain operating conditions 

(equivalence ratio, initial pressure and initial temperature) and components (C2H6 and CO2) 

of fuel composition on NOx and CO emissions were studied using a global sensitivity 

analysis method. The Sobol sensitivity indices were used for the SA based on the NIPCE-

PCM and the results compared with the sensitivity indices calculated by the SBM. A set of 

surrogate models were presented based on NIPCE-PCM approach to estimate emissions as 

a function of operating conditions and fuel composition. Furthermore, a method based on 

FORM-NIPCE-PCM approach was implemented to study the RA of emissions due to the 

operating conditions using developed surrogate models. The results presented the 

capability of the NIPCE-PCM approach to accurately predict sensitivity indices and 

develop surrogate models using a limited number of evaluations in comparison with the 

SBM. The sensitivity indices for operating conditions highlighted the effects of the 

equivalence ratio and initial temperature on NOx and CO level while the initial pressure 

had a smaller contribution. The importance of initial pressure and was observed with 

increasing the reference equivalence ratios (exit temperatures). The results of sensitivity 
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indices for fuel composition were highlighted the effect of CO2 in comparison with the 

C2H6 on NOx level with increasing the reference equivalence ratios. 

9.2.2.2 Systematic construction of CRN from CFD 

In Chapter 8, clustering methods in the literature were reviewed with regard to the 

required computational time and space complexity for the CFD simulations of combustion 

systems.  Partitional (K-means), hierarchical (agglomeration), and density-based 

(DBSCAN) clustering methods were compared. The results indicated that the K-means 

method was a better method for grouping CFD domain cells on a chemistry basis with 

respect to computational complexity as well as the simplicity of the implementation.   

A method was also proposed in Chapter 8 in Python to systematically construct and solve 

CRN from a CFD dataset. The CFD cell data and mass fluxes were imported in Python to 

implement the method. CFD data was then pre-processed using PCA method to reduce 

complexity and dimension of dataset. K-means clustering method was then applied to 

generate homogeneous zones or clusters. Agglomeration clustering wass applied on these 

clusters to refine them and mass fluxes between them were calculated. These clusters and 

their corresponding information such as temperature, pressure, species mass fraction and 

volume as well as the mass fluxes between them were then mapped to a set of reactors 

using Cantera to construct a CRN. The CRN was solved using a detailed chemistry such 

as GRI-Mech. 3 to calculate temperature and mass fraction of target species. The method 

implemented on the Sandia Flame D as a benchmark case. The results presented the 

applicability of the method to generate and solve a relatively small CRN with a limited 

number of reactors to predict exit emission. The method can be coupled with the prescribed 

UQ approach to conduct a UQ study from a CFD reactive flow simulation. 
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9.3 Recommendations for Future Works 

9.3.1 Ensuring Experimental Reliability in RCMs 

9.3.1.1 Experimental Studies  

 There is a need to develop high-speed particle image velocimetry (PIV) experiments for 

the NUI Galway RCM to investigate flow regimes inside the main chamber at various 

conditions. The experimental velocity distributions from PIV experiments then can be used 

to validate the results of LES that presented in Chapter 4. In addition to the PIV 

experiments, planar laser induced fluorescence (PLIF) measurements can be conducted to 

investigate the temperature distribution inside the main chamber validate the predicted 

results by developed correlation for temperature inhomogeneity.   

9.3.1.2 Numerical Studies  

1) The developed correlation for temperature inhomogeneity and 2D laminar 

simulation setup can be used to conduct a systematic optimization study to 

estimate optimum crevice configurations at various operating conditions. 

2) The effects of non-ideal operating conditions and simplifications in the 

simulations can be addressed. These conditions and simplifications are (1) 

mistiming between the actuation of the two pistons, (2) dead volumes or cavities 

inside the main chamber due to inlet ports and pressure transducers, and (3) 

leakage through seals.  

3) Available simulation setup can be improved and complemented by (1) study the 

effects of crevice containment, (2) more investigations on using RANS and 0-D 

models, (3) reactive flow simulation, and (4) conjugate heat transfer analysis. 

4) Limitations of LES framework for simulation of transient process and subgrid-

scale modelling can be addressed by DNS. 
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5) Perform a UQ study for uncertainty, sensitivity and reliability analyses of 

temperature inhomogeneity inside the main chamber due to uncertainty and 

variability in initial and operating conditions. 

9.3.2 Quantifying Emissions Uncertainty 

Some improvements to the present CRN-UQ framework and the proposed method for 

systematic CRN construction from CFD can be considered as follows: 

9.3.2.1 CRN Modelling 

1) Parallel processing of CRN to efficiently execute toolchain on HPC systems. 

2) CRN modelling of an industrial burner such as DLE burner in the Siemens SGT-

100 industrial gas turbine [222].  

3) Using more advanced chemical kinetic mechanism for natural gas and updated 

sub-mechanism for NOx chemistry. These require using a method to generate a 

reduced mechanism from available detailed mechanisms. More experimental 

studies are also required to develop an advanced and updated sub-mechanism for 

NOx chemistry.   

9.3.2.2 Uncertainty Quantification 

1) Development of a Bayesian interface for the UQ tool. 

2) Implementation of sparse polynomial chaos expansion and Kriging methods to 

develop surrogate models. 

3) Implement spectral projection method (SPM) to calculate PCE coefficients. 

4) Development of a framework to include correlated input parameters for UQ 

study. 
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9.3.2.3 Systematic construction of CRN from CFD 

1) Implementation of the proposed method on a more practical benchmark burner 

such as swirl-stabilized burner. 

2) Calculation of an optimum number of clusters for CRN modelling. 

3) Development of a method for calculation of residence time distribution and 

unmixedness in a practical combustion system. This method then can be used to 

integrate with the prescribed method to generate a CRN. 
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In the following, the coefficients of developed PCEs in Chapter 7 for NOx and CO 

emissions as a function of operating conditions and fuel compositions are presented in 

Table A1 and Table A2, respectively. Furthermore, Table A3 shows a comparison of 

required computational costs for SBM and NIPCE-PCM approaches in UQ studies. The 

coefficients of developed PCEs in Chapter 6 for NOx emission are also presented in Table 

A4 and Table A5. 

 

Table A1. Coefficients of developed PCEs in Equations (7.3) and 

(7.4) for NOx and CO emissions as a function of operating 

conditions. 

𝝓𝒓𝒆𝒇 0.5 0.6 0.7 0.8 

𝜶𝟎 1676.1830 8807.7974 14212.3931 -15187.1607 

𝜶𝟏 0.0004 0.0020 0.0059 0.0057 

𝜶𝟐 1.2274 8.1137 19.9127 6.5030 

𝜶𝟑 7.4076e-05 0.0009 0.0041 0.0039 

𝜶𝟒 -2411.7898 -15812.1785 -33260.4164 20459.7801 

𝜶𝟓 -5.0402e-09 4.0120e-07 1.9710 3.1885e-06 

𝜶𝟔 -1.0320 -7.5141 -21.7960 -12.3168 

𝜶𝟕 8.2227e-12 1.9404e-11 3.1993 -6.7679e-11 

𝜶𝟖 -5.0360e-05 -0.0008 -0.0040 -0.0044 

𝜶𝟗 919.6967 7220.1248 18994.4973 -4446.5100 

𝜶�́� 101.2728 481.9811 1622.7401 4597.1155 

𝜶�́� 1.6443e-05 7.9841e-05 0.0003 0.0007 

𝜶�́� 0.0780 0.3696 1.2130 3.2025 

𝜶�́� -5.0259e-06 -3.1475e-05 -0.0001 -0.0005 

𝜶�́� -139.5743 -740.0098 -2719.3902 -8299.1159 
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𝜶�́� -1.6492e-09 -9.9775e-09 -4.2560e-08 -1.3346e-07 

𝜶�́� -0.0558 -0.2970 -1.0721 -3.0819 

𝜶�́� 2.4328e-13 1.7952e-12 8.9289e-12 3.46598e-11 

𝜶�́� 2.9521e-06 2.05902e-05 9.9208e-05 0.0004 

𝜶�́� 49.1687 291.2246 1170.3054 3854.3442 

 

Table A2. Coefficients of developed PCEs in Equations (7.5) and 

(7.6)  for NOx and CO emissions as a function of the fuel 

composition. 

𝝓𝒓𝒆𝒇 0.8 0.7 0.6 0.5 

𝜶𝟎 -0.0231 -0.0095 -0.0019 -0.0003 

𝜶𝟏 0.0835 0.0249 0.0039 0.0007 

𝜶𝟐 -0.0258 0.0050 0.0009 0.0001 

𝜶𝟑 4.2905 2.1944 0.5484 0.1070 

𝜶𝟒 13.8545 -6.0265 -1.1047 0.1157 

𝜶𝟓 738.2658 287.3490 57.8109 9.0289 

𝜶�́� -0.0020 -0.0005 -0.0001 -1.3553e-05 

𝜶�́� 0.0033 0.0009 0.0002 2.2064e-05 

𝜶�́� -0.0050 0.0013 0.0002 -2.6516e-05 

𝜶�́� 0.4429 0.1176 0.0234 0.0031 

𝜶�́� -0.2077 -0.0500 -0.0082 -0.0007 

𝜶�́� 63.3796 16.3595 3.1796 0.4126 

 

 

 

 



10 Appendix A 237 

 

 

Table A3. Comparison of computational costs for SBM and 

NIPCE-PCM approaches in UQ studies in Chapter 7. 

 

UQ study of Operating 

Conditions  

[CPU-Hours] 

UQ study of Fuel 

Composition  

[CPU-Hours] 

SBM 8 × 991.61 8 × 1670.54 

NIPCE-PCM 8 × 16.39 8 × 9.46 
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Table A4. Coefficients of developed PCEs in Chapter 6 

for NOx emissions as a function of operating conditions 

𝐍𝐎�̂�(𝝓, 𝑻, 𝑷, �̇�𝒂𝒊𝒓). 

𝐍𝐎�̂�(𝝓, 𝑻,𝑷, �̇�𝒂𝒊𝒓) = 𝜶𝟎𝝓
𝟐 +𝜶𝟏𝑻

𝟐 +𝜶𝟐𝝓𝐓+𝜶𝟑𝝓𝐏 + 𝜶𝟒𝝓�̇�𝒂𝒊𝒓 + 𝜶𝟓𝝓+𝜶𝟔𝑻𝑷+ 𝜶𝟕𝑷
𝟐

+ 𝜶𝟖𝐓�̇�𝒂𝒊𝒓 + 𝜶𝟗𝐓+ 𝜶𝟏𝟎𝐏�̇�𝒂𝒊𝒓 + 𝜶𝟏𝟏𝑷+ 𝜶𝟏𝟐�̇�𝒂𝒊𝒓
𝟐 +𝜶𝟏𝟑�̇�𝒂𝒊𝒓 + 𝜶𝟏𝟒 

PCE 

Coefficients 

𝜙𝑟𝑒𝑓 

0.50 0.55 0.60 

𝜶𝟎 972.26 3226.76 8989.71 

𝜶𝟏 0.03 × 10−2 0.1 × 10−2 0.3 × 10−2 

𝜶𝟐 1.11 3.61 10.21 

𝜶𝟑 7.69 × 10−5 0.03 × 10−2 0.11 × 10−2 

𝜶𝟒 −3106.24 −11855.30 −38764.76 

𝜶𝟓 −1665.47 −5864.09 −17350.57 

𝜶𝟔 3.12 × 10−8 1.38 × 10−7 4.75 × 10−7 

𝜶𝟕 1.023 × 10−12 2.44 × 10−12 3.87 × 10−12 

𝜶𝟖 −1.16 −4.70 −16.13 

𝜶𝟗 −0.95 −3.31 −9.95 

𝜶𝟏𝟎 −0.03 × 10−2 −0.11 × 10−2 −0.34 × 10−2 

𝜶𝟏𝟏 −5.38 × 10−5 −0.02 × 10−2 −0.09 × 10−2 

𝜶𝟏𝟐 26.19 91.28 274.57 

𝜶𝟏𝟑 2571.30 10615.88 37027.89 

𝜶𝟏𝟒 713.22 2655.70 8330.05 
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Table A5. Coefficients of developed PCEs in Chapter 6 

for NOx emissions as a function of Arrhenius parameters 

𝐍𝐎�̂�(𝐀𝟏, 𝐀𝟐, 𝐧𝟐, 𝐄𝟐, 𝐀𝟑, 𝐧𝟑). 

𝑵𝑶�̂�(𝑨𝟏, 𝑨𝟐, 𝒏𝟐, 𝑬𝟐, 𝑨𝟑, 𝒏𝟑) = 𝜶𝟎𝑨𝟏 +𝜶𝟏𝑨𝟐 +𝜶𝟐𝒏𝟐+𝜶𝟑𝑬𝟐 +𝜶𝟒𝑨𝟑 +𝜶𝟓𝒏𝟑 + 𝜶𝟔 

PCE Coefficients 

 

𝝓𝒓𝒆𝒇 = 0.60 

 

𝜶𝟎 1.22 × 10−9 

𝜶𝟏 1.37 × 10−15 

𝜶𝟐 0.39 × 10−2 

𝜶𝟑 −7.13 × 10−2 

𝜶𝟒 3.26 × 10−17 

𝜶𝟓 7.39 × 10−5 

𝜶𝟔 11.50 
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