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“Mathematics is much more than a language for dealing with the physical world. 

It is a source of models and abstractions which will enable us to obtain amazing new 

insights into the way in which nature operates. 

Indeed, the beauty and elegance of the physical laws themselves are only apparent when 

expressed in the appropriate mathematical framework.” 

Melvin Schwartz (In Principles of Electrodynamics, 1972) 
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best and simplest. But, in short, it was mine.” 
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ABSTRACT 

The overall objective of this thesis is to provide a new understanding of the mechanisms 

that drive cell spreading and remodelling, and to extend this understanding to remodelling 

at a tissue and organ level. 

A steady-state adaptation of the thermodynamically motivated stress fibre (SF) model of 

Vigliotti et al. (2015) is implemented in a non-local finite element setting, where global 

conservation of cytoskeletal proteins and binding integrins is considered. We present a 

number of simulations of cell spreading in which we consider a limited subset of the 

possible deformed spread-states assumed by the cell, to examine the hypothesis that free 

energy minimization drives the process of cell spreading. Simulations suggest that cell 

spreading can be viewed as a competition between (i) decreasing cytoskeletal free energy 

due to strain induced assembly of cytoskeletal proteins into contractile SFs, and (ii) 

increasing elastic free energy due to stretching of the mechanically passive components 

of the cell. The computed minimum free energy spread area is shown to be lower for a 

cell on a compliant substrate than on a rigid substrate. Furthermore, a low substrate ligand 

density is found to limit cell spreading. The predicted dependence of cell spread area on 

substrate stiffness and ligand density is in agreement with the experimental 

measurements. Experiments of cells adhering to “V-shaped” and “Y-shaped” ligand 

patches are also simulated, and analysis reveals that deformed configurations with the 

lowest free energy exhibit a SF distribution that corresponds to experimental 

observations.  

The equilibrium statistical mechanics framework developed by Shishvan et al. (2018) 

allows for the simulation of the homeostatic ensemble for cells on an elastic substrate. 

This framework is expanded to describe the free energy associated with formation of focal 

adhesions between the cell and substrate. The extended model is shown to predict the 

effects of substrate stiffness and surface collagen density on the response of spread cells, 

as reported experimentally by Engler et al. (2003). Alteration of the surface collagen 

density directly affects formation of adhesion complexes and the associated free energy. 

At a low collagen density there is a high probability cells will assume rounded 

morphologies with low spread areas. With increasing collagen densities, the probability 

of cells becoming highly spread with irregular morphologies increases. The influence of 

substrate stiffness is shown to be highly coupled with surface collagen density. Elastic 

free energy associated with substrate deformation lowers the probability of observing a 

highly spread cell, thereby altering the tractions that influence assembly of adhesion 

complexes. The homeostatic ensemble for cells, expanded to include focal adhesion 

formation, provides new insight into observed cell behaviour on deformable collagen 

coated substrates. 

The active cytoskeleton is known to play an important mechanistic role in cellular 

structure, spreading, and contractility. Contractility is actively generated by SFs, which 

continuously remodel in response to physiological dynamic loading conditions. The 

influence of actin-myosin cross-bridge cycling on SF remodelling under dynamic loading 



 

iv 

conditions has not previously been uncovered. A novel SF cross-bridge cycling model is 

developed to predict transient active force generation in cells subjected to dynamic 

loading. Rates of formation of cross-bridges within SFs are governed by the chemical 

potentials of attached and unattached myosin heads. This transient cross-bridge cycling 

model is coupled with a thermodynamically motivated framework for SF remodelling to 

analyse the influence of transient force generation on cytoskeletal evolution. The model 

is shown to correctly predict complex patterns of active cell force generation under a 

range of dynamic loading conditions, as reported in previous experimental studies. 

In order to bridge the gap between cell and organ level remodeling, a thorough 

understanding of the passive tissue mechanics is required. While the anisotropic 

behaviour of the complex composite myocardial tissue has been well characterized in 

recent years, the compressibility of the tissue has not been rigorously investigated to date. 

Experimental evidence is presented that passive excised porcine myocardium exhibits 

volume change under tensile and confined compression loading conditions. To simulate 

the multi-axial passive behaviour of the myocardium a nonlinear volumetric hyperelastic 

component is combined with the well-established Holzapfel-Ogden anisotropic 

hyperelastic component for myocardium fibres. This framework is shown to describe the 

experimentally observed behaviour of porcine and human tissues under shear and biaxial 

loading conditions. A representative volumetric element (RVE) of myocardium tissue is 

constructed to parse the contribution of the tissue vasculature to observed volume change 

under confined compression loading. Simulations of the myocardium microstructure 

suggest that the vasculature cannot fully account for the experimentally measured volume 

change. Additionally, the RVE is subjected to six modes of shear loading to investigate 

the influence of micro-scale fibre alignment and dispersion on tissue-scale mechanical 

behaviour. 

Hypertrophy of the ventricular myocardium develops following a change in 

cardiovascular loading conditions. The current understanding is that disease progression 

may be stress or strain driven, but the multi-scale nature of the cellular remodelling 

processes have yet to be uncovered. A model of the contractile left ventricle is developed, 

with active cell tension described by a thermodynamically motivated cross-bridge cycling 

model. Simulation of the transient recruitment of myosin results in correct patterns of 

ventricular pressure predicted over a cardiac cycle. A myofibril remodelling framework 

is coupled with the cross-bridge cycling model to investigate how deviations in the 

transient force generation drive restructuring of cellular myofibrils in the heart wall. 

Analyses reveal that pathological loading conditions can significantly alter actin-myosin 

cross-bridge cycling over the course of the cardiac cycle. The resultant alteration in 

sarcomere stress pushes an imbalance between the internal free energy of the myofibril 

and that of unbound contractile proteins, which onsets remodelling. Myofibril 

remodelling associated with concentric and eccentric hypertrophy is predicted to occur 

following periods of hypertension and volume overload, respectively. The link between 

cross-bridge thermodynamics and myofibril remodelling proposed may significantly 

advance current understanding of cardiac disease onset. 
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CHAPTER 1 

INTRODUCTION AND BACKGROUND 

 

1.1. Introduction to thesis and structure 

Cells do not make decisions in a classical conscious sense (Perkins and Swain 2009; 

Balázsi et al. 2011). It is known that they respond to mechanical and biochemical cues 

from their surrounding environment, such as an substrate ligand density (Gaudet et al. 

2003) or a glucose source (Adler et al. 1973). However, the underlying mechanisms by 

which cells respond to mechanical cues are not well understood. A cell will typically 

spread to a higher area on a stiff substrate than on a soft one (Engler et al. 2003). 

Furthermore, differentiation may be controlled by constraining the cells to patches of 

different shapes (Kilian et al. 2010), and cells can even correctly traverse complex mazes 

in response to applied chemical gradients (Skoge et al. 2016).  

At a tissue level, pathological remodelling is a leading cause of death and debilitation. In 

the heart wall, for example, cells grow and synthesize thicker tissue following extended 

periods of high blood pressure (Rossi 1998). While clinically it is established that such 

hypertrophy is a comorbidity of hypertension, the mechanisms relating the cellular 

response to the environmental alteration are not known. There have been many recent 
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frameworks for phenomenological tissue level remodelling (Rodriguez et al. 1994; 

Humphrey and Rajagopal 2002; Rausch et al. 2011), but none explicitly represent such 

phenomena as  cell driven processes. Such models will remain limited in their predictive 

power and insight until the mechanisms underlying cell remodelling are better 

understood. In order to develop next generation computational models to guide clinical 

strategies to counter pathological remodelling, an understanding of what fundamentally 

drives such cell behaviour must first be established.  

1.1.1. Objectives 

The overall objective of this thesis is to provide a new understanding of the mechanisms 

that drive cell spreading and remodelling, and to extend this understanding to remodelling 

at a tissue and organ level. Novel complex computational methodologies are developed, 

including a thermodynamic description of stress fibre formation, dynamic contractility, 

focal adhesion development, and passive tissue mechanics. The specific aims of the 

current research are given as follows: 

1. To provide a fundamental analysis of the system free energy in the spreading of 

single cells; 

2. To investigate the constraint of homeostasis on the spreading behaviour of a cell 

population; 

3. To uncover the link between cross-bridge dynamics and stress fibre remodelling 

in cells under long term loading; 

4. To determine the compressibility and anisotropy of the passive myocardial tissue 

at a continuum level and the micro-scale; 

5. To develop a model of the contractile left ventricle, and investigate the interaction 

between pathological loading and cellular remodelling in the heart wall. 
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1.1.2. Thesis structure 

This manuscript is presented under the category of an “Article-Based” thesis. Five journal 

papers (four published, one in preparation) form the backbone of the thesis (Chapters 2-

6). A brief outline of each chapter is given as follows: 

 

Chapter 1: The remaining sections of the current chapter present an overview of 

established theory and relevant literature. In Section 1.2 an overview of relevant theory 

of continuum mechanics and finite element analysis is provided. The theoretical concepts 

introduced here are used in the development and implementation of the numerical 

formulations in the subsequent technical chapters. Section 1.3 provides a general 

literature review on cell and tissue mechanics. In particular, the structure of the cell and 

cytoskeleton, and current approaches to computational modelling of cells and tissue are 

discussed. In addition to the general and broad review of the literature provided in the 

current chapter, a focused analysis of relevant literature is also provided within each 

technical chapter (Chapters 2-6). 

 

Chapter 2: I examine the hypothesis that free energy minimization drives the process of 

cell spreading. Simulations suggest that spreading can be viewed as a competition 

between (i) decreasing cytoskeletal free energy due to strain induced assembly of 

cytoskeletal proteins into contractile fibres, and (ii) increasing elastic free energy due to 

stretching of the mechanically passive components of the cell. Predicted stress fibre (SF) 

and focal adhesion distributions are shown to correspond closely with experimental 

observations of cell spreading on ligand patterned substrates Théry et al. (2006). 
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Chapter 3: The homeostatic ensemble for cells (as proposed by Shishvan et al. (2018)) 

is expanded to include the free energy associated with formation of adhesion complexes 

between the cell and substrate. At a low surface collagen density there is a high 

probability cells will assume rounded morphologies with low spread areas. As the 

collagen density increases, the probability of cells becoming highly spread with more 

irregular morphologies increases. This statistical mechanics framework provides new 

insight into observed cell behaviour on deformable collagen coated substrates (as reported 

experimentally by Engler et al. (2003)). 

 

Chapter 4: A novel cross-bridge cycling model is developed, and coupled with the 

Vigliotti et al. (2015) framework for SF remodelling to describe the dynamic behaviour 

of the active cytoskeleton. The combined framework provides insight to the mechanisms 

underlying transient cell force generation during cyclic loading (in relation to the 

experiments of Wille et al. (2006)). A direct link is established between (i) the influence 

of loading on nanoscale cross-bridge interactions, (ii) the consequential chemical 

potential imbalance between the attached and detached myosin heads, (iii) the sarcomere 

stress associated with the number of cycling myosin heads, and (iv) the SF concentration 

in the cell.   

 

Chapter 5: Experimental evidence that passive excised porcine myocardium exhibits 

volume change is presented. To simulate the multi-axial passive behaviour of the 

myocardium a nonlinear volumetric hyperelastic component is combined with the well-

established Holzapfel and Ogden (2009) anisotropic model for myocardium. This 

framework is also shown to describe the experimentally observed behaviour of porcine 

and human tissue under shear and biaxial loading conditions. A representative volumetric 
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element (RVE) of myocardium tissue is constructed to parse the contribution of the tissue 

vasculature to observed volume change under confined compression loading. The RVE 

is additionally subjected to six modes of shear loading to investigate the influence of 

micro-scale fibre alignment and dispersion on tissue-scale mechanical behaviour. 

 

Chapter 6: The cross-bridge framework developed in Chapter 4 is incorporated into a 

contractile model of the left ventricle to examine tissue remodelling associated with 

cardiac hypertrophy. Physiological levels of ventricular pressure are simulated for healthy 

conditions, and steady state values of the myofibril concentration and number of in-series 

sarcomeres (within cells) are determined. Simulation of pathological conditions uncovers 

a mechanism by which changes to the mechanical environment result in altered actin-

myosin cross-bridge cycling, in turn driving remodelling of myofibrils in the heart wall. 

 

Chapter 7: A discussion of key thesis contributions and future perspectives is provided. 
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1.2. Established theory 

1.2.1. Contiuum mechanics 

Contiuum mechanics deals with the analysis of kinematics and the mechanical behaviour 

of materials on a macroscale. In this section the essential elements required for 

interpretation of the subsequent chapters are outlined. For a more in-depth description the 

reader is referred to Atkin and Fox (2005) and Holzapfel (2000). Note that vectors, 

matrices, and tensors are denoted by bold typeface. Index notation is often employed to 

simplify the representation of vector equations. For example, the dot product of two 3D 

vectors (𝐮, 𝐯) may be written using summation convention as 

𝐮 ∙ 𝐯 = 𝑢1𝑣1 + 𝑢2𝑣2 + 𝑢3𝑣3 =∑𝑢𝑖𝑣𝑖

3

𝑖=1

= 𝑢𝑖𝑣𝑖, (1.1) 

where 𝑖 = 1,2,3. In the case of a 3x3 tensor, the location of each component may be 

defined by subscripts 𝑖, 𝑗 = 1,2,3. As an example, component 𝐵𝑖𝑗 is the value in the 𝑖𝑡ℎ 

row and 𝑗𝑡ℎ column of tensor 𝐁. 

1.2.1.1. Deformation and motion 

A classical schematic of a body undergoing motion and deformation is shown in Figure 

1.1. A body, encompassing the region Ω0 in the reference configuration, undergoes a 

motion 𝝌 , such that it subsequently encompasses the region Ω  in the current 

configuration. The position of a material point 𝑃 in the reference configuration, with 

respect to the origin 𝑂, is denoted by the vector 𝐗. A vector such as 𝐗 can be described 

for all points within the region Ω0, known as the material (Lagrangian) coordinates. In 

the current configuration, the position of 𝑃 may be defined by 

𝐱 = 𝝌(𝐗, 𝑡). (1.2) 
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The coordinates of 𝐱  are referred to as the spatial (Eulerian) coordinates. The 

displacement 𝐮 of material point 𝑃 between the reference and current configuration is 

therefore 𝐮 = 𝐱 − 𝐗. This may be arranged in terms of 𝐗 and 𝑡 as 

𝐮 =  𝝌(𝐗, 𝑡) − 𝐗. (1.3) 

Consider there exists a second material point 𝑄 on the body in the region Ω0, and an 

infinitesimal line element 𝑑𝐗 is bound by points 𝑃 and 𝑄. This is transformed to 𝑑𝐱 in 

the current configuration through the deformation gradient 𝐅, such that: 

𝐅 =
∂𝝌

∂𝐗
≡
∂𝐱

∂𝐗
. (1.4) 

The determinant of 𝐅 is known as the Jacobian of the deformation gradient. It denotes the 

ratio of the volume change from the reference and current configurations at material point 

𝑃, with 

𝐽 ≡ det(𝐅) . (1.5) 

The velocity of material point 𝑃 is given as 

𝐯 =
𝜕𝐱

𝜕𝑡
, (1.6) 

where the partial derivative with respect to time is equivalent to the rate of change of 𝐱 

for a fixed 𝐗. The spatial velocity gradient 𝐋 follows as: 

𝐋 =
𝜕𝐯

𝜕𝑥
. (1.7) 

This may also be calculated as 𝐋 = �̇�𝐅−𝟏 , where �̇�  is the time derivative of the 

deformation gradient. The spatial velocity gradient is commonly additively decomposed 

into the symmetric rate of deformation tensor 𝐃 and the antisymmetric spin tensor 𝐖, 

with 
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𝐃 =
1

2
(𝐋 + 𝐋T),   and (1.8) 

𝐖 =
1

2
(𝐋 − 𝐋T). (1.9) 

 

Figure 1.1: Reference (initial/undeformed) and current (deformed) configurations 

of a body and associated vectors 

1.2.1.2. Strain and strain rate measures 

There are a variety of different strain measures that may be constructed from the 

deformation gradient 𝐅. A commonly used strain measure is the Green-Lagrange strain 

𝐄, defined as: 

𝐄 =
1

2
(𝐅T𝐅 − 𝐈), (1.10) 

where 𝐅T is the transpose of 𝐅 and 𝐈 is the identity tensor. The Green-Lagrange strain 

may also be stated in index notation, with 𝐸𝑖𝑗 =
1

2
(
𝜕ui

𝜕𝑋𝑗
+

𝜕uj

𝜕𝑋𝑖
+
𝜕uk

𝜕𝑋𝑖

𝜕uk

𝜕𝑋𝑗
), such that the 
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infinitesimal strain is found by assuming that the product of the infinitesimals is zero, 

giving: 

𝜖𝑖𝑗 =
1

2
(
𝜕𝑢i
𝜕𝑋𝑗

+
𝜕𝑢j

𝜕𝑋𝑖
) . (1.11) 

The right Cauchy-Green tensor 𝐂, defined in material (Lagrangian) coordinates, is often 

used as a fundamental measure of deformation in hyperelastic constitutive laws. It is 

given by: 

𝐂 = 𝐅T𝐅. (1.12) 

The spatial (Eulerian) counterpart is known as the left Cauchy-Green deformation tensor, 

and follows as: 

𝐁 = 𝐅𝐅T. (1.13) 

As the deformation gradient 𝐅  is a well-defined second-order tensor, it may be 

decomposed into an orthogonal rotation tensor 𝐑 , and symmetric left (spatial) and right 

(material) stretch tensors, 𝐕 and 𝐔, with 

𝐅 = 𝐑𝐔 = 𝐕𝐑. (1.14) 

Deformation may therefore be considered as a stretch followed by a rotation (𝐅 = 𝐕𝐑) or 

vice-versa (𝐅 = 𝐑𝐔). These stretch tensors may also be related to the left and right 

Cauchy-Green tensors: 

𝐕2 = 𝐁;       𝐔2 = 𝐂. (1.15) 

The eigenvalues of 𝐔 are known as the principal stretches 𝜆𝑖, and the logarithmic strain 

tensor may be determined from 𝐕: 

𝛆log = ln(𝐕) . (1.16) 
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Recall that 𝐃 is the symmetric rate of deformation tensor. The logarithmic strain rate is 

given as: 

�̇�log = 𝐃. (1.17) 

Strain invariants are often useful in defining strain-energy density functions. Three 

principal invariants may be derived from the Cauchy-Green deformation tensors as 

follows: 

𝐼1 = 𝑡𝑟(𝐂) = 𝜆1
2 + 𝜆2

2 + 𝜆3
2, (1.18) 

𝐼2 =
1

2
[𝑡𝑟(𝐂)2 − 𝑡𝑟(𝐂2)] = 𝜆1

2𝜆2
2 + 𝜆1

2𝜆3
2 + 𝜆2

2𝜆3
2,   and (1.19) 

𝐼3 = det(𝐂) = 𝐽
2 = 𝜆1

2𝜆2
2𝜆3
2. (1.20) 

 

1.2.1.3. Stress measures 

If a section is taken through a body in the current configuration (Figure 1.2), the body has 

a traction tensor 𝐭 derived from surface forces, and a vector 𝐧 normal to the surface of 

this section. At a material point 𝑃, the Cauchy stress 𝛔 is a second order symmetric tensor 

of the force per unit (deformed) surface area 𝑑𝑠, given by: 

𝐭 = 𝛔 𝐧. (1.21) 

The Kirchhoff stress 𝛕 is defined as:  

𝛕 = 𝐽𝛔, (1.22) 

where 𝐽 is the determinant of the deformation gradient 𝐅, a measure of the volume change 

ratio (between current and reference configuration). The First Piola-Kirchhoff (PK1) 

stress 𝐏 is defined as the force per unit (undeformed) surface area, and is often used for 

experimental convenience. The nominal stress 𝐍 is the transpose of the PK1, such that 
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𝐍 = 𝐏T . Nanson’s formula may be used to map the PK1 stress in the reference 

configuration to the Cauchy stress in the current configuration: 

𝐏 = 𝐽𝛔𝐅−T. (1.23) 

However, the PK1 stress tensor is not necessarily symmetric. The second Piola-Kirchhoff 

(PK2) stress 𝐒 is closely related to the PK1 stress, but is symmetric. It is more often used 

in the composition of constitutive models, and may be expressed in terms of the Cauchy 

or PK1 stress as: 

𝐒 = 𝐽𝐅−1𝛔𝐅−T;        𝐒 = 𝐏𝐅T. (1.24) 

 

 

Figure 1.2: Traction 𝒕 acting on an infinitesimal surface 𝒅𝑺 with surface normal 𝒏 
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1.2.1.4. Hyperelasticity 

Hyperelasticity refers to a constitutive material response that is derivable from an elastic 

free energy potential Ψ . It is particularly useful for materials that experience large 

deformation, and is widely used in the description of soft tissue mechanical behaviour. 

The second Piola-Kirchhoff stress may be defined by the derivative of Ψ with respect to 

the right Cauchy-Green tensor, such that 

𝐒 = 2
𝜕Ψ(𝐂)

𝜕𝐂
. (1.25) 

Through the operation described in equation 1.24, this may be transformed from the 

reference configuration to the current configuration to yield the Cauchy stress. The strain 

energy potential may also be phrased in terms of the left Cauchy-Green tensor: 

𝛔 = 2𝐽−1𝐅
∂Ψ(𝐂)

𝜕𝐂
𝐅𝑇 = 2𝐽−1𝐁

∂Ψ(𝐁)

𝜕𝐁
. (1.26) 

Strain energy potentials are often stated as functions of strain invariants (as defined in 

Section 1.2.1.2), with Ψ(𝐁) = Ψ(𝐼1, 𝐼2, 𝐼3). For an isotropic strain energy potential, the 

derivative of Ψ with respect to 𝑩 may be determined via the chain rule, such that: 

𝜕Ψ(𝐁)

𝜕𝐁
=
𝜕Ψ

𝜕𝐼1

𝜕𝐼1
𝜕𝐁

+
𝜕Ψ

𝜕𝐼2

𝜕𝐼2
∂𝐁

+
𝜕Ψ

𝜕𝐼3

𝜕𝐼3
∂𝐁

. (1.27) 

The derivatives of the invariants with respect to the left Cauchy-Green tensor may be 

determined, giving: 

𝜕𝐼1
𝜕𝐁

= 𝐈,       
𝜕𝐼2
𝜕𝐁

= 𝐼1𝐈 − 𝐁,       
𝜕𝐼3
𝜕𝐁

= 𝐼3𝐁
−1. (1.28) 

Inserting these identities back into equation 1.26, the Cauchy stress may then be expressed 

as a function of B, with 

𝛔 = 2𝐽−1 [𝐼3
𝜕Ψ

𝜕𝐼3
𝐈 + (

𝜕Ψ

𝜕𝐼1
+ 𝐼1

𝜕Ψ

𝜕𝐼2
)𝐁 −

𝜕Ψ

𝜕𝐼2
𝐁2] . (1.29) 
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For problems involving compressibility, it is often convenient to additively decompose 

the isochoric and volumetric response of the free energy potential: 

Ψ(𝐁) = Ψ𝑣𝑜𝑙(𝐽) + Ψ𝑖𝑠𝑜(�̅�). (1.30) 

Here, Ψ𝑣𝑜𝑙(𝐽) is the volumetric response which depends only on the volume ratio 𝐽, and 

Ψ𝑖𝑠𝑜(�̅�) is the isochoric response, which is a function of the isochoric form of the left 

Cauchy-Green tensor, given by �̅� = 𝐽−2/3𝐁 . This operation removes all volumetric 

contributions. Similarly, the Cauchy stress may be decoupled as follows: 

𝛔 = 𝛔vol + 𝛔iso. (1.31) 

These stress contributions are then defined by: 

𝛔vol = 2𝐽
−1𝐁

𝜕Ψvol(𝐽)

𝜕𝑩
=
𝜕Ψvol(𝐽)

𝜕𝐽
𝐈, (1.32) 

𝛔iso = 2𝐽
−1𝐁

𝜕Ψiso(�̅�)

𝜕𝐁
=  �̅� −

𝑡𝑟(�̅�)

3
𝐈, (1.33) 

where the stress term �̅� is given by the expression 

�̅� = 2𝐽−1�̅�
𝜕Ψiso(�̅�)

𝜕�̅�
. (1.34) 
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1.2.2. Finite element method 

The numerical solutions of continuum mechanics problems presented in this thesis are 

solved using the finite element (FE) method. The commercially available software 

Abaqus (Dassault Systemes, RI, USA) is frequently used in the analyses within 

subsequent chapters, predominantly due to its customisability via user subroutines (for 

development of novel material laws, novel surface interaction laws, and bespoke non-

local solution schemes) and robust meshing techniques. Here, a brief background on the 

implicit FE solution scheme and user-defined material subroutines is presented. To 

facilitate this discussion, Voigt notation is employed in this section.  

1.2.2.1. Implicit solutions 

The stress state in a body is incrementally updated in the implicit FE method. Following 

an applied deformation, the stress state at time 𝑡 + Δ𝑡  is solved iteratively via 

convergence of a residual force vector to zero. The Abaqus/Standard implicit solver 

implements a form of the Newton-Raphson method, as described in this section. The 

principle of virtual work (PVW) provides the fundamental equation of the finite element 

method: 

∫ 𝛿𝛆T𝛔𝑑Ω
Ω

= ∫ 𝛿𝐮T𝐭𝑑S
S

, (1.35) 

where Ω is a refence volume on which equilibrium is enforced, bounded by a surface 𝑆. 

𝛔 and 𝐭 are the stress and surface tension, respectively, while 𝛿𝛆 and 𝛿𝐮 are the virtual 

strain and virtual displacement vectors. The FE approximation can then be introduced 

over every element 𝑒 of volume Ω and surface area 𝑆𝑒, allowing the displacements and 

strain to be rewritten as: 

𝛿𝐮 = �̂�𝑒𝛿𝐮𝑒 , (1.36) 

𝛿𝛆 = �̂�𝑒𝛿𝐮𝑒 , (1.37) 
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where �̂�𝑒 is the global shape function matrix, �̂�e is a matrix of spatial gradients of the 

shape functions, and 𝛿𝐮e  is a vector of nodal virtual displacements. The PVW then 

becomes: 

∑∫ 𝛿𝐮e
T �̂�e

T 𝛔(𝐮e) 𝑑Ω
Ωe𝑒

=∑∫ 𝛿𝐮e
T �̂�e

T 𝐭 𝑑S
Se𝑒

, (1.38) 

𝛿𝐮𝑇∫ �̂�T𝛔(𝐮)𝑑Ω
Ω

− 𝛿𝐮𝑇∫ �̂�T𝐭 𝑑S
S

= 0, (1.39) 

𝛿𝐮𝑇 (∫ �̂�T𝛔(𝐮)𝑑Ω
Ω

−∫ �̂�T𝐭 𝑑S
S

) = 0. (1.40) 

As the virtual displacement 𝛿𝐮𝑇 is arbitrary, it may be stated as: 

∫ �̂�T𝛔(𝐮)𝑑Ω
Ω

−∫ �̂�T𝐭 𝑑S
S

= 0. (1.41) 

The second term is the external force vector, and may be phrased as follows: 

∫ �̂�T𝐭 𝑑S
S

= 𝐅𝑒𝑥𝑡. (1.42) 

Introducing linear elasticity: 

𝛔 = 𝐃𝛆 = 𝐃�̂�𝐮e, (1.43) 

where 𝐃  is a fourth order elasticity tensor. The PVW may again be rewritten with 

consideration of linear elasticity, such that: 

∫ �̂�T𝐃�̂�𝐮e𝑑Ω
Ω

− 𝐅𝑒𝑥𝑡 = 0, (1.44) 

(∫ �̂�T𝐃�̂�𝑑Ω
Ω

)𝐮𝑒 − 𝐅𝑒𝑥𝑡 = 0, (1.45) 

𝐊𝐮e − 𝐅𝑒𝑥𝑡 = 0, (1.46) 
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where 𝐊 is the familiar form of the global FE characteristic/ stiffness matrix. Returning 

to the PVW as shown in equation 1.41, a set of global equations for the out of balance 

residual force 𝐆 (dependent on 𝐮) may be developed: 

𝐆(𝐮) = ∫ �̂�T𝛔(𝐮)𝑑Ω
Ω

−∫ �̂�T𝐭 𝑑S
S

. (1.47) 

This non-linear set of equations must be solved for convergence to attain an equilibrium 

stress state in the body, with 

𝐆(𝐮) = 0. (1.48) 

For boundary value problems requiring a non-linear analysis and complex geometries, 

such a minimisation for convergence must be solved iteratively. As mentioned 

previously, the Abaqus/Standard implicit solver uses a Newton-Raphson methodology to 

step from time 𝑡 to time 𝑡 + Δ𝑡 by taking an initial guess and iterating until the solution 

converges. In the Newton-Raphson scheme, a tangent to the function 𝑓(𝑥) is used to 

approximate to a more accurate solution: 

𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛)

𝑓′(𝑥𝑛)
. (1.49) 

An accurate approximation is deemed to be obtained when a tolerance is achieved, i.e.  

|𝑥𝑖+1 − 𝑥𝑖| < 𝑡𝑜𝑙. (1.50) 

Following an initial guess for all nodal displacements 𝐮𝑖
𝑡+Δ𝑡 within an increment of an 

implicit analysis, the numerical scheme iterates until the internal forces and externally 

applied loads/boundary conditions achieve a stable equilibrium. As such, the Newton-

Raphson minimisation process is applied to the residual force vector: 

𝐆(𝐮𝑡+Δ𝑡) = 0. (1.51) 

For the 𝑖𝑡ℎ iteration: 



Chapter 1 

17 

𝐮𝑖+1
𝑡+Δ𝑡 = 𝐮𝑖

𝑡+Δ𝑡 − [
𝜕𝐆(𝐮𝑖

𝑡+Δ𝑡)

𝜕𝐮
]

−1

𝐆(𝐮𝑖
𝑡+Δ𝑡). (1.52) 

Considering the change in nodal displacements 𝜕𝒖𝑖+1 gives: 

𝜕𝐮𝑖+1 = 𝐮𝑖+1
𝑡+Δ𝑡 − 𝐮𝑖

𝑡+Δ𝑡 = −[
𝜕𝐆(𝐮𝑖

𝑡+Δ𝑡)

𝜕𝐮
]

−1

𝐆(𝐮𝑖
𝑡+Δ𝑡). (1.53) 

This may be expressed in terms of the tangent stiffness matrix 𝐊: 

𝐊(𝐮𝑖+1
𝑡+Δ𝑡) =

𝜕𝐆(𝐮𝑖
𝑡+Δ𝑡)

𝜕𝐮
, (1.54) 

𝐊(𝐮𝑖+1
𝑡+Δ𝑡)𝜕𝐮𝑖+1 = 𝐆(𝐮𝑖

𝑡+Δ𝑡). (1.55) 

These are the finite element equations that must be solved during each iteration of the 

implicit method. In contrast to the linear elastic form of the FE equations given in 

equation 1.46, the solution variable in a non-linear implicit scheme is the incremental 

displacement. Finally, the tangent stiffness matrix may be expressed as: 

𝐊(𝐮) =
𝜕𝐆(𝐮)

𝜕𝐮
=
𝜕

𝜕𝐮
(∫ �̂�T𝛔(𝐮)𝑑Ω

Ω

− 𝐅𝑒𝑥𝑡) 

=
𝜕

𝜕𝐮
(∫ �̂�T𝛔(𝐮)𝑑Ω

Ω

) 

= ∫ �̂�T
𝜕𝛔(𝐮)

𝜕𝐮
𝑑Ω

Ω

= ∫ �̂�T
𝜕𝛔(𝐮)

𝜕𝛆

𝜕𝛆

𝜕𝐮
𝑑Ω

Ω

 

= ∫ �̂�T
𝜕𝛔(𝐮)

𝜕𝛆
�̂� 𝑑Ω

Ω

. 

𝑖. 𝑒.   𝐊(𝐮) = ∫ �̂�T𝐃tan�̂� 𝑑Ω
Ω

, (1.56) 

where 𝐃tan is the consistent tangent matrix, equal to the Jacobian of the constitutive law 

𝜕𝛔/𝜕𝛆. For each iteration of the Newton-Raphson method, it is necessary to calculate and 
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invert 𝐊. Although this is computationally expensive, it ensures an accurate solution is 

achieved. Additionally, it permits use of relatively large time steps when compared to 

alternative approaches such as the explicit method. For more details on the finite element 

method, the reader is referred to Bathe (2006) and Fagan (1992).  

1.2.2.2. Implementation of user defined material subroutines 

Abaqus, in addition to providing a wide library of built-in material constitutive laws, 

allows the user to define new constitutive formulations via a user defined material 

subroutine (UMAT). At each iteration within each time increment the UMAT is called 

by the main program at each integration point associated with the novel material law.  The 

material deformation is passed into the subroutine at the beginning of the increment, and 

the stress state must be calculated and passed out. Additionally, the material Jacobian 

(consistent tangent matrix) 𝜕Δ𝝈/𝜕Δ𝜺 must be computed. This defines the change in stress 

at the end of the time increment caused by an infinitesimal perturbation of the strain. A 

numerical approximation of the material Jacobian may be attained through a perturbation 

method as previously described by Miehe (1996). Such an approach has been used in non-

linear hyperelastic implementations (Sun et al. 2008; Nolan et al. 2014), and is employed 

in subsequent chapters of this thesis. The approximation uses a linearised incremental 

form of the Jaumann rate of the Kirchhoff stress: 

Δ𝛕 − Δ𝐖𝛕 − 𝛕Δ𝐖T = ℂ𝜏𝐽: Δ𝐃, (1.57) 

where 𝛕 is the Kirchhoff stress, 𝐖 and 𝐃 are the spin and rate-of deformation tensors (as 

defined in Section 1.2.1.1), and ℂ𝜏𝐽 is the tangent modulus tensor for the Jaumann rate of 

the Kirchhoff stress. Δ𝐖 and Δ𝐃 may be stated in terms of the deformation gradient 𝐅, 

such that 

Δ𝐖 =
1

2
(Δ𝐅𝐅−1 − (Δ𝐅𝐅−1)T),   𝑎𝑛𝑑 (1.58) 
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Δ𝐃 =
1

2
(Δ𝐅𝐅−1 + (Δ𝐅𝐅−1)T). (1.59) 

Through a perturbation of the deformation gradient the tangent moduli may be 

approximated by a forward difference scheme. The perturbation is performed on every 

degree of freedom in an analysis. In a 3D analysis this requires a perturbation of 𝐅 six 

times (once for each independent component of Δ𝐃): 

Δ𝐅(𝑖𝑗) =
𝜖

2
(𝑒𝑖⨂ 𝑒𝑗  𝐅 + 𝑒𝑗⨂ 𝑒𝑖  𝐅), (1.60) 

where 𝜖  is a small perturbation parameter, and 𝑒𝑖  is the basis vector in the spatial 

description. The ‘total’ perturbed deformation gradient is given by �̂�(ij) = Δ𝐅(ij) + 𝐅. The 

Kirchhoff stress (in Voigt notation) is then calculated from this perturbed deformation 

gradient, i.e. 𝛕(�̂�(ij)). Finally, the material Jacobian ℂ is approximated with: 

ℂ(𝑖𝑗) =
1

𝐽
ℂ𝜏𝐽 (𝑖𝑗) =

1

𝐽𝜖
[𝛕(�̂�(ij)) − 𝛕(𝐅)], (1.61) 

where 𝐽 is the determinant of the deformation gradient. For each perturbation of equation 

1.61, six independent components of ℂ will be attained in a 3D simulation, with six 

perturbations required to construct the 6𝑥6 tangent matrix. 

In Abaqus, the user may also define contact or interaction behaviour between two 

surfaces, by means of a user defined interface subroutine (UINTER). Here the routine is 

called for every node on a slave surface, again for every iteration. The interface stresses 

(or tractions) are calculated as functions of the relative displacement between the two 

surfaces. An interface stiffness matrix 𝜕𝐓/𝜕𝐮, akin to the UMAT consistent tangent 

matrix, must also be updated. 
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1.3. Background and literature 

1.3.1. Cell structure and forces 

The cell is comprised of a considerable number of molecules and structures that respond 

to mechanical and chemical stimuli (Alberts 1994), including the nucleus, cytoskeleton, 

and cytoplasm. The cytoskeleton plays a dominant role in defining the mechanical 

behaviour of the cell, such as resistance to deformation (Weafer et al. 2015; Ronan et al. 

2012), generating forces than enable the cell to move and change shape (Pollard and 

Borisy 2003), and connecting physically and biochemically to the microenvironment 

(Cheng et al. 2017). Cells may interact with the surrounding extra-cellular matrix (ECM) 

or substrate via formation of focal adhesions, which transmit mechanical cues to the 

cytoskeleton (Pathak et al. 2011). The nucleus and cytoplasm also contribute a passive 

mechanical response to cell deformation (Caille et al. 2002). A brief description of the 

cellular cytoskeleton, active force generation, and adhesion development is provided in 

the following sections.  

 

Figure 1.3: Fluorescent image of the actin cytoskeleton in a single cell in 2D culture. 

Intermediate filaments are shown in red, microtubules are shown in green, and actin 

filaments are shown in blue. Image courtesy of C-A. Schoenenberger, R. Suetterlin 

(University of Basel, Switzerland). 
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1.3.1.1. Microtubules and intermediate filaments 

The cytoskeleton can be divided into three main classes of protein groups:  microtubules, 

intermediate filaments, and actin filaments. These elements are highlighted in the cell 

shown in Figure 1.3. Microtubules (Figure 1.4a) are composed of helically wound 𝛼- and 

𝛽- tubulin proteins (Martini et al. 2012), and are the largest cytoskeletal component with 

a diameter of ~25 nm (Lodish 2000). They are involved in important cell processes such 

as organelle transport and cell division (Blain 2009; Alberts 1994). In terms of a 

mechanical contribution, in-vitro studies have shown microtubules may play a role in the 

shear and compression resistance of cells (Dowling et al. 2012; Brangwynne et al. 2006). 

Intermediate filaments (Figure 1.4c) are comprised of tetrameric proteins, which 

assemble into a super-coiled sheet with a rope-like appearance (Fuchs and Weber 1994). 

They range in diameter from 8-10 nm, and are thought to anchor the nucleus within the 

cell (Dupin et al. 2011). They have been shown to play a role in resisting mechanical 

deformation (Ofek et al. 2009), though their precise function is not fully understood 

(Eriksson et al. 2009).  

1.3.1.2. Actin filaments and stress fibres 

Actin filaments (Figure 1.4b) are the primary functional cytoskeletal component in 

regulating cell mechanical behaviour (Trickey, Vail, and Guilak 2004; Yeung et al. 2005). 

G-actin (globular actin) polymerises and coils into a double-helix to create F-actin 

(filamentous actin), which often anchors to focal adhesions (Cramer et al. 1997). Actin 

filaments continually undergo polymerisation and depolymerisation, due to association 

and dissociation of G-actin at either end. Phosphorylated myosin spontaneously self-

assembles in bi-polar filaments (Alberts 1994). The actin filament interacts with myosin 

to form tightly woven bundles of “stress fibres”. Cross-bridge cycling of myosin II 

generates contractile forces required for cell motility, morphology, and adhesion (Sato et 

al. 2006; Blain 2009; Fletcher and Mullins 2010). 
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Figure 1.4: The cell cytoskeleton is composed of three filamentous groups: a) 

microtubules, b) actin filaments, and c) intermediate filaments. Adapted image from 

Alberts (1994). 

 

1.3.1.3. Force generation via cross-bridge cycling 

A standard cross-bridge cycle operates as follows (Lymn and Taylor 1971): Following 

binding of ATP to myosin, hydrolysis into ADP and 𝑃𝑖 (inorganic phosphate) causes a 

change in configuration/pivot of the myosin head. The myosin head attaches to the actin 

filament (Figure 1.5a) and, depending on the boundary conditions, a tension generating 

stroke may occur. The stroke consists of the myosin head returning to an uncocked 

configuration following release of ADP and 𝑃𝑖 (Figure 1.5b). This induces a stretch in the 

myosin tail thereby exerting traction on the actin filament. The bond between the myosin 

head and actin dissociates, the head detaches, and the cycle repeats. The tension within a 

sarcomere depends on the number of actively cycling myosin heads (Huxley 1957).  

 

 

Figure 1.5: Schematic of cross-bridge tension generation: a) myosin head binds to 

actin filament; b) stroke/pivot of myosin head induces tension in the myosin tail.  
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1.3.1.4. Focal adhesions 

Focal adhesions (FAs) are multi-protein complexes that mediate cell anchorage to the 

extra-cellular environment (Figure 1.6), also providing a mechanical link to the 

contractile actin cytoskeleton (Wang et al. 1993). While the exact pathways of FA 

formation are not fully understood, a large body of evidence suggests that it is 

mechanically controlled. High tractions at contact sites increase the rate of FA assembly 

(Tan et al. 2003; Balaban et al. 2001), and FA formation is disrupted by inhibition of SF 

formation and contractility (Pasapera et al. 2010; Burridge and Guilluy 2016). When cells 

are constrained to patterned ligand geometries, FAs tend to cluster around the patch 

periphery (Théry et al. 2006), with adhesion clustering increased at higher cell spread 

areas (Chen et al. 2003). 

Assembly and disassembly of FAs involves the coordinated regulation of the GTP-

binding protein RhoA (Ridley and Hall 1992), through cross-talk between integrins and 

several adhesion receptors (e.g. cadherins). Attachment of the cell to the ECM is mediated 

by the integrin family of transmembrane proteins. All integrins contain an 𝛼  and 𝛽 

subunit, and bind to ligands on a substrate surface (in further support of traction mediated 

FA assembly, these integrins do not bind to ECM ligands in suspension (Gilmore and 

Burridge 1996)). Integrins cluster at the adhesion site, and form complex structures with 

cytoskeletal connector proteins such as 𝛼-actinin, vinculin, and talin (Wehrle-Haller and 

Imhof 2002). This allows transmission of mechanical activity from the ECM through to 

the cytoskeleton. Focal adhesions also orient various signalling proteins (such as paxillin 

and FAK) at sites of integrin binding and clustering (Sastry and Burridge 2000), from 

which numerous intracellular pathways emanate to regulate cell survival, growth, and 

gene expression (Schwartz et al. 1995). 
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Figure 1.6: Schematic of focal adhesion molecular architecture, depicting 

interaction between ECM, integrins, and stress fibres (Kanchanawong et al. 2010). 
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1.3.2. Computational cell modelling 

Computational models are widely used in engineering and biology to generate new 

insights, deepen understanding, and to interpret and guide experimental investigation. In 

this section an overview of cell mechanics modelling is provided, starting with a 

discussion of the widespread simplified approach of treating the cell as a passive material, 

followed by an overview of recent models that incorporate active biomechanical 

processes. 

1.3.2.1. Passive cell models 

In understanding the mechanical behaviour of cells, simple material laws such as linear 

elasticity are often used by experimentalists to determine an effective stiffness (Young’s 

modulus) for the cytoplasm or nucleus (Jones et al. 1999; Solon et al. 2007). Linear elastic 

material laws have been used to simulate cell compression experiments (Ofek, Natoli, 

and Athanasiou 2009), and cell deformation due to fluid flow (Zhao, Vaughan, and 

Mcnamara 2015; McCoy, Jungreuthmayer, and O’Brien 2012; Jungreuthmayer et al. 

2009). When cells undergo large deformation, hyperelastic models are commonly used to 

represent experimentally observed non-linear mechanical behaviour (Lim et al. 2004; 

Zhao, Vaughan, and Mcnamara 2015; Caille et al. 2002). However, these models do not 

account for the time dependency in the cell’s response. To explain such behaviour, 

viscoelastic models have been implemented to study cells subjected to micropipette 

aspiration (Sato et al. 1996; Jafari Bidhendi and Korhonen 2012; Trickey et al. 2006), 

unconfined compression (Leipzig and Athanasiou 2005), and cantilever indentation 

(Koay et al. 2003).  

While these approaches have had some success in highlighting general trends, they treat 

the cell as a passive homogeneous continuum. They do not account for the tension 

generated via stress fibre (SF) contractility or the active remodelling of the cytoskeleton. 

As a result, they cannot be used to correctly interpret the biomechanisms underlying the 
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mechanical response of cells to loading. In particular passive models do not describe the 

changes in cell stiffness that result from spreading, as has been highlighted in several 

early studies that demonstrate that a unique set of passive parameters cannot be used to 

describe the mechanical response of a cell at different levels of spreading  (McGarry and 

McHugh 2008; Thoumine et al. 1999). Hyperelastic and viscoelastic constitutive laws are 

not without merit however. The computational-experimental studies of Dowling et al. 

(2012) and Reynolds and McGarry (2015) demonstrate that when the actin cytoskeleton 

is disrupted using the chemical agent cytochalasin D, the remaining cell components can 

be accurately described using passive hyper-viscoelastic material laws. 

1.3.2.2. Active models 

Several models have been developed to explain the cytoskeletal structure and contribution 

to the cellular stress state. Tensegrity is an early example of such a model, adapted from 

the architectural system known as tensional integrity (Ingber 1993). It incorporates a 

series of load bearing rigid struts and tension bearing elastic threads (representing 

microtubules and actin SFs, respectively). The model therefore allows for a cell to be pre-

stressed prior to the application of load. In practice, the framework requires a manual 

description of strut positioning, and in a finite element simulation a new fibre network 

must be generated for every cell geometry and spread state considered (McGarry and 

Prendergast 2004). While the tensegrity model provided the groundwork for modelling 

tension generating fibres within the cell, it does not allow for an actively remodelling 

cytoskeleton. Additionally, the model assumes that SFs are supported exclusively by load 

bearing microtubules. However, experimental evidence has shown disruption of 

microtubules leads to an increase in the cellular traction force (Kolodney and Elson 1995). 

Motivated by experimentally observed SF remodelling, Deshpande et al. (2007) proposed 

a bio-chemo-mechanical model that considers (i) SF formation due to activation of 

proteins and signalling molecules, (ii) tension dependent SF dissociation, and (iii) strain 
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rate dependent SF tension. A first order kinetic equation is used to describe the formation 

and dissociation of SFs: 

𝑑휂

𝑑𝑡
= (1 − 휂)

𝐶 𝑘𝑓

휃
− (1 −

𝜎

𝜎0
휂
𝑘𝑏
휃
) , (1.62) 

where 휂 is a non-dimensional activation level of a SF (0 ≤ 휂 ≤ 1). 𝑘𝑓 and 𝑘𝑏 are forward 

and backward reaction rate constants, respectively, and 𝐶 is an activation signal for SF 

formation that decays over time (𝐶 = exp (−𝑡/휃)). The contractile behaviour of the SF, 

𝜎/𝜎0, is described by a Hill-type force/strain-rate dependence. The Deshpande model has 

been implemented in finite element analysis to explore several key aspects of cell 

behaviour (Figure 1.7), including the contractile response of cells spread on micro-posts 

(McGarry et al. 2009; Ronan et al. 2014), compression resistance of cells (McGarry 2009; 

Weafer et al. 2013), shear resistance of cells (Ofek et al. 2010; Dowling et al. 2012), cell-

cell junctions (Ronan et al. 2015), and the active response to micropipette aspiration 

(Reynolds et al. 2014). The framework was extended to describe the transient response 

of cells to cyclic loading through inclusion of a fading-memory-type model (Reynolds 

and McGarry 2015), where it was shown the active contractile forces dominate the 

cellular mechanical response. 
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Figure 1.7: Finite element studies based on implementation of Deshpande 

cytoskeletal model. Images adapted from McGarry et al. 2009; Reynolds et al. 2014; 

Reynolds and McGarry 2015; Dowling and McGarry 2014. 

Since the development of the bio-chemo-mechanical model Deshpande et al. (2007), 

several other cytoskeletal frameworks have been proposed. Kaunas and Hsu (2009) 

presented a kinematic model based on mixture theory to describe stress fibre orientation. 

A total mass fraction of SFs is maintained, and the rate of SF dissociation is governed by 

excessive fibre stretching or shortening: 

𝑑Φ𝑖

𝑑𝑡
= −𝑘𝑖Φ𝑖;      𝑘𝑖 = 𝑘0[1 + 𝑘1Δ𝛼

𝑖], (1.63) 

where Φ𝑖  is the mass fraction of fibre family 𝑖, and Δ𝛼𝑖  is the (normalized) deviation 

from a homeostatic level of stretch. It is assumed that SFs assemble as quickly as they 

disassemble. The model successfully describes the reorientation of SFs subjected to high 

frequency 2D dynamic stretching (Figure 1.8a). Vernerey and Farsad (2011) proposed a 

multiphasic formulation motivated by key cellular behaviour: mass exchange of 

cytoskeletal components, cytosol fluid pressure, actin monomer transport, and SF 

contractility. Fibre formation arises from mass exchange with dispersed actin monomers, 

and depends on SF tension. The tension that develops within a SF is both strain and strain 
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rate dependent. The contractile behaviour of cells on micro-pillars is shown to be 

predicted by this framework (Figure 1.8b).  

 

Figure 1.8: a) Experimental and predicted SF alignment under high frequency cyclic 

loading (Kaunas and Hsu 2009); b) Simulated contractile behaviour of cells on 

micro-pillars with contours showing SF volume fraction 𝝓𝒑  and degree of SF 

anisotropy 𝜼 (Vernerey and Farsad 2011).  

 

The model of Obbink-Huizer et al. (2014) combines features from Deshpande (2007) 

with Vernerey and Farad (2011). It also imposes the constraint of constant polymerized 

plus depolymerized actin quantities, and accounts for strain dependence in the SF 

kinetics. The rate of change in SF volume fraction (in direction 휃) is given by 

𝑑Φ𝜃
𝑝

𝑑𝑡
= (𝑘0

𝑓
+ 𝑘1

𝑓
𝜎𝑚𝑎𝑥𝑓𝜀,𝛼𝑓�̇�)Φ

𝑚 − 𝑘𝑑Φ𝜃
𝑝, (1.64) 

where constants 𝑘0
𝑓

, 𝑘1
𝑓

, and 𝑘𝑑  describe the basal SF formation, stress dependent SF 

formation, and SF dissociation, respectively. 𝑓𝜀,𝛼  and 𝑓�̇�  are functions that govern the 

dependence of the contractile force on the strain and strain-rate, and Φ𝑚 is the volume 

fraction of monomers available for SF formation. Fibre formation increases with 

increasing active stress, and reduces with increasing shortening velocity. The framework 

accurately predicts the cyclic response of cells in both a 2D and 3D setting (Figure 1.9a), 

and has subsequently been used to investigate the role of SF contractility in the 

development of tissue engineered heart valves (Loerakker et al. 2016) (Figure 1.9b). 
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Figure 1.9: a) Predicted equilibrium SF distributions for different strain frequencies 

(top row) and strain amplitudes (bottom row) from Obbink-Huizer et al. (2014); b) 

Circumferential strain distributions in heart valves following remodelling due to 

pressure and cell contraction (Loerakker et al. 2016).  

 

The role of the active cytoskeleton in trans-endothelial cell migration was recently 

investigated by Cao et al. (2016). A chemo-mechanical description of the SF network is 

provided, with the contractility 𝜌 given as 

𝜌 =
𝛽𝜌0
𝛽 − 𝛼

+
𝛼𝐾 − 1

𝛽 − 𝛼
휀, (1.65) 

where 𝜌0  is the contractility on the absence of adhesions, 𝐾  is the effective passive 

stiffness of the actin filaments, and 휀 is the filament strain. 𝛼 and 𝛽 relate to the molecular 

mechanisms regulating the stress-dependent signalling pathways and engagement of 

motors, respectively. This model was also included within a chemo-mechanical 

description of the cell-matrix system free energy (Shenoy et al. 2016), where it is 

demonstrated that the free energy is lower for cells on stiff substrates (relative to soft 

substrates), providing a thermodynamic motivation for durotaxis (Figure 1.10a). 

Recently, Gong et al. (2018) demonstrated the important influence of substrate 

viscoelastic behaviour in the spreading of cells. Cell migration and durotaxis have also 
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been investigated in the active modelling approaches of González-Valverde and García-

Aznar (2018) (Figure 1.10b) and Escribano et al. (2018). 

 

Figure 1.10: a) The cellular free energy decreases with increasing substrate and 

nucleus stiffness (Shenoy et al. 2016); b) Prediction of preferential cell spread 

towards stiffer substrates (González-Valverde and García-Aznar 2018). 

 

Vigliotti et al. (2015) developed a thermodynamically consistent framework to describe 

the stress, strain, and strain-rate dependence of SF formation and remodelling, while also 

accounting for global conservation of cytoskeletal proteins. The kinetics of SF 

remodelling are motivated by considering the enthalpies of the actin/myosin sarcomeres 

that constitute individual fibres. This model provides the basis for the cytoskeletal 

framework implemented throughout this thesis and is described in detail in Chapters 2-4.   
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1.3.3. Cardiac myocardium 

1.3.3.1. Structure and mechanics 

Cardiac myocardium is a complex composite material, that has been structurally 

characterized in numerous histological studies (Legrice et al. 1997; LeGrice et al. 1995; 

Pope et al. 2008; Stoker et al. 1982; Legrice et al. 2001). The tissue is comprised 

primarily of cardiomyocytes, in addition to other cell phenotypes (e.g. fibroblasts) and 

structural components (collagen, elastin). The cardiomyocytes bind end-to-end, forming 

long myofibrillar arrangements. Endomysial collagen constrains the cells laterally to form 

sheets (myolaminae), in which perimysial collagen runs parallel to the cells to provide 

additional passive mechanical support (Pope et al. 2008). These sheets form the laminar 

architecture of the myocardium, and have a spatially variable orientation (Figure 1.11). 

The composition of the sheets allows the formation of a local right-hand orthogonal set 

of axes, denoting the myofibre (f) direction, the cross-fibre/sheet direction (s), and the 

direction normal to the sheet surface (n).  

The anisotropic non-linear mechanical behaviour of the tissue has been investigated 

through biaxial (Demer and Yin 1983; Humphrey and Yin 1988) and shear (Dokos et al. 

2002) loading. While these studies examined canine or porcine specimens, more recent 

investigations have focused on human tissue (Sommer et al. 2015). The myocardium is 

shown to exhibit the highest stiffness in the myofibre direction, with the lowest stress 

observed in the normal direction. All loading modes result in a highly non-linear stress-

strain relationship. This behaviour is well characterized by the Holzapfel and Ogden 

(2009) model: 

𝛔𝑎𝑛𝑖𝑠𝑜 = ∑ 2𝑎𝑚(𝐼4𝑚- 1) exp[𝑏𝑚(𝐼4𝑚- 1)
2]𝒂𝑚⊗𝒂𝑚 

𝑚=𝑓,𝑠

+ 𝑎𝑓𝑠 𝐼8𝑓𝑠 exp(𝑏𝑓𝑠𝐼8𝑓𝑠
2)(𝒂𝑓⊗𝒂𝑠 + 𝒂𝑠⊗𝒂𝑓), (1.66)
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Figure 1.11: Schematic diagram of: (a) the left ventricle with a cut-out from the 

equator; (b) the structure through the thickness from the epicardium to the 

endocardium; (c) five longitudinal–circumferential sections showing the transmural 

variation of layer orientation; (d) the layered organization of myocytes and the 

collagen fibres between the sheets referred to a right-handed orthonormal 

coordinate system (fibre axis 𝒇𝟎, sheet axis 𝒔𝟎 , sheet-normal axis 𝒏𝟎; and (e) a cube 

of layered tissue with local material coordinates (X1,X2,X3) serving as the basis for 

the geometrical and constitutive model (Holzapfel and Ogden 2009). 

 

where the first term on the right-hand side represents the mechanical contribution in the 

myofibre (f) and sheet (s) directions, and the second is an orthotropic term accounting for 

the shear contribution in the f-s plane. 𝐼4𝑓, 𝐼4𝑠, and 𝐼8𝑓𝑠 are anisotropic invariants defined 

as 𝐼4𝑓 = 𝒂0𝑓 . (𝑪 𝒂0𝑓), 𝐼4𝑠 = 𝒂0𝑠. (𝑪 𝒂0𝑠), and 𝐼8𝑓𝑠 = 𝒂0𝑓 . (𝑪 𝒂0𝑠). 𝒂0𝑚 (𝑚 = 𝑓, 𝑠) is a 

unit vector indicating the myofibre or sheet orientations, and 𝒂𝑚 is the same vector in the 

deformed configuration given by 𝒂𝑚 = 𝐅 𝒂0𝑚. The operator ⊗ is the dyadic product of 

vectors resulting in a second-order structure tensor, and 𝑎𝑚 , 𝑏𝑚 (𝑚 = 𝑓, 𝑠, 𝑓𝑠)  are 

anisotropic material parameters for each contribution. 
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Figure 1.12: Mechanical response of human myocardial tissue to (a) shear and (b) 

biaxial loading conditions. Figures adapted from (Sommer et al. 2015). 

The tissue is typically assumed to be incompressible, primarily due to the large content 

of fluid in the cells and between interstitial components. This assumption is supported by 

analysis from Vossoughi and Patel (1980). However, recent investigations have revealed 

there are regional changes in the myocardial volume during the cardiac cycle of up to 

10% that cannot be fully accounted for by blood movement through the vasculature 

(Ashikaga et al. 2008), and other studies have highlighted the need for further evidence 

(Göktepe et al. 2011; Soares et al. 2017). The compressibility and anisotropy of the 

myocardium is investigated in Chapter 5. 

1.3.3.2. Remodelling and failure 

Heart failure (the inability of the heart to pump enough blood to the body) is a global 

pandemic affecting an estimated 26 million people worldwide. It is the most common 

cause of hospitalization among individuals above 65 years of age (Ambrosy et al. 2014).  

Figure 1.13: Diseased heart following 

concentric hypertrophy (left) compared 

to normal human heart (right) (Chung 

et al. 2003). 

Heart failure can result from a number of 

pathologies including hypertension, post-

infarct tissue thinning and fibrosis, and 
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volume overload. In all cases disease can be viewed as a remodelling of the tissue in 

response to mechanical stimuli. Cardiac hypertrophy is a medical condition whereby the 

cardiomyocytes (cardiac muscle cells) remodel following a deviation from homeostatic 

conditions (Chung et al. 2003). Cardiac hypertrophy is generally categorised as either 

concentric or eccentric. Concentric hypertrophy is a condition whereby the ventricle wall 

becomes thicker as a result of hypertension (Figure 1.13). Consequently, the ventricle 

volume is reduced, and an insufficient volume of blood is available for pumping during 

systole. This pathology may lead to diastolic heart failure. Eccentric hypertrophy is 

where the ventricle elongates and becomes thinner as a result of volume overload during 

diastole. The pumping ability (contractility) of this thin fibrotic ventricle wall is 

dramatically reduced so very little blood is ejected during systole, despite the fact that the 

enlarged ventricle can store an increased volume of blood.  This pathology may lead to 

systolic heart failure. 

At a cellular level concentric hypertrophy is characterized by an increase in 

cardiomyocyte cell size (Figure 1.14), enhanced protein synthesis, and parallel addition 

of sarcomeres (Izumo and Nadal-Ginard 1988; Chien et al. 1993; Sawada and Kawamura 

1991). Elevated pressure also results in increased collagen deposition (fibrosis) from 

cardiac fibroblasts (Carver et al. 1991). In early stages this viewed as an adaptive response 

to reduce the wall stress, but it can progress to cause diastolic heart failure (Hunter and 

Chien 1999). In the case of eccentric hypertrophy cardiomyocytes will undergo 

longitudinal cell growth and addition of sarcomeres in-series (Dorn et al. 2003). Non-

pathological cardiac remodelling is commonly reported in athletes: endurance-training 

athletes display ventricular dilatation (physiological eccentric hypertrophy) while 

strength-training athletes display myocardial thickening (physiological concentric 

hypertrophy) (Ellison et al. 2011; Kemi et al. 2002). Although the pathways underlying 

pathological and physiological hypertrophy differ, the resultant remodelling at a cellular 



Chapter 1  

36 

level is comparable. Eccentric hypertrophy also commonly results from myocardial 

infarction, which leads to localised cardiomyocyte death and localised loss of contractility 

(Palojoki et al. 2001). In such regions the tissue behaviour is dominated by the passive 

mechanical response (Holmes et al. 2005). Post-infarct, the local collagen structure will 

rearrange significantly (Fomovsky et al. 2012), highlighting an important role of 

fibroblasts in cardiac remodelling.  

 

Figure 1.14: Microscopic left ventricle sections of healthy (left) and enlarged 

hypertrophic (right) cardiomyocytes (Luckey, 2007). 

 

1.3.3.3. Computational modelling 

Significant advances have been made in the field of cardiac modelling over the past 20 

years. A description of the myofibre structure was provided by LeGrice et al. (1995), with 

more detail uncovered in the years following (Legrice et al. 2001; Pope et al. 2008). A 

number of frameworks for cardiac muscle contractility have been proposed, such as the 

fading memory model (Hunter et al. 1998): 

𝜎 =
𝜎0(1 + 𝑎𝑄)

1 − 𝑄
, 𝑤ℎ𝑒𝑟𝑒 𝑄 =  ∑𝐴𝑖∫ 𝑒−𝛼𝑖(𝑡−𝜏)�̇�(𝜏) 𝑑𝜏

𝑡

−∞𝑖=1

. (1.67) 

In this model the current tension is influenced by the stretch 𝜆  history (and more 

dependent on recent length changes than earlier length changes). 𝛼𝑖  and 𝐴𝑖  are rate 

coefficients and weighting coefficients, respectively, and �̇� = 𝑑𝜆/𝑑𝑡 . Other models 
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propose simulating contractility with a phenomenological pre-strain or pre-stress 

(Pezzuto et al. 2014).  

The Living Heart Project (LHP) is a global research initiative bringing together over 20 

Universities and 32 industry partners to develop and validate patient-specific heart 

models. Recent model constructions contain detailed anatomic geometry of 4 heart 

chambers and major blood vessels (Figure 1.15), and also includes framework for the 

passive tissue mechanics, blood flow dynamics, electrical conductance, and active tissue 

contraction (Baillargeon et al. 2014). The contractility is phenomenologically applied in 

pre-defined fibre directions as motivated by electrical activation and material strain, such 

that: 

𝜎𝑎𝑐𝑡 = (𝜎𝑘
𝑎𝑐𝑡 + 휀𝑘𝑇(𝜙 − 𝜙𝑟)Δ𝑡)/(1 + 휀Δ𝑡), (1.68) 

where 𝜙  is an electrical potential, and 𝑘𝑇  controls the magnitude of 𝜎𝑎𝑐𝑡  for a given 

potential. The LHP model has also been used in the analysis of coronary stent deployment 

(Saraswat et al. 2016). 

 

Figure 1.15: Finite element model of the human heart, as developed by the “Living 

Heart Project” (Baillargeon et al. 2014). 
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In 1994 Rodriguez et al. (1994) introduced a framework for volumetric growth in a 

continuum mechanics setting. Through decomposition of the deformation gradient 𝐅 into 

an elastic and growth component (𝐅𝐞 and 𝐅𝐠), the material volume can be altered by a 

deviation from homeostatic conditions (𝐅𝐠 = 휃𝐈), where 휃 may be governed by an input 

of interest (e.g. strain). Humphrey and Rajagopal (2002) proposed a constrained mixture 

model for growth and remodelling, accounting for the production and degradation of 

tissue components. In recent years with the advent of powerful computational modelling 

tools and facilities, such growth models have been integrated into full 3D models of the 

heart. The Rodriguez model has been used to simulate cardiac hypertrophy (Rausch et al. 

2011), as shown in Figure 1.16. Growth is motivated as an adaptive response to an 

alteration in the system stress, with 

휃̇ =
1

𝑡𝜃
[
휃𝑚𝑎𝑥 − 휃

휃𝑚𝑎𝑥 − 1
]

𝛾

(𝑡𝑟(𝛕) − 𝑝𝑐𝑟𝑖𝑡). (1.69) 

The difference between the trace of the Kirchhoff stress 𝛕 and a baseline pressure level 

𝑝𝑐𝑟𝑖𝑡 is the driving force for growth. The parameters 𝑡𝜃, 휃𝑚𝑎𝑥 , and 𝛾 control the rate, 

magnitude, and non-linearity of the growth, respectively. The framework has also been 

used to predict remodelling due to myocardial infarction (Sáez and Kuhl 2015), and most 

recently used alongside the underlying LHP model to simulate the pathologies of diastolic 

and systolic heart failure (Genet et al. 2016). However, this phenomenological approach 

to describing the growth stimulus provides limited insight, as the key biophysical 

processes underlying cardiac remodelling have not been considered. 
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Figure 1.16: Finite element model of volumetric growth in the left ventricle onset by 

increased ventricular pressure (Rausch et al. 2011).  
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CHAPTER 2 

FREE ENERGY ANALYSIS OF CELL 

SPREADING 

 

2.1. Introduction 

Several experimental studies demonstrate that control of cell spreading using substrate 

micro-patterning has a significant impact on cell behavior. A study by McBeath et al. 

(2004) reveals that stem cell differentiation can be controlled by limiting cell spread area. 

It has also been shown that the contractility of smooth muscle cells increases with 

increasing cell area (Tan et al. (2003)). Lamers et al. (2010) show the spread geometry 

and stress fibre (SF) distribution of osteoblasts on grooved surfaces is highly dependent 

on groove spacing. Wide grooves result in polarized cells with SFs aligned along the 

grooves. Narrow groove spacing leads to randomly oriented cells and SFs. Finally, a study 

by Théry et al. (2006) has shown that when a cells spread on a “V-shaped” or “Y-shaped” 

ligand patch SFs align predominantly along the free edge of the cell and focal adhesions 

assemble along the perimeter of the ligand patch. 

The bio-chemo-mechanical model proposed by Deshpande, et al. (2006) was used by 

McGarry et al. (2009) to analyze the aforementioned micro-post experiments of Tan et 
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al.  Simulations reveal that as cells spread the increasing number of adhered posts provide 

increasing support for SF tension and therefore reduce SF dissociation. Simulations also 

correctly predict that SFs are highly aligned along the free edges of the cell where the 

stress state is uniaxial. Using the same framework Pathak et al. (2008) analyzed the 

experiments of Théry et al.  and, similar to McGarry et al., highly aligned stress fibres 

are predicted along the free edge of the cell. While these studies demonstrate the 

importance of tension support for stress fibre formation, they reveal a number of 

shortcomings of the phenomenological framework of Deshpande et al. (2006). Firstly, a 

high level of isotropic SF formation is incorrectly predicted to occur in regions of biaxial 

stress in the center of the cell. Experiments reveal that limited SF formation occurs in 

such regions. Secondly, the spread-state of the cell is assumed as the undeformed 

reference configuration. Clearly the cell deforms significantly from its spherical 

suspended state to reach the final spread-state.     

In the current study we attempt to address these shortcomings by developing a steady-

state finite element implementation of the recent thermodynamically motivated stress 

fibre model of Vigliotti et al. (2015). Our simulations of cells on micro-patterned 

substrates incorporate the following significant improvements on previous approaches: 

(i) The spread-state of the cell is not assumed as the strain free reference configuration. 

Rather, the cell deforms from a suspended geometry to reach its final spread 

configuration. The strain state of the deformed configuration is a key determinant of SF 

distribution in the cell. (ii) The number of cytoskeletal proteins in the cell is a finite and 

conserved quantity, requiring the development of a non-local numerical implementation. 

In contrast, McGarry et al.  and Pathak et al.  do not impose a global limit on SF 

formation. (iii) In addition to the advances presented in terms of our SF finite element 

model, we also propose a further development of the thermodynamically motivated focal 
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adhesion assembly model of Deshpande et al. (2008) so that focal adhesion formation 

may be limited by a prescribed ligand density on the substrate to which a cell adheres.  

An important consequence of the modelling approach is that there is not a unique final 

spread-state for the cell. Even in experiments such as those of Théry et al.  and Tan et al.  

where the outline of the final spread shape is prescribed by micro-patterning ligand 

patches on the substrate, there is still an infinite number of ways in which the cell can 

spread across the patch geometry. Each final spread-state would have a different strain 

distribution and resultant SF distribution. Despite the infinite ways in which a cell can 

spread, the experimental heat maps of SF distribution in the study of Théry et al. reveal a 

strong trend of SF formation along free edges for a large number of cells. This suggests 

that the final spread state of a cell is not randomly generated. In this study we use our 

modelling framework to determine the free energy of the cell for a number of spread states 

and we hypothesize that cell spreading is driven by free energy minimization. 

Furthermore we ask if predicted SF and focal adhesion distributions for minimum free 

energy spread states are in agreement with experimentally observed distributions. 

This chapter is structured as follows: In Section 2.2 we present our steady-state non-local 

stress fibre formation and cell spreading framework, followed by our model for ligand 

dependent focal adhesion assembly. We also introduce the factors contributing to the cell 

free energy. In Section 2.3 we consider a simplified example of axisymmetric spreading 

of a round cell on a flat substrate in order to demonstrate the key features of the 

computational framework and predict experimental trends observed by Engler et al. 

(2003). Finally, in Section 2.4 we simulate the experiments of Théry et al. by analyzing 

a number of spread-states for cells adhered to “V-shaped” and “Y-shaped” ligand patches. 
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2.2. Modelling framework 

2.2.1. Framework for stress fibre remodelling and contractility 

The cytoskeleton is composed of actin-myosin SFs, which actively generate tension 

through cross-bridge cycling between the actin and myosin filaments. The 

thermodynamically consistent model from Vigliotti et al. (2015) captures key features of 

SF dynamics, including (i) The kinetics of stress fibre formation and dissociation as 

motivated by thermodynamic considerations, (ii) the stress, strain, and strain-rate 

dependence of SF remodelling, and (iii) global conservation of the cytoskeletal proteins. 

Here we implement a steady-state form of this continuum model in a two-dimensional 

finite element setting. 

We envisage a two-dimensional (2D) cell of thickness b lying in the 𝑥1 − 𝑥2  plane 

(Figure 2.1a). A representative volume element (RVE) in the undeformed state is defined 

as a disk of radius 𝑛𝑅𝑙0/2. Stress fibres emanate from the center of this disk, each 

comprised of 𝑛𝑅 functional units (of length 𝑙0) in their initial ground state. In 2D plane 

stress SFs can form in a large number of directions, with each direction defined by an 

angle 𝜙 with respect to the 𝑥1-axis. At steady state, we consider that the (normalized) 

number of actin-myosin contractile units within a SF in direction 𝜙  in the RVE is given 

by:  

�̂�(𝜙) =
𝑛(𝜙)

𝑛𝑅
 = (1 + 휀𝑛(𝜙)) (1 + 휀�̃�𝑠)⁄  (2.1) 

where 휀𝑛(𝜙) is the nominal strain in the direction 𝜙. When a SF is extended, contractile 

units are added, with the effect that the internal strain in the SF is reduced until a steady 

state value 휀�̃�𝑠 is achieved (Figure 2.1b). 휀�̃�𝑠 is given by the positive root of the relation: 

(𝑝 − 1)휀�̃�𝑠
𝑝 + 𝑝휀�̃�𝑠

𝑝−1 −
1

𝛽
= 0 (2.2) 



Chapter 2 

53 

where 𝛽 and 𝑝 are non-dimensional constants that govern the internal energy 𝜓 of 𝑛𝑅 

functional units within a SF. Conversely, when a SF shortens, functional units are 

removed. In both cases, the internal fibre steady state strain 휀�̃�𝑠 is fixed and in general 

different from the axial material strain in the direction of the fibre, 휀𝑛(𝜙). 

2.2.1.1. Mass conservation of cytoskeletal proteins 

We assume spreading takes place during the interphase period of the cell cycle when the 

cell is in a homeostatic state (i.e. the concentration of all proteins within the cell is 

constant) (Weiss 1996). Therefore, in the finite element framework developed in this 

study a global conservation of the total number of SF proteins 𝑁0 within the entire cell is 

enforced. Cytoskeletal proteins are considered to exist in two states: a bound state and an 

unbound state.  The bound proteins make up the functional units of the stress fibres within 

the RVE and thus are not mobile. The unbound proteins are mobile and can diffuse 

throughout the cell cytoplasm. The global conservation of cytoskeletal proteins may be 

expressed as  

𝑁0 = 𝑁𝑢
𝑡𝑜𝑡 + 𝑁𝑏

𝑡𝑜𝑡  (2.3) 

where 𝑁𝑢
𝑡𝑜𝑡 and 𝑁𝑏

𝑡𝑜𝑡 are the total numbers of unbound and bound cytoskeletal proteins 

in the entire cell. We next introduce the local normalized quantities: �̂�𝑢 = 𝑁𝑢/𝑁0, �̂�𝑏 =

𝑁𝑏/𝑁0, and �̂�𝑡 = 𝑁𝑡/𝑁0, where 𝑁𝑢 and 𝑁𝑏 are the local number of unbound and bound 

proteins within a given RVE, and the total number of proteins 𝑁𝑡 locally in the RVE is 

obtained from  

�̂�𝑡 = �̂�𝑢 + �̂�𝑏 (2.4) 

Recall that the unbound proteins are mobile. Cytoskeletal proteins can diffuse through 

the cytoplasm at a rate of 1.5 𝜇𝑚/𝑠  (McGrath et al. 1998) which is considered fast 

relative to the timescales of SF remodelling (several studies report remodelling takes 

place over the course of hours (Wang et al. 2001; Kaunas et al. 2005)). Therefore it is 
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reasonable to assume that for time-scales over which SFs remodel the total number of 

unbound proteins in the entire cell, 𝑁𝑢
𝑡𝑜𝑡, is uniformly distributed across all RVEs, i.e. �̂�𝑢 

is the same in all RVEs. Bound proteins, on the other hand, are not uniformly distributed 

throughout the cell, and �̂�𝑏 in a given RVE must be computed from: 

�̂�𝑏 = ∫ 휂̂(𝜙)
+𝜋 2⁄

−𝜋 2⁄

�̂�(𝜙) 𝑑𝜙 (2.5) 

where 휂(𝜙) is the angular SF concentration per unit surface area of the RVE, with 

휂̂(𝜙) = 휂(𝜙)𝑛𝑅/𝑁0. The global conservation condition (equation 2.3) can therefore be 

expressed as:  

�̂�𝑢 = 1.−
1

𝑉𝑐
∫ �̂�𝑏
𝑉𝑐

𝑑𝑉 (2.6) 

where Vc is the total cell volume. In a numerical implementation, the global integral across 

the cell volume Vc in equation 2.6 requires a non-local summation of N̂b  across all 

integration points in the cell, as described in Section 2.2.1.5.   
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Figure 2.1: a) Schematic of a 2D cell on a ligand-coated substrate with the coordinate 

system marked. The networks of stress fibres and focal adhesions within the 2D RVE 

are shown in the inset; b) Remodelling of a SF subjected to a nominal tensile strain 

𝜺𝒏: (i) SF in ground state, with functional unit strain �̃�𝒏 = 𝟎; (ii) SF subjected to 

tensile strain 𝜺𝒏 which reduces the actin-myosin overlap; (iii) Remodelling of SF by 

addition of functional unit; (iv) Remodeled SF now in low energy state, with 

functional unit strain �̃�𝒏 = �̃�𝒔𝒔. (Vigliotti et al., 2015) 

2.2.1.2. SF angular concentration and active stress tensor 

We next consider the kinetic equation for SF formation and dissociation proposed by 

Vigliotti et al.: 

휂̇̂(𝜙) =
�̂�𝑢

𝜋�̂�(𝜙)
𝜔𝑛 exp [−�̂�(𝜙)

𝜇𝑎 − 𝜇𝑢
𝑘𝑇

] − 휂̂(𝜙) 𝜔𝑛 exp [−�̂�(𝜙)
𝜇𝑎 − 𝜇𝑏(𝜙)

𝑘𝑇
] (2.7) 

The first term on the right is the forward reaction rate for the formation of SFs, where 𝜔𝑛 

is the molecular collision frequency of the SF proteins, k is the Boltzmann constant, T the 

absolute temperature, and 𝜇𝑎  is the activation enthalpy that must be surpassed for 𝑛𝑅 

proteins to form a SF. Here 𝜇𝑢 is the standard enthalpy of 𝑛𝑅 unbound SF proteins, with 

𝜇𝑢 = 𝜇𝑢0 + Δ𝜇𝑢0𝐶. The unbound proteins are affected by an activation signal 𝐶 and form 

more readily into their bound states as the signal (e.g. concentration of unfolded ROCK) 

increases, with  𝜇𝑢0 is the standard enthalpy of the unbound SF proteins in the absence of 

a signal (𝐶 = 0) and Δ𝜇𝑢0 the increase in the enthalpy of the unbound molecules at full 
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signal activation (𝐶 = 1). At steady state we assume a continuous fully activated signal, 

i.e. 𝐶 = 1. The second term on the right is the backward reaction rate for SF dissociation, 

with 𝜇𝑏 the standard enthalpy of 𝑛𝑅 bound SF proteins, given as: 

𝜇𝑏 ≡ 𝜓 − 𝜎𝑓(𝜙)[1 + 휀𝑛(𝜙)]𝛺 (2.8) 

where 𝛺 is the volume of 𝑛𝑅 functional units in a SF in an undeformed RVE, and 𝜓 is the 

internal energy of 𝑛𝑅 functional units within a SF, given by: 

𝜓 ≡ 𝜇𝑏0 + 𝛽𝜇𝑏0|휀�̃�𝑠|
𝑝 (2.9) 

where 𝜇𝑏0 is the internal energy of 𝑛𝑅 functional units within a SF in their ground state, 

and 𝜎𝑓(𝜙) is the tensile stress actively generated by a SF. In this paper we develop a 

steady state solution, hence Hill tension-velocity relationship does not need to be 

considered as 𝜎𝑓(𝜙) is necessarily equal to the maximum isometric tension 𝜎𝑚𝑎𝑥. Here 

we consider steady state conditions so that  휂̇̂(𝜙) = 0, therefore equation 2.7 reduces to: 

휂̂(𝜙) =
�̂�𝑢

𝜋�̂�(𝜙)

exp [−�̂�(𝜙)
𝜇𝑎 − 𝜇𝑢
𝑘𝑇

]

exp [−�̂�(𝜙)
𝜇𝑎 − 𝜇𝑏(𝜙)

𝑘𝑇
]

(2.10) 

and the normalized SF concentration in direction 𝜙 is given as: 

   휂̂(𝜙) =
�̂�𝑢

𝜋�̂�(𝜙)
exp [−�̂�(𝜙)

𝜇𝑏(𝜙) − 𝜇𝑢
𝑘𝑇

] (2.11) 

or from equation 2.5: 

휂̂(𝜙) =
�̂�𝑡 − ∫ 휂̂(𝜙)�̂�(𝜙) 𝑑𝜙

+𝜋 2⁄

−𝜋 2⁄
 

𝜋�̂�(𝜙)
𝐵(𝜙) (2.12) 

where 𝐵(𝜙) = exp[−�̂�(𝜙)(𝜇𝑏(𝜙) − 𝜇𝑢)/𝑘𝑇] , �̂�𝑡  is the total number of cytoskeletal 

proteins locally in an RVE, and the integral provides the total number of bound proteins 

in the RVE. Finally the 2D active stress tensor follows as: 
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𝛔𝑎𝑐𝑡 =
𝜎𝑚𝑎𝑥𝑓0
𝐽

∫ (휂̂(𝜙)[1 + 휀𝑛(𝜙)] [
𝑐𝑜𝑠2 𝜙

𝑠𝑖𝑛 2𝜙

2
𝑠𝑖𝑛 2𝜙

2
𝑠𝑖𝑛2 𝜙

])

𝜋
2

−
𝜋
2

 𝑑𝜙 (2.13) 

where 𝑓0  is the volume fraction of cytoskeletal proteins in the cell, and 𝐽  is the 

determinant of the deformation gradient 𝐅. 

2.2.1.3. Cytoskeletal free energy 

The cytoskeletal free energy (𝑔𝑐𝑦𝑡𝑜) is given as follows: 

𝑔𝑐𝑦𝑡𝑜 = 𝑁𝑢
𝑡𝑜𝑡𝜒𝑢 + ∫ 𝑁𝑏

𝑉𝑐

𝜒𝑏 𝑑𝑉 (2.14) 

where 𝜒𝑢  is the chemical potential of the unbound proteins that form a single SF 

functional unit, and 𝜒𝑏 is the chemical potential of a functional unit within a SF. From 

equation 2.5: 

𝑔𝑐𝑦𝑡𝑜 = 𝑁𝑢
𝑡𝑜𝑡𝜒𝑢 + ∫ (∫ 휂(𝜙) 𝑛(𝜙) 𝑑𝜙

𝜋
2

−
𝜋
2

)
𝑉𝑐

𝜒𝑏 𝑑𝑉 (2.15) 

As previously mentioned we assume infinitely fast diffusion of SF proteins and therefore 

a homogeneous distribution throughout the cell. Also equation 2.10 implies 

thermodynamic equilibrium with  𝜒𝑢 = 𝜒𝑏 which then simplifies equation 2.15 to: 

𝑔𝑐𝑦𝑡𝑜 = 𝑁𝑢
𝑡𝑜𝑡𝜒𝑢 + 𝜒𝑢  ∫ (∫ 휂(𝜙) 𝑛(𝜙) 𝑑𝜙

𝜋
2

−
𝜋
2

)
𝑉𝑐

𝑑𝑉 (2.16) 

Here the double integral represents the total number of bound proteins in all RVEs in the 

cell. Therefore: 

𝑔𝑐𝑦𝑡𝑜 = 𝑁𝑢
𝑡𝑜𝑡𝜒𝑢 + (𝑁0 − 𝑁𝑢

𝑡𝑜𝑡) 𝜒𝑢 = 𝑁0𝜒𝑢 (2.17) 

The chemical potential of the unbound proteins is 𝜒𝑢 = 𝜇𝑢 +  𝑘𝑇 ln(�̂�𝑢) and thus: 

𝑔𝑐𝑦𝑡𝑜 = 𝑁0(𝜇𝑢 +  𝑘𝑇 ln(�̂�𝑢)) (2.18) 
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with the cytoskeletal energy per unit volume of the cell then given 

as

�̅�𝑐𝑦𝑡𝑜 = 𝜌 (𝜇𝑢 +  𝑘𝑇 ln(�̂�𝑢)) (2.19) 

where 𝜌 ≡ 𝑁0/𝑉𝑐 is the concentration of cytoskeletal proteins.  

2.2.1.4. Passive elasticity 

The formulation is completed by the addition of a non-linear hyperelastic Ogden model 

(Ogden 1972) in parallel with the SF model in order to represent the strain stiffening of 

the mechanically passive cell components. As we consider the cell volume to remain 

constant during the analysis, the incompressible formulation is implemented: 

𝛔𝑝𝑎𝑠 = ∑
2𝜇

𝛼
𝑖=1,2

 (𝜆𝑖
𝛼 − (𝜆1𝜆2)

−𝛼 ) (𝐦𝑖⊗ 𝐦𝑖) (2.20) 

where 𝜇  is the material shear modulus, 𝜆1,2  are the principal stretches, 𝐦1,2  are the 

principal stretch directions, and α is a material constant. Here the passive elastic free 

energy per unit volume (�̅�𝑒𝑙𝑎𝑠) is given by the Ogden strain energy density function: 

�̅�𝑒𝑙𝑎𝑠 = 
2𝜇

𝛼2
 (𝜆1

𝛼 + 𝜆2
𝛼 − (𝜆1𝜆2)

−𝛼 − 3) (2.21) 

The total Cauchy stress tensor at an integration point is obtained by summation of the 

passive and active contributions:  

𝛔𝐶𝑎𝑢𝑐ℎ𝑦 = 𝛔𝑝𝑎𝑠 + 𝛔𝑎𝑐𝑡 (2.22) 

2.2.1.5. Numerical implementation 

In our numerical implementation we consider SF formation in a large number of discrete 

directions M (M=36 is found to provide a converged solution) in the 2D plane of each 

RVE in the cell. equation 2.5 is approximated as 

�̂�𝑏 =
𝜋

𝑀
 ∑휂̂𝑖�̂�𝑖

𝑀

𝑖=1

   (2.23) 
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where 휂̂(𝜙𝑖)�̂�(𝜙𝑖)  is written in shorthand as 휂̂𝑖�̂�𝑖 . Equation 2.12 is therefore 

approximated as  

휂̂𝑗�̂�𝑗𝜋 = 𝐵𝑗�̂�𝑡 − 𝐵𝑗 (
𝜋

𝑀
 ∑휂̂𝑖�̂�𝑖

𝑀

𝑖=1

) ,   𝑗 = 1,𝑀 (2.24) 

Rearranging, we obtain 

   휂̂𝑗�̂�𝑗 (
1

𝐵𝑗
) − (

1

𝑀
 ∑휂̂𝑖�̂�𝑖

𝑀

𝑖=1

) =
�̂�𝑡
𝜋
,   𝑗 = 1,𝑀 (2.25) 

or, in matrix form:  

   

[
 
 
 
 
 
 (
1

𝐵1
+
1

𝑀
) �̂�1

1

𝑀
�̂�2 …

1

𝑀
�̂�𝑀

1

𝑀
�̂�2 (

1

𝐵2
+
1

𝑀
) �̂�2 …

1

𝑀
�̂�𝑀

… … … …
1

𝑀
�̂�𝑀

1

𝑀
�̂�𝑀 … (

1

𝐵𝑀
+
1

𝑀
) �̂�𝑀]

 
 
 
 
 
 

{
  
 

  
 
휂̂1

휂̂2

…

휂̂𝑀}
  
 

  
 

=
�̂�𝑡
𝜋

{
  
 

  
 
1

1

…

1}
  
 

  
 

(2.26) 

A solution for 휂̂𝑗 (j=1,𝑀) is obtained by matrix inversion.  This steady-state model for 

SF formation and contractility is implemented via a user-defined material (UMAT) 

subroutine in the commercial finite element (FE) software package Abaqus. Prescribed 

boundary conditions are applied to the cell at the start of an analysis step, and contact 

conditions (see Section 2.2.2) with a substrate are enforced at cell nodes where 

appropriate. The solution is progressed through the analysis step, with each increment 

representing an iteration towards the final steady state solution. At each integration point 

the axial material nominal strains 휀𝑛(𝜙) in each of the M stress fibre directions are 

determined from the material log strain tensor (STRAN), and number of functional units 

�̂�(𝜙) in each of the M directions is obtained from equation 2.1. In the first increment of 

the analysis step it is assumed that all cytoskeletal proteins are unbound and uniformly 

distributed across all integration points in the cell mesh so that �̂�𝑡 = �̂�𝑢. The solution for 
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휂̂(𝜙) in M directions is obtained by inversion of the matrix on the left of equation 2.26. 

The local Cauchy stress tensor 𝝈 is computed from equations 2.13, 2.20, 2.22 and the 

consistent tangent matrix 𝜕∆𝝈/𝜕∆𝜺  is approximated numerically based on a forward 

difference perturbation of the deformation gradient matrix (Sun et al. 2008; Nolan et al. 

2014; Reynolds and McGarry 2015). At each integration point the local number of bound 

proteins �̂�𝑏 is calculated at the end of the increment, as per equation 2.23. At the end of 

an increment i, the total number of bound cytoskeletal proteins throughout the entire cell 

is computed through volume averaged summation of �̂�𝑏|
𝑖
 across every integration point 

in the mesh in a user-defined external database (UEXTERNALDB) file, as outlined in 

Figure 2.2. In the subsequent increment the remaining available unbound proteins are 

redistributed so that a homogeneous distribution of �̂�𝑢|
𝑖+1

unbound proteins is obtained 

in every RVE. The total number of proteins in the RVE is updated so that �̂�𝑡|
𝑖+1

=

�̂�𝑢|
𝑖+1

+ �̂�𝑏|
𝑖
. Equation 2.26 is then solved and new values for 휂̂(𝜙)|𝑖+1 , and thus  𝝈|𝑖+1 

and �̂�𝑏|
𝑖+1

 are obtained. Following the final increment of the analysis step the steady-

state solution is achieved, and the cytoskeletal free energy �̅�𝑐𝑦𝑡𝑜 and elastic free energy 

�̅�𝑒𝑙𝑎𝑠 are computed (equations 2.19, 2.21).  
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Figure 2.2: Outline of solution scheme. Total steady state energy density �̅�𝒕𝒐𝒕  is 

calculated at the end of the analysis through the use of a UEXTERNALDB 

subroutine.    

2.2.2. Framework for focal adhesion development 

Binding integrins on the cell surface exist in two conformational states: a low affinity 

(bent) state or an active (straight) state with a high affinity to the appropriate ligand. Only 

high affinity integrins will bind to the substrate. Here we introduce an extension of the 

thermodynamic focal adhesion (FA) model from Deshpande et al. (2008), whereby we 

include a dependence of bond formation on ligand availability.  

2.2.2.1. Focal adhesion model 

We first define 휃𝐿 = 𝐶𝐿/𝑁𝐿 and 휃𝐻 = 𝐶𝐻/𝑁𝐻, with 휃𝐿 , 휃𝐻 ≤ 1. Here 𝐶𝐿 and 𝐶𝐻 are the 

area densities of the unbound low affinity integrins and bound high affinity integrins, 

respectively, 𝑁𝐿 is the area density of the unbound low affinity sites on the cell surface, 

and 𝑁𝐻 is the area density of ligands on the substrate surface. The chemical potential of 
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low affinity integrins at a density 𝐶𝐿  is dependent on their internal energy and 

configurational entropy given by: 

χL = 𝜇𝐿 + 𝑘𝑇 ln (
휃𝐿

1 − 휃𝐿
) (2.27) 

where 𝜇𝐿 is the enthalpy of the low affinity integrins, while k and T are the Boltzmann 

constant and absolute temperature. As only high affinity (or straight) integrins interact 

with substrate ligands, the high affinity chemical potential (at a density 𝐶𝐻) includes 

additional contributions due to the stretching of the bonds: 

χH = 𝜇𝐻 + 𝑘𝑇 ln (
휃𝐻

1 − 휃𝐻
) + Φ(Δ𝑖) − 𝐹𝑖Δ𝑖 (2.28) 

where 𝜇𝐻 is the enthalpy of the high affinity integrins, Φ(Δ𝑖) is the strain energy of the 

integrin-ligand complex, and the −𝐹𝑖Δ𝑖 term is the mechanical work that represents the 

loss in free energy due to the stretch Δ𝑖 of the integrin-ligand (analogous to the pressure-

volume term in the thermodynamics of gases), with: 

𝐹𝑖   =
∂Φ

∂Δ𝑖
(2.29) 

The stretch energy Φ is expressed as a piecewise quadratic potential: 

Φ = {

𝜅𝑠Δ𝑒
2 Δ𝑒 ≤ Δ𝑛

−𝜅𝑠Δ𝑛
2 + 2𝜅𝑠Δ𝑛Δ𝑒 − 𝜅𝑠Δ𝑒

2 Δ𝑛 < Δ𝑒 ≤ 2Δ𝑛
𝜅𝑠Δ𝑛

2 Δ𝑒 > 2Δ𝑛

      (2.30)

where 𝜅𝑠  is the stiffness of the integrin-ligand bond, Δ𝑒 = √Δ1 + Δ2  is the stretch 

magnitude, and Δ𝑛  is the peak bond length. The bond stretch Δ𝑖  is related to the 

displacement 𝑢𝑖 of the cell membrane relative to the substrate as: 

Δ𝑖 =   {
𝑢𝑖 Δ𝑒 ≤ Δ𝑛   𝑜𝑟   [

∂Φ

∂Δ𝑒
Δ𝑒 < 0]

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  (2.31) 

At thermodynamic equilibrium 𝜒𝐻 = 𝜒𝐿, so equations 2.27, 2.28 lead to: 
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(
1 − 휃𝐿
휃𝐿

) (
휃𝐻

1 − 휃𝐻
) = 𝑍∗ (2.32) 

𝑤𝑖𝑡ℎ 𝑍∗ = exp(
𝜇𝐿 − 𝜇𝐻 − 𝛷(𝛥𝑖) + 𝐹𝑖𝛥𝑖

𝑘𝑇
) (2.33) 

which gives the local area densities of low and high affinity integrins. Similar to the SF 

model, we implement global conservation of integrins on the cell surface: 

𝑆0𝐶0 = 𝑆0(1 − 𝛿)𝑁𝐿
0휃𝐿 + ∫ [𝑁𝐿 휃𝐿 + 

𝑁𝐻  𝑍
∗ 휃𝐿

(1 − 휃𝐿) +  𝑍∗ 휃𝐿
]

𝑆𝑎

𝑑𝑆 (2.34) 

where 𝑆0 is the undeformed reference surface area of the cell, and 𝐶0 is the initial density 

of integrins on the cell surface. The term on the left 𝑆0𝐶0 is a conserved value, giving the 

total number of integrins on the cell surface. 𝑆𝑎 is the surface area in contact with the 

substrate, 𝛿  is the fraction of the cell adhered to the substrate, and 𝑁𝐿
0  is the initial 

undeformed area density of low affinity binding sites on the cell surface. The first term 

on the right gives the total number of low affinity integrins on the unadhered cell surface, 

while the second term gives the total number of integrins (high and low affinity) on the 

adhered cell surface. The local tractions on the cell surface are depend on the 

concentration of bound high affinity integrins and the force on each ligand-integrin 

complex, and are balanced by the stresses in the cell: 

𝑇𝑖 = 𝜎𝑖𝑗𝑛𝑖𝑗 = −𝐶𝐻𝐹𝑖  (2.35) 

where 𝜎𝑖𝑗 is the Cauchy stress in the cell, and 𝑛𝑖𝑗 is the surface normal.  

2.2.2.2. Focal adhesion free energy 

The adhesion free energy is given by: 

𝑔𝑎𝑑ℎ = ∫(𝐶𝐿 𝜒𝐿 + 𝐶𝐻 𝜒𝐻)

𝑆𝑎

𝑑𝑆 (2.36) 



Chapter 2 

64 

However at thermodynamic equilibrium 𝜒𝐻 = 𝜒𝐿 , 𝑠𝑜: 

𝑔𝑎𝑑ℎ = 𝜒𝐿 𝑆0 𝐶0 (2.37) 

with the adhesion energy per unit cell volume given as 

�̅�𝑎𝑑ℎ =
𝜒𝐿 𝑆0 𝐶0
𝑏 𝑆0

(2.38) 

where 𝑏 is the cell thickness in its undeformed configuration. Then, �̅�𝑎𝑑ℎ follows as: 

�̅�𝑎𝑑ℎ =
 𝐶0
𝑏
(𝜇𝐿 + 𝑘𝑇 ln (

휃𝐿
1 − 휃𝐿

)) (2.39) 

2.2.2.3. Numerical implementation 

The focal adhesions between the cell and the micro-patterned substrates are included in 

the analysis through a user-defined interface (UINTER) subroutine in Abaqus. Adhesions 

can develop at any node on the cell surface that comes in contact with the substrate, 

dependent on the local tractions and availability of integrins. At each node 휃𝐿 is recorded 

at the end of the increment, as per equation 2.32. Recall that the area density of low 

affinity integrins 𝐶𝐿 = 휃𝐿𝑁𝐿. At the end of an increment i, the global area density of low 

affinity integrins on the cell surface is computed through area averaged summation of 

휃𝐿|
𝑖  across every node on the surface in a user-defined external database 

(UEXTERNALDB) file (Figure 2.2). Mass conservation of integrins is enforced by 

equation 2.34. In the subsequent increment the remaining available unbound low affinity 

integrins are redistributed so that a homogeneous distribution of 휃𝐿|
𝑖+1 is obtained across 

the surface. We assume the time-scales associated with integrin diffusion are fast relative 

to the time-scales of focal adhesion assembly. Efficient achievement of a converged 

solution the UINTER requires the specification of an accurate stiffness matrix. An exact 

analytical solution is obtained from: 
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𝜕𝑇𝑖
𝐴

𝜕𝑢𝑗
= −[𝐶𝐻

𝜕𝐹𝑖
𝜕𝑢𝑗

+ 𝐹𝑖
𝜕𝐶𝐻
𝜕𝑢𝑗

] (2.40) 

Rigid glass substrates are assumed to be infinitely stiff relative to the cell, and therefore 

have a negligible free energy.  

2.2.3. Material parameters 

All simulations are reported for cells at a temperature 𝑇 = 310𝐾. The parameters for the 

SF framework are fixed at those used in Vigliotti et al. (2015) with the volume fraction 

𝑓0 = 0.032, Ω = 10−7.1𝜇𝑚3, 𝛽 = 1.2, 𝑝 = 2, 휀�̃�𝑠 = 0.35, and the maximum isometric 

tension 𝜎𝑚𝑎𝑥 = 240 𝑘𝑃𝑎 (Lucas et al. 1987). In keeping with the parameter studies of 

Vigliotti et al. (𝜇𝑢0 + Δ𝜇𝑢0) = 8 𝑘𝑇, 𝜇𝑏0 = 9 𝑘𝑇. The density of cytoskeletal proteins in 

the cell 𝜌 is 2 𝑥106 𝜇𝑚−3, calibrated such that the cytoskeletal free energy is competitive 

with the passive free energy.  The passive elastic parameters are 𝜇 = 1.66 𝑘𝑃𝑎 and 𝛼 =

8 , determined through simulation of the Engler et al. (2003) experiments for cells 

spreading on substrates of increasing stiffness. For the FA model, parameters were 

constrained to lie within commonly accepted ranges as per Deshpande et al. (2008). The 

total area density of integrins 𝐶0 is 5000 𝜇𝑚−2 (Lauffenburger and Linderman 1993), the 

bond stiffness 𝜅𝑠 = 0.15 𝑛𝑁 𝜇𝑚−1 , and the maximum allowable stretch in the bond 

Δ𝑛 = 50 𝑛𝑚, such that the surface energy �̅� = 𝜅𝑠Δ𝑛
2/𝑘𝑇 is in the upper end of the range 

reported by Leckband and Israelachvili (2001).  The difference in the reference chemical 

potentials for the low and high affinity integrins is taken as 𝜇𝐻 − 𝜇𝐿 = 5𝑘𝑇 (McCleverty 

and Liddington 2003). The model was extended to allow for dependence on the number 

of available ligands and non-local conservation of integrins. A parametric study was 

performed to determine an appropriate ligand density to ensure sufficient adhesions could 

form, taken to be 𝑁𝐻 = 25 𝑋 103𝜇𝑚−2. The availability of binding sites is assumed to 

be greater than the maximum number of bound high affinity integrins, [continued page 67] 
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Parameter symbol Brief description 

𝑛; 𝑛𝑅 
Number of functional units in a stress fibre; reference 
number of functional units within stress fibre in an 
undeformed RVE 

휂 Angular concentration of stress fibres at orientation (𝜙) 

Ω Volume of 𝑛𝑅 functional units of the stress fibre 

𝑙0 Undeformed length of a functional unit 

휀𝑛; 휀�̃�𝑠  
Nominal strain of a stress fibre; functional unit strain at 
steady state 

𝑁𝑏; 𝑁𝑢 
Number of cytoskeletal proteins bound in functional 
units; number of unbound cytoskeletal proteins 

𝜇𝑎; 𝜇𝑢; 𝜇𝑏 

Activation enthalpy for 𝑛𝑅  cytoskeletal proteins; 
enthalpy of 𝑛𝑅  cytoskeletal proteins in the unbound 
state; enthalpy of 𝑛𝑅  cytoskeletal proteins in bound 
state 

𝜇𝑢0; 𝜇𝑏0 
Standard enthalpy of 𝑛𝑅 functional units in the unbound 
and bound states 

𝜓  
Internal energy of 𝑛𝑅  functional units within a stress 
fibre 

𝜎𝑓; 𝜎𝑚𝑎𝑥  
Stress fibre stress; maximum tensile stress of a stress 
fibre 

𝑓0; 𝜌 
Volume fraction of cytoskeletal proteins in the cell; 
concentration of cytoskeletal proteins 

𝜒𝑢; 𝜒𝑏 
Chemical potential of the unbound cytoskeletal proteins 
that form a single functional unit; chemical potential of a 
functional unit within a stress fibre 

𝐶0; 𝐶𝐿; 𝐶𝐻 
Initial area density of integrins on the cell surface; area 
densities of the unbound low affinity integrins and 
bound high affinity integrins 

𝑆0; 𝑆𝑎 
Undeformed reference surface area of the cell; surface 
area in contact with substrate 

𝑁𝐿; 𝑁𝐻 
Area density of the unbound low affinity sites on the cell 
surface; Area density of ligands on the substrate surface 

휃𝐿; 휃𝐻 𝐶𝐿 / 𝑁𝐿; 𝐶𝐻 / 𝑁𝐻  

𝜇𝐿; 𝜇𝐻 
Enthalpy of the low affinity integrins; enthalpy of the 
high affinity integrins 

Φ Strain energy of the integrin-ligand complex 

Δ𝑖; Δ𝑛 Stretch of the integrin-ligand complex; peak bond length 

𝜅𝑠 Stiffness of the integrin-ligand complex 

𝜒𝐿; 𝜒𝐻 
Chemical potential of low affinity integrins; chemical 
potential of high affinity integrins 

�̅�𝑡𝑜𝑡; �̅�𝑐𝑦𝑡𝑜;  �̅�𝑒𝑙𝑎𝑠;  �̅�𝑎𝑑ℎ;  �̅�𝑠𝑢𝑏  
Total, cytoskeletal, elastic, adhesion, and substrate free 
energy densities 

Table 2.1: A summary of key parameters of the model 
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taken here as 𝑁𝐿 = 50 𝑋 103𝜇𝑚−2. A summary of key parameters is provided in Table 

2.1. 

2.3. 2D analysis of cell spreading on infinite flat substrates 

We illustrate the features of the modelling framework by considering the axisymmetric 

spreading of a round cell on flat substrates under plane stress conditions, as shown in 

Figure 2.3. A mesh sensitivity study showed that a converged solution is obtained with 

185 membrane elements. Material incompressibility is assumed. Solutions are presented 

for both a rigid and a compliant substrate. Additionally the solutions are presented for 

both a high and low substrate ligand density.  In the undeformed configuration the cell 

has a radius r and thickness b. Cell spreading is simulated in two analysis steps: (i) 

Displacement (“pre-stretch”) boundary conditions are applied to the cell so that its radius 

is increased to 𝜆𝑟 with a uniform strain state throughout; (ii) Contact is implemented 

between the deformed cell and the substrate and the displacement boundary condition is 

removed. Surface and integrin-ligand attachments are formed in accordance with 

equations 2.27-2.35. The active cell stress tensor is computed from equation 2.13 and is 

added to the passive stress tensor (equation 2.22). In addition to deformation of the cell 

and integrin-ligand attachments, the substrate will also deform due to the passive and 

active cell stress (except in cases where the substrates can be considered to be infinitely 

stiff compared to the cell). This finite element scheme determines the steady state 

configuration of the cell, adhesions, and substrate.  For a given steady state configuration 

the total free energy density of the system is computed from  

�̅�𝑡𝑜𝑡 = �̅�𝑐𝑦𝑡𝑜 + �̅�𝑒𝑙𝑎𝑠 + �̅�𝑎𝑑ℎ + �̅�𝑠𝑢𝑏 (2.41) 

Analyses are performed for a range of “pre-stretch” (𝜆) values and the free energy density 

of the system is plotted as a function of the steady-state spread area of the cell. As stated 
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in Section 2.1, we hypothesize that a cell tends towards a spread-state that reduces the 

free energy of the system.  

 

Figure 2.3: Axisymmetric cell spread schematic. A cell of radius r stretches over an 

infinite ligand patterned substrate. 

2.3.1. Results 

We first consider the case of cell spreading on a rigid substrate. The force generation by 

the actin-myosin machinery lowers the chemical potential of the stress fibre proteins in 

the bound state and thereby favors the formation of stress fibres. As the cell stretches to 

its spread configuration, functional units are added to the stress fibre chain in order to 

reduce the internal SF strain (휀�̃�) to the ground state (dictated by  휀�̃�𝑠 ). Thereby an 

increase in cell spreading results in a decrease in �̂�𝑢 (Figure 2.4a), and consequently the 

free energy of the cytoskeletal proteins (�̅�𝑐𝑦𝑡𝑜) is lowered (Figure 2.4b). However as 

shown in Figure 2.4c, an increase in spreading also results in an increase in the elastic 

free energy of the cell due to straining of the passive (hyperelastic) non-contractile 

components of the cell. This framework therefore presents cell spreading as a competition 

between a decrease in cytoskeletal free energy due to strain induced stress fibre formation 

and an increase in elastic free energy due to straining of the passive cell components. As 

illustrated in Figure 2.4e, for the limited number of spread states considered here, a low 

free energy configuration is computed at an area of 𝐴/𝐴0 ≈ 2.75. Any further spreading 

beyond this point will incur a significant elastic penalty due to the strain stiffening 

hyperelastic passive component of the model. Our computed low free energy spread area  
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corresponds closely to the experimental observations of Engler et al. (2003), where cell 

spread areas on rigid substrates are approximately three times higher than unspread cell 

areas.  

 

Figure 2.4: For a rigid substrate, the relationship between cellular spread area and 

(a) the number of available unbound cytoskeletal proteins (�̂�𝒖), (b) the cytoskeletal 

free energy (�̅�𝒄𝒚𝒕𝒐), (c) the elastic free energy (�̅�𝒆𝒍𝒂𝒔), (d) the adhesion free energy 

(�̅�𝒂𝒅𝒉), and (e) the combined total free energy density (�̅�𝒕𝒐𝒕).  Free energy densities 

characterized by normalized quantity �̂̅� = �̅�/𝝆𝒌𝑻. 

In the case of cell spreading on a compliant substrate, an increase in cell spread area incurs 

an elastic penalty (increasing free energy) from both the passive elastic components of 

the cell and the elastically deformed substrate. These elastic penalties are plotted in 

Figures 2.5c and 2.5e for cell spreading on a compliant neo-Hookean substrate (𝜇 =

 8kPa), and once again are in direct competition with the reducing cytoskeletal free energy 

(Figure 2.5b) as the cell spreads. When 𝐴/𝐴0 < 1  the cell has contracted below the 

reference area due to substrate deformation. In such cases G̅elas  increases due to 

compression of the passive cell components.  The lowest free energy configuration on 

this compliant substrate is computed at a spread area of 𝐴/𝐴0 ≈ 1.8 (Figure 2.5f). This 

spread area is 30% lower than the low energy spread area on a rigid substrate (Figure 
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2.4e). Once again, this result corresponds closely to the experimental study of Engler et 

al. (2003) where the cell spread areas of on 8kPa substrates are observed to be ~25% 

lower than on rigid substrates. This further supports our hypothesis that the cell will tend 

towards a spread state that reduces its free energy.  

 

Figure 2.5: For a compliant neo-Hookean substrate (𝝁 = 8kPa), the relationship 

between cellular spread area and (a) the number of available unbound cytoskeletal 

proteins (�̂�𝒖), (b) the cytoskeletal free energy (�̅�𝒄𝒚𝒕𝒐), (c) the elastic free energy 

(�̅�𝒆𝒍𝒂𝒔), (d) the adhesion free energy (�̅�𝒂𝒅𝒉), (e) the substrate free energy (�̅�𝒔𝒖𝒃), and 

(f) the combined total free energy density (�̅�𝒕𝒐𝒕). Free energy densities characterized 

by normalized quantity �̂̅� = �̅�/𝝆𝒌𝑻. 

Figure 2.4d and 2.5d demonstrate that cell spreading also results in increased focal 

adhesion formation, with a consequent reduction in the adhesion free energy. The change 

in adhesion free energy over the range of spread configurations is ~3 orders of magnitude 

lower than the cell cytoskeletal and elastic free energies. Therefore focal adhesion 

formation does not significantly contribute to the energetic competition that governs cell 

spreading in Figures 2.4 and 2.5. However, cell spreading is not possible without a 

sufficient degree of traction mediated focal adhesion assembly, as mechanical 

equilibrium of the spread cell is only achieved by traction interaction with the substrate. 

An increase in traction results in an increase in the density of high affinity integrins (𝐶𝐻). 
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As the cell spreads, the tractions between the cell and substrate increase (due to both 

elastic stretching of passive components and higher contractility due to increased strain 

induced SF formation), and consequently 𝐶𝐻 increases. The entropy of integrins on the 

cell surface increases as more integrins are in a bound state (in accordance with equation 

2.39). Therefore, an increase in 𝐶𝐻  during spreading results in a decrease in �̅�𝑎𝑑ℎ , as 

shown in Figure 2.4d. A higher ligand density will inherently allow the cell to spread 

further as higher cellular tractions can be supported by the focal adhesions. In contrast, 

Figure 2.6 considers the case of a rigid substrate with a low ligand density (𝑁𝐻 =

2500 𝜇𝑚−2), which limits the cell spreading. The final spread area increases with the 

initially applied cell pre-stretch up to a value of 𝜆 ≈ 1.5.  If the cell is initially stretched 

beyond this point, a sufficient number of integrin-ligand bonds cannot be formed to 

support the resultant tractions, and the cell shrinks to a steady-state area of 𝐴/𝐴0 ≈ 1.85. 

This is the maximum spread area that the cell can reach for this low ligand density. Note 

that if the cell cannot adhere to the substrate (e.g. ligand density of zero), an unadhered 

cell is predicted to shrink to an area of 𝐴/𝐴0=0.735 and a total free energy density of 

�̂̅�𝑡𝑜𝑡 = 5.65 is observed. As shown in Figure 2.6b, the total free energy reduces with 

increasing spread area, but spread states with 𝐴/𝐴0 ≥ 1.85 cannot occur due to the low 

ligand density.  Recall from Figure 2.4e that a high ligand density 𝑁𝐻 = 25000 𝜇𝑚−2 

results in a low free energy spread area of 𝐴/𝐴0 = 2.75 (also shown in Figure 2.6a for 

comparison). Our predicted ~33% reduction in cell spread area for a 10-fold decrease in 

ligand density is again supported by the experimental results of Engler et al. (2003).    
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Figure 2.6: (a) Steady state cell spread area as a function of applied cell “pre-stretch” 

𝝀 for a low and high ligand density 𝑵𝑯 (𝝁𝒎
−𝟐) on a rigid substrate. The spread area 

with the lowest free energy (from Figure 2.4e) is marked by the grey circle. (b) The 

relationship between cell spread area and the total free energy (�̅�𝒕𝒐𝒕) for a low ligand 

density (𝑵𝑯 = 𝟐𝟓𝟎𝟎 𝝁𝒎
−𝟐 ). Free energy densities characterized by normalized 

quantity �̂̅� = �̅�/𝝆𝒌𝑻. 

2.4. 2D analysis of circular spreading on micro-patterned 

substrates 

We next attempt to simulate the experiments of Théry et al. (2006) whereby cells are 

spread on micro-patterned ligand patches under plane stress conditions. Two patch 

geometries are considered: “V-shaped” patches, and “Y-shaped” patches, as shown in 

Figure 2.7.  For simplicity we assume that the cell is initially circular with radius rc when 

in suspension. A mesh sensitivity study showed that a converged solution is obtained with 

1079 membrane elements. It is important to note that there is an infinite number of spread 

states (strain distributions) that can be assumed by the cell in order to spread on the ligand 

patch. Here we attempt to parameterize the spreading process by considering a subset of 

possible spread states. In the case of the “V-shaped” patch the cell is stretched so that 

proportion of the cell perimeter 𝜔𝑟𝑐 can adhere to the outer edge of the “V”. The stretch 

is assumed to be uniform along the patch and is given as 𝜆𝑐 = 𝐿𝑠 𝜔𝑟𝑐⁄ , where 𝐿𝑠 is the 

fixed patch length. Therefore, by considering a range of values of 𝜆𝑐  (or 𝜔) we can 

simulate a number of spread states and determine which of these states produces the 

lowest total free energy. The cell radius in the initial configuration is 𝑟𝑐 = 17 𝜇𝑚 and the 
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thickness 𝑏 = 1 𝜇𝑚. The substrate dimensions are based on the experiments of Théry et 

al. (2006), i.e. 𝐿𝑠 = 46𝜇𝑚 and the substrate letter width was determined to be 7𝜇𝑚. Once 

again the total steady state free energy density is computed from equation 2.41.  

 

Figure 2.7: Parametric study schematic of cell spreading on a) V- and b) Y- shaped 

substrates. For a cell of radius rc, the spreading process is parameterized in terms 

of the proportion of the cell perimeter 𝝎𝒓𝒄 that stretches along the ligand coated 

patch (𝝀𝒄 = 𝑳𝒔 𝝎𝒓𝒄⁄ ). The shaded patch represents locations focal adhesions may 

form with the cell surface.  

2.4.1. Results 

Similar to the simplified axisymmetric example presented in Section 2.4, the cell free 

energy during spreading can be interpreted as a competition between the increasing elastic 

free energy (�̅�𝑒𝑙𝑎𝑠) and the decreasing cytoskeletal free energy (�̅�𝑐𝑦𝑡𝑜). Simulations of 

cell spread on a V-shaped substrate reveal that �̅�𝑡𝑜𝑡  is minimized at a cell perimeter 

stretch of 𝜆𝑐 = 1.3 (Figure 2.8a). Examination of the strain distribution in this lowest free 

energy (LFE) configuration (Figure 2.8b) reveals that the maximum tensile strain occurs 

close to the free unadhered edge of the spread cell.  A spread state characterized by a 

lower stretch (𝜆𝑐 = 1.1)  results in an elevated total free energy �̅�𝑡𝑜𝑡 , despite a high 

concentration of straight SFs directly along the free edge. Such a configuration results in 

extremely high strains along the free unadhered edge, causing a very high elastic free 

energy penalty. A spread state characterized by a higher stretch (𝜆𝑐 = 1.6)  results in a 

high strain in the region of the adhered edges. Although this allows more a similar level 

of SF formation on all three edges of the spread cell (Figure 2.8c), the high elastic penalty 

due to stretching along the adhered edges is too large to be compensated for by the 
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reduction in �̅�𝑐𝑦𝑡𝑜 due to SF formation along all three edges. The density of bound SF 

proteins is characterized by 휁𝑆𝐹(𝜙) = �̂�(𝜙) ∗ 휂̂(𝜙) , with Figure 2.8c showing the 

dominant SF orientation at each material point. The focal adhesion distribution in these 

highlighted configurations (Figure 2.8c) show evident clustering in the direction of 

traction, denoted by �̂�𝐻 = 𝐶𝐻/𝑁𝐻 . However, the variance in �̅�𝑎𝑑ℎ  between these 

configurations was negligible. 

 

Figure 2.8: Predicted steady-state cell spread on V-shaped ligand pattern in a series 

of configurations: a) Free energy of the system (�̂̅�𝒕𝒐𝒕 = �̅�𝒕𝒐𝒕/𝝆𝒌𝑻) for a range of 

spread states characterized by the stretch of the cell on the fixed edge (𝝀𝒄). Three 

states are highlighted: 1. A large stretch on the unadhered edge (𝝀𝒄 = 𝟏. 𝟏); 2. The 

lowest free energy configuration (𝝀𝒄 = 𝟏. 𝟑); 3. A large stretch on the adhered edge 

(𝝀𝒄 = 𝟏. 𝟔); b) Maximum principal strain (𝜺𝒑
𝒎𝒂𝒙) distribution in the spread cell in 

the highlighted states; c) Distribution of vinculin or focal adhesions characterized 

by normalized quantity �̂�𝑯 = 𝑪𝑯/𝑵𝑯 , and the dominant SF alignment in the 

highlighted configurations with 𝜻𝑺𝑭(𝝓) = �̂�(𝝓) ∗ �̂�(𝝓). 

Figure 2.9 shows the dominant SF alignment (d) and FA distribution (c) in the LFE 

configuration for cells spread on the V-shaped substrate. We see that the highest SF 

concentration and actin density (ζSF) is in the region of the free edge where an arc of SFs 

curve towards the center of the cell. A similar distribution is reported in the 

experimentally determined heat maps of SF distribution reported by Théry et al. (Figure 
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2.9b). At the center of the cell, where the strain is lowest in both cases, equation 2.12 

dictates that the SF concentration in any direction will be lower than that along the free 

edge. Focal adhesions (ĈH) are predicted to form along the perimeter of the ligand patch 

due to a shear-lag type distribution of traction between the cell and the patch.  Such a FA 

distribution is also reported in the experimental study of Théry et al. (2006)  (Figure 2.9a). 

 

Figure 2.9: Cell spread on V-shaped micro-patterned substrates: Experimental 

images of average (a) vinculin and (b) actin distributions (Reproduced with some 

modifications from  Théry et al. (2006). Copyright © John Wiley & Sons, Ltd.); (c) 

Distribution of vinculin or focal adhesions in the LFE configuration, characterized 

by normalized quantity �̂�𝑯 = 𝑪𝑯/𝑵𝑯 ; (d) Dominant SF alignment in the LFE 

configuration, with 𝜻𝑺𝑭(𝝓) = �̂�(𝝓) ∗ �̂�(𝝓). The insets show full SF distribution for 

all M discrete directions. 

Simulations of cell spread on a Y-shaped substrate reveal that �̅�𝑡𝑜𝑡  is minimized at a 

perimeter stretch of 𝜆𝑐 = 1.34 (Figure 2.10a) on two of the free edges, with a slightly 

higher strain and SF concentration on the third (top) edge. Once again a spread state 
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characterized by a higher or lower value of  𝜆𝑐  results in an elevated �̅�𝑡𝑜𝑡  due to an 

extremely high elastic free energy.  

 

Figure 2.10: Predicted steady-state cell spread on Y-shaped ligand pattern in a low 

free energy configuration: a) Free energy of the system ( �̂̅�𝒕𝒐𝒕 = �̅�𝒕𝒐𝒕/𝝆𝒌𝑻) for a 

range of spread states characterized by the stretch of the cell on the fixed edge (𝝀𝒄). 
A lowest free energy (LFE) configuration is observed at 𝝀𝒄 = 𝟏. 𝟑𝟒; b) Maximum 

principal strain distribution in the spread cell; c) Distribution of vinculin or focal 

adhesions in the LFE configuration, characterized by normalized quantity �̂�𝑯 =
𝑪𝑯/𝑵𝑯  d) Dominant SF alignment in the LFE configuration, with 𝜻𝑺𝑭(𝝓) =
�̂�(𝝓)�̂�(𝝓). The insets show full SF distribution for all M discrete directions.  

The experimental SF heat maps for the Y-patterned substrate from Théry et al. (2006) 

exhibit an expected symmetry, with similar SF patterns on all three free edges. However, 

in the computed LFE configuration (Figure 2.10) one edge has a higher strain and SF 

concentration.  In order to compare our computational results to an experimental heat map 

(constructed using data from several observations) we should acknowledge that there are 

three LFE configurations due to symmetry of the Y-shape. Therefore we rotate the 
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distributions shown in Figure 2.10c-d through 120o and 240o we then construct a 

“computational heat map” by taking the average of these three LFE distributions. The 

“computational heat map” is shown in Figure 2.11c-d and exhibits an identical SF 

distribution on all three free edges and can be directly compared to the experimental heat 

maps. Notably the “computational heat map” free edge SF concentration is lower than 

that along the free edge of the V-shape (Figure 2.9d) (“heat map averaging” is not 

necessary for the V-shape as it has only one free edge).  This prediction is supported by 

experimental results (Figures 2.9b and 2.11b).  

 

Figure 2.11: Cell spread on Y-shaped micro-patterned substrates: Experimental 

images of average vinculin (a) and actin (b) distributions (Reproduced with some 

modifications from  Théry et al. (2006). Copyright © John Wiley & Sons, Ltd.); (c) 

Predicted average distribution of vinculin or focal adhesions, characterized by 

normalized quantity �̂�𝑯 = 𝑪𝑯/𝑵𝑯; (d) Predicted average actin distribution, with 

𝜻𝑺𝑭(𝝓) = �̂�(𝝓) ∗ �̂�(𝝓). 
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2.5. Discussion 

In this paper we present a steady-state adaptation of the thermodynamically motivated 

continuum SF model of Vigliotti et al. (2015). We implement this formulation in a non-

local finite element setting where we consider global conservation of the total number of 

cytoskeletal proteins within the cell, global conservation of the number of binding 

integrins on the cell membrane, and a finite ligand density on the substrate surface.  

When a number of cytoskeletal proteins assemble to form contractile SFs, the free energy 

of the proteins bound within the SF is lower than the total free energy of the same proteins 

when they are unbound (not assembled in a SF). During spreading the strain in a cell 

increases. This results in assembly of cytoskeletal proteins into contractile SFs, and a 

consequent lowering of the total cytoskeletal free energy in the cell. Of course an increase 

in cell strain during spreading also results in an increase in the elastic free energy of the 

mechanically passive components of the cell (e.g. the membrane, intermediate filaments 

etc.). Therefore cell spreading can be viewed as a competition between the reducing 

cytoskeletal free energy and the increasing elastic free energy.  Our analyses suggest that 

the driver of cell spreading is a lowering (or perhaps a minimization) of the total free 

energy of the system.  

To simulate cell-substrate contact we present an extension of the Deshpande et al. (2008) 

model for FA kinematics, whereby we account for a dependence on the substrate ligand 

density. Variance of the substrate ligand density has significant impact on cell behaviour. 

Combined with the mass conservation of integrins, this affects the maximum cellular 

tractions the FAs can withstand, and therefore the spread shape and area.  

In Section 2.3 the key features of the model are examined through a series of simplified 

simulations of axisymmetric cell spreading. By considering a number of parameterized 

cell spread states on a rigid substrate our analyses suggest that the lowest free energy 
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spread-state has an area that is 2.75 times higher than an unspread cell area. This 

prediction is in agreement with the experimental measurements of Engler et al. (2003). 

Furthermore, when cells spread on compliant substrates (𝜇 = 8kPa) we predict that the 

lowest free energy spread area is ~30% lower than the corresponding area on a rigid 

substrate. Once again this finding is supported by the experimental trends reported in 

Engler et al. (2003). Finally, we predict that a low substrate ligand density will limit the 

spread area of a cell, with a 10-fold decrease in ligand density on a rigid substrate resulting 

in a ~33% reduction in spread area on a rigid substrate.  Again, this prediction is in broad 

agreement with the experimental measurements of Engler et al. (2003) and Gaudet et al. 

(2003). Our hypothesis that cell spreading is driven by a lowering of free energy appears 

to provide an explanation for the broad trends observed by Engler et al. (2003).  

A recent study by Shenoy et al. (2016) suggests that the cellular free energy decreases 

with increasing substrate stiffness, which provides an energetic basis for durotaxis. The 

results from Section 2.3 of the current study also provides insight to this phenomenon. In 

the lowest energy spread configuration on a compliant substrate, the cell has a predicted 

free energy of Ĝ̅tot = 4.85 . However, on a rigid substrate the lowest free energy 

configuration is observed at Ĝ̅tot = 4.2. Therefore, we suggest that durotaxis is the result 

of a cell attempting to lower its free energy by migrating towards a stiffer substrate. 

Similarly, chemotaxis may be explained by the inability of a cell to attain a minimum free 

energy configuration if the concentration of ligands is very low, thus inducing the cell to 

migrate to a region of higher ligand density in order to reduce the free energy. 

In Section 2.4 a number of parameterized spread-states are simulated, whereby a circular 

cell adheres to “V-shaped” and “Y-shaped” ligand patches based on the experiments of 

Théry et al. (2006). The free energy associated with each spread state is computed, and 

we demonstrate that the spread-state with the lower free energy exhibits a SF distribution 
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that corresponds to experimental observations, i.e. a high concentration of highly aligned 

SFs occurs along free edges, with lower SF concentrations at the interior of the cell. The 

simulation of the complex SF and FA distributions observed experimentally in cells 

spread on the V- and Y- shaped ligand patterns demonstrates the predictive power of the 

model. Future implementations will also consider cell spreading on grooves (Lamers et 

al. 2010) and micro-posts (McGarry et al. 2009; Ronan et al. 2013). The current analysis 

presents a movement away from traditional deterministic approaches to computational 

cell biomechanics in which the experimentally observed spread state is incorrectly 

assumed to be the reference undeformed state. Such approaches neglect cell strain as a 

driver of SF assembly. Also, global conservation of a finite number of cytoskeletal 

proteins within the cell has been neglected. The model of Pathak et al. (2008) simulates 

the experiments of Théry et al. (2006) using such assumptions. The degree of SF 

alignment (characterized by a variance parameter) is correctly predicted, with uniaxial 

SFs being predicted in a region of uniaxial stress along the cell free edge (in accordance 

with the model of Deshpande et al. (2006) SFs orthogonal to the free edge dissociate due 

to the stress-free condition). However, the framework incorrectly predicts full SF 

formation in all directions (isotropic distribution) in areas of biaxial stress and in regions 

where the cell is bonded to the ligand patch. The current study corrects such shortcomings 

by considering strain associated with cell spreading, in addition to implementing a global 

conservation of cytoskeletal proteins.   

In this study we consider a very small subset* of the possible spread-states of a cell on a 

micro-patterned substrate, in order to examine the dependence of the SF distribution on 

the manner in which a cell spreads (*our subset is primarily chosen based on ease of 

parameterization, as illustrated in Figure 2.7, rather than on any consideration of the 

actual cell spreading process). Our analysis of a number of spread states allows us to 

examine the hypothesis that the final spread state is driven by minimization of the free 
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energy of the system. In reality however, there are an infinite number of spread 

configurations that the cell can assume. A rigorous treatment of the stochastic problem of 

cell spreading requires the development of a statistical mechanics framework that allows 

for the analysis of an extremely large number of spread states. The finite element 

framework developed here is prohibitively computationally expensive for such an 

approach.   

The underlying premise in this work is that minimum/low free-energy configurations are 

the most likely states to be observed. In statistical thermodynamics a closed system in a 

constant temperature and pressure environment attains equilibrium at minimum Gibbs 

free-energy. However, a cell is not a closed system and in fact never attains an equilibrium 

state in this sense while alive. The approach taken here of searching for low free-energy 

states rests on the “homeostatic ensemble” developed by Shishvan et al. (2018) who show 

that in their homeostatic state cells attain a fluctuating equilibrium where low free-energy 

states are more probable. The results presented here should be viewed in this light, in the 

sense that the minimum free-energy configurations predicted in our analyses have the 

highest probability of being observed in experiments. 
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2.6. Concluding remarks 

We combine the thermodynamically consistent model for the stress fibre cytoskeleton 

developed by Vigliotti et al. (2015) with a focal adhesion model (again motivated by 

thermodynamic considerations) to analyze two problems: (i) spreading of cells on elastic 

substrates and (ii) spreading of cells on substrates with specific geometrical ligand 

patterns.  

Spreading of cells is shown to be a competition mainly between the elastic energy and 

cytoskeletal energy of the cell, as well as the elastic energy of the substrate. With 

increasing cell spreading the elastic energy of the cell and substrate typically increases, 

but the cytoskeletal energy decreases as a larger fraction of the cytoskeletal proteins form 

stress fibres. The equilibrium configuration is assumed to be that corresponding to the 

lowest free energy. In agreement with the experiments of Engler et al. (2003) we show 

that the spread area of the cell increases with increasing substrate stiffness. When the 

spreading of cells is constrained by specific geometric patterns of ligands, we show that, 

in the lowest free-energy configuration, stress fibres preferentially form along the un-

adhered edges of the cell, in line with the observations of Théry et al. (2006). This 

framework presents a potential computational tool to design substrates and scaffolds that 

will yield a desired cell spread state. 

The simulations presented here suggest that computed low (or minimum) free-energy 

spread cell configurations are broadly consistent with experimentally observed spread 

cell configurations. However, it is worth emphasizing that cells do not attain an 

equilibrium minimum free-energy configuration in the traditional sense, as observations 

clearly show that spread cells are in a perpetually fluctuating state. Thus, the minimum 

free-energy configuration is best viewed as the most probable state to be observed, rather 

than a unique equilibrium state. 
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Appendix 2.A: Comparison with previous models 

The influence of an applied steady-state nominal strain 휀𝑛 on the steady-state active and 

passive Cauchy stress is illustrated in Figure 2.A1(a) (material parameters as per Section 

2.2.3) for a cell subjected to series of uniaxial stretches. The dependence of stress fibre 

formation (equation 2.12) on steady-state strain (Figure 2.A1(b)) is reflected in the strain 

dependence of the active stress (through equation 2.13). It must be noted that the active 

stress curve in Figure 2.A1(a) is not representative of a stress-strain constitutive law. 

Rather, it is a plot of the steady-state active stress computed for an applied steady-state 

strain. In contrast, previous modelling approaches (e.g. Deshpande et al 2006) do not 

include a dependence of stress fibre formation on applied strain, so that the computed 

stress fibre activation-level (SFA) and, consequently, the active stress are independent of 

the applied steady state strain in Figure 2.A1. 

 

Figure 2.A1. (a) Computed active steady state stress as a function of applied steady 

state nominal strain 𝜺𝒏  for the current model (active(1)). The passive and total 

stresses are also shown. For comparison the active stress computed by the 

Deshpande et al. (2006) model (active(2)) is shown. (b) Computed values of �̂� as a 

function of applied steady state nominal strain 𝜺𝒏  for the current model. For 

comparison the stress fibre activation (SFA) level computed by the Deshpande et al. 

(2006) model is plotted to highlight the absence of strain dependence on SF 

remodelling in this previous model. 

 

 

  



Chapter 2 

84 

Bibliography 

Deshpande, Vikram S., Milan Mrksich, Robert M. McMeeking, and Anthony G. Evans. 2008. “A 

Bio-Mechanical Model for Coupling Cell Contractility with Focal Adhesion Formation.” 

Journal of the Mechanics and Physics of Solids 56 (4): 1484–1510. 

doi:10.1016/j.jmps.2007.08.006. 

Deshpande, Vikram S, Robert M McMeeking, and Anthony G Evans. 2006. “A Bio-Chemo-

Mechanical Model for Cell Contractility.” Proceedings of the National Academy of Sciences 

of the United States of America 103 (38): 14015–20. doi:10.1073/pnas.0605837103. 

Engler, A., M. Sheehan, H. L. Sweeney, and D. E. Discher. 2003. “Substrate Compliance vs 

Ligand Density in Cell on Gel Responses.” European Cells and Materials 6 (SUPPL. 1). 

Elsevier: 7–8. doi:10.1016/S0006-3495(04)74140-5. 

Gaudet, Christianne, William a Marganski, Sooyoung Kim, Christopher T Brown, Vaibhavi 

Gunderia, Micah Dembo, and Joyce Y Wong. 2003. “Influence of Type I Collagen Surface 

Density on Fibroblast Spreading, Motility, and Contractility.” Biophysical Journal 85 (5). 

Elsevier: 3329–35. doi:10.1016/S0006-3495(03)74752-3. 

Kaunas, R., P. Nguyen, S. Usami, and S. Chien. 2005. “From The Cover: Cooperative Effects of 

Rho and Mechanical Stretch on Stress Fiber Organization.” Proceedings of the National 

Academy of Sciences 102 (44): 15895–900. doi:10.1073/pnas.0506041102. 

Lamers, Edwin, X. Frank Walboomers, Maciej Domanski, Joost te Riet, Falco C M J M van Delft, 

Regina Luttge, Louis A J A Winnubst, Han J G E Gardeniers, and John A. Jansen. 2010. 

“The Influence of Nanoscale Grooved Substrates on Osteoblast Behavior and Extracellular 

Matrix Deposition.” Biomaterials 31 (12). Elsevier Ltd: 3307–16. 

doi:10.1016/j.biomaterials.2010.01.034. 

Lauffenburger, Douglas A., and Jennifer J. Linderman. 1993. Receptors : Models for Binding, 

Trafficking, and Signaling. Oxford University Press. 

Leckband, D, and J Israelachvili. 2001. “Intermolecular Forces in Biology.” Quarterly Reviews 

of Biophysics 34 (2): 105–267. http://www.ncbi.nlm.nih.gov/pubmed/11771120. 

Lucas, S M, R L Ruff, and M D Binder. 1987. “Specific Tension Measurements in Single Soleus 

and Medial Gastrocnemius Muscle Fibers of the Cat.” Experimental Neurology 95 (1): 142–

54. http://www.ncbi.nlm.nih.gov/pubmed/2947808. 

McBeath, Rowena, Dana M Pirone, Celeste M Nelson, Kiran Bhadriraju, and Christopher S Chen. 

2004. “Cell Shape, Cytoskeletal Tension, and RhoA Regulate Stem Cell Lineage 

Commitment.” Developmental Cell 6 (4): 483–95. doi:10.1016/S1534-5807(04)00075-9. 

McCLEVERTY, Clare J., and Robert C. LIDDINGTON. 2003. “Engineered Allosteric Mutants 

of the Integrin AlphaMbeta2 I Domain: Structural and Functional Studies.” Biochemical 

Journal 372 (1). 

McGarry, J. P., J. Fu, M. T. Yang, C. S. Chen, R. M. McMeeking, A. G. Evans, and V. S. 

Deshpande. 2009. “Simulation of the Contractile Response of Cells on an Array of Micro-

Posts.” Philosophical Transactions. Series A, Mathematical, Physical, and Engineering 

Sciences 367 (1902): 3477–97. doi:10.1098/rsta.2009.0097. 

McGrath, J.L., Y. Tardy, C.F. Dewey, J.J. Meister, and J.H. Hartwig. 1998. “Simultaneous 

Measurements of Actin Filament Turnover, Filament Fraction, and Monomer Diffusion in 

Endothelial Cells.” Biophysical Journal 75 (4): 2070–78. doi:10.1016/S0006-

3495(98)77649-0. 

Nolan, D.R., A.L. Gower, M. Destrade, R.W. Ogden, and J.P. McGarry. 2014. “A Robust 

Anisotropic Hyperelastic Formulation for the Modelling of Soft Tissue.” Journal of the 

Mechanical Behavior of Biomedical Materials 39. Elsevier: 48–60. 

doi:10.1016/j.jmbbm.2014.06.016. 

Ogden, R. W. 1972. “Large Deformation Isotropic Elasticity - On the Correlation of Theory and 



Chapter 2 

85 

Experiment for Incompressible Rubberlike Solids.” Proceedings of the Royal Society of 

London A: Mathematical, Physical and Engineering Sciences 326 (1567). 

Pathak, Amit, Vikram S Deshpande, Robert M McMeeking, and Anthony G Evans. 2008. “The 

Simulation of Stress Fibre and Focal Adhesion Development in Cells on Patterned 

Substrates.” Journal of the Royal Society, Interface / the Royal Society 5 (22): 507–24. 

doi:10.1098/rsif.2007.1182. 

Reynolds, N. H., and J. P. McGarry. 2015. “Single Cell Active Force Generation under Dynamic 

Loading - Part II: Active Modelling Insights.” Acta Biomaterialia 27. Acta Materialia Inc.: 

251–63. doi:10.1016/j.actbio.2015.09.004. 

Ronan, William, Amit Pathak, Vikram S Deshpande, Robert M McMeeking, and J Patrick 

McGarry. 2013. “Simulation of the Mechanical Response of Cells on Micropost Substrates.” 

Journal of Biomechanical Engineering 135 (10): 1–10. doi:10.1115/1.4025114. 

Shenoy, Vivek B, Hailong Wang, and Xiao Wang. 2016. “A Chemo-Mechanical Free-Energy-

Based Approach to Model Durotaxis and Extracellular Stiffness-Dependent Contraction and 

Polarization of Cells.” Interface Focus 6 (1): 20150067. doi:10.1098/rsfs.2015.0067. 

Shishvan, S. S., A. Vigliotti, and V. S. Deshpande. 2018. “The Homeostatic Ensemble for Cells.” 

Biomechanics and Modeling in Mechanobiology, July. Springer Berlin Heidelberg, 1–32. 

doi:10.1007/s10237-018-1048-1. 

Sun, Wei, Elliot L Chaikof, and Marc E Levenston. 2008. “Numerical Approximation of Tangent 

Moduli for Finite Element Implementations of Nonlinear Hyperelastic Material Models.” 

Journal of Biomechanical Engineering 130 (6): 061003. doi:10.1115/1.2979872. 

Tan, J. L., J. Tien, D. M. Pirone, D. S. Gray, K. Bhadriraju, and C. S. Chen. 2003. “Cells Lying 

on a Bed of Microneedles: An Approach to Isolate Mechanical Force.” Proceedings of the 

National Academy of Sciences 100 (4): 1484–89. doi:10.1073/pnas.0235407100. 

Théry, Manuel, Anne Pépin, Emilie Dressaire, Yong Chen, and Michel Bornens. 2006. “Cell 

Distribution of Stress Fibres in Response to the Geometry of the Adhesive Environment.” 

Cell Motility and the Cytoskeleton 63 (6): 341–55. doi:10.1002/cm.20126. 

Vigliotti, A., W. Ronan, F. P T Baaijens, and V. S. Deshpande. 2015. “A Thermodynamically 

Motivated Model for Stress-Fiber Reorganization.” Biomechanics and Modeling in 

Mechanobiology. Springer Berlin Heidelberg. doi:10.1007/s10237-015-0722-9. 

Wang, J H, P Goldschmidt-Clermont, J Wille, and F C Yin. 2001. “Specificity of Endothelial Cell 

Reorientation in Response to Cyclic Mechanical Stretching.” Journal of Biomechanics 34 

(12): 1563–72. http://www.ncbi.nlm.nih.gov/pubmed/11716858. 

Weiss, T.F. 1996. Cellular Biophysics (Vol. 1). MIT Press. 



Chapter 3  

86 

CHAPTER 3 

THERMODYNAMIC MODELLING OF THE 

STATISTICS OF CELL SPREADING ON 

LIGAND COATED ELASTIC SUBSTRATES 

 

3.1. Introduction 

There is no unique outcome for tissue development in nature. For example, examination 

of arterial tissue across several samples reveals non-homogenous structures with non-

uniform collagen fibre alignment, tissue thickness, and smooth muscle cell (SMC) 

morphology (Lange et al. 2002; Chow et al. 2014; Engler et al. 2003). The same is true 

in-vitro, where cells of the same phenotype exhibit a diverse range of spread shapes, area, 

stress fibre alignments, and focal adhesion distributions. However, over large populations 

the statistics of observables is highly reproducible. Several experimental studies have 

demonstrated that the microenvironment has a significant impact on cell behavior. Jacot 

et al. (2008) show that sarcomere development and alignment in cardiomyocytes is 

dependent on substrate stiffness. A study by Arnold et al. (2004) reveals that focal 

adhesion (FA) and stress fibre (SF) formation is limited by ligand spacing on the 

substrate. Engler et al. (2003) show that both the mean and standard error of SMC spread 
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area depends on substrate rigidity and ligand density. With decreasing surface collagen 

density and decreasing substrate stiffness, the standard error reported for the experiment 

reduces.    

It is therefore evident that in order to uncover the biomechanisms underlying such 

observations, a stochastic approach to cell modelling is required. McEvoy et al. (2017) 

recently implemented a framework whereby an initially unadhered cell deforms to a range 

of possible spread states, and the system free energy is computed for each configuration. 

It is demonstrated that cell spreading entails a competition between the increasing elastic 

free energy due to stretching of passive cell components, and the decreasing cytoskeletal 

free energy as contractile proteins assemble to form SFs. Such a competition allows for 

the identification of a low free energy state, and it is shown that the predicted cell areas 

and SF alignments in these configurations are similar to reported experimental 

measurements (Théry et al. 2006). However, in the study of McEvoy et al. a single low 

energy spread state is identified. This deterministic approach neglects the fact that cells 

display a fluctuating response to their microenvironment in terms of observables such as 

SF alignment and spread area.  

In this study, we implement a statistical mechanics framework for the homeostatic 

ensemble of spread cells, following the approach of Shishvan et al. (2018). This 

methodology allows for the simulation of a large collection of spread microstates the cell-

substrate system assumes while maintaining its homeostatic state. The framework 

incorporates mathematical models to describe SF formation and cell-substrate 

deformation. In this study, we expand the statistical mechanics framework to include a 

model for traction dependent focal adhesion assembly. Simulations accurately predict the 

dependence of cell area and shape on surface collagen density and substrate stiffness, as 

reported in the experimental study of Engler et al.  
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3.2. Methodology 

We aim to analyze the response of cells adhered to elastic substrates. This experimental 

system is responding to both mechanical and chemical cues from its environment, viz. 

the stiffness of the substrate and the extra-cellular proteins (collagen) through which the 

cells adhere to the substrates. The response of this complex system is recorded through a 

range of observables, all of which exhibit large variations but with trends clearly 

emerging when the statistics of these observables are analysed. This motivates our choice 

of a modelling framework, called homeostatic mechanics (Shishvan et al. (2018)), in 

which, just as in the experimental system, observables fluctuate while trends (and 

understanding) emerge once these observables are viewed statistically. This framework 

has previously been shown to successfully capture a range of observations for smooth 

muscle cells (SMCs) seeded on elastic substrates, in which perfect adhesion was assumed 

and the role of the extra-cellular matrix neglected. Here we extend the framework to 

include an adhesion model and thus will first give a brief overview of the modelling 

framework (details in Appendix Section 3.A.1) and then focus on the adhesion model. 

3.2.1. Overview of the homeostatic mechanics framework 

The homeostatic mechanics framework recognises that the cell is an open system which 

exchanges nutrients with the surrounding nutrient bath. These high-energy nutrient 

exchanges fuel large fluctuations (much larger than thermal fluctuations) in cell responses 

associated with various intracellular biochemical processes. However, these biochemical 

processes attempt to maintain the cell in a homeostatic state, i.e. the cell actively 

maintains its various molecular species at a specific average number over these 

fluctuations that is independent of the environment. This translates to the constraint on 

the average Gibbs free-energy (Jaynes 1957) of the cell. Employing the ansatz that 

biochemical processes such as actin polymerisation and treadmilling provide the 

mechanisms to maximise the morphological entropy of the cell subject to the constraint 



Chapter 3  

89 

that the cell maintains a homeostatic state, Shishvan et al. (2018) obtained the distribution 

of states the cell assumes in terms of the Gibbs free-energy 𝐺(𝑗) of morphological state 

(𝑗) of the system as 

𝑃eq
(𝑗)
=
1

𝑍
exp(−휁𝐺(𝑗)). (3.1) 

𝑍 ≡ ∑ exp(−휁𝐺(𝑗))𝑗  is the partition function of the morphological microstates, and the 

distribution parameter 휁 follows from the homeostatic constraint 

1

𝑍
∑𝐺(𝑗)

𝑗

exp(−휁𝐺(𝑗)) = 𝐺S , (3.2) 

where 𝐺S is the homeostatic free energy, equal to the equilibrium Gibbs free-energy of an 

isolated cell in suspension (free-standing cell), i.e. the homeostatic processes maintain the 

average biochemical state of the system equal to that of a cell in suspension. Thus, the 

distribution (equation 3.1) is characterised by a homeostatic temperature 1/휁  that is 

conjugated to the morphological entropy of the cell.  

3.2.2. Gibbs free-energy of a morphological state 

Much like conventional statistical mechanics frameworks that require a model for the 

energy of molecular systems, the homeostatic statistical mechanics framework requires a 

model for the Gibbs free-energy 𝐺(𝑗) of a morphological state (𝑗) of the system. Here, we 

employ a relatively simple model for the Gibbs free-energy wherein the cell consists of a 

passive elastic nucleus within a cytoplasm that is modelled as comprising an active stress 

fibre cytoskeleton and elements such as the cell membrane, intermediate filaments and 

microtubules that are all lumped into a single passive elastic contribution. 

Details of the model including the parameters used to characterise the SMCs are given in 

Appendix Section 3.A.2. Here we briefly describe the salient features of the model for 

SMCs on elastic substrates. The SMCs are modelled as two-dimensional (2D) bodies in 
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the 𝑥1 − 𝑥2 plane lying on the surface of an elastic substrate such that the out-of-plane 

Cauchy stress 𝛴33 = 0. The substrates are modelled as linear elastic half-spaces while the 

cells are modelled using the approach of Vigliotti et al. (2015) as modified by Shishvan 

et al. The Vigliotti et al. model assumes only two elements within the cell: (i) a passive 

elastic contribution from elements such as the cell membrane, intermediate filaments and 

microtubules and (ii) contractile acto-myosin stress fibres that are modelled explicitly. 

The cell in its undeformed state is a circle of radius 𝑅0 and for a given morphological 

microstate (𝑗), the strain distribution within the cell is specified. This directly gives the 

elastic strain energy of the cell �̂�passive via a 2D Ogden-type hyperelastic model for both 

the nucleus and cytoplasm. The passive hyperelastic behaviour of the cytoplasm and 

nucleus has been characterised for several cell types using experimental techniques in 

which stress fibres are disrupted using cyto-D (Weafer et al. 2013; Reynolds et al. 2014; 

Dowling et al. 2012). The stress fibre cytoskeleton within the cytoplasm is modelled as a 

distribution of stress fibres such that at each location 𝑥𝑖 within the cell 휂̂(𝜑) parameterises 

the angular concentration of stress fibres over all angles 𝜑, while �̂�𝑠𝑠(𝜑) denotes the 

number of functional units within each stress fibre. Thus, at any 𝑥𝑖  there is a total 

concentration �̂�𝑏  of bound stress fibre proteins obtained by integrating 휂̂�̂�𝑠𝑠  over all 

orientations 𝜑 and these bound proteins are in chemical equilibrium with the unbound 

stress fibre proteins. The unbound proteins are free to diffuse within the cell and thus at 

equilibrium of a morphological microstate the concentration �̂�𝑢 of these unbound stress 

fibre proteins is spatially uniform. This chemical equilibrium condition along with the 

conservation of stress fibre proteins within the cell provides the spatial and angular 

distributions of stress fibres from which the free-energy of the cytoskeleton �̂�cyto  is 

evaluated. The total normalised free-energy of the cell morphological microstate (𝑗) then 

follows as �̂�(𝑗) ≡ �̂�passive
(𝑗)

 +�̂�cyto
(𝑗)

 +�̂�sub
(𝑗)

 , where �̂�sub
(𝑗)

 is the elastic energy of the substrate 
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(�̂�(𝑗) is the normalized value of 𝐺(𝑗); see Appendix Section 3.A.2.4 for details of the 

normalizations). 

In addition to the contributions to �̂�(𝑗) from the passive elasticity and cytoskeleton of the 

cell, here we also include the contribution from the focal adhesions between the cell and 

the collagen extra cellular matrix (ECM) laid on the elastic substrates on which the SMCs 

are seeded. Shishvan et al. implicitly assumed an unlimited supply of adhesion proteins 

as well as extra-cellular proteins to form adhesion complexes and thereby neglected the 

contribution of adhesion to �̂�(𝑗). Here we extend the approach of Shishvan et al. for the 

case of a finite quantity of both focal adhesion proteins and extra-cellular collagen and 

thus explicitly include an adhesion contribution to �̂�(𝑗), i.e. we write �̂�(𝑗) as  

�̂�(𝑗) ≡ �̂�passive
(𝑗)

 + �̂�cyto
(𝑗)

 + �̂�sub
(𝑗)
+ �̂�adh

(𝑗)
. (3.3) 

We now proceed to make explicit this adhesion model. 

3.2.3. Adhesion complexes between the cell and the extra-cellular 

collagen 

The focal adhesion model proposed here is a modification to the model of McEvoy et al.  

(2017) where adhesion is assumed to be via integrins that exist in a single state. These 

integrins form complexes by binding to ligands that have a density 𝑁𝐻 per unit area on 

the surface of the elastic substrate. For a given morphological microstate (𝑗), the strain 

state of the cell is specified and this implies that the tractions 𝑇𝑖(𝑥𝑖) the cells exert on the 

substrate are also fixed from the cell model; see Appendix Section 3.A.2.1 (for the sake 

of brevity here we have dropped the superscript (𝑗) to indicate that these are tractions for 

a given morphological microstate (𝑗). These tractions are transmitted to the substrate 

through the focal adhesion complexes and here we specify the adhesion model with the 

tractions 𝑇𝑖(𝑥𝑖) specified. 
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When in local equilibrium at a location 𝑥𝑖 on the surface of the cell, the integrins with a 

local concentration 𝐶𝐼(𝑥𝑖) have a chemical potential at temperature 𝑇 in terms of the 

Boltzmann constant 𝑘𝐵 

𝜒𝐼(𝑥𝑖) = 𝜇𝐼(𝑥𝑖) + 𝑘𝐵𝑇 ln (
𝐶̅(𝑥𝑖)

1 − 𝐶̅(𝑥𝑖)
) ,  (3.4) 

where 𝜇𝐼 is their enthalpy while 𝐶̅(𝑥𝑖) ≡ 𝐶𝐼(𝑥𝑖)/𝐶𝑟, in terms of the number of integrin 

sites per unit area 𝐶𝑟 on the cell membrane. The enthalpy of the integrins follows from 

recalling that each integrin molecule transmits a force Ƒ(𝑥𝑖)  related to the traction 

𝑇(𝑥𝑖) ≡ √𝑇1(𝑥𝑖)2 + 𝑇2(𝑥𝑖)2  on the cell surface via 𝑇(𝑥𝑖) =  Ƒ(𝑥𝑖)𝑁𝐻. Then,  

𝜇𝐼(𝑥𝑖) = Φ(Δ(𝑥𝑖)) − Ƒ(𝑥𝑖)Δ(𝑥𝑖), (3.5) 

where Δ is the stretch of the focal adhesion complex and Φ the internal energy of the 

complex subjected to a stretch Δ. Now assuming linear behaviour of the complex with a 

stiffness 𝜅𝑠 , such that Ƒ(𝑥𝑖) ≡ 𝜅𝑠 Δ(𝑥𝑖), equation 3.5 reduces to 𝜇𝐼 (𝑥𝑖 ) = −Ƒ(𝑥𝑖)
2/

2 𝜅𝑠 and the chemical potential follows as 

𝜒𝐼(𝑥𝑖) = 𝑘𝐵𝑇 ln (
�̅�(𝑥𝑖)

1−�̅�(𝑥𝑖)
) −

Ƒ(𝑥𝑖)
2

2𝜅𝑠
. (3.6)

The integrins are mobile over the surface membrane and at equilibrium, their chemical 

potentials are spatially uniform such that 𝜒𝐼(𝑥𝑖) = 𝜒𝐶 . The equilibrium concentrations 

𝐶�̅�𝑞(𝑥𝑖) then follow in terms of 𝜒𝐶 as  

(
𝐶�̅�𝑞(𝑥𝑖)

1 − 𝐶�̅�𝑞(𝑥𝑖)
) = exp(

𝜒𝐶 +
Ƒ(𝑥𝑖)

2

2𝜅𝑠
𝑘𝐵𝑇

) . (3.7) 

However,  𝜒𝐶 is as yet unknown and the conservation of integrins provides the additional 

constraint to determine 𝜒𝐶, viz. given a spatially uniform surface density 𝐶0 of integrins 

for a cell in suspension, the conservation statement reads 



Chapter 3  

93 

𝐴0𝐶0 = 𝐶𝑟∫ 𝐶�̅�𝑞(𝑥𝑖)𝑑𝐴
𝐴

,   (3.8) 

where 𝐴0  is the surface area of the cell in suspension and 𝐴  its area in the current 

configuration. The simultaneous solution of equation 3.7 and equation 3.8 gives 𝜒𝐶 and 

the adhesion free-energy of the cell is then given as 𝐹adh = 𝐴0𝐶0𝜒𝐶 . 

The above analysis assumes the adhesion complexes can sustain any required force Ƒ(𝑥𝑖) 

via the assumed linearity of the complex response. However, it is has been demonstrated 

that complexes cannot support a force greater than a critical value Ƒ𝑚𝑎𝑥 (Dowling and 

McGarry 2014; McGarry and McHugh 2008; Selhuber-Unkel et al. 2010). Direct 

enforcement of the condition that no complex force exceeds Ƒ𝑚𝑎𝑥 at the cell-substrate 

interface would require an iterative adjustment of spread state (as implemented for 

simplified microstates by McEvoy et al. (2017)), and is therefore excessively 

computationally expensive in the context of the Monte Carlo simulations required for 

sampling the homeostatic ensemble. Here we use the alternative approach of a penalty 

scheme to ensure that a very small number of spread states contain complexes with forces 

Ƒ > Ƒ𝑚𝑎𝑥. In summary, we define a penalty force  

Ƒ𝑝 = ∫ΔƑ𝑝(𝑥𝑖) 𝑑𝐴
𝐴

,   (3.9) 

where  

ΔƑ𝑝(𝑥𝑖) = {
Ƒ(𝑥𝑖) − Ƒ𝑚𝑎𝑥       Ƒ(𝑥𝑖) > Ƒ𝑚𝑎𝑥
0                                   otherwise

. (3.10) 

A penalty energy is then defined as 𝜒𝑝 = (Ƒ𝑝)2/(2𝜅𝑝), where the parameter 𝜅𝑝 has the 

units of stiffness and sets the magnitude of the penalty. The total focal adhesion free-

energy including the penalty contribution is then defined as 

𝐹adh = 𝐴0𝐶0(𝜒𝐶 + 𝜒𝑝), (3.11) 
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with the normalised energy �̂�adh  following from the definitions detailed in Appendix 

Section 3.A.2.4 along with the model parameters. In order to compare model predictions 

with the experimental results of Engler et al, the number of ligands per unit area, 𝑁𝐻, can 

be expressed as surface collagen density 𝜌𝑐𝑜𝑙 through the following expression: 

𝜌𝑐𝑜𝑙 =
𝑁𝐻𝑀𝑐𝑜𝑙

𝐿
 , (3.12) 

where 𝑀𝑐𝑜𝑙 is the molar mass of collagen and 𝐿 is Avogadro’s constant.  

3.2.4. Numerical methods 

We employ Markov Chain Monte Carlo (MCMC) to construct a Markov chain that is 

representative of the homeostatic ensemble. This involves three steps: (i) a discretization 

scheme to represent morphological microstate (𝑗), (ii) calculation of 𝐺(𝑗)  for a given 

morphological microstate (𝑗), and (iii) construction of a Markov chain comprising these 

morphological microstates. Here, we briefly describe the procedure which was 

implemented in MATLAB with readers referred to Shishvan et al. for further details. 

Typical Markov chains comprised in excess of 2.5 million samples. 

In the general setting of a three-dimensional (3D) cell, a morphological microstate is 

defined by the connection of material points on the cell membrane to the surface of the 

collagen coated substrate. In the 2D context of cells on collagen coated substrates, this 

reduces to specifying the connection of all material points of the cell to locations within 

the collagen coated substrate, i.e. a displacement field 𝑢𝑖
(𝑗)
(𝑋𝑖) is imposed on the cell with 

𝑋𝑖 denoting the location of material points on the cell in the undeformed configuration, 

and these are then displaced to 𝑥𝑖
(𝑗)
= 𝑋𝑖 + 𝑢𝑖

(𝑗)
 in morphological microstate (𝑗). These 

material points located at 𝑥𝑖
(𝑗)

 are then connected to material points on the collagen coated 

substrate at the same location 𝑥𝑖
(𝑗)

, completing the definition of the morphological 

microstate in the 2D setting.  

The cell is modelled as a continuum and thus 𝑢𝑖
(𝑗)

 is a continuous field. To calculate the 

density of the morphological microstates, we define 𝑢𝑖
(𝑗)

 via Non-Uniform Rational B-

splines (NURBS) such that the morphological microstate is now defined by 𝑀 pairs of 

weights [𝑈𝐿
(𝑗)
, 𝑉𝐿

(𝑗)
] (𝐿 = 1,… ,𝑀). In all the numerical results presented here, we employ 
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𝑀 = 16 with 4 × 4 weights 𝑈𝐿
(𝑗)

 and 𝑉𝐿
(𝑗)

 governing the displacements in the 𝑥1 and 𝑥2 

directions, respectively. The NURBS employ fourth order base functions for both the 𝑥1 

and 𝑥2 directions, and the knots vector included two nodes each with multiplicity four, 

located at the extrema of the interval. We emphasise here that this choice of representing 

the morphological microstates imposes restrictions on the morphological microstates that 

will be considered. Therefore, the choice of the discretisation used to represent 𝑢𝑖
(𝑗)

 needs 

to be chosen so as to be able to represent the microstates we wish to sample, e.g. the 

choice can be based on the minimum width of a filopodium one expects for the given cell 

type. Given 𝑢𝑖
(𝑗)

, we can calculate 𝐺(𝑗) using the model described in Section 2.1 with the 

cell discretised using constant strain triangles of size 𝑒 ≈ 𝑅0/10, where 𝑅0 is the radius 

of the cell in its undeformed configuration (see Extended Data Figure 3.5). 

We construct the Markov chain using the Metropolis algorithm that gives a sequence of 

random samples from the exponential equilibrium distribution. We employ the Metropolis 

algorithm in an iterative manner so as to enforce the homeostatic constraint. The scheme 

is summarised as follows: 

(i) Assume a value of 휁 and use the undeformed cell configuration as the starting 

configuration and label it as morphological microstate 𝑗 = 0 with equilibrium 

free-energy 𝐺(0) calculated as described in equation 3.3.  

(ii) Randomly pick one pair of the 𝑀 weights 𝑈𝐿
(𝑗)
, 𝑉𝐿

(𝑗)
 and perturb them by two 

independent random numbers picked from a uniform distribution over the 

interval [−Δ, Δ]. 

(iii) Compute the new free-energy of this perturbed state and thereby the change 

in free-energy Δ𝐺 = 𝐺(𝑗) − 𝐺(𝑗−1). 

(iv) Use the Metropolis criterion to accept this perturbed state or not, i.e.  

a. if Δ𝐺 ≤ 0, accept the perturbed state; 

b. if Δ𝐺 > 0, compute 𝑃𝑎𝑐𝑐 = exp (−휁Δ𝐺) and accept the perturbed state if 

𝑃𝑎𝑐𝑐 > ℛ , where ℛ  is a random number drawn from a uniform 

distribution over [0, 1]. 

(v) If the perturbed state is accepted, add it to the list of samples as a new 

morphological microstate, else repeat the configuration prior to step (ii) in the 

sample list and return to step (ii). 
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(vi) Keep repeating this procedure until a converged distribution is obtained. Here, 

we typically use the criterion that the average of 𝐺(𝑗)  within the generated 

sample list (labelled 〈𝐺(𝑗)〉 changes by less than 1% over 100,000 steps of the 

Markov chain.  

(vii) If 〈𝐺(𝑗)〉  is within ±2%  of the homeostatic value of 𝐺𝑠 , we accept this 

distribution, else we modify 휁 and repeat from step (i). 

3.3. Results and discussion 

3.3.1. Spread dependence of cells on surface collagen density 

The influence of surface collagen density 𝜌𝑐𝑜𝑙 on cell spreading is shown in Figure 3.1. 

Cells are spread on rigid substrates coated with three different values of 𝜌𝑐𝑜𝑙 (6, 33, and 

250 𝑛𝑔 𝑐𝑚−2 ). A sample of predicted cell spread states are shown in Figure 3.1a, 

including stress fibre distributions (green), focal adhesion distributions (red), and nuclei 

(blue). In the case of a low 𝜌𝑐𝑜𝑙 (6 𝑛𝑔 𝑐𝑚−2) cells are not highly spread and they maintain 

regular rounded morphologies. A low concentration smeared actin cytoskeleton is 

observed throughout the cell, with no regions of highly aligned stress fibres. For a higher 

𝜌𝑐𝑜𝑙  of 33 𝑔 𝑐𝑚−2, cells become more highly spread. Additionally, the spread shapes 

become quite irregular, in contrast to the rounded shapes observed on a lower 𝜌𝑐𝑜𝑙 . 

Regions of aligned stress fibres are observed and focal adhesions cluster towards the cell 

periphery. In the case of the highest 𝜌𝑐𝑜𝑙 of 250 𝑛𝑔 𝑐𝑚−2, a further increase in spread 

area is observed and the spread shape becomes highly irregular, with cells exhibiting 

elongated protrusions. High concentrations of aligned stress fibres are observed, and focal 

adhesions are highly localised at the cell periphery and cell nucleus.  

Probability density functions (pdfs) for cell spread area (Figure 3.1b) and for aspect ratio 

(AR) of a best fit ellipse (Figure 3.1c) are constructed from the full population of spread 

states for each surface collagen density. With increasing 𝜌𝑐𝑜𝑙, the mean cell spread area 

increases and the variance in spread area increases (i.e. in Figure 3.1b, as 𝜌𝑐𝑜𝑙 increases 
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the pdf moves to the right and becomes less peaked). A similar trend is observed for cell 

aspect ratio (Figure 3.1c), where the mean is closer to 1 and the variance is very low (the 

pdf is more peaked) for the lowest 𝜌𝑐𝑜𝑙.  

 

Figure 3.1: (a) Contours of bound stress fibre protein concentrations �̂�𝑩 (green) 

with dominant alignment, focal adhesion distributions �̂�  (red), and overlays in 

commonly observed cell shapes at a given surface collagen density 𝝆𝒄𝒐𝒍. Nucleus 

highlighted in blue; Probability density functions for cells spread on a rigid 

substrate for 3 collagen densities, of (b) cell spread area (�̂� = 𝑨/𝑨𝟎), and (c) cell 

aspect ratio. 

 

In summary, the pdfs presented in Figures 3.1b and 3.1c show that a population of cells 

on a lower 𝜌𝑐𝑜𝑙 will have a lower mean spread area and a lower variance of spread area, 

in addition to being rounded (AR close to 1) with a low variance of spread shape. As 𝜌𝑐𝑜𝑙 

is increased, a higher mean spread area is obtained for a population of cells, with a higher 
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variance of spread area and spread shape. Additional spread shapes are presented in 

Extended Data Figures 3.1 and 3.2. 

3.3.2. Influence of substrate stiffness on cell spreading 

The influence of substrate stiffness 𝐸𝑠𝑢𝑏 on cell spreading is shown in Figure 3.2. Cells 

are spread on substrates of stiffness 8 kPa and 32 kPa, in addition to a rigid substrate. All 

substrates have a 𝜌𝑐𝑜𝑙 of 33 𝑛𝑔 𝑐𝑚−2. A sample of cell spread states shown in Figure 3.2a 

suggests that cell spread area increases with 𝐸𝑠𝑢𝑏. Cells on the compliant (8kPa) substrate 

exhibit a low concentration smeared actin cytoskeleton, compared to the highly aligned 

stress fibres on the stiff and rigid substrate. The irregularity of the spread shape increases 

with 𝐸𝑠𝑢𝑏, with longest protrusions occurring on the rigid substrate.    

Pdfs for cell spread area (Figure 3.2b) and aspect ratio (Figure 3.2c) are constructed from 

the full population of spread states for each value of 𝐸𝑠𝑢𝑏. Clearly both the mean spread 

area and the variance in spread area increase with 𝐸𝑠𝑢𝑏 (i.e. in Figure 3.2b the pdf moves 

to the right and becomes less peaked as 𝐸𝑠𝑢𝑏  is increased). The effect of 𝐸𝑠𝑢𝑏  on cell 

shape is less pronounced, with only a minor increase in the mean and variance of cell 

aspect ratio with increasing stiffness (Figure 3.2c).   
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Figure 3.2: (a) Contours of bound stress fibre protein concentrations �̂�𝑩 (green) 

with dominant alignment, focal adhesion distributions �̂�  (red), and overlays in 

commonly observed cell shapes at a given substrate stiffness 𝑬𝒔𝒖𝒃 . Nucleus 

highlighted in blue; Probability density functions for cells spread on substrates of 

different stiffness at a surface collagen density 𝝆𝒄𝒐𝒍  of 33 𝒏𝒈 𝒄𝒎−𝟐, of (b) cell spread 

area (�̂� = 𝑨/𝑨𝟎), and (c) cell aspect ratio.  

3.3.3. Coupled dependence of collagen density and substrate stiffness 

The coupled interplay between the influence of 𝜌𝑐𝑜𝑙 and 𝐸𝑠𝑢𝑏 on cell spreading is next 

considered.  Heat maps are constructed from mean spread areas (Figure 3.3a) and mean 

aspect ratios (Figure 3.3b). Representative spread states are superimposed for illustrative 

purposes. As shown in Figure 3.3a, a very low 𝜌𝑐𝑜𝑙 results in a very weak dependence of 

mean spread area on 𝐸𝑠𝑢𝑏. However, for moderate and high 𝜌𝑐𝑜𝑙 the mean spread area is 

highly dependent on 𝐸𝑠𝑢𝑏.  As shown in Figure 3.3b, the cell aspect ratio exhibits a very 
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weak dependence on 𝐸𝑠𝑢𝑏 (the contours in 3.4b are almost vertical), while exhibiting a 

very strong dependence on 𝜌𝑐𝑜𝑙.  

Both the mean and standard deviation of cell spread area is shown in Figure 3.3c. A 

number of features should be noted: (i) as 𝜌𝑐𝑜𝑙 is increased, both the mean and standard 

deviation increase up to a peak value. This trend is observed for all values of 𝐸𝑠𝑢𝑏; (ii) if 

𝜌𝑐𝑜𝑙 is increased beyond the peak value, a slight reduction in mean spread area (and its 

standard deviation) is observed. Again, this trend is observed for all values of 𝐸𝑠𝑢𝑏; (iii) 

the 𝜌𝑐𝑜𝑙 at which the mean spread area reaches a peak value increases with increasing 

𝐸𝑠𝑢𝑏; (iv) for a given 𝜌𝑐𝑜𝑙, both the mean and standard deviation increase with increasing 

𝐸𝑠𝑢𝑏. Figure 3.3d shows that cell aspect ratio is highly dependent on 𝜌𝑐𝑜𝑙, with both the 

mean and standard deviation increasing with increasing 𝜌𝑐𝑜𝑙. It is interesting to note that 

even though the cell mean spread area decreases when the 𝜌𝑐𝑜𝑙 is increased beyond the 

critical value, the mean aspect ratio continues to increase. However, mean aspect ratio 

and its standard deviation exhibits a weak dependence on 𝐸𝑠𝑢𝑏.   
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Figure 3.3: (a,c) Predicted cell area (mean±SD) at a given surface collagen density 

𝝆𝒄𝒐𝒍  for cells spread on substrates of different stiffness (red-rigid, yellow-32kPa, 

green-8kPa). Cell area is normalized such that �̂� = 𝑨/𝑨𝟎; (b,d) Predicted cell aspect 

ratio (mean±SD). Sample cell spread shapes shown for a given substrate. 

3.3.4. Experimental support for predicted cell behaviour 

Remarkably, all the features described by Figure 3.3 are directly supported by the 

experimental study of Engler et al. (2003), where the response of smooth muscle cells 

(SMCs) to 𝐸𝑠𝑢𝑏  and 𝜌𝑐𝑜𝑙  was investigated. At a low 𝜌𝑐𝑜𝑙  on all substrates, SMCs that 

were detectably spread were found to be rounded with a low spread area. As the 𝜌𝑐𝑜𝑙 was 

increased, the spread area (mean and standard deviation) was observed to increase up to 

a peak value. Following this peak, any increase to the density of 𝜌𝑐𝑜𝑙  resulted in a 

reduction of mean spread area. This behaviour is further supported by the experimental 

study of Gaudet et al. (2003). Engler et al. noted that the 𝜌𝑐𝑜𝑙 at which the peak mean 

spread area occurs is dependent on 𝐸𝑠𝑢𝑏  (i.e. it increases with increasing 𝐸𝑠𝑢𝑏 , as 
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predicted by our models). Engler et al. also reported that an increase in 𝐸𝑠𝑢𝑏 resulted in a 

higher mean cell spread area for a fixed 𝜌𝑐𝑜𝑙.  

Although the aspect ratio is not directly measured in the experimental work of Engler et 

al., with an increase in cell area (due to 𝐸𝑠𝑢𝑏 or 𝜌𝑐𝑜𝑙) it was reported that cell shapes 

became less rounded and more irregular when cell spread area increases as a result of 

increased 𝐸𝑠𝑢𝑏 and/or 𝜌𝑐𝑜𝑙. Such a reduction in cell roundness with increasing 𝐸𝑠𝑢𝑏 has 

also been observed in the experimental study of Ren et al. (2010) for skeletal muscle cells. 

Additionally, Prager-Khoutorsky et al. (2011) reported that cells readily elongate (i.e. 

high aspect ratio) when plated on rigid substrates, with the behaviour significantly less 

pronounced with decreasing 𝐸𝑠𝑢𝑏. Similar to our predictions for stress fibre distributions, 

Engler et al. report that highly spread cells display a well-ordered stress fibre network. 

Such ordered fibres were far less probable on rounded cells on low 𝜌𝑐𝑜𝑙 and on softer 

substrates. Similar observations are also reported in the experimental study by Deroanne 

et al. (2001) in which a significant reduction in stress fibre and focal adhesions formation 

was observed in endothelial cells on soft gels compared to stiff substrates. Pelham and 

Wang (2018) also show such dependence of adhesion formation on substrate stiffness. 

The predicted trends of SF and FA organisation in Figures 3.1 and 3.2 of the current study 

are strongly supported by the aforementioned experimental studies. Additional samples 

of computed cell spread states are shown in Extended Data Figures 3.1 and 3.2.  
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3.3.5. Thermodynamically motivated insights for predicted cell 

behaviour 

We next provide a thermodynamically motivated explanation for the computed results in 

Figures 3.1-3.3, and, by extension, for the experimental observations of Engler et al. In 

Figure 3.4a we plot the pdf of total free energy for the three values of 𝜌𝑐𝑜𝑙 on a rigid 

substrate. Recall that the system is subject to the homeostatic constraint, such that the 

mean free energy of all states is equal to the cellular homeostatic free energy 𝐺𝑆, which 

can be identified from the unique state of a free-standing cell. Therefore, the mean free 

energy is similar for all values of 𝜌𝑐𝑜𝑙 (Figure 3.4a). The adhesion free energy pdf (Figure 

3.4b) is highly peaked and negative for a high 𝜌𝑐𝑜𝑙 of 250 𝑛𝑔 𝑐𝑚−2. This indicates a high 

probability that adhesion complex forces are close to Ƒ𝑚𝑎𝑥 so that a low adhesion energy 

is obtained. On the other hand, there is a low probability that adhesion complex forces 

exceed Ƒ𝑚𝑎𝑥 and incur a (positive) adhesion energy penalty.   

In the case of a high 𝜌𝑐𝑜𝑙 of 250 𝑛𝑔 𝑐𝑚−2, the cell-substrate tractions for a wide range of 

highly spread states can be supported without incurring an adhesion energy penalty (i.e. 

the adhesion free energy remains low). As a result the entropy of the spread states is very 

high for high values of 𝜌𝑐𝑜𝑙 . Correspondingly, a high variance in the (negative) 

cytoskeletal and (positive) elastic free energies (Figures 3.4c,d) occurs. In effect, cell 

spreading on a rigid substrate coated with a high 𝜌𝑐𝑜𝑙 can be viewed as a competition 

between positive elastic free energy due to stretching of passive cell components and 

negative free energy due to assembly of contractile stress fibres, with an additional 

negative free energy contribution from the adhesion complexes.    

When 𝜌𝑐𝑜𝑙  is reduced, higher forces occur in ligand complexes, resulting in a higher 

probability that Ƒ𝑚𝑎𝑥 is exceeded and an adhesion energy penalty is incurred. Therefore, 

there is a low probability that highly spread states will occur, and the entropy of the spread 

states decreases. In other words, a highly spread cell on a low 𝜌𝑐𝑜𝑙 will result in adhesion 
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complex forces that exceed the maximum value, and the imposition of an energetic 

penalty results in a low probability that such highly spread states will occur. This explains 

the high probability of rounded cells with low spread areas on a 𝜌𝑐𝑜𝑙 of 6 𝑛𝑔 𝑐𝑚−2, as 

reported in Figures 3.1 and 3.3. Correspondingly, as shown in Figures 3.4c and 3.4d, the 

cytoskeletal and elastic free energy pdfs are highly peaked with mean values close to zero 

(as expected for the observed low spread areas and low variance in spread shapes (AR)).  

 

Figure 3.4: Probability density functions for cells spread on a rigid substrate for 3 

surface collagen densities 𝝆𝒄𝒐𝒍, of (a) total free energy, (b) cytoskeletal free energy, 

(c) elastic free energy, and (d) adhesion free energy.  

 

Recall from Figure 3.3 that, for all values of 𝐸𝑠𝑢𝑏 , cell spread area increases with 

increasing 𝜌𝑐𝑜𝑙  up to a peak value. In Figure 3.5, we report the mean and standard 

deviation of the free energy densities across all 𝜌𝑐𝑜𝑙 and 𝐸𝑠𝑢𝑏 (the standard deviation is 

indicative of the variance observed in the corresponding pdfs). The peak spread areas 
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shown in Figure 3.3b coincide with the lowest mean adhesion free energy for each 

substrate (Figures 3.5(a-c)). The 𝜌𝑐𝑜𝑙 associated with such a peak spread area on each 

substrate is hereafter referred to as “optimal”. At this optimal 𝜌𝑐𝑜𝑙  there is a high 

probability that the forces in adhesion complexes will result in a low adhesion free energy. 

For sub-optimal 𝜌𝑐𝑜𝑙 , highly spread states will result in an increased probability of 

adhesion complex forces higher than Ƒ𝑚𝑎𝑥, resulting in an energetic penalty, as explained 

in Figure 3.4 above. On the other hand, when the 𝜌𝑐𝑜𝑙 is increased beyond the “optimal” 

value, the cell must spread to a higher area in order to generate sufficient tractions to 

achieve sufficiently high adhesion complex forces (i.e. Ƒ(𝑥𝑖) ≅ Ƒ𝑚𝑎𝑥) and a low adhesion 

free energy. However, spreading to such a high area results in an increased elastic strain 

energy. There is a low probability that the adhesion (Figure 3.5 (a-c)) and cytoskeletal 

(Figure 3.5 (d-f)) free energy will overcome this “elastic penalty” and achieve the 

homeostatic state, i.e. �̂�𝑠. Therefore, on “post-optimal” 𝜌𝑐𝑜𝑙 there is a low probability that 

the cell area will increase beyond the peak spread area. In fact, a “post-optimal” 𝜌𝑐𝑜𝑙 leads 

to a reduction in mean spread area, as shown in Figure 3.3c (this has been also observed 

experimentally by Engler et al. and Gaudet et al., as discussed in Section 3.3.4 above). 

This occurs because cellular tractions are supported by a higher number of complexes, so 

that individual bond forces are reduced. Therefore, the cell adhesion free energy moves 

closer to zero (Figure 3.5(a-c)), providing a weaker competition to the elastic strain 

energy (Figures 3.5 (g-i)) so that there is a lower probability that the cell will achieve the 

peak spread area. This behaviour is summarized in Figure 3.6. Although the mean spread 

area decreases for “post-optimal” 𝜌𝑐𝑜𝑙, the mean elastic free energy increases on rigid and 

stiff substrates (Figure 3.5g-h). This is due to a high variability in spread shape on stiffer 

substrates with high 𝜌𝑐𝑜𝑙  (see plots of cell aspect ratio in Figure 3.3d).  
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Figure 3.5: Predicted adhesion (a-c), cytoskeletal (d-f), elastic (g-i), and substrate (j-

l) free energy (mean±SD) at a given surface collagen density 𝝆𝒄𝒐𝒍 for cells spread on 

rigid, stiff, and compliant substrates.  

 

A reduction in 𝐸𝑠𝑢𝑏 lowers the probability of the cell achieving a high spread area, with 

rounded low spread morphologies more frequently observed (Figure 3.3c). On a rigid 

material, there is no contribution from the elastic strain energy of the substrate (Figure 

3.5j) as it is not deformed by the contractile activity of the cell. However, as the 𝐸𝑠𝑢𝑏 is 

reduced (Figures 3.5 k,l), it will be deformed by the cell. The associated substrate free 

energy causes the total system free energy to become increasingly positive. Thus, to 

achieve a homeostatic state, there is a high probability the cell area will be lower on more 
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compliant substrates. The highly coupled balance between the contributions to the system 

free energy causes the peak cell area to occur at a lower 𝜌𝑐𝑜𝑙  for a lower 𝐸𝑠𝑢𝑏 . As 

mentioned above, a low 𝐸𝑠𝑢𝑏  results in lower spread areas, which leads to lower cell-

substrate tractions. Therefore, a lower 𝜌𝑐𝑜𝑙  is required for an increased probability of 

optimal forces in adhesion complexes ( Ƒ(𝑥𝑖) ≅ Ƒ𝑚𝑎𝑥 ) and a correspondingly low 

adhesion free energy. Peak spreading occurs on lower 𝜌𝑐𝑜𝑙 for lower 𝐸𝑠𝑢𝑏, as shown in 

Figure 3.3c (and as reported in the experimental of Engler et al.).  

 

Figure 3.6: Schematic of thermodynamically motivated explanation for the influence 

of collagen (ligand) density on cell spread area.  
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3.4. Concluding remarks 

The equilibrium statistical mechanics framework developed by Shishvan et al. (2018) 

allows for the simulation of the homeostatic ensemble for cells on an elastic substrate in 

a nutrient bath. Cells assume a dynamic homeostatic equilibrium by means of a free 

energy competition between the increasing elastic free energy due to stretching of passive 

cell components (and substrate deformation), and the decreasing cytoskeletal free energy 

as contractile proteins assemble to form stress fibres. In the current study, the framework 

is expanded to include the free energy associated with formation of focal adhesions 

between the cell and a collagen coated substrate. 

The expanded framework allows for the simulation of the coupled influence of surface 

collagen density 𝜌𝑐𝑜𝑙  and substrate stiffness 𝐸𝑠𝑢𝑏  on cell spreading, as reported in the 

experimental study of Engler et al. (2003). The key experimental observations predicted 

by our modelling framework are summarized as follows: 

- With increasing substrate 𝜌𝑐𝑜𝑙 , cell spread area (mean and standard deviation) 

increases up to a peak value. 

- A further increase in 𝜌𝑐𝑜𝑙 beyond this peak results in a reduction of the cell spread 

area (mean and standard deviation).  

- The 𝜌𝑐𝑜𝑙 at which the mean cell area reaches a peak decreases with decreasing 

𝐸𝑠𝑢𝑏. 

- At a fixed 𝜌𝑐𝑜𝑙, the mean and standard deviation of the spread area increase with 

increasing 𝐸𝑠𝑢𝑏.  

The 𝜌𝑐𝑜𝑙  directly influences the forces in adhesion complexes and, consequently, the 

adhesion free energy. This, in turn, influences the spread states that cells assume in 

achieving homeostasis. A low 𝜌𝑐𝑜𝑙  lowers the probability of a cell becoming highly 

spread, as sufficient complexes cannot form to support the tractions imposed by the 
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substrate. Conversely, at a high 𝜌𝑐𝑜𝑙  the cell may form more adhesion complexes, 

lowering the associated free energy. Thus, the probability of cells having a high spread 

area increases. The influence of 𝐸𝑠𝑢𝑏   and 𝜌𝑐𝑜𝑙  is highly coupled, as demonstrated in 

Figure 3.3 and 3.5. A deformable substrate lowers the probability of a cell becoming 

highly spread, reducing the cell tractions and thereby causing the peak mean spread area 

to occur at a lower 𝜌𝑐𝑜𝑙.  

In statistical thermodynamics a closed system in a constant temperature and pressure 

environment attains equilibrium at minimum Gibbs free-energy. However, metabolic 

systems such as cells cannot be viewed in this manner; in fact cells never attain an 

equilibrium minimum free energy state while alive. The approach developed by Shishvan 

et al and extended in the current study to account for free energy associated with focal 

adhesion formation recognizes this and predicts the statistics of biological observables 

(e.g. cell area, aspect ratio etc.) under the constraint that the cell maintains a homeostatic 

state. In a previous study, McEvoy et al. (2017) identified low (or minimum) free energy 

cell spread states within a limited phase space of axisymmetric configurations. This 

simplified approach provided a reasonable approximation of the detailed trends computed 

in the current study (and observed experimentally (Engler et al.)), which can be explained 

by the realisation that low free energy states will of course be highly probable within the 

homeostatic ensemble; see equation 3.1. While McEvoy et al. correctly demonstrate that 

cell spreading is governed by a competition between decreasing cytoskeletal and adhesion 

free energy and increasing elastic energy, the identification of a low or minimum free 

energy configuration is not physically appropriate for a fluctuating system. Therefore, the 

emergence of such an energetic competition within the statistical mechanics framework 

of the homeostatic ensemble provides a significant advance in current understanding of 

the influence of ligand density and substrate stiffness on cell spreading. Importantly, this 

framework correctly predicts the trends for observables such the spread area and spread 
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shape as a function of environmental cues such as stiffness and ligand density, while also 

quantifying inherent statistical variability in these observations. The homeostatic 

ensemble for cells, expanded to include the focal adhesion formation and an associated 

adhesion free energy contribution, provides new insight into observed cell behaviour on 

deformable collagen coated substrate. In future, the kinetic monte carlo method may be 

employed to simulate the time evolution of the spreading process. In its current form the 

model may readily be used to simulate more complex extra-cellular environments, 

including the spreading of cells on ligand patterned ridges and ligand patterned micro-

pillars.  
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Extended data 

 

Extended Data Figure 3.1: Additional configurations of bound stress fibre protein 

concentrations �̂�𝑩  (green) with dominant alignment, and focal adhesion 

distributions �̂� (red). Nucleus highlighted in blue. The configurations are all from 

the median of the free-energy �̂� distribution for cells spread on a rigid substrate 

with a surface collagen density 𝝆𝒄𝒐𝒍  of 250 𝒏𝒈/𝒄𝒎𝟐. 
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Extended Data Figure 3.2: Additional configurations of bound stress fibre protein 

concentrations �̂�𝑩  (green), and focal adhesion distributions �̂�  (red). Nucleus 

highlighted in blue. The configurations are all from the median of the free-energy �̂� 

distribution for cells spread on a rigid substrate with a surface collagen density 𝝆𝒄𝒐𝒍 
of 250 𝒏𝒈/𝒄𝒎𝟐.  
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Extended Data Figure 3.3: Probability density functions for cells spread on 

substrates of different stiffness at a collagen density of 33 𝒏𝒈 𝒄𝒎−𝟐, of (a) total free 

energy, (b) adhesion free energy, (c) cytoskeletal free energy, and (d) elastic free 

energy.  

 

Extended Data Figure 3.4: Predictions of 𝜻, where the homeostatic temperature is 

given by 𝟏/𝜻. 
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Extended Data Figure 3.5: Evolution of cell spread shapes over steps of Markov 

Chain Monte Carlo simulation. 
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Appendix 3.A: Supplementary information 

3.A.1. The homeostatic mechanics framework 

Here, we provide a brief overview of the homeostatic mechanics framework of Shishvan 

et al. (2018) with the aim to provide the reader the key aspects of the framework required 

for fully appreciating the computational results presented in the main text. Readers are 

referred to Shishvan et al. for a more complete treatment including the derivations of the 

relevant equations. 

Making the ansatz that living cells are entropic, Shishvan et al. introduced the concept of 

the homeostatic ensemble with cellular homeostasis providing the additional constraints 

and mechanisms for entropy maximisation. This defined the notion of a (dynamic) 

homeostatic equilibrium state that intervenes to allow living cells to elude thermodynamic 

equilibrium. They thus developed a statistical mechanics framework for living cells using 

the notions of statistical inference (Jaynes 1957) applicable over a timescale from a few 

hours to a few days as long as the cell remains as a single undivided entity (i.e. the 

interphase period of the cell cycle). The key ideas behind the framework can be 

summarised as follows. A system comprising the cell and the extracellular matrix (ECM) 

is an open system with the cell exchanging nutrients with the surrounding bath. These 

nutrients fuel a large number of coupled biochemical reactions that include actin 

polymerisation, treadmilling and dendritic nucleation that effect changes to the cell 

morphology. These biochemical reactions change the morphology of the cell but are not 

precisely controlled, and this manifests via the observed morphological fluctuations of 

the cell. Shishvan et al. made the ansatz that these biochemical reactions provide the 

mechanisms to maximise the morphological entropy of the cell, but constrained by the 

fact that the cell maintains a homeostatic state over the interphase period. Cellular 

homeostasis is the ability of cells to actively regulate their internal state, and maintain the 

concentration of all internal species* at specific average values over their morphological 
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fluctuations independent of the environment (*chemical species here are defined in a 

manner analogous to the Gibbs definition for a grand canonical ensemble, viz. chemical 

species are an ensemble of chemically identical molecular entities that can explore the 

same set of molecular energy levels on the timescale of a morphological microstate). 

3.A.1.1. Morphological microstates, entropy, fluctuations, and the homeostatic 

temperature 

Controlling only macro variables (i.e. macrostate) such as the temperature, pressure, and 

nutrient concentrations in the nutrient bath results in inherent uncertainty (referred to here 

as missing information) in micro variables (i.e. microstates) of the system. This includes 

a level of unpredictability in homeostatic process variables, such as the spatio-temporal 

distribution of chemical species, that is linked to Brownian motion and the complex 

feedback loops in the homeostatic processes. Thus, this system not only includes the usual 

lack of precise information on the positions and velocities of individual molecules 

associated with the thermodynamic temperature, but also an uncertainty in cell shape 

resulting from imprecise regulation of the homeostatic processes. The consequent entropy 

production forms the basis of this new statistical mechanics framework motivated by the 

following two levels of microstates: 

(i) Molecular microstates. Each molecular microstate has a specific configuration 

(position and momentum) of all molecules within the system.  

(ii) Morphological microstates. Each morphological microstate is specified by the 

mapping (connection) of material points on the cell membrane to material points on the 

collagen coated substrate. In broad terms, a morphological microstate specifies the shape 

and size of the cell. 

Shishvan et al. identified the (dynamic) homeostatic or equilibrium state of the system by 

entropy maximisation. Subsequently, we shall simply refer to this state as an equilibrium 

state to emphasise that it is a stationary macrostate of the system inferred via entropy 
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maximisation as in conventional equilibrium analysis. The total entropy of the system is 

written in terms of the conditional probability 𝑃(𝑖|𝑗) of the molecular microstate (𝑖) given 

the morphological microstate (𝑗) and the probability 𝑃(𝑗)  of morphological microstate 

(𝑗) as 

𝐼T =∑𝑃(𝑗)𝐼M
(𝑗)

𝑗

+ 𝐼Γ. (3. 𝐴1) 

In equation 3.A1, 𝐼M
(𝑗)
≡ −∑ 𝑃(𝑖|𝑗) ln 𝑃(𝑖|𝑗)𝑖∈𝑗  and 𝐼Γ ≡ −∑ 𝑃(𝑗) ln 𝑃(𝑗)𝑗  are the 

entropies of molecular microstates in morphological microstate (𝑗)  and the 

morphological microstates, respectively. Equilibrium then corresponds to molecular and 

morphological macrostates that maximise 𝐼T  subject to appropriate constraints. The 

molecular macrostate evolves on the order of seconds, limited by processes such as the 

diffusion of unbound actin. By contrast, transformation of the morphological macrostate 

involves cell shape changes and therefore, the morphological macrostate evolves on the 

order of minutes, limited by co-operative cytoskeletal processes within the cell such as 

meshwork actin polymerisation and dendritic nucleation. The evolutions of the molecular 

and morphological macrostates are therefore temporally decoupled, and Shishvan et al. 

showed that equation 3.A1 can be maximised by independently maximising 𝐼M
(𝑗)

 at the 

smaller timescale to determine the equilibrium distribution of molecular microstates for 

a given morphological microstate, and then maximising 𝐼Γ  at the larger timescale to 

determine the equilibrium distribution of the morphological microstates. 

Over the (short) timescale on the order of seconds, the only known constraint on the 

system is that it is maintained at a constant temperature, pressure and strain distribution. 

The equilibrium of a given morphological microstate (𝑗) obtained by maximising 𝐼M
(𝑗)

 

(denoted by 𝑆M
(𝑗)

) corresponds to molecular arrangements that minimise the Gibbs free-

energy with 𝐺(𝑗). Since the connection between the cell and the substrate is fixed for a 
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given morphological microstate, the determination of 𝐺(𝑗) is a standard boundary value 

problem as described in Section 3.A.2.2. Over the (long) timescale on the order of several 

minutes to hours, the equilibrium distribution 𝑃eq
(𝑗)

 is determined by maximising 𝐼Γ, but 

now with the additional constraint that the cell is maintained in its homeostatic state. For 

the case of a cell on an ECM in a constant temperature and pressure nutrient bath, the 

homeostatic constraint translates to the fact that the average Gibbs free-energy of the 

system over all the morphological microstates it assumes, is equal to the equilibrium 

Gibbs free-energy 𝐺S  of an isolated cell in suspension (free-standing cell), i.e. the 

homeostatic processes maintain the average biochemical state of the system equal to that 

of a cell in suspension. In deriving this result, Shishvan et al. did not consider every 

individual homeostatic process, but rather used just the coarse-grained outcome of the 

homeostatic processes. The application of this coarse-grained constraint is the key 

element of the homeostatic mechanics framework, with the morphological entropy 𝐼Γ 

parameterising the information lost by not modelling all variables associated with the 

homeostatic processes. 

The maximisation of 𝐼Γ  while enforcing ∑ 𝑃(𝑗)𝐺(𝑗) = 𝐺S𝑗  gives the homeostatic 

equilibrium state such that 

𝑃eq
(𝑗)
=
1

𝑍
exp(−휁𝐺(𝑗)), (3. 𝐴2) 

where 𝑍 ≡ ∑ exp(−휁𝐺(𝑗))𝑗  is the partition function of the morphological microstates, 

and the distribution parameter 휁 follows from the homeostatic constraint 

1

𝑍
∑𝐺(𝑗)

𝑗

exp(−휁𝐺(𝑗)) = 𝐺S . (3. 𝐴3) 

The collection of all possible morphological microstates that the system assumes while 

maintaining its homeostatic equilibrium state is referred to as the homeostatic ensemble. 
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The homeostatic ensemble can therefore be viewed as a large collection of copies of the 

system, each in one of the equilibrium morphological microstates. The copies (𝑗) are 

distributed in the ensemble such that the free-energies 𝐺(𝑗)  follow an exponential 

distribution 𝑃eq
(𝑗)

 with the distribution parameter 휁.  

The equilibrium morphological entropy 𝑆Γ = −∑ 𝑃eq
(𝑗)
ln 𝑃eq

(𝑗)
𝑗  (i.e. the maximum value 

of 𝐼Γ) follows from (S2) as 

𝑆Γ = 휁𝐺S + ln 𝑍, (3. 𝐴4) 

where 𝑃eq
(𝑗)

 is substituted from equation 3.A2. Thus, 𝑆Γ is related to 휁 via the conjugate 

relation 𝜕𝑆Γ/𝜕𝐺S = 휁. Thus, analogous to 1/𝑇 that quantifies the increase in uncertainty 

of the molecular microstates (i.e. molecular entropy 𝑆M
(𝑗)

) with average enthalpy, 휁 

specifies the increase in uncertainty of the morphological microstates (i.e. morphological 

entropy 𝑆Γ ) with the average Gibbs free-energy. We therefore refer to 1/휁  as the 

homeostatic temperature with the understanding that it quantifies the fluctuations on a 

timescale much slower than that characterised by 𝑇. 

3.A.2. The equilibrium Gibbs free-energy of a morphological microstate 

Similar to conventional statistical mechanics calculations that require a model for the 

energy of the system, the homeostatic statistical mechanics framework requires a model 

for the Gibbs free-energy 𝐺(𝑗) of morphological microstate (𝑗). Here, we calculate 𝐺(𝑗) 

using the free-energy model of Vigliotti et al. (2015) (as modified by Shishvan et al.) that 

includes contributions from cell elasticity and the actin/myosin stress fibre cytoskeleton, 

with the cell modelled as a two-dimensional (2D) body in the 𝑥1 − 𝑥2 plane adhered to a 

deformable collagen coated substrate, such that the out-of-plane Cauchy stress 𝛴33 = 0. 

The key differences are that (i) we include a nucleus that was neglected in Shishvan et al. 

(ii) and also add in explicit contribution from the focal adhesions as described in the main 
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body of the paper. The state of the system changes as the cell moves, spreads, and changes 

shape on the substrate. Here, we shall give a prescription to calculate the Gibbs free-

energy of the system when the cell is in a specific morphological microstate (𝑗), where 

the connections of material points on the cell membrane to the surface of the substrate are 

specified. 

With the system comprising the cell and the rigid substrate within a constant temperature 

and pressure nutrient bath, the Gibbs free-energy 𝒢(𝑗) of the system in morphological 

microstate (𝑗) is given by 𝒢(𝑗) = ∫ 𝑓 𝑑𝑉
𝑉cell

+ 𝐹sub
(𝑗)

, where 𝑓 is the specific Helmholtz 

free-energy of the cell. Here, we assume the substrate to be linear elastic so 𝐹sub
(𝑗)

 is 

calculated directly from knowing the tractions the cells exert on a linear elastic half-space 

and thus we focus our description for the calculation of 𝑓. The equilibrium free-energy 

𝐺(𝑗) is then the value of 𝒢(𝑗) at 𝑑𝒢(𝑗) = 0. In the following, for the sake of notational 

brevity, we shall drop the superscript (𝑗) that denotes the morphological microstate, as 

the entire discussion refers to a single morphological microstate. 

The Vigliotti et al. model assumes only two elements within the cell: (i) a passive elastic 

contribution from elements such as the cell membrane, intermediate filaments and 

microtubules, and (ii) an active contribution from contractile acto-myosin stress fibres 

that are modelled explicitly. This model was modified in Shishvan et al. (2018) to 

incorporate a non-dilute concentration of stress fibres and here we further modify this 

model by including the nucleus in the analysis as a passive elastic body, in addition to the 

cytoplasm comprising the two above mentioned components. We shall first describe the 

modelling of the active acto-myosin stress fibres in the cytoplasm and then discuss the 

elastic model of both the nucleus and the cytoplasm. 

Consider a two-dimensional (2D) cell of thickness 𝑏0 and volume 𝑉0 in its elastic resting 

state comprising a nucleus of volume 𝑉N and cytoplasm of volume 𝑉C such that 𝑉0 =
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𝑉N + 𝑉C . The representative volume element (RVE) of the stress fibres within the 

cytoplasm in this resting configuration is assumed to be a cylinder of volume 𝑉R =

𝜋𝑏0(𝑛
Rℓ0/2)

2, where ℓ0 is the length of a stress fibre functional unit in its ground-state, 

and 𝑛R is the number of these ground-state functional units within this reference RVE. 

The total number of functional unit packets within the cell is 𝑁0
T, and we introduce 𝑁0 =

𝑁0
T𝑉R/𝑉C as the average number of functional unit packets available per RVE; 𝑁0 shall 

serve as a useful normalisation parameter. The state of stress fibres at location 𝑥𝑖 within 

the cell is described by their angular concentration 휂(𝑥𝑖, 𝜑) , and there are 𝑛(𝑥𝑖, 𝜑) 

functional units in series along the length of each stress fibre in the RVE. Here, 𝜑 is the 

angle of the stress fibre bundle in the undeformed configuration with respect to the 𝑥2 − 

direction. Vigliotti et al. (2015) showed that, at steady-state, the number 𝑛ss of functional 

units within the stress fibres is given by 

�̂�ss ≡
𝑛ss

𝑛R
=
[1 + 휀nom(𝑥𝑖, 𝜑)]

1 + 휀ñom
ss  , (3. 𝐴5) 

where 휀ñom
ss  is the strain at steady-state within a functional unit of the stress fibres, and 

휀nom(𝑥𝑖, 𝜑) is the nominal strain in direction 𝜑. The chemical potential of the functional 

units within the stress fibres in terms of the Boltzmann constant 𝑘B is given by 

𝜒b =
𝜇b
𝑛R
+ 𝑘B𝑇 ln

[
 
 
 
 

(
𝜋 휂̂ �̂�ss

�̂�u (1 −
휂̂

휂̂max
)
)

1
𝑛ss

(
�̂�u

𝜋�̂�L
)

]
 
 
 
 

 , (3. 𝐴6) 

where the normalized concentration of the unbound stress fibre proteins is �̂�u ≡ 𝑁u/𝑁0 

with 휂̂ ≡ 휂𝑛R/𝑁0, while 휂̂max is the maximum normalised value of 휂̂ corresponding to 

full occupancy of all available sites for stress fibres (in a specific direction). Here, �̂�L is 

the number of lattice sites available to unbound proteins. The enthalpy 𝜇b of 𝑛R bound 
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functional units at steady-state is given in terms of the isometric stress fibre stress 𝜎max 

and the internal energy 𝜇b0 as 

𝜇b = 𝜇b0 − 𝜎maxΩ(1 + 휀ñom
ss ), (3. 𝐴7) 

where Ω is the volume of 𝑛R functional units. By contrast, the chemical potential of the 

unbound proteins is independent of stress and given in terms of the internal energy 𝜇u as 

𝜒u =
𝜇u
𝑛R
+ 𝑘𝐵𝑇 ln (

�̂�u

𝜋 �̂�L
) . (3. 𝐴8) 

For a fixed configuration of the 2D cell (i.e. a fixed strain distribution 휀nom(𝑥𝑖, 𝜑)), the 

contribution to the specific Helmholtz free-energy of the cell 𝑓  from the stress fibre 

cytoskeleton follows as 

𝑓cyto = 𝜌0 (�̂�u𝜒u +∫ 휂̂ �̂�ss𝜒b𝑑𝜑

𝜋
2

−
𝜋
2

) , (3. 𝐴9) 

where 𝜌0 ≡ 𝑁0/𝑉R is the number of protein packets per unit reference volume available 

to form functional units in the cell. However, we cannot yet evaluate 𝑓cyto as �̂�u(𝑥𝑖) and 

휂̂(𝑥𝑖 , 𝜑) are unknown. These will follow from the chemical equilibrium of the cell as will 

be discussed in Section 3.A.2.1. 

The total stress 𝛴𝑖𝑗  within the cell includes contributions from the passive elasticity 

provided mainly by the intermediate filaments of the cytoskeleton attached to the nuclear 

and plasma membranes and the microtubules, as well as the active contractile stresses of 

the stress fibres. The total Cauchy stress is written in an additive decomposition as 

𝛴𝑖𝑗 = 𝜎𝑖𝑗 + 𝜎𝑖𝑗
p
 , (3. 𝐴10) 

where 𝜎𝑖𝑗  and 𝜎𝑖𝑗
p

 are the active and passive Cauchy stresses, respectively. In the 2D 

setting with the cell lying in the 𝑥1 − 𝑥2 plane, the active stress is given in terms of the 

volume fraction 𝑣0 of the stress fibre proteins as 
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[
𝜎11 𝜎12
𝜎12 𝜎22

] =
𝑣0𝜎max
2

∫ 휂̂[1 + 휀nom(𝜑)] [
2cos2𝜑∗ cos 2𝜑∗

cos 2𝜑∗ 2sin2𝜑∗
]

𝜋
2

−
𝜋
2

𝑑𝜑, (3. 𝐴11) 

where 𝜑∗ is the angle of the stress fibre measured with respect to 𝑥2, and is related to its 

orientation 𝜑  in the undeformed configuration by the rotation with respect to the 

undeformed configuration. The passive elasticity in the 2D setting is given by a 2D 

specialization of the Ogden (Ogden 1972) hyperelastic model as derived in (Shishvan, 

Vigliotti, and Deshpande 2018). The strain energy density function of this 2D Ogden 

model is  

ΦC ≡
2𝜇C

𝑚C
2 [(

𝜆I
𝜆II
)

𝑚C
2
+ (

𝜆II
𝜆I
)

𝑚C
2
− 2] +

𝜅C
2
(𝜆I𝜆II − 1)

2, (3. 𝐴12) 

for the cytoplasm and 

ΦN ≡
2𝜇N

𝑚N
2 [(

𝜆I
𝜆II
)

𝑚N
2
+ (

𝜆II
𝜆I
)

𝑚N
2
− 2] +

𝜅N
2
(𝜆I𝜆II − 1)

2, (3. 𝐴13) 

for the nucleus where 𝜆I and 𝜆II are the principal stretches, 𝜇C (𝜇N) and 𝜅C (𝜅N) the shear 

modulus and in-plane bulk modulus of cytoplasm (nucleus), respectively, while 𝑚C (𝑚N) 

is a material constant governing the non-linearity of the deviatoric elastic response of 

cytoplasm (nucleus). The cell is assumed to be incompressible, and thus throughout the 

cell, we set the principal stretch in the 𝑥3 −direction 𝜆III = 1/(𝜆I𝜆II). The (passive) 

Cauchy stress then follows as 𝜎𝑖𝑗
p
𝑝𝑗
(𝑘)
= 𝜎𝑘

p
𝑝𝑖
(𝑘)

 in terms of the principal (passive) Cauchy 

stresses 𝜎𝑘
p

 (≡ 𝜆𝑘𝜕ΦC/𝜕𝜆𝑘  for the cytoplasm and ≡ 𝜆𝑘𝜕ΦN/𝜕𝜆𝑘  for the nucleus) and 

the unit vectors 𝑝𝑗
(𝑘)
 (𝑘 = I, II)  denoting the principal directions .  The total specific 

Helmholtz free-energy of the cell is then 𝑓 = 𝑓cyto +ΦC +ΦN. 
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3.A.2.1. Equilibrium of the morphological microstate 

Shishvan et al. have shown that equilibrium of a morphological microstate reduces to two 

conditions: (i) mechanical equilibrium with 𝛴𝑖𝑗,𝑗 = 0  throughout the system, and (ii) 

chemical equilibrium such that 𝜒u(𝑥𝑖) = 𝜒b(𝑥𝑖, 𝜑) = constant , i.e. the chemical 

potentials of bound and unbound stress fibre proteins are equal throughout the cell. The 

condition 𝜒u = 𝜒b implies that 휂̂(𝑥𝑖, 𝜑) is given in terms of �̂�u by 

휂̂(𝑥𝑖, 𝜑) =
�̂�u휂̂max exp [

�̂�ss(𝜇u − 𝜇b)
𝑘𝐵𝑇

]

𝜋�̂�ss휂̂max + �̂�u exp [
�̂�ss(𝜇u − 𝜇b)

𝑘𝐵𝑇
]
, (3. 𝐴14) 

and �̂�u follows from the conservation of stress fibre proteins throughout the cytoplasm, 

viz. 

�̂�u +
1

𝑉C
∫ ∫ 휂̂ �̂�ss𝑑𝜑

𝜋
2

−
𝜋
2

 
𝑉C

𝑑𝑉 = 1. (3. 𝐴15) 

Knowing �̂�u and 휂̂(𝑥𝑖, 𝜑), the stress 𝛴𝑖𝑗 can now be evaluated and these stresses within 

the system (i.e. cell and substrate) need to satisfy mechanical equilibrium, i.e. 𝛴𝑖𝑗,𝑗 = 0. 

In this case, the mechanical equilibrium condition is readily satisfied as the stress field 

𝛴𝑖𝑗 within the cell is equilibrated by a traction field T𝑖 exerted by the substrate on the cell 

such that 𝑏𝛴𝑖𝑗,𝑗 = −T𝑖 , where 𝑏(𝑥𝑖)  is the thickness of the cell in the current 

configuration. The substrate energy 𝐹sub is calculated by applying these tractions to a 

linear elastic half-space as described in Shishvan et al. 

The equilibrium value of 𝒢 denoted by 𝐺 is then given as 𝐺 = 𝐹cell where 

𝐹cell ≡ 𝜌0𝑉C𝜒u +∫  ΦC
𝑉C

𝑑𝑉 + ∫  ΦN
𝑉N

𝑑𝑉 + 𝐹adh. (3. 𝐴16) 
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Here, 𝜒u  is given by equation 3.A8 with the equilibrium value of �̂�u  obtained from 

equation 3.A15. For the purposes of further discussion, we label the equilibrium value 

𝐹cyto ≡ 𝜌0𝑉C𝜒u as the cytoskeletal free-energy of the cell, and 𝐹passive ≡ ∫  ΦC𝑉C
𝑑𝑉 +

∫  ΦN𝑉N
𝑑𝑉 as the passive elastic energy of the cell. 

3.A.2.2. Numerical methods 

We employ Markov Chain Monte Carlo (MCMC) to construct a Markov chain that is 

representative of the homeostatic ensemble. This involves three steps: (i) a discretization 

scheme to represent morphological microstate (𝑗), (ii) calculation of 𝐺(𝑗)  for a given 

morphological microstate (𝑗), and (iii) construction of a Markov chain comprising these 

morphological microstates. Here, we briefly describe the procedure which was 

implemented in MATLAB with readers referred to Shishvan et al. (2018) for further 

details. 

In the general setting of a three-dimensional (3D) cell, a morphological microstate is 

defined by the connection of material points on the cell membrane to the surface of the 

substrate. In the 2D context of cells on micropatterned substrates, this reduces to 

specifying the connection of all material points of the cell to locations within the collagen 

coated substrate, i.e. a displacement field 𝑢𝑖
(𝑗)
(𝑋𝑖) is imposed on the cell with 𝑋𝑖 denoting 

the location of material points on the cell in the undeformed configuration, and these are 

then displaced to 𝑥𝑖
(𝑗)
= 𝑋𝑖 + 𝑢𝑖

(𝑗)
 in morphological microstate (𝑗). These material points 

located at 𝑥𝑖
(𝑗)

 are then connected to material points on the substrate at the same location 

𝑥𝑖
(𝑗)

, completing the definition of the morphological microstate in the 2D setting.  

The cell is modelled as a continuum and thus 𝑢𝑖
(𝑗)

 is a continuous field. To calculate the 

density of the morphological microstates, we define 𝑢𝑖
(𝑗)

 via Non-Uniform Rational B-

splines (NURBS) such that the morphological microstate is now defined by 𝑀 pairs of 
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weights [𝑈𝐿
(𝑗)
, 𝑉𝐿

(𝑗)
] (𝐿 = 1,… ,𝑀). In all the numerical results presented here, we employ 

𝑀 = 16 with 4 × 4 weights 𝑈𝐿
(𝑗)

 and 𝑉𝐿
(𝑗)

 governing the displacements in the 𝑥1 and 𝑥2 

directions, respectively. The NURBS employ fourth order base functions for both the 𝑥1 

and 𝑥2 directions, and the knots vector included two nodes each with multiplicity four, 

located at the extrema of the interval. We emphasise here that this choice of representing 

the morphological microstates imposes restrictions on the morphological microstates that 

will be considered. Therefore, the choice of the discretization used to represent 𝑢𝑖
(𝑗)

 needs 

to be chosen so as to be able to represent the microstates we wish to sample, e.g. the 

choice can be based on the minimum width of a filopodium one expects for the given cell 

type. Given 𝑢𝑖
(𝑗)

, we can calculate 𝐺(𝑗) using the model described in Section 3.2.2 with 

the cell discretised using constant strain triangles of size 𝑒 ≈ 𝑅0/10 , where 𝑅0  is the 

radius of the cell in its undeformed configuration. 

We construct, via MCMC, a Markov chain that serves as a sample of the homeostatic 

ensemble for cells on collagen coated substrates. The algorithm follows the approach 

developed by Shishvan et al. (2018) (see section 4.3 therein), using the Metropolis 

(Metropolis et al. 1953) algorithm in an iterative manner. Typical Markov chains 

comprised in excess of 2.5 million samples. 

3.A.2.3. Material parameters 

All simulations are reported at a reference thermodynamic temperature 𝑇 = 𝑇0, where 

𝑇0 = 310 K. Most of the parameters of the model are related to the properties of the 

proteins that constitute stress fibres. These parameters are thus expected to be independent 

of cell type. Notable exceptions to this are: (i) the stress fibre protein volume fraction 𝑣0; 

and (ii) the passive elastic properties. Here, we use parameters calibrated for smooth 

muscle cells that give good correspondence with the wide range of measurements 

reported here. The passive elastic parameters of the cytoplasm are taken to be 𝜇C =
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1.67 kPa, 𝜅C = 35 kPa and 𝑚C = 5, while the corresponding values for the nucleus are 

𝜇N = 3.33 kPa, 𝜅N = 35 kPa and 𝑚N = 20 (Ronan et al. 2012; Dowling et al. 2012; 

Dowling and McGarry 2014). The maximum contractile stress 𝜎max = 240 kPa  is 

consistent with a wide range of measurements on muscle fibres (Lucas et al. 1987), and 

the density of stress fibre proteins was taken as 𝜌0 = 3 × 106 μm−3 with the volume 

fraction of stress fibre proteins 𝑣0 = 0.032. Following Vigliotti et al., we assume that the 

steady-state functional unit strain 휀ñom
ss = 0.35  with 𝜇b0 − 𝜇u = 2.3 𝑘𝑇0  and Ω =

10−7.1 μm3. The maximum angular concentration of stress fibre proteins is set to 휂̂max =

1. The cell in its undeformed state is a circle of radius 𝑅0 and thickness 𝑏0 = 0.05𝑅0, 

with a circular nucleus of radius 𝑅N = 10𝑏0 whose centre coincides with that of the cell. 

Results are presented in terms of normalised cell area �̂�(𝑗)  ≡ 𝐴(𝑗)/𝐴0, where 𝐴(𝑗) is the 

area of a morphological microstate (𝑗) while 𝐴0 = 𝜋𝑅0
2 is the area of the undeformed 

cell. Thus, we do not explicitly need to specify 𝑅0.  

Results are presented for adhesion to incompressible linear elastic substrates with 

Young’s modulus 𝐸sub = 8 kPa, 32 kPa and a rigid substrate with 𝐸sub → ∞ coated with 

surface densities of collagen ranging between  6 ng cm−2  to 665 ng cm−2 . Using a 

molecular weight of collagen, 𝑀𝑐𝑜𝑙, to be 200 kDa (Raj et al. 1979) (i.e. 200 kg mol−1) 

with 1 ligand per molecule, a surface collagen density 𝜌𝑐𝑜𝑙 of  1 𝑔/𝑐𝑚2 corresponds to 

3.011 𝑥109 𝑙𝑖𝑔𝑎𝑛𝑑𝑠/𝑐𝑚2. A range of ligand densities from 𝑁𝐻 = 175 μm
−2 to  𝑁𝐻 =

20 × 103 μm−2  are analysed, corresponding to the range of 𝜌𝑐𝑜𝑙  investigated in the 

experiments of Engler et al. (2003). The other parameters of the focal adhesion model are 

based on commonly accepted ranges; see for example Deshpande et al. (2008). 

Specifically, we assumed a uniform surface density of  𝐶0 = 5 × 10
3 μm−2 of integrin 

molecules with surface density of integrins sites 𝐶𝑟 = 20 × 103 μm−2 . The complex 
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stiffness 𝜅𝑠 = 𝜅𝑝 = 0.3 nN μm−1  while the maximum complex force Ƒ𝑚𝑎𝑥 = 0.01 nN 

(Kong et al. 2009).  

3.A.2.4. Definitions of normalised quantities and observables 

Following Shishvan et al. (2018), the free-energy 𝐺(𝑗)  can be decomposed as 𝐺(𝑗) =

Υ(𝑗)+Υ0, where Υ0 = 𝜌0𝑉0[𝜇u/𝑛
R − 𝑘𝑇 ln(𝜋 �̂�L)] is independent of the morphological 

microstate. It is thus natural to subtract out Υ0 and define a normalised free-energy as  

�̂�(𝑗) ≡
Υ(𝑗)

|𝐺S − Υ0|
=
𝐺(𝑗) − Υ0
|𝐺S − Υ0|

  , (3. 𝐴17) 

where 𝐺S is the equilibrium free-energy of a free-standing cell (i.e. a cell in suspension 

with traction-free surfaces). Then, the distribution given by equation 3.A6 can be re-

written as 

𝑃eq
(𝑗)
=
1

�̂�
exp[−휁̂�̂�(𝑗)] , (3. 𝐴18) 

with �̂� ≡ ∑ exp[−휁̂�̂�(𝑗)]𝑗  and 휁̂ ≡ 휁|𝐺𝑆 − Υ0| . It then immediately follows that the 

distributions of states are not influenced by the values of 𝑛R , �̂�L  and 𝑉0  and these 

parameters need not be specified so long as energies are quoted in terms of the normalised 

energies �̂�(𝑗). Analogously, we define the normalised elastic, cytoskeletal, adhesion, and 

substrate free-energies of the spread microstate (𝑗) as 

�̂�passive
(𝑗)

≡
𝐹passive
(𝑗)

|𝐺S − Υ0|
 , �̂�cyto

(𝑗)
≡  

𝐹cyto
(𝑗)

− Υ0

|𝐺S − Υ0|
 (3. 𝐴19) 

And 

�̂�sub
(𝑗)

≡
𝐹sub
(𝑗)

|𝐺𝑆|
, �̂�adh

(𝑗)
≡

𝐹adh
(𝑗)

|𝐺𝑆 − Υ0|
 , (3. 𝐴20) 

respectively.  
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CHAPTER 4 

TRANSIENT ACTIVE FORCE GENERATION 

AND STRESS FIBRE REMODELLING IN 

CELLS UNDER CYCLIC LOADING 

 

4.1. Introduction 

Many non-muscle cells in the body, such as fibroblasts in the heart wall, are subject to 

continuous dynamic mechanical loading. In the characterization of cell behaviour, several 

in-vitro studies have investigated the response of the cellular cytoskeleton to cyclic 

deformation. Hara et al. (2001) show that dynamic tensile stretching of cells promotes 

stress fibre (SF) development. A study by Weafer et al. (2015) reveals the importance of 

the actin cytoskeleton in the resistance of osteoblasts to cyclic compression and 

stretching. More frequently, cells are seeded in 3D gels and subjected to an applied 

deformation (Foolen et al. 2012; Balestrini and Billiar 2009). SFs have been shown to 

align in the constrained direction, with the alignment maintained during cyclic stretch 

(Nieponice et al. 2007). Wille et al. (2006) subjected fibroblast-populated collagen 

scaffolds to dynamic loading, and revealed a complex dependence of cell force on applied 

strain rate and magnitude.  
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Similar to skeletal muscle, active contractility in non-muscle cells is generated via cross-

bridge cycling between myosin motor proteins and actin filaments. Active force 

generation has been extensively studied for muscle. The experimental investigations of 

A. V. Hill (1938) uncovered the force-velocity relationship for skeletal muscle, whereby 

an increase in actively generated force results in a decrease in shortening velocity. The 

sliding filament theory (Huxley 1957) provides key insight into the molecular 

mechanisms underlying such behaviour through the development of a 2-state model to 

describe binding of myosin heads to actin filaments. Time-dependent changes in tension 

in response to small (~5nm) step changes in length were observed in the experiments of 

(Huxley and Simmons 1971). T. L. Hill (1974) formalised the Huxley sliding filament 

theory by relating the strain dependence of the equilibrium constants to the difference in 

standard Gibbs energies of multiple states in a cross-bridge cycle. Smith and Geeves 

(1995) expanded this framework to include a strain-blocking of ADP release mechanism. 

The model has subsequently been adapted to investigate the myosin stroking pathways 

associated with the transient tension response to small length step changes (Offer and 

Ranatunga 2013). A series of experiments on the response of cardiac muscle provided 

motivation for the empirically based fading memory contractility model for the transient 

response of cardiac muscle to a range of applied loading regimes, including step changes 

in length, isotonic shortening, and sinusoidal perturbations in length (Hunter et al. 1998).    

In contrast to skeletal and cardiac muscle, models for active processes in non-muscle cells 

have not evolved until recent decades. A number of phenomenological models have been 

developed to describe formation/dissociation of cytoskeletal SFs (Deshpande et al. 2007; 

Vernerey and Farsad 2011; Obbink-Huizer et al. 2014; Kaunas et al. 2010). Vigliotti et 

al. (2015) developed a thermodynamically consistent framework to describe the stress, 

strain, and strain-rate dependence of SF formation and remodelling. A steady state 

implementation of this thermodynamically motivated framework, coupled with an active 
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thermodynamically consistent focal adhesion assembly accurately predicts cell 

cytoskeletal distributions on micro-patterned substrates (McEvoy et al. 2017). All of 

these cell mechanics formulations use a phenomenological Hill type stress-strain rate 

relationship to represent active contractility of SFs. Such a modelling approach provides 

very good agreement with experimental data for cells subjected to static or monotonic 

loading conditions. For example, active and passive cell forces were accurately predicted 

for shear deformation (Dowling et al. 2012; Dowling and McGarry 2014) and 

compression (Weafer et al. 2013). Also, cell force generation when seeded on micro-

pillar substrates has been predicted (Vernerey and Farsad 2011; McGarry et al. 2009). 

However, the accurate prediction of transient force generation during dynamic cell 

deformation is not possible in the aforementioned cell models due to the use of the Hill 

contractility law, which is based upon experimental observations for monotonically 

shortening contractile muscle. The experimental study of Weafer et al. (2015) 

demonstrates that a single cell subjected to dynamic loading exhibits a highly transient 

pattern of force generation within each loading cycle. A computational analysis of such 

dynamic loading regimes by Reynolds and McGarry (2015) confirms that a Hill-type 

model does not capture such transient force generation, and a modified fading memory 

model is shown to predict the transient force-deformation relationship. However, such an 

empirically motivated fading memory formulation provides limited insight into the 

biomechanics of actin-myosin interactions that underlie active transient stress generation. 

In this paper, we propose a new thermodynamically motivated cross-bridge cycling 

framework that describes actin-myosin interactions in cell SFs under dynamic loading 

regimes. We incorporate this cross-bridge model into a thermodynamically consistent 

framework for SF formation/dissociation (Vigliotti et al., 2015). This combined 

framework is shown to accurately predict complex patterns of active cell force generation 

under dynamic loading reported in the experimental investigation of Wille et al. (2006). 
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We demonstrate that coupling between transient force generation and SF remodelling 

plays a critical role in the response of cells to dynamic loading and we provide a 

thermodynamic explanation for fading memory effects observed in dynamic active cell 

force generation.  

4.2. Model development 

4.2.1. Cross-bridge modelling  

SFs in a cell are comprised of individual actin-myosin sarcomeric structures, which 

actively generate tension via cross-bridge cycling. A typical cross-bridge cycle operates 

as follows (Lymn and Taylor 1971): Following attachment of ATP to the myosin head, 

and hydrolysis into ADP and inorganic phosphate, the configuration of the myosin head 

is changed such that the head is cocked (or primed). The myosin head binds to the actin 

filament and, under isometric conditions, a power stroke will occur (see Figure 4.1 - 

isometric). The stroke consists of the myosin head returning to an uncocked (unprimed) 

configuration, which stretches the myosin tail thereby developing tension in the system. 

The bond between the myosin head and actin filament then dissociates, and the head 

detaches. Chemical equilibrium favours a high ADP concentration (Alberts et al. 2002). 

However, the cell maintains ATP in excessive abundance (such that it is not a rate limiting 

factor in the cross-bridge cycle). As concentrations of ATP and ADP are very far from 

thermodynamic equilibrium, ATP spontaneously binds to myosin (which acts as a 

catalyst), and forms ADP and inorganic phosphate. Thus it is assumed that unattached 

myosin predominantly exists in a primed state. It is worth noting a key difference between 

cytoskeletal SFs and skeletal muscle myofibrils. In muscle cells, myosin attachment in 

the myofibril is inhibited by a troponin-tropomyosin complex which blocks the actin 

binding site. An action potential typically triggers release of calcium, which subsequently 

binds to troponin and unblocks the actin binding site (Greaser and Gergely, 1971). In 
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contrast, SFs do not contain troponin (Smith and Marston, 1985) and the role of 

tropomyosin in dynamic SF contractility is not well understood. Therefore, such 

interactions are not considered in the current framework.   

Tension is assumed to develop primarily in the myosin tail, with the strain energy given 

by 

𝜙𝑚 =
1

2
𝜅𝑚Δ𝑚

2 , (4.1) 

where 𝜅𝑚  is the tail stiffness (pN/nm), and Δ𝑚  is the myosin tail extension. The 

progression of a cross-bridge cycle depends on the local loading conditions. Under 

isometric conditions (when the sarcomere strain rate 휀�̇̃� = 0), the cycle will proceed as 

outlined in the previous paragraph (i.e. Figure 4.1 - isometric), with the strain energy in 

the myosin tail depending only on the stroke distance 𝑙𝑠  (i.e. Δ𝑚 = 𝑙𝑠 ). Following a 

stroke, the head will remain attached for a period of time 𝑡𝑠. If a sarcomere shortens (휀�̇̃� <

0), as a result of external loading and/or the contractile effort of cross-bridge cycling, 

displacement of the actin binding site relative to the myosin filament will reduce the tail 

extension (Figure 4.1- shortening). With increasing shortening velocity, a greater 

reduction in the tail extension will occur during a single cross-bridge cycle. The mean 

extension offset Δ𝑚
𝑠  for a given (negative) sarcomere strain rate 휀̃�̇� follows as 

Δ𝑚
𝑠 = 𝐿𝑠𝑎𝑟𝑐 휀̃�̇� 𝑡𝑠, (4.2) 

where 𝐿𝑠𝑎𝑟𝑐  is the length of a half sarcomere. In such a case, the tail extension is a 

function of the stroke distance and the negative offset, with Δ𝑚 = 𝑙𝑠 + Δ𝑚
𝑠 . It has been 

shown that when the sarcomere is being stretched (휀̃�̇� > 0 ) ATPase activity is not 

observed (Curtin and Davies 1975), and tension increases. This indicates that stroking 

does not occur under such conditions. The head remains in a primed configuration, and 

the force generated is due to tail extension induced by a passive displacement (Δ𝑚
𝑙 ) of the 
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bound myosin head, whereby Δ𝑚
𝑙 = 𝐿𝑠𝑎𝑟𝑐휀�̃�  (Figure 4.1-lengthening). During such a 

stretch, the energy in the actin-myosin bond may reach critical point (at Δ𝑚
𝑙−𝑚𝑎𝑥) beyond 

which it will dissociate. The detached myosin head, which remains in a primed 

configuration, can reattach to an actin binding site. Over a large population of attaching 

myosin heads in a stress fibre subjected to lengthening conditions, this process can be 

viewed as slipping-type behaviour such that if Δ𝑚
𝑙 ≥ Δ𝑚

𝑙−𝑚𝑎𝑥, Δ𝑚 = Δ𝑚
𝑙−𝑚𝑎𝑥.  

 

Figure 4.1: Schematic linking the scales: applied tissue loading drives SF and cross-

bridge remodelling. At the actin-myosin filament level (green box), the tension that 

develops in the myosin tail depends on external loading and the contractile effort of 

cross-bridge cycling. 

 

Of the total number of available myosin heads within a sarcomere, 𝑚𝑡𝑜𝑡, a certain number 

of myosin heads are attached and cycling. We consider a 2-state model to account for the 

number of attached heads, as motivated by Huxley (1957). The rate of myosin binding is 

given by: 
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𝑑�̂�𝑎

𝑑𝑡
= −𝑘𝑑�̂�𝑎 + 𝑘𝑎�̂�𝑑, (4.3) 

where �̂�𝑎 = 𝑚𝑎/𝑚𝑡𝑜𝑡  is the (normalised) number of attached myosin heads, �̂�𝑑 =

�̂�𝑡𝑜𝑡 − �̂�𝑎  is the (normalised) number of detached heads, and 𝑘𝑑  and 𝑘𝑎  are rate 

coefficients. The rate coefficients are derived from steady state equilibrium, i.e. 𝑑�̂�𝑎/𝑑𝑡 

= 0, giving 

�̂�𝑎

�̂�𝑑
=
𝑘𝑎
𝑘𝑑
. (4.4) 

We propose a thermodynamically motivated model to determine the rate coefficient 𝑘𝑎. 

The chemical potential of the unattached heads is given as: 

𝜒𝑑 = 𝜇𝑑 + 𝑘𝐵𝑇 ln(�̂�𝑖) , (4.5) 

where 𝜇𝑑 is the enthalpy of the unattached heads, 𝑘𝐵 is the Boltzmann constant, and 𝑇 is 

the absolute temperature. The chemical potential of the attached heads is given as: 

𝜒𝑎 = 𝜇𝑎 + 𝑘𝐵𝑇 ln(�̂�𝑎) + 𝜙𝑚 − 𝐹Δm, (4.6) 

where 𝜇𝑎 is the enthalpy of the attached heads, 𝜙𝑚 is the stored elastic energy (equation 

4.1), and 𝐹Δm  is the mechanical work performed by attached heads (where 𝐹 =

𝛿𝜙𝑚/𝛿Δm). At thermodynamic equilibrium the chemical potential of the attached and 

unattached heads is equal, i.e.  𝜒𝑑 = 𝜒𝑎, giving 

ln (
�̂�𝑎

�̂�𝑑
) =

𝜇𝑑 − 𝜇𝑎 − 𝜙𝑚 + 𝐹Δm
𝑘𝐵𝑇

. (4.7) 

Substituting equation 4.4, we obtain 

𝑘𝑎 = 𝑘𝑑 exp (
𝜇𝑑 − 𝜇𝑎 − 𝜙𝑚 + 𝐹𝛥𝑚

𝑘𝐵𝑇
) . (4.8) 

The influence of the enthalpies (𝜇𝑎  and 𝜇𝑑 ) and 𝑘𝑑  on the rate and level of myosin 

binding under isometric conditions is shown in Figure 4.2. The total number of myosin 
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heads available for binding 𝑚𝑡𝑜𝑡 depends on the overlap 𝑠 between the actin and myosin 

filaments, with the availability being a maximum at the optimum overlap 𝑠0. Motivated 

by data for muscle fibres (McMahon 1984), we propose a functional form for the overlap 

as a Cauchy-type distribution:  

�̂� =
1

휀𝑠𝜋 (1 + (
휀�̃� − 휀�̃�𝑠
휀𝑠

)
2

) 𝑠0

, (4.9)
 

where 휀�̃� is the internal nominal strain of a sarcomere, 휀�̃�𝑠 is the sarcomere strain at an 

optimal overlap, and 휀𝑠 is a distribution parameter. The distribution is normalized by 𝑠0 =

1/(𝜋 휀𝑠), which corresponds to an optimal overlap at 휀�̃� = 휀�̃�𝑠 (Figure 4.2c). The number 

of myosin heads available for binding is then given as 

𝑚𝑡𝑜𝑡 = �̂� 𝑚0 (4.10) 

where 𝑚0 is the total number of myosin heads in the sarcomere. The sarcomere tension 

is calculated as a function of the tension in the myosin tails and the total number of 

activated myosin heads:  

𝑇𝑠 = �̂�𝑎𝜅𝑚Δ𝑚. (4.11) 

During a transition from stretching to shortening, not all cross-bridges will immediately 

detach and enter a stroking cycle. As the extension of the myosin tail decreases, the 

probability of the myosin head stroking increases. The transition is governed by equations 

that account for the fact that not all myosin tails in the sarcomere are at the same extension 

at the point of a change in the strain rate. Δ𝑚  represents a distribution of the tail 

extensions. For isometric/shortening to stretching conditions: 

Δ𝑚 = Δ𝑚
𝑙−𝑚𝑎𝑥 (1 − exp(−

Δ𝑚
𝑙  𝛾

Δ𝑚
𝑙−𝑚𝑎𝑥)) + 𝑙𝑠 (exp(−

Δ𝑚
𝑙  𝛾

Δ𝑚
𝑙−𝑚𝑎𝑥)) , (4.12) 

and for stretching to shortening conditions: 
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Δ𝑚 = Δ𝑚
𝑙−𝑚𝑎𝑥 (exp (−

(Δ𝑚
𝑙−𝑚𝑎𝑥 − Δ𝑚

𝑙 )𝛾

Δ𝑚
𝑙−𝑚𝑎𝑥 )) +

(𝑙𝑠 + Δ𝑚
𝑠 ) (1 − exp(−

(Δ𝑚
𝑙−𝑚𝑎𝑥 − Δ𝑚

𝑙 ) 𝛾

Δ𝑚
𝑙−𝑚𝑎𝑥 )) . (4.13)

 

During isometric conditions, as 휀̃�̇� = 0,  Δ𝑚
𝑠 = 0. A change from isometric to shortening 

conditions requires no transition (and vice-versa). 

 

Figure 4.2: (a) Influence of enthalpy difference (𝚫𝝁𝒄𝒃 = 𝝁𝐚 − 𝝁𝒅 ) on isometric 

myosin transients; (b) Influence of rate coefficient 𝒌𝒅 (𝒔
−𝟏) on isometric myosin 

transients; (c) Effect of sarcomere strain �̃�𝒏 on actin-myosin overlap �̂�.  

4.2.2. Remodelling of stress fibres 

The cellular cytoskeleton is comprised of SFs, assembled from actin-myosin sarcomeres 

which actively generate tension through cross-bridge cycling, as described in Section 

4.2.1. The thermodynamically consistent model from Vigliotti et al. (2015) captures key 

features of SF dynamics, including: (i) the kinetics of SF formation and dissociation as 

motivated by thermodynamic considerations; (ii) the stress, strain, and strain-rate 

dependence of SF remodelling; (iii) conservation of cytoskeletal proteins. Here we 

summarise key equations.  

Consider an existing SF in its ground state with a number of sarcomeres 𝑛𝑅 along its 

length. Should a nominal material strain 휀𝑛 be applied to the cell (and directly translated 

to the SFs), it will cause a reduction in the overlap 𝑠 between the actin and myosin 

filaments of an individual sarcomere. Such a reduced overlap is expected to initiate a 

remodelling process (due to the associated increase in the internal energy). The case of 
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an applied stretch would result in the addition of sarcomeres in-series, with the opposite 

occurring for a compressive strain. Following remodelling, the internal strain within a 

sarcomere 휀�̃� would differ from an applied material strain, such that 

휀�̃� =
1 + 휀𝑛
�̂�

− 1, (4.14) 

where �̂� = 𝑛/𝑛𝑅. The kinetic law for SF remodelling is given by 

�̇̂� =

{
 
 

 
 −

1

�̂�
(
�̂�𝑢
휂̂
)

2

[𝜓(휀�̃�) −
𝛿𝜓

𝛿휀�̃�
(1 + 휀�̃�)]

𝛼𝑛
𝜇𝑏0

 ,   𝑖𝑓 
𝛿Ψ

𝛿𝑛
≤ 0 

−
�̂�

4
[𝜓(휀�̃�) −

𝛿𝜓

𝛿휀�̃�
(1 + 휀�̃�)]

𝛼𝑛
𝜇𝑏0

,                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 (4.15) 

where �̂�𝑢  is the (normalized) number of available cytoskeletal proteins, 휂̂  is the 

concentration of SFs (see Figure 4.1), and 𝛼𝑛 is a rate constant. The internal energy of 𝑛𝑅 

sarcomeres 𝜓 increases as the internal strain 휀�̃� changes, with a functional form given by 

𝜓 = 𝜇𝑏0 + 𝛽𝜇𝑏0|휀�̃�|
𝑝, (4.16) 

where 𝜇𝑏0 is the internal energy of 𝑛𝑅 sarcomeres in their ground state, and 𝛽 and 𝑝 are 

non-dimensional constants that govern the sarcomere strain at an optimal overlap 휀�̃�𝑠, 

such that 

(𝑝 − 1)휀�̃�𝑠
𝑝 + 𝑝휀�̃�𝑠

𝑝−1 −
1

𝛽
= 0 . (4.17) 

The rate of change of the internal energy follows as 

𝛿Ψ

𝛿𝑛
�̇� = �̇̂� [𝜓(휀�̃�) −

𝛿𝜓

𝛿휀�̃�
(1 + 휀�̃�)] . (4.18) 

Formation and dissociation of SFs is governed by thermodynamic equilibrium of proteins 

available for binding (unbound), and those already bound in SF sarcomeres. The standard 

enthalpy 𝜇𝑏 of 𝑛𝑅 sarcomeres within a SF is written as  

𝜇𝑏 = 𝜓 − 𝜎𝑓[1 + 휀�̃�]Ω (4.19) 
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where Ω is the volume of 𝑛𝑅 sarcomeres in a SF, and 𝜎𝑓 is the SF stress given by 

𝜎𝑓 =
𝑇𝑠
𝑇𝑠0

𝜎𝑖𝑠𝑜 , (4.20) 

where 𝑇𝑠 is the sarcomere tension, 𝑇𝑠0 is the sarcomere tension computed at steady state 

isometric conditions, and 𝜎𝑖𝑠𝑜 is the maximum isometric stress. Unbound proteins are 

affected by an activation signal level, and tend to transform into their bound states more 

readily when the activation signal is increased. The standard enthalpy 𝜇𝑢 of unbound SF 

proteins follows as 

𝜇𝑢 = 𝜇𝑢0 + Δ𝜇𝑢0𝐶, (4.21) 

where 𝜇𝑢0 is the standard enthalpy of the unbound proteins in the absence of a signal 𝐶 

and Δ𝜇𝑢0 is the increase in the enthalpy of the unbound molecules at full activation (𝐶 =

1). SF formation is initiated by a biochemical or mechanical perturbation that triggers a 

signalling cascade within the cell. We model this signal as an externally initiated 

exponentially decaying pulse with level 0 ≤ 𝐶 ≤ 1 given by 

𝐶 = exp (−
𝑡𝐼
𝜏
) , (4.22) 

where 𝜏   is a time constant that controls the decay rate of the signal, and 𝑡𝐼 is the time 

measured from the instant the most recent signal is imposed. For a detailed explanation 

of the signalling pathways, or more rigorous signal formulations, the reader is referred to 

Vigliotti et al. (2015) and Pathak et al. (2011). The rate of SF formation/dissociation 

follows as 

휂̇̂ =
�̂�𝑢
�̂�
𝜔𝑛 exp [−�̂�

𝜇𝑎𝑏 − 𝜇𝑢
𝑘𝐵𝑇

] − 휂̂ 𝜔𝑛 𝑒𝑥𝑝 [−�̂�
𝜇𝑎𝑏 − 𝜇𝑏
𝑘𝐵𝑇

] (4.23) 

where 𝜔𝑛 is the collision frequency of the unbound molecules, and 𝜇𝑎𝑏 is an activation 

barrier. The (normalized) number of unbound cytoskeletal proteins may be calculated as  
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�̂�𝑢 = 1 − 휂̂�̂�, (4.24) 

where 휂̂�̂� determines the (normalized) number of bound SF proteins. The nominal cell 

stress due to active SF contractility is given by 

𝜎𝑐𝑒𝑙𝑙
𝑎𝑐𝑡 = 휂̂ 𝜎𝑓𝑓0, (4.25) 

where 𝑓0 is the volume fraction of SF proteins in the cell. The dynamic SF and cross-

bridge framework is hereafter referred to as the active SF-CB model. 

4.2.3. Non-linear viscoelastic component 

In addition to the contractile cytoskeleton, the cell contains a number of non-active 

components. It has been shown that passive behaviour of such components may be 

described by non-linear viscoelastic material models, that act in parallel with the active 

cytoskeleton (Weafer et al. 2015; Reynolds and McGarry 2015; Reynolds et al. 2014). 

Here we implement a non-linear three-component visco-elastic model (Figure 4.3).  

 

Figure 4.3: Schematic of non-linear viscoelastic model, comprised of a non-linear 

spring (𝒏𝒍𝒆) in parallel with a non-linear Maxwell (mw) unit (consisting of a non-

linear spring in-series with a linear dashpot (𝒗).  

 

In summary, the stress-strain relationship of a non-linear elastic component is given by: 

𝜎𝑛𝑙𝑒 = 𝛽(exp(𝛼 휀𝑛𝑙𝑒) − 1), (4.26) 
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where 휀𝑛𝑙𝑒  is the strain in the component, 𝛼 and 𝛽 (𝑘𝑃𝑎) are material constants. The 

stress in the viscous component is given as: 

𝜎𝑣 = 𝜉휀�̇�, (4.27) 

where 𝜉 is the viscosity (𝑘𝑃𝑎. 𝑠). The constitutive equation for the complete non-linear 

viscoelastic model is: 

�̇�𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 = 𝛼1𝛽1 exp(𝛼1휀) 휀̇ +

𝛼2{𝛽2 + 𝜎𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 − 𝛽1(exp(𝛼1휀) − 1)}(휀̇ −

1

𝜉
(𝜎𝑐𝑒𝑙𝑙

𝑝𝑎𝑠𝑠 − 𝛽1(exp(𝛼1휀) − 1)) , (4.28)
 

where 𝜎𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠

 is the total passive stress contribution in a cell due to the nonlinear visco-

elastic component, and 휀 is the total strain applied to the cell. The full derivation for this 

model can be found in Appendix 4.A.   

4.2.4. Modelling parameters 

All simulations are reported for cells at a temperature 𝑇 = 310 𝐾 . Cross-bridge 

parameters were constrained to lie within commonly accepted ranges (Smith and Geeves 

1995; Offer and Ranatunga 2013). The stroke distance 𝑙𝑆 = 6.5 𝑛𝑚 , the maximum 

allowable stretch during lengthening Δ𝑚
𝑙−𝑚𝑎𝑥 = 7.25 𝑛𝑚, and the myosin tail stiffness 

𝜅𝑚 = 1.75 𝑝𝑁 𝑛𝑚−1. The length of a half sarcomere is taken from values measured from 

chicken fibroblasts (Langanger et al. 1986), with  𝐿𝑠𝑎𝑟𝑐 = 200 𝑛𝑚, and 𝑡𝑠 = .001 𝑠 is 

approximated from derived attached cross-bridge duty cycle times (Rastogi et al. 2016). 

The calibrated parameters 𝑘𝑖 = 4 𝑠
−1, 𝛾 = 3, and 휀𝑠 = 0.225. As there is no definitive 

data in the literature on the values for the enthalpies of attached and unattached cross-

bridges, or bound and unbound SF proteins, parameter studies were performed to find 

appropriate values (𝜇𝑑 = 5𝑘𝐵𝑇, 𝜇𝑎 = 16𝑘𝐵𝑇, 𝜇𝑢0 = Δ𝜇𝑢0 = 8𝑘𝐵𝑇, 𝜇𝑏0 = 14𝑘𝐵𝑇, and 

𝜇𝑎𝑏 = 20𝑘𝐵𝑇). Parametric studies for Δ𝜇𝑐𝑏 = 𝜇𝑎 − 𝜇𝑑 and 𝑘𝑑 are shown in Figure 4.2. 

The remaining parameters for the SF framework are confined within ranges reported by 
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Vigliotti et al. (2015), with Ω = 10−71𝜇𝑚3 , 𝛽 = 1.2 , 𝑝 = 2 , and 𝑓0 = 0.011 . The 

remodelling rates 𝜔𝑛 = 2 𝐻𝑧 and 𝛼𝑛 = 0.4 𝑚𝐻𝑧, and the time constant for signal decay 

is 𝜏 = 0.05 s. The maximum isometric stress 𝜎𝑖𝑠𝑜 = 240 𝑘𝑃𝑎 is consistent with a wide 

range of measurements on muscle fibres (Lucas et al. 1987). The material parameters for 

the non-linear viscoelastic component are taken to be 𝛼1 = 8, 𝛽1 = 0.25 𝑘𝑃𝑎, 𝛼2 = 15, 

𝛽2 = 0.382 𝑘𝑃𝑎, and 𝜉 = 25𝑥103 𝑘𝑃𝑎 𝑠−1. A summary of key parameters is provided 

in Table 4.1.  

Parameter symbol Brief description 

𝑚𝑡𝑜𝑡;𝑚𝑎;𝑚𝑑  
Total number of myosin heads available for binding; number 
of attached myosin heads; number of unattached myosin 
heads 

Δ𝑚 
Extension imposed on the myosin tail due to stroke or actin 
displacement 

𝑙𝑠 Stroke distance of the myosin head 

𝜇𝑎; 𝜇𝑑  
Enthalpy of the attached myosin heads; enthalpy of the 
unattached myosin heads 

𝑠 Overlap of the actin and myosin filaments 

𝑛; 𝑛𝑅 
Number of sarcomeres in a stress fibre; reference number of 
sarcomeres within stress fibre in ground state 

휂 Concentration of stress fibres 

휀�̃�; 휀�̃�𝑠  
Nominal sarcomere strain; sarcomere strain at optimal actin-
myosin overlap 

𝑁𝑢 Number of unbound cytoskeletal proteins 

𝜇𝑎𝑏; 𝜇𝑢; 𝜇𝑏 
Activation barrier for 𝑛𝑅  cytoskeletal proteins; enthalpy of 
𝑛𝑅 cytoskeletal proteins in the unbound state; enthalpy of 𝑛𝑅 
cytoskeletal proteins in bound state 

𝜓  Internal energy of 𝑛𝑅 sarcomeres within a stress fibre 

𝑓0 Volume fraction of cytoskeletal proteins in the cell;  

𝜎𝑓; 𝜎𝑖𝑠𝑜  
Stress fibre stress; maximum isometric tensile stress of a 
stress fibre 

Table 4.1: A summary of key parameters of the model 
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4.3. Summary of Wille et al. dynamic cell deformation 

experiments 

Here we discuss the experiments of Wille et al., focusing on the measured active cell 

forces shown in Figure 4.4. Cardiac fibroblasts were seeded in a collagen hydrogel, and 

incubated for 8 days. Following incubation, the scaffolds were dynamically loaded at a 

frequency of 0.1 𝐻𝑧 under uniaxial conditions for 12 hours. Cells and SFs were observed 

to align in the direction of stretching. To parse the force contribution of the cells from the 

collagen fibres, the experiment is repeated with the addition of Cytochalasin D, which 

inhibits actin polymerization and therefore development of SFs. In a series of 

experiments, maximum nominal strains of 5%, 10%, 20% and 25% were considered, with 

the boundary conditions summarised in Table 4.2.   

 휀𝑚𝑎𝑥 𝑓(𝐻𝑧) 휀�̇�𝑜𝑎𝑑𝑖𝑛𝑔 (𝑠
−1) 휀�̇�𝑛𝑙𝑜𝑎𝑑𝑖𝑛𝑔 (𝑠

−1) 

Case 1 0.05 0.1 0.01 -0.01 

Case 2 0.1 0.1 0.02 -0.02 

Case 3 0.2 0.1 0.04 -0.04 

Case 4 0.25 0.1 0.05 -0.05 

Table 4.2: Boundary conditions for the fixed frequency experiments of Wille et al.  

The evolution of the peak force (at mid-point of each cycle) over a 12-hour period is 

reproduced in Figure 4.4a. Force deformation loops for the first five cycles (Figure 4.4b) 

and the final five cycles (Figure 4.4c) are also reproduced. A number of key features 

should be noted: 

• Figure 4.4b: during the first five cycles, the highest forces are measured for the 

highest applied strain (-rates) (휀𝑚𝑎𝑥 = 25%), with the peak force decreasing with 

decreasing strain amplitude.  

• Figure 4.4a: Force relaxation is observed during the high strain experiments 

(휀𝑚𝑎𝑥 = 25% and 20%). In contrast, the force increases during the low strain (-

rate) experiments (휀𝑚𝑎𝑥 = 5% and 10%)..  
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• Figure 4.4c: By the final cycle, the highest peak force is measured for the lowest 

applied strain, with the peak force decreasing with increasing strain amplitude.  

• In the final cycle, the minimum force at the end of a cycle is non-zero (~1 mN), 

while for high strain amplitudes the minimum forces are close to zero. 

 

Figure 4.4: Cell force versus strain amplitudes after 8 days of static incubation. (a) 

Peak cell force over 12 hours of cyclic loading. Peak cell force increased for 5% and 

10% strain amplitudes while it decreased for 20% and 25% amplitudes; (b) First 5 

loading cycles; (c) Last 5 loading cycles after 12 hours of cyclic loading. The peak 

cell force and cell stiffness decreased with increased amplitude. Reproduced with 

permission from Wille et al (2006).  

 

An additional series of experiments was also performed by Wille et al. in which the peak 

strain is fixed at strain amplitude of 10%, and the influence of the frequency of the applied 

cyclic deformation on cell force is investigated. The following interesting features are 

noted:  

• During the first loading cycle, the highest force is measured for the lowest 

frequency (0.001 Hz), with the peak force decreasing with increasing cycle 

frequency.  

• For all cycle frequencies, the peak force is higher in the final cycle than the first 

cycle.  

• By the final cycle, the highest peak force is measured for the highest applied cycle 

frequency (0.25 Hz), with the peak force decreasing with decreasing cycle 

frequency.  
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4.4. Computational implementation 

Cyclic strain boundary conditions are imposed on the cell model (equations 4.1-4.25) 

based on the experimental test protocols of Wille et al.  In all computations incubation 

under static conditions is simulated by imposing a nominal strain of 0% until steady state 

distributions of �̂�𝑎 , 휂̂ , �̂�, and contractile force is obtained. Dynamic loading is then 

imposed, based on the loading protocols of Wille et al., i.e. a series of simulations are 

performed where the applied nominal strain cycles between 0% and 휀𝑚𝑎𝑥 (5%, 10%, 20% 

and 25%) at a frequency of 0.1 Hz (Table 4.2). The constant loading and unloading strain 

rate magnitudes are equal, resulting in a saw-tooth wave form (Figure 4.5a). In the 

experiments of Wille et al. all cells are observed to oriented in the stretching direction 

throughout the experiment.  In this study we therefore assume cells and SFs are aligned 

in the direction of applied loading (the prediction of such cell alignment in the direction 

of stretching has previously been presented by Vigliotti et al. 2015). The full active SF-

CB model is implemented, with constitutive equations solved via a 4th order Runge-Kutta 

iterative method in Matlab.  

 

Figure 4.5: (a) Experimental loading conditions from Wille et al. Following 8 days 

of static incubation, a saw-tooth strain waveform is applied. Cycle duration and 

𝜺𝒎𝒂𝒙 vary as shown in Table 4.2; (b) Signal 𝑪 is initiated at the onset of every cycle.   

 

Computed force in a single cell must also be scaled to determine the total force in a multi-

cell tissue. Wille et al. report a cell quantity of ~ 2.4 million in the tissue post-incubation, 

with a typical cell length of 80 𝜇𝑚. A cardiac fibroblast has an approximate volume of 
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2625 𝜇𝑚3 (Abercrombie 1978), so the cross-sectional area of a cell in the experiments of 

Wille et al. is approximated as 𝐴𝑐𝑠 = 32.81 𝜇𝑚2 , assuming incompressibility and a 

cylindrical deformed configuration. The total tissue length (i.e. circumference of tissue 

ring) is approx. 30.5 𝑚𝑚 with a CSA of 0.41 𝑚𝑚2. Experimental images suggest that 

cells are uniformly distributed throughout the tissue, leading to the approximation that a 

cross-section of the tissue orthogonal to the stretching direction contains N = 6283 cells. 

In the experiment the gel is a ring constrained at two ends, so the typical cross-sectional 

number of cells is doubled. The total force contribution by all cells in the tissue (referred 

to as the “cell force” in the study of Wille et al.) is given as   

𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙 = 2𝑁 𝐴𝑐𝑠(𝜎𝑐𝑒𝑙𝑙

𝑎𝑐𝑡 + 𝜎𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠

)  (4.29) 

where the factor of 2 is due to the experimental set-up, whereby a “tissue ring” is stretched 

by the loading bars. Similarly, the active force contribution is given as 𝐹𝑐𝑒𝑙𝑙
𝑎𝑐𝑡 =

2𝑁 𝜎𝑐𝑒𝑙𝑙
𝑎𝑐𝑡  𝐴𝑐𝑠, and the passive force contribution is given as 𝐹𝑐𝑒𝑙𝑙

𝑝𝑎𝑠𝑠 = 2𝑁 𝜎𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 𝐴𝑐𝑠. 

Unless otherwise stated, simulations assume a stretch activated exponentially decaying 

signal. At the onset of each loading cycle the signal increases instantaneously to a 

maximum value (C=1). This signal is assumed to decay exponentially during each loading 

cycle, until full signal activation (C=1) is again initiated at the start of the subsequent 

cycle. For a detailed explanation of the signalling pathways, or more rigorous signal 

formulations, the reader is referred to Pathak et al. (2011). 
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4.5. Results and discussion 

The tissue loading regimes outlined in Table 4.2 are simulated using the model described 

in Section 4.2. In Section 4.5.1 we demonstrate the ability of the model to capture the key 

experimental trends in cell force generation outlined in Section 4.3. In Section 4.5.2 we 

provide insight into the mechanisms underlying such complex patterns of cell force 

generation by analysing cross-bridge dynamics and SF remodelling.    

4.5.1. Key trends predicted by model 

For direct comparison with the experimental results of Wille et al. (Figure 4.4) the 

predicted total force due to all cells in the tissue (𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙) is shown in Figure 4.6. Figure 

4.6a shows the evolution of peak force at the end of each loading half-cycle. During the 

first two hours of cyclic deformation a significant increase in peak force (from ~2 mN 

during the first cycle up to a steady state value of ~5.2 mN) is computed for the lowest 

applied strain rate (휀𝑚𝑎𝑥=5%). A similar, but less pronounced, increase in peak force is 

also predicted for the case of 휀𝑚𝑎𝑥=10%. In contrast, a significant reduction in peak force 

(from ~12.5 mN during the first cycle down to a steady state value of ~3.3 mN) for 

휀𝑚𝑎𝑥=25%. A similar trend is computed for 휀𝑚𝑎𝑥=20%. Steady state peak forces are 

computed to increase with decreasing deformation strain-rate.  

Computed force-strain loops are shown for the first two loading cycles in Figure 4.6b. In 

the cases of 휀𝑚𝑎𝑥 =5% and 10%, the first loading-half cycle is characterised by an 

approximately constant force. After the first loading-half-cycle, transient force-strain 

loops are computed, with a gradual increase in force during loading half-cycles and a 

gradual decrease in force during unloading half-cycles. A similar initially constant force 

is also computed for 휀𝑚𝑎𝑥=20% and 25%, but when the strain increases beyond 10% a 

non-linear increase in force is computed. Computed force strain loops are shown for the 

final two loading cycles (following 12 hours of applied cyclic loading) in Figure 4.6c. A 
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minimum force of ~1mN is computed for 휀𝑚𝑎𝑥=5%. The value of the minimum force 

decreases with increasing strain rate. 

 

Figure 4.6: Cell force versus strain amplitudes. (a) Peak cell force over 12 hours of 

cyclic loading; (b) First 2 loading cycles; (c) Final loading cycle following 12 hours 

of cyclic loading. 

4.5.2. Mechanisms underlying observed trends in cell force generation 

The active myosin transient behaviour during a single cycle (at steady state) is shown in 

Figure 4.7a. Myosin binding increases during the loading half cycle in all cases. The 

myosin tail is predominantly exposed to lengthening conditions, generating a higher strain 

energy than encountered during shortening in the previous unloading half-cycle. The 

alteration in strain energy causes a change in the chemical potential (equation 4.6), 

therefore increasing 𝑘𝑎 (equation 4.8), and resulting in the recruitment of a higher number 

of attached myosin heads �̂�𝑎 during the loading half-cycle (via equation 4.3). During the 

subsequent unloading half-cycle the sarcomeres shorten and the myosin tail strain energy 

significantly reduces, resulting in a rapid decline in �̂�𝑎. At the lowest strain rate (i.e. 

휀𝑚𝑎𝑥=5%) the stroking of myosin heads with actin filaments that are moving in the 

direction of the stroke (with a low velocity) results in generation of significant tension in 

the myosin tail, and consequently �̂�𝑎 remains high (equations 4.3-4.8). This results in a 

high non-zero force (~1 mN) at the end of the unloading half-cycle (as shown in Figure 

4.6c). For higher strain rate simulations (e.g. 휀𝑚𝑎𝑥=25%), the stroking of myosin heads 

with actin filaments that are moving in the stroking direction (with a high velocity) results 

in the generation of a low tension in the myosin tail (via equation 4.2), and consequently 
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�̂�𝑎 significantly reduces. This results in a near-zero value of actively generated force at 

the end of each loading cycle (as shown in Figure 4.6c).  

The total number of myosin heads available for binding, 𝑚𝑡𝑜𝑡, is a function of the overlap 

of the actin-myosin filaments, �̂�, which is in turn a function of the internal sarcomere 

nominal strain 휀�̃� (equations 4.9 and 4.10). This interaction results in complex patterns of 

myosin head binding in cells under cyclic loading. The overlap �̂� is shown in Figure 4.7b 

for a single cycle at steady state. SFs have remodelled such that an optimal �̂� is attained 

close to the peak cycle strain. At low strain amplitudes (e.g. 휀𝑚𝑎𝑥=5%) the overlap is 

always near-optimal, and thus during the cycle 𝑚𝑡𝑜𝑡 ≅ 𝑚0. With increasing 휀𝑚𝑎𝑥, the 

overlap is sub-optimal as the internal sarcomere strain 휀�̃�  is lowered. Following 

unloading, �̂� ≅ .42 for the case of 휀𝑚𝑎𝑥=25% (i.e. the only 42% of all myosin heads are 

available for binding at the end of each unloading half-cycle). The gradual increase in �̂� 

to a near optimal value also contributes to the transients in myosin binding shown in 

Figure 4.7a, and to the transient increase in force shown in Figure 4.6c. The computed 

evolution of SF concentration 휂̂ and sarcomere assembly �̂� during 12 hours of dynamic 

loading is shown in Figures 4.7c and 4.7d, respectively. Prior to the onset of cyclic loading 

(after 8 days of static incubation), SFs attain a steady state concentration 휂̂ of ~0.25. 

Following the onset of cyclic loading, 휂̂ rises steadily for the case of 휀𝑚𝑎𝑥=5%, with a 3-

fold increase predicted (휂̂ ≅0.86) at steady state (𝑡 > 3 hours). With the transition from 

static conditions to a lengthening-shortening cycle, the internal fibre stress 𝜎𝑓 increases 

(due to increased myosin binding). A higher fibre stress directly promotes an increase in 

the SF concentration via a reduction in the enthalpy of the bound proteins (equation 4.19). 

The steady state value of 휂̂ is lower at high applied strain amplitudes. This is because the 

higher magnitudes of shortening strain rates result in lower values of �̂�𝑎. This in turn 
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causes a reduction in 𝜎𝑓, and the bound protein enthalpy is increased. As a result, the rate 

of SF dissociation is increased (via equation 4.23). 

SFs remodel the number of sarcomeres in-series via equation 4.15 to achieve an optimum 

overlap �̂� of the actin-myosin filaments (i.e. when 휀�̃� = 휀�̃�𝑠).  Following incubation, SFs 

are predicted to remodel such that �̂� ≅ 0.74 (Figure 4.7d). With the onset of cyclic 

loading �̂� increases in all cases, ranging from 0.76 to 0.93. Higher steady state values of 

�̂�  are predicted for higher strain amplitudes, where more sarcomeres are required to 

reduce the internal strain 휀�̃� of individual sarcomeres (and achieve an optimal overlap �̂�).  

 

Figure 4.7: (a) Number of attached myosin heads �̂�𝒂 during a single loading cycle 

at steady state; (b) Actin-myosin overlap �̂� during a single loading cycle at steady 

state; (c) SF concentration over 12 hours of cyclic loading; (d) Number of sarcomeres 

within a SF over 12 hours of cyclic loading. 
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4.5.3. Passive non-linear viscoelastic force contribution 

Despite the increase in SF concentration 휂̂ during the first two hours of cyclic loading 

(Figure 4.7a), the peak force reduces during this period for 휀𝑚𝑎𝑥=20% and 25%, while 

peak force increases (in accordance with increasing 휂̂) for 휀𝑚𝑎𝑥=5% and 10%. This can 

be explained by the force contribution of the non-linear viscoelastic passive component 

of the cells, 𝐹𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠

, as described in Section 4.2.3. Figure 4.8 shows the passive forces 

𝐹𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠

 computed for all four loading regimes. As shown in Figure 4.8a, an expected visco-

elastic stress relaxation response occurs in all cases. However, passive forces are 

extremely low for 휀𝑚𝑎𝑥=5% and 10% due to the non-linear strain stiffening elastic 

component of the passive model. This is illustrated in Figure 4.8b, where the computed 

force strain curve during the first loading cycle is shown. At this early stage the strain in 

the dashpot is minimal, so the passive force 𝐹𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠

 (is essentially determined by the non-

linear elastic components nle1 and nle2 (see Figure 4.3). This results in very low peak 

forces for 휀𝑚𝑎𝑥=5% and 10%, in comparison to the high passive forces for 휀𝑚𝑎𝑥=20% 

and 25%. As cycling progresses, an increasing proportion of the applied strain is taken 

up by the viscous dashpot component. This leads to a significant decrease in passive force 

(Figure 4.8a), as the reduced strain in the non-linear elastic component nle2 leads to an 

exponential decrease in its force contribution (equation 4.28). As shown in Figure 4.8c, 

following 12 hours of cyclic loading the peak value of 𝐹𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠

 is only 0.4mN for  휀𝑚𝑎𝑥=5% 

and 10%, respectively, suggesting that 𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙 ≈ 𝐹𝑐𝑒𝑙𝑙

𝑎𝑐𝑡 for this loading regime. However, 

for higher values of applied strain (휀𝑚𝑎𝑥 =20% and 25%) 𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙  is comprised of a 

significant passive and active force contributions. In general, the non-linear viscoelastic 

passive component of the model explains why the total force is observed to decrease in 

the case of 휀𝑚𝑎𝑥=20% and 25% during the 12-hour cyclic loading experiments (strong 

passive contribution), whereas the total force is observed to increase for 휀𝑚𝑎𝑥=5% and 

10% (weak passive contribution, active behaviour dominates measured force).   
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Figure 4.8: Passive cell force versus strain amplitudes. (a) Peak cell force over 12 

hours of cyclic loading; (b) First 2 loading cycles; (c) Final loading cycle following 

12 hours of cyclic loading. 

4.5.4. Investigation of stretch activated cell signalling  

As stated in Section 4.4, the results shown in Figure 4.6 and 4.7 are computed assuming 

that an exponentially decaying signal initiated by the onset of cell stretching at the start 

of each loading cycle, as shown in Figure 4.5b. However, in the loading regimes consider 

thus far (Table 4.2 and Figure 4.6) the period of each cycle is constant, so identical 

signalling is obtained, regardless of the value of 휀𝑚𝑎𝑥. Extremely similar results to those 

shown in Figure 4.6 can be computed by assuming a constant signal throughout each 

simulation/experiment. In order to examine the assumed signalling regime, we consider 

loading regimes in which the loading period is changed. Specifically we compute the 

response of cells to loading frequencies of f = 0.001 Hz and f = 0.25 Hz, with 휀𝑚𝑎𝑥 =

10% in both cases (again these loading parameters are based on the experiments of Wille 

et al.). Simulations are performed for three different signalling regimes: (i) an 

exponentially decaying signal initiated by the onset of stretching, (ii) a permanent 

continuous signal, and (iii) no signal. Computed results are shown in Figure 4.9. For f = 

0.001 Hz, 𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙  is predicted to increase during the first 2 hours of cyclic loading, 

reaching a steady state value of ~4 mN. For f = 0.25 Hz, 𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙 is predicted increases 

more dramatically, reaching a higher steady state value of ~6 mN.  The increase in 𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙 

in both simulations is due to the dominant active force contribution.  This is expected for 

휀𝑚𝑎𝑥 = 10%, for which the passive stress relaxation contribution is very small (see 
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Figure 4.8). A higher steady state force is computed for f = 0.25 Hz because the high 

frequency of signalling results in a higher rate of SF formation (via equation 4.21) over 

the course of the simulation. This directly results in a higher steady state SF concentration 

휂̂, resulting in a higher steady state force (equations 4.20 and 4.25). The predicted trends 

are similar to the experimental results of Wille et al. (Figure 4.9c): (i) an increase in force 

during the first two hours of cyclic loading is observed for both f = 0.25 Hz and f = 0.001 

Hz, indicating that active behaviour is dominant (passive stress relaxation is not 

observed); (ii) Following 12 hours of loading, a force of ~6.5 mN is observed for f = 0.25 

Hz, compared to ~4 mN for f = 0.001 Hz.  

As shown in Figure 4.9a, a continuous signal (dotted line) does not accurately predict the 

experimentally observed behaviour. Steady state forces are incorrectly predicted to be 

very similar for both f = 0.25 Hz and f = 0.001 Hz, with excessively high values of ~7.6 

mN and ~7.3 mN, respectively. This results from the nearly identical and excessively high 

SF concentrations predicted for both frequencies. For the case of zero signalling for f = 

0.001 Hz, computed results are almost identical to the case of the exponentially decaying 

signal. However, for the case of f = 0.25 Hz, the absence of signalling results in an 

excessively low steady state force  of ~4.2 mN. These results suggest that stretch activated 

signalling at the low frequency of f = 0.001 Hz does not have any significant influence on 

SF formation (i.e. the frequency of signalling is so low it approximates to the zero signal 

case). However, for the higher loading frequency of f = 0.25 Hz, stretch activated 

signalling results in a significant increase in SF formation.  

Finally, it should be noted from Figure 4.9b that for case of f = 0.001 Hz, the loading and 

unloading cycles are so slow (period = 16.6 minutes) that significant SF remodelling 

occurs within a single cycle, with 휂̂  at steady state ranging from 0.44 to 0.5 for an 

exponentially decaying signal. This is due to the influence of the active SF force (via 
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equation 4.20) during lengthening and shortening. Identical changes in 휂̂ are computed 

for the zero signalling case, again confirming that remodelling is not driven by signalling 

in the case of f = 0.001 Hz. In contrast, in the high frequency case the exponentially 

decaying signal is initiated every 4 seconds, and is responsible for a significantly higher 

휂̂ (0.82) when compared to no signal (0.54). In this case, the period of each loading cycle 

is far too low to allow significant remodelling of 휂̂ within a single cycle, resulting in the 

computation of a smooth evolution of 휂̂.  

 

Figure 4.9: Cell force versus loading frequencies with different signal types: 

exponentially decaying (continuous line), constant signal (dotted line), no signal 

(broken line). (a) Peak cell force over 12 hours of cyclic loading; (b) SF concentration 

over 12 hours of cyclic loading; (c) Experimental peak cell force over 12 h of cyclic 

stretch. Reproduced with permission from Wille et al (2006).  

4.5.5. Steady state simulations 

In a final series of simulations, we demonstrate that our modelling framework predicts a 

classical Hill-type force-velocity relationship under non-dynamic boundary conditions. 

The short-term response of a cell to a range of applied shortening velocities is computed. 

Simulations predict a Hill-type relationship in which 𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙 is predicted to decrease with 

increasing shortening velocity. These predictions are closely aligned with the single cell 

AFM measurements of Mitrossilis et al. (2009). A high shortening velocity is associated 

with a low contractile force (Figure 4.10a). Actin displacement reduces the strain energy 

in the myosin tail via equation 4.2 (as shown in Figure 4.1 – shortening). The alteration 

in strain energy causes a change in the chemical potential (equation 4.6), therefore 

reducing 𝑘𝑎 (equation 4.8), and resulting in the recruitment of a lower number of attached 
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myosin heads �̂�𝑎  (via equation 4.3). As the shortening velocity decreases, actin 

displacement in the stroke direction decreases. A higher tension is generated by a stroke 

of the myosin head, consequently resulting in a higher �̂�𝑎 and active cell force. Under 

isometric conditions, the position of the actin is fixed, and the power stroke results in the 

development of a high tension (corresponding to isometric tension) in the myosin tail. 

Accurate prediction of the force-velocity relationship trivially leads to the accurate 

prediction of the power-velocity relationship for a single cells, also shown in Figure 

4.10a. 

In an additional series of experiments, Mitrosillis et al. measured the actively generated 

cell force following addition of blebbistatin to the cell media. Force measurements were 

performed for a range of blebbistatin concentrations. Blebbistatin is a compound used to 

inhibit cross-bridge activity. It binds to a primed myosin head and prevents attachment to 

the actin filament (Kovács et al. 2004). To simulate this experiment we assume a linear 

relationship between blebbistatin concentration and the number of blocked myosin heads. 

Figure 4.10b shows the predicted reduction in 𝐹𝑐𝑒𝑙𝑙
𝑡𝑜𝑡𝑎𝑙  as a function of blebbistatin 

concentration (under steady state isometric conditions). Computed forces are shown for 

two modelling assumptions: (i) Addition of blebbistatin affects only the cross-bridge 

cycling dynamics, but does not result in alterations of SF structures (i.e. 휂̂ and �̂� remain 

unchanged); (ii) Addition of blebbistatin affects the cross-bridge cycling dynamics, and 

the consequent reduction in active stress leads to remodelling of SF structures (i.e. 휂̂ and 

�̂� remodel due to blebbistatin addition).  

When the SF concentration 휂̂  is fixed, the force decreases linearly as a function of 

blebbistatin concentration (i.e. as a function of the number of blocked myosin heads). The 

effect is similar to the influence of a reduced overlap of the actin-myosin filaments 

(equation 4.10). This prediction is not supported by experimental evidence (Mitrossilis et 
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al. 2009). However, when SF remodelling is allowed, the resulting non-linear relationship 

between force and blebbistatin concentration is extremely similar to the experimental 

measurement of Mitrossilis et al. SF remodelling is highly sensitive to the internal SF 

stress (generated by cross-bridge cycling) via equation 4.20. As previously described a 

lower fibre stress 𝜎𝑓  increases the enthalpy of the bound proteins (equation 4.19), 

increasing the dissociation rate of SFs (equation 4.23). Therefore, in addition to disrupting 

tension generation via blocking of the myosin head, blebbistatin also has the knock-on 

effect of promoting SF dissociation.  

 

Figure 4.10: (a) Normalized predicted and experimental shortening velocity �̂� =
𝒗/𝒗𝒎𝒂𝒙 (blue) and mechanical power �̂� = 𝑷/(𝑭𝒎𝒂𝒙𝒗𝒎𝒂𝒙) (orange) as functions of 

generated force �̂� = 𝑭/𝑭𝒎𝒂𝒙; (b) Predicted and experimental (Mitrossilis et al. 2009) 

contractile activity of cells in response to an applied concentration of myosin 

inhibitor blebbistatin ( �̂�𝒄𝒐𝒏𝒄 ). Force normalized by maximal force without 

blebbistatin. 

4.6. Concluding remarks 

In this study a novel dynamic cell contractility model is developed, including a 2-state 

cross-bridge cycling model with rate coefficients governed by thermodynamic 

equilibrium. This model is coupled with the Vigliotti framework for SF remodelling to 

describe the dynamic behaviour of the active cytoskeleton. The model uncovers the 

mechanisms underlying transient cell force generation during cyclic loading, as observed 

by Wille et al. Generation of tension in the myosin tail (either through a myosin head 

power stroke, or by an external load, will result in an imbalance between the chemical 

potentials of attached and unattached myosin heads. This results in a transient change in 
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the number of attached heads �̂�𝑎, and consequently a transient change in the actively 

generated sarcomere stress. In turn, the concentration of SFs in the cell is highly 

dependent on the sarcomere stress. Previous work by McEvoy et al. (2017) and Shishvan 

et al. (2018) has demonstrated that the cellular SF concentration and associated 

cytoskeletal free energy has a significant effect on cellular spreading and remodelling. 

The current study highlights the influence of transient nano-scale actin-myosin 

interactions have on stress fibre remodelling under dynamic loading conditions.  

 

Figure 4.11: Schematic of mechanisms contributing to transient behaviour 

The predictions of transient active cell force provide a mechanistic explanation for 

phenomenological fading-memory type models (e.g. Hunter et al., 1998), as outlined in 

Appendix 4.B. The current study reveals that the effective “catching up” of the strain rate 

in such fading-memory formulations is a phenomenological representation of (i) the 

alteration in the number of attached myosin heads during a loading cycle, and (ii) the 

transition of a population of myosin heads from stretching to shortening conditions (or 

vice-versa). The fading memory framework has previously been coupled with models for 

SF remodelling to describe the transient behaviour of single cells under dynamic loading 



Chapter 4  

161 

(Reynolds and McGarry, 2015) based on the experiments of Weafer et al. (2015) in which 

isolated osteoblasts were subjected to cyclic loading using a modified AFM. The 

mechanistically based cross-bridge model developed in the current study will be used to 

simulate the single cell experiments of Weafer et al. (2015) in follow-on study. The 

modelling framework may also be further developed to investigate the link between cell 

contractility and tissue level remodelling, including the analysis of cardiac hypertrophy 

(Chung et al. 2003), or the effect of dynamic loading on cartilage (Dowling et al. 2013) 

and tendon remodelling.  
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Appendix 4.A: Non-linear viscoelastic model 

Here we provide a more detailed derivation for the non-linear model summarised in 

Section 4.2.3. We consider a non-linear Maxwell unit (non-linear spring in series with a 

linear dashpot) in parallel with a second non-linear spring. The following assumptions 

may be made regarding the system shown in Figure 4.3: 

(i) The total stress 𝜎𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 = 𝜎𝑛𝑙𝑒1 + 𝜎𝑚𝑤 (𝐴1), 

(ii) The total strain 휀 = 휀𝑚𝑤 = 휀𝑛𝑙𝑒1 (𝐴2), 

(iii) 𝜎𝑚𝑤 = 𝜎𝑛𝑙𝑒2 = 𝜎𝑣 (𝐴3),  

(iv) and 휀𝑚𝑤 = 휀𝑛𝑙𝑒2 + 휀𝑣 (𝐴4). 

Initially, let us describe the spring stress-strain relations as 

𝜎𝑖 = 𝑓(휀𝑖) = 𝑓𝑖 , 𝑖 = 𝑛𝑙𝑒1, 𝑛𝑙𝑒2 (𝐴5) 

Differentiating a non-linear elastic spring with respect to time gives 

�̇�𝑛𝑙𝑒 =
𝑑

𝑑𝑡
(𝜎𝑛𝑙𝑒) =

𝑑𝑓𝑛𝑙𝑒
𝑑휀𝑛𝑙𝑒

𝑑휀𝑛𝑙𝑒
𝑑𝑡

=
𝑑𝑓𝑛𝑙𝑒
𝑑휀𝑛𝑙𝑒

휀�̇�𝑙𝑒  , (𝐴6) 

Combining with the strain (rate) constraint, we find: 

휀�̇�𝑤 = 휀�̇�𝑙𝑒2 + 휀�̇� =
�̇�𝑛𝑙𝑒2
𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

+ 휀�̇�, (𝐴7)
 

so that 

𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

휀̇ = �̇� +
𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

휀�̇�. (𝐴8) 

Also, considering the stress rate: 

�̇�𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 = �̇�𝑛𝑙𝑒2 + �̇�𝑛𝑙𝑒1, (𝐴9) 

so that 
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�̇�𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 =

𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

휀̇ +
𝑑𝑓𝑛𝑙𝑒1
𝑑휀𝑛𝑙𝑒1

휀̇ −
𝑑𝑓𝑛𝑙𝑒1
𝑑휀𝑛𝑙𝑒1

휀�̇� (𝐴10.1) 

= (
𝑑𝑓𝑛𝑙𝑒1
𝑑휀𝑛𝑙𝑒1

+
𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

) 휀̇ −
𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

휀�̇� (𝐴10.2) 

=
𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

(휀̇ − 휀�̇�) +
𝑑𝑓𝑛𝑙𝑒1
𝑑휀𝑛𝑙𝑒1

휀̇. (𝐴10.3) 

The specific form for the non-linear spring function is given by: 

𝜎𝑛𝑙𝑒 = 𝛽(𝑒𝑥𝑝(𝛼 휀𝑛𝑙𝑒) − 1) = 𝑓𝑛𝑙𝑒 , (𝐴11) 

where 휀𝑛𝑙𝑒 is the strain in the spring, and 𝛼𝑛𝑙𝑒 and 𝛽𝑛𝑙𝑒 (𝑘𝑃𝑎) are material constants. The 

derivative with respect to strain is then: 

𝑑𝑓𝑛𝑙𝑒
𝑑휀𝑛𝑙𝑒

= 𝛼𝛽 𝑒𝑥𝑝(𝛼 휀𝑛𝑙𝑒) . (𝐴12) 

The dashpot stress is: 

𝜎𝑣 = 𝜉휀�̇�, (𝐴13) 

where 𝜉 is the viscosity of the dashpot (𝑘𝑃𝑎. 𝑠). Rearranging: 

휀�̇� =
𝜎𝑣
𝜉
=
1

𝜉
(𝜎𝑣𝑖𝑠 − 𝜎𝑛𝑙𝑒1) (𝐴14.1) 

=
1

𝜉
(𝜎𝑣𝑖𝑠 − 𝛽1(exp(𝛼1 휀) − 1)). (𝐴14.2) 

𝑑𝑓𝑛𝑙𝑒2/𝑑휀𝑛𝑙𝑒2 may be arranged as: 

𝑑𝑓𝑛𝑙𝑒2
𝑑휀𝑛𝑙𝑒2

= 𝛼2𝛽2 𝑒𝑥𝑝(𝛼2 휀𝑛𝑙𝑒2) (𝐴15.1) 

= 𝛼2(𝛽2 + 𝛽2(𝑒𝑥𝑝(𝛼2 휀𝑛𝑙𝑒2) − 1)) (𝐴15.2) 

= 𝛼2(𝛽2 + 𝜎𝑛𝑙𝑒2) = 𝛼2(𝛽2 + 𝜎𝑣𝑖𝑠 − 𝜎𝑛𝑙𝑒1) (𝐴15.3) 

= 𝛼2(𝛽2 + 𝜎𝑣𝑖𝑠 − 𝛽1(𝑒𝑥𝑝(𝛼1 휀) − 1)). (𝐴15.4) 
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From equation 4.A10 the constitutive equation for the complete viscoelastic model 

follows as: 

�̇�𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 = 𝛼1𝛽1 𝑒𝑥𝑝(𝛼1휀) 휀̇  +

𝛼2{𝛽2 + 𝜎𝑐𝑒𝑙𝑙
𝑝𝑎𝑠𝑠 − 𝛽1(𝑒𝑥𝑝(𝛼1휀) − 1)}(휀̇ −

1

𝜉
(𝜎𝑐𝑒𝑙𝑙

𝑝𝑎𝑠𝑠 − 𝛽1(𝑒𝑥𝑝(𝛼1휀) − 1)) . (𝐴16)
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Appendix 4.B: Phenomenological modelling of transient 

cytoskeletal contractility  

Active force generation by cells under dynamic loading conditions has previously been 

investigated using phenomenological models for cross-bridge cycling and SF remodelling 

(McGarry et al. 2009; Reynolds and McGarry 2015). In summary, the cross-bridge 

tension-strain rate relationship is described by the phenomenological Hill-type 

relationship: 

𝑇

𝑇0
=

{
 
 

 
 

1 − 𝑘𝑣휀̅̇ 휂𝑎𝑙⁄

1 + 𝑘𝑘휀̅̇ 휂𝑎𝑙⁄
           , ℎ < 0

1.8 − 0.8 (
1 − 𝑘𝑣휀̅̇ 휂𝑎𝑙⁄

1 + 𝑘𝑘휀̅̇ 휂𝑎𝑙⁄
) , ℎ ≥ 0

 (𝐵1) 

where 휀̅̇ is the effective SF strain rate and 𝑘𝑣 and 𝑘𝑘 are model parameters. 𝑇 and 𝑇0 are 

the SF tension and isometric tension, respectively. 휂𝑎𝑙 is a non-dimensional SF activation 

level, and its tension dependent evolution is given as  

𝑑휂𝑎𝑙
𝑑𝑡

= [1 − 휂𝑎𝑙]𝐶𝑘𝑓   −   [1 −
𝑇

𝑇0
] 휂𝑎𝑙𝑘𝑏  (𝐵2) 

where C is again a non-dimensional signal and 𝑘𝑓 and 𝑘𝑏 are formation and dissociation 

rate constants (Deshpande, McMeeking, and Evans 2006). We now consider three forms 

of 휀̅̇: 

(i) A Hill-type model where 휀̅̇ is taken to be the instantaneous SF strain, 휀�̇�𝑓, i.e. 휀̅̇ = 휀�̇�𝑓. 

Results are shown in Figure 4.B1a. 

(ii) A fading memory type model based on the formulation of Hunter et al (1998) where 

휀̅̇ is determined from the SF strain rate history, such that  

휀̅̇ = 𝛼 ∫ 𝑒−𝛼(𝑡−𝜏)휀�̇�𝑓

𝑡

−∞

𝑑𝜏 . (𝐵3) 
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For a constant loading and unloading strain rate magnitude, |휀�̇�𝑓|, 휀̅̇ is given as 

휀̅̇ = |휀�̇�𝑓|{−𝑒
−𝛼𝑡 + 2𝑒−𝛼(𝑡−𝑃 2⁄ ) − 2𝑒−𝛼(𝑡−𝑃) + 2𝑒−𝛼(𝑡−3𝑃 2⁄ ) − 2𝑒−𝛼(𝑡−2𝑃) + 1} , (𝐵4) 

with results shown in Figure 4.B1b. 

(iii) A modified fading memory type model where only shortening (negative) strain rates 

contribute to 휀̅̇, such that    

휀̅̇ = 𝛼 ∫ 𝑒−𝛼(𝑡−𝜏)휀�̇�

𝑡

−∞

𝑑𝜏 , (𝐵5) 

휀�̇� = {
휀�̇�𝑓 휀�̇�𝑓 ≤ 0

0 휀�̇�𝑓 > 0
  . (𝐵6) 

For a constant loading and unloading strain rate magnitude, |휀�̇�𝑓|, 휀̅̇ is given as 

휀̅̇ = |휀�̇�𝑓|{𝑒
−𝛼(𝑡−𝑃 2⁄ ) − 𝑒−𝛼(𝑡−𝑃) + 𝑒−𝛼(𝑡−3𝑃 2⁄ ) − 𝑒−𝛼(𝑡−2𝑃)} , (𝐵7) 

With results shown in Figure 4.B1c. 

Figure 4.B1: Steady state force-strain loops for (a) Hill-type model; (b) Fading 

memory model; (c) Modified fading memory model.  

Predicted results are shown in Figure 4.B1a. All models approximate the following 

features of the experimental measurements of Wille et al.: (i) a reduction of peak tension 

with increasing 휀𝑚𝑎𝑥, and (ii) a non-zero tension at the end of each cycle for 휀𝑚𝑎𝑥=5% 

and 10%. However, the Hill-type model incorrectly predicts a nearly constant cell force 

during loading and unloading. The fading memory model predicts a transient change in 
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force during each loading cycle, but the concave-convex curve shapes do not resemble 

experimental curves. The modified fading memory predicts near linear behaviour during 

loading and a convex unloading curve. This is approximately similar to the experimental 

measurements of Wille et al.  

In summary, analyses presented in this appendix using a phenomenological modelling 

approach demonstrate that transient cell contractility during dynamic loading cannot be 

replicated using a classical Hill-type contractility mode. Fading memory approaches 

improve the predictions of transient force generation, and fading memory effective strain 

rates appear require an asymmetric between loading and unloading contributions. 

In summary, the thermodynamically consistent mechanistically based cross-bridge 

cycling model and SF formulation presented in the main paper provides a physical 

rationalisation of the apparent fading memory behaviour in the experimental results of 

Wille et al.   

 

 

  



Chapter 4  

168 

Bibliography 

Abercrombie, M. 1978. “Fibroblasts.” Journal of Clinical Pathology. Supplement (Royal College 

of Pathologists) 12. BMJ Publishing Group: 1–6. 

http://www.ncbi.nlm.nih.gov/pubmed/365883. 

Alberts, Bruce, Alexander Johnson, Julian Lewis, Martin Raff, Keith Roberts, and Peter Walter. 

2002. Molecular Biology of the Cell. Garland Science. 

Balestrini, Jenna L., and Kristen L. Billiar. 2009. “Magnitude and Duration of Stretch Modulate 

Fibroblast Remodeling.” Journal of Biomechanical Engineering 131 (5). American Society 

of Mechanical Engineers: 051005. doi:10.1115/1.3049527. 

Chung, Man-Wei, Tatiana TSOUTSMAN, and Christopher SEMSARIAN. 2003. “Hypertrophic 

Cardiomyopathy: From Gene Defect to Clinical Disease.” Cell Research 13 (1). Nature 

Publishing Group: 9–20. doi:10.1038/sj.cr.7290146. 

Curtin, N A, and R E Davies. 1975. “Very High Tension with Very Little ATP Breakdown by 

Active Skeletal Muscle.” Journal of Mechanochemistry & Cell Motility 3 (2): 147–54. 

http://www.ncbi.nlm.nih.gov/pubmed/1082485. 

Deshpande, Vikram S., Robert M. McMeeking, and Anthony G. Evans. 2007. “A Model for the 

Contractility of the Cytoskeleton Including the Effects of Stress-Fibre Formation and 

Dissociation.” Proceedings of the Royal Society A: Mathematical, Physical and Engineering 

Sciences 463 (2079): 787–815.  

Deshpande, Vikram S, Robert M McMeeking, and Anthony G Evans. 2006. “A Bio-Chemo-

Mechanical Model for Cell Contractility.” Proceedings of the National Academy of Sciences 

of the United States of America 103 (38): 14015–20.  

Dowling, Enda P., and J. Patrick McGarry. 2014. “Influence of Spreading and Contractility on 

Cell Detachment.” Annals of Biomedical Engineering 42 (5): 1037–48. doi:10.1007/s10439-

013-0965-5. 

Dowling, Enda P., William Ronan, and J. Patrick McGarry. 2013. “Computational Investigation 

of in Situ Chondrocyte Deformation and Actin Cytoskeleton Remodelling under 

Physiological Loading.” Acta Biomaterialia 9 (4): 5943–55. 

doi:10.1016/j.actbio.2012.12.021. 

Dowling, Enda P, William Ronan, Gidon Ofek, Vikram S Deshpande, Robert M McMeeking, 

Kyriacos a Athanasiou, and J Patrick McGarry. 2012. “The Effect of Remodelling and 

Contractility of the Actin Cytoskeleton on the Shear Resistance of Single Cells: A 

Computational and Experimental Investigation.” Journal of the Royal Society, Interface / 

the Royal Society 9 (77): 3469–79.  

Foolen, Jasper, Vikram S. Deshpande, Frans M.W. Kanters, and Frank P.T. Baaijens. 2012. “The 

Influence of Matrix Integrity on Stress-Fiber Remodeling in 3D.” Biomaterials 33 (30). 

Elsevier: 7508–18. doi:10.1016/J.biomaterials.2012.06.103. 

Greaser, M. L. and Gergely, J. (1971) ‘Reconstitution of troponin activity from three protein 

components.’, The Journal of biological chemistry, 246(13), pp. 4226–33. Available at: 

http://www.ncbi.nlm.nih.gov/pubmed/4253596 

Hara, Fumihiko, Kanji Fukuda, Shigeki Asada, Masataka Matsukawa, and Chiaki Hamanishi. 

2001. “Cyclic Tensile Stretch Inhibition of Nitric Oxide Release from Osteoblast-like Cells 

Is Both G Protein and Actin-Dependent.” Journal of Orthopaedic Research 19 (1). No 

longer published by Elsevier: 126–31. doi:10.1016/S0736-0266(00)00011-5. 

Hill, Terrell L. 1974. “Theoretical Formalism for the Sliding Filament Model of Contraction of 

Striated Muscle Part I.” Progress in Biophysics and Molecular Biology 28 (January). 

Pergamon: 267–340. doi:10.1016/0079-6107(74)90020-0. 

Hill, A. V. 1938. “The Heat of Shortening and the Dynamic Constants of Muscle.” Proceedings 

of the Royal Society B: Biological Sciences 126 (843). The Royal Society: 136–95. 



Chapter 4  

169 

doi:10.1098/rspb.1938.0050. 

Hunter, P.J., A.D. McCulloch, and H.E.D.J. ter Keurs. 1998. “Modelling the Mechanical 

Properties of Cardiac Muscle.” Progress in Biophysics and Molecular Biology 69 (March): 

289–331. doi:10.1016/S0079-6107(98)00013-3. 

Huxley, A. F., and R. M. Simmons. 1971. “Proposed Mechanism of Force Generation in Striated 

Muscle.” Nature 233 (5321). Nature Publishing Group: 533–38. doi:10.1038/233533a0. 

Huxley, A F. 1957. “Muscle Structure and Theories of Contraction.” Progress in Biophysics and 

Biophysical Chemistry 7: 255–318. http://www.ncbi.nlm.nih.gov/pubmed/13485191. 

Kaunas, Roland, Hsu, and Deguchi. 2010. “Sarcomeric Model of Stretch-Induced Stress Fiber 

Reorganization.” Cell Health and Cytoskeleton Volume 3 (December). Dove Press: 13. 

doi:10.2147/CHC.S14984. 

Kovács, Mihály, Judit Tóth, Csaba Hetényi, András Málnási-Csizmadia, and James R Sellers. 

2004. “Mechanism of Blebbistatin Inhibition of Myosin II.” The Journal of Biological 

Chemistry 279 (34). American Society for Biochemistry and Molecular Biology: 35557–63. 

doi:10.1074/jbc.M405319200. 

Langanger, G, M Moeremans, G Daneels, A Sobieszek, M De Brabander, and J De Mey. 1986. 

“The Molecular Organization of Myosin in Stress Fibers of Cultured Cells.” The Journal of 

Cell Biology 102 (1). Rockefeller University Press: 200–209. doi:10.1083/JCB.102.1.200. 

Lucas, S M, R L Ruff, and M D Binder. 1987. “Specific Tension Measurements in Single Soleus 

and Medial Gastrocnemius Muscle Fibers of the Cat.” Experimental Neurology 95 (1): 142–

54. http://www.ncbi.nlm.nih.gov/pubmed/2947808. 

Lymn, R W, and E W Taylor. 1971. “Mechanism of Adenosine Triphosphate Hydrolysis by 

Actomyosin.” Biochemistry 10 (25): 4617–24. 

http://www.ncbi.nlm.nih.gov/pubmed/4258719. 

McEvoy, E., V.S. Deshpande, and P. McGarry. 2017. “Free Energy Analysis of Cell Spreading.” 

Journal of the Mechanical Behavior of Biomedical Materials 74. 

doi:10.1016/j.jmbbm.2017.06.006. 

McGarry, J. P., J. Fu, M. T. Yang, C. S. Chen, R. M. McMeeking, A. G. Evans, and V. S. 

Deshpande. 2009. “Simulation of the Contractile Response of Cells on an Array of Micro-

Posts.” Philosophical Transactions. Series A, Mathematical, Physical, and Engineering 

Sciences 367 (1902): 3477–97. doi:10.1098/rsta.2009.0097. 

McMahon, TA. 1984. Muscles, Reflexes, and Locomotion.  

Mitrossilis, Démosthène, Jonathan Fouchard, Axel Guiroy, Nicolas Desprat, Nicolas Rodriguez, 

Ben Fabry, and Atef Asnacios. 2009. “Single-Cell Response to Stiffness Exhibits Muscle-

like Behavior.” Proceedings of the National Academy of Sciences of the United States of 

America 106 (43). National Academy of Sciences: 18243–48. 

doi:10.1073/pnas.0903994106. 

Nieponice, Alejandro, Timothy M. Maul, Joy M. Cumer, Lorenzo Soletti, and David A. Vorp. 

2007. “Mechanical Stimulation Induces Morphological and Phenotypic Changes in Bone 

Marrow-Derived Progenitor Cells within a Three-Dimensional Fibrin Matrix.” Journal of 

Biomedical Materials Research Part A 81A (3). Wiley Subscription Services, Inc., A Wiley 

Company: 523–30. doi:10.1002/jbm.a.31041. 

Obbink-Huizer, Christine, Cees W. J. Oomens, Sandra Loerakker, Jasper Foolen, Carlijn V. C. 

Bouten, and Frank P. T. Baaijens. 2014. “Computational Model Predicts Cell Orientation in 

Response to a Range of Mechanical Stimuli.” Biomechanics and Modeling in 

Mechanobiology 13 (1). Springer Berlin Heidelberg: 227–36. doi:10.1007/s10237-013-

0501-4. 

Offer, Gerald, and K.W. Ranatunga. 2013. “A Cross-Bridge Cycle with Two Tension-Generating 

Steps Simulates Skeletal Muscle Mechanics.” Biophysical Journal 105 (4). Cell Press: 928–



Chapter 4  

170 

40. doi:10.1016/J.BPJ.2013.07.009. 

Pathak, Amit, Robert M. McMeeking, Anthony G. Evans, and Vikram S. Deshpande. 2011. “An 

Analysis of the Cooperative Mechano-Sensitive Feedback Between Intracellular Signaling, 

Focal Adhesion Development, and Stress Fiber Contractility.” Journal of Applied 

Mechanics 78 (4). American Society of Mechanical Engineers: 041001. 

doi:10.1115/1.4003705. 

Rastogi, Khushboo, Mohammed Shabeel Puliyakodan, Vikas Pandey, Sunil Nath, and 

Ravikrishnan Elangovan. 2016. “Maximum Limit to the Number of Myosin II Motors 

Participating in Processive Sliding of Actin.” Scientific Reports 6 (1). Nature Publishing 

Group: 32043. doi:10.1038/srep32043. 

Reynolds, N. H., and J. P. McGarry. 2015. “Single Cell Active Force Generation under Dynamic 

Loading - Part II: Active Modelling Insights.” Acta Biomaterialia 27. Acta Materialia Inc.: 

251–63. doi:10.1016/j.actbio.2015.09.004. 

Reynolds, Noel H., W. Ronan, Enda P. Dowling, P. Owens, Robert M. McMeeking, and J. Patrick 

McGarry. 2014. “On the Role of the Actin Cytoskeleton and Nucleus in the Biomechanical 

Response of Spread Cells.” Biomaterials 35 (13). Elsevier Ltd: 4015–25. 

doi:10.1016/j.biomaterials.2014.01.056. 

Smith, C. W. and Marston, S. B. (1985) ‘Disassembly and reconstitution of the Ca2+-sensitive 

thin filaments of vascular smooth muscle.’, FEBS letters, 184(1), pp. 115–9. Available at: 

http://www.ncbi.nlm.nih.gov/pubmed/3987897 

Smith, D.A., and M.A. Geeves. 1995. “Strain-Dependent Cross-Bridge Cycle for Muscle.” 

Biophysical Journal 69 (2): 524–37.  

Vernerey, Franck J., and Mehdi Farsad. 2011. “A Constrained Mixture Approach to Mechano-

Sensing and Force Generation in Contractile Cells.” Journal of the Mechanical Behavior of 

Biomedical Materials 4 (8). Elsevier: 1683–99.  

Vigliotti, A., W. Ronan, F. P T Baaijens, and V. S. Deshpande. 2015. “A Thermodynamically 

Motivated Model for Stress-Fiber Reorganization.” Biomechanics and Modeling in 

Mechanobiology. Springer Berlin Heidelberg.  

Weafer, P. P., N. H. Reynolds, S. P. Jarvis, and J. P. McGarry. 2015. “Single Cell Active Force 

Generation under Dynamic Loading - Part I: AFM Experiments.” Acta Biomaterialia 27. 

Acta Materialia Inc.: 236–50. doi:10.1016/j.actbio.2015.09.006. 

Weafer, P. P., W. Ronan, S. P. Jarvis, and J. P. McGarry. 2013. “Experimental and Computational 

Investigation of the Role of Stress Fiber Contractility in the Resistance of Osteoblasts to 

Compression.” Bulletin of Mathematical Biology 75 (8): 1284–1303. doi:10.1007/s11538-

013-9812-y. 

Wille, Jeremiah J., Elliot L. Elson, and Ruth J. Okamoto. 2006. “Cellular and Matrix Mechanics 

of Bioartificial Tissues During Continuous Cyclic Stretch.” Annals of Biomedical 

Engineering 34 (11). Kluwer Academic Publishers-Plenum Publishers: 1678–90. 

doi:10.1007/s10439-006-9153-1. 



Chapter 5 

171 

CHAPTER 5 

COMPRESSIBILITY AND ANISOTROPY OF 

THE VENTRICULAR MYOCARDIUM: 
EXPERIMENTAL ANALYSIS AND 

MICROSTRUCTURAL MODELLING  

 

5.1. Introduction 

Development of accurate models for tissue reorganisation and device implantation is of 

central importance in heart disease research, and requires a fundamental understanding 

of the structure and mechanics of ventricular myocardium. LeGrice et al. (1995) revealed 

the laminar structure of the myocardium and mapped the myofibre orientations 

throughout the ventricle wall, while nonlinear anisotropic tissue behaviour has been 

identified under biaxial and shear loading conditions (Demer and Yin 1983; Dokos et al. 

2002; Sommer et al. 2015). Such investigations provide valuable insight into the role of 

the non-contractile tissue components in cardiac function, and motivated the development 

of a constitutive law for simulating the passive ventricular myocardium (Holzapfel and 

Ogden 2009).     
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Incompressibility is commonly assumed in the computational modelling of some soft 

tissues (primarily due to the fluid content within cells and interstitial components), though 

recent investigations have challenged such assumptions (Nolan and McGarry 2016; 

Yossef et al. 2017). The incompressible condition for myocardium is supported by a study 

from Vossoughi and Patel (1980). However, Ashikaga et al. (2008) revealed there are 

regional changes in the myocardial volume up to 10% during the cardiac cycle that cannot 

be fully accounted for by movement of blood through the vasculature. Recent 

computational investigations have also highlighted the need for further evidence 

(Göktepe et al. 2011; Soares et al. 2017). In Section 5.2 of this paper the compressibility 

of myocardial tissue is quantified through a joint experimental-computational 

investigation, revealing changes in volume of passive excised porcine myocardium tissue 

under both tensile and confined compression loading conditions. An appropriate 

nonlinear hyperelastic model is identified to capture the observed compressible 

mechanical behaviour of the myocardium. This compressible model is then combined 

with the well-established Holzapfel-Ogden model for the anisotropic contribution of 

myocardium fibres (Holzapfel and Ogden 2009), providing a full volumetric-isochoric-

anisotropic hyperelastic model for the passive behaviour of the myocardium. 

While an accurate continuum description of the myocardium is extremely useful in tissue- 

and organ-level simulations, the tissue microstructure must be considered in order to 

better understand the factors that contribute to observed tissue anisotropy and 

compressibility. Microstructural models have previously been developed to examine the 

structure and function of biological tissues. The work of Ahmadzadeh et al. (2015) 

investigated the volume reduction observed in tendons under tensile loading. Other 

studies have developed micromechanical models to understand cellular loading 

conditions in bone marrow (Vaughan et al. 2015) and cartilage (Dowling et al. 2013). 

However, to the best of our knowledge, such modelling approaches have yet to be applied 
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to the myocardium. In Section 5.3 we develop an RVE of the myocardial tissue to (i) 

parse the contribution of the solid and vascular tissue components to myocardium 

compressibility, and (ii) investigate the influence of micro-scale fibre alignment and 

dispersion on tissue-level mechanical behaviour. 

5.2. Compressibility and continuum modelling of 

myocardium 

In this section of this paper we examine the myocardium at the macro-scale. Previous 

histological studies have shown that the myocardium has a laminar architecture (LeGrice 

et al. 1995), composed primarily of cardiomyocytes that bind end to end forming 

myofibrillar structures. Parallel arrangements of myofibres are bound by endomysial 

collagen which, along with other collagenous components and elastin, form individual 

myolaminae (sheets). These sheets vary in orientation throughout the myocardium.  This 

makes it possible to define a local right-hand orthogonal set of axes to define the myofibre 

(f) direction, the cross-fibre or sheet (s) direction, and the normal (n) direction to this 

plane. The anisotropic biaxial and isochoric shear behaviour of the myocardial tissue have 

been carefully characterised in previous experimental studies (Dokos et al. 2002; Sommer 

et al. 2015). Here we investigate the passive compressibility of the tissue. We then show 

that a compressible anisotropic framework accurately describes experimental data for 

porcine and human tissues. 

5.2.1. Experimental methods 

5.2.1.1. Tissue preparation 

Tissue specimens are excised from porcine hearts, sourced from a certified abattoir 

(Brady’s, Athenry, Ireland). The organs are stored at -80°C until required, and thawed in 

phosphate buffer solution at room temperature, in accordance with previous protocols 

(Nolan and McGarry 2016). The atria are removed, and a transmural base-apex cut is 



Chapter 5 

174 

taken between the posterior and anterior papillary muscles from the lateral left ventricular 

wall (Figure 5.1a) following the protocol of Dokos et al. (2002). Evans Blue dye is used 

to highlight the individual sheets, and 3mm sections are cut along the sheet axis. These 

are then cut on the face normal to the fibre-sheet plane with a circular punch (radius 

3mm). The sample diameter and height is measured with an electronic Vernier callipers. 

As the myocardium exhibits local variations in the f and s directions, the aforementioned 

test specimen dimensions are chosen to be sufficiently small so as to avoid intra-specimen 

variations in fibre orientation (Sommer et al. 2015). A total of 13 samples are excised and 

tested. 

5.2.1.2. Mechanical testing 

The samples are rigidly bonded to a lower- and upper- platens using a thin layer of 

cyanoacrylate adhesive (Loctite, Dusseldorf, Germany), as shown in Figure 5.1b. The 

platens are attached to a uniaxial mechanical testing machine (Zwick Z2.5, Ulm, 

Germany). The lower-platen is fixed and the upper-platen is displaced in the positive 

normal, n, direction so that the specimen is deformed at a nominal strain rate of = .01 𝑠−1 

up to a stretch of 1.3. Two video-extensometer cameras (1.31 MPx, 25 fps; uEye, IDS, 

Obersulm, Germany; videoXtens software, Zwick, Ulm, Germany) are positioned so that 

sample deformation in two orthogonal planes is monitored. The recorded series of images 

from both orthogonal planes are used to reconstruct the 3D deformation of the specimen.  

Volume change during stretching is tracked using the quasi-3D methodology proposed 

by Nolan and McGarry (2016). A series of images from the orthogonal video-

extensometer cameras are imported to and digitised in MATLAB (R2017b, Mathworks, 

Natick, MA, USA). The specimen is discretised into sections orthogonal to the n-axis, 

each of height ℎ𝑖. The total volume 𝑉 of the specimen at a given time-point during the 

experiment is computed as: 
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𝑉 = 𝜋∑ ℎ𝑖

𝑁−1

𝑖=1

(
𝑎𝑖 + 𝑎𝑖+1

2
) (
𝑏𝑖 + 𝑏𝑖+1

2
) (5.1) 

where the deformed section dimensions 𝑎𝑗 and 𝑏𝑗 at section i are determined from the 

digitised images of the specimen. Specimen volume is computed at 11 time-points 

(including the undeformed configuration) throughout the experiment for all 13 

specimens.   

To further investigate the volumetric deformation, confined compression testing is 

performed (Figure 5.1c). Specimens are prepared as previously described for the tensile 

experiment. Samples are placed into a rigid die of the same radius. Die walls are coated 

with a thin film of lubricant (Unilever petroleum jelly, London, UK) to minimise friction 

during specimen compression. A loading indenter attached to a mechanical testing 

machine (Zwick Z2.5, Ulm, Germany) compresses the specimen at a nominal axial strain 

rate of 0.01 𝑠−1. Due to the constraint on lateral deformation in the specimen, axial strain 

is equal to volumetric strain. The specimen is deformed to a volumetric strain of 0.1 and 

the nominal stress in the loading direction is plotted as a function of volumetric strain. A 

total of 13 specimens are tested.   
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Figure 5.2: Overview of the compressibility study: a) specimen preparation from a 

porcine heart; b) sample is stretched between two platens and the volume change is 

determined; c) confined compression tests are performed to support the analysis; d) 

flowchart outlining the inverse FE scheme implemented to calibrate material 

parameters for the constitutive modelling. The experimental and simulated volume 

change 𝜟𝑽/𝑽𝟎 and force 𝑻 are compared. 

5.2.2. Compressible constitutive law for the myocardium 

Following the approach of Holzapfel and Ogden (2009), the mechanical behaviour of the 

myocardium is divided into an anisotropic component (to describe the muscle and 

collagen fibres) and an isotropic component (to describe the cell non-muscle components 

and elastin networks). The fibres are assumed not to contribute under shortening 

(compressive) loading conditions. When the specimen is stretched, as shown in Figure 

5.1b, it results in a lateral shortening of the myofibre-sheet plane (on which the muscle 
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and collagen fibres are oriented). It is therefore assumed that the material behaviour is 

dominated by the isotropic component in the applied deformation. 

All finite element simulations are performed using Abaqus/Standard (v6.14, DS Simulia, 

RI, USA). Constitutive equations are implemented via user-defined material subroutines 

(UMATs). The consistent tangent matrix is approximated numerically based on a forward 

difference perturbation of the deformation gradient matrix (Sun et al. 2008; Nolan et al. 

2014). An inverse finite element (FE) scheme (Nolan and McGarry 2016) is implemented 

to identify a suitable constitutive model and to calibrate the associated material 

parameters (Figure 5.1d) using the stretch/stress and volume change data from the tensile 

stretching experiment (Figure 5.1b). A reduced polynomial Yeoh isotropic hyperelastic 

model (Yeoh 1993) is used to simulate the isotropic behaviour of the myocardium, where 

the stress tensor 𝝈𝑖𝑠𝑜 is given as 

𝛔𝑖𝑠𝑜 =∑𝜅𝑖

3

𝑖=1

𝑖(𝐽 − 1)2𝑖−1𝐈 + ∑𝜇𝑖 𝑖(𝐼1̅ − 3)
𝑖−1 (�̅� −

1

3
𝐼1̅𝐈)

3

𝑖=1

. (5.2) 

The first term on the right-hand side represents the hydrostatic stress contribution due to 

volumetric deformation, and the second term represents the deviatoric stress contribution 

due to isochoric deformation. The positive scalar 𝐽 is the determinant of the deformation 

gradient 𝐅 , 𝐁 =  𝐅𝐅T  is the left Cauchy-Green tensor, with �̅� = 𝐽−
2

3 𝐁 , and 𝐈  is the 

identity tensor. The first invariant 𝐼1  is the trace of 𝐁, with 𝐼1̅ = 𝐽−
2

3 𝐼1, while 𝜅𝑖 and 𝜇𝑖 

are volumetric and isochoric material parameters, respectively. At low strains 𝜇1 

represents the initial shear modulus, which softens at moderate strains due to the negative 

value of 𝜇2, and is followed by an inflection at high strains due to the positive constant 

𝜇3 (Yeoh 1993). 

The anisotropic behaviour of the myocardial tissue is well described by the Holzapfel and 

Ogden (2009) model, given as 
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𝛔𝑎𝑛𝑖𝑠𝑜 = ∑ 2𝑎𝑚(𝐼4𝑚- 1) exp[𝑏𝑚(𝐼4𝑚- 1)
2]𝐚𝑚⊗𝐚𝑚 

𝑚=𝑓,𝑠

+ 𝑎𝑓𝑠 𝐼8𝑓𝑠 exp(𝑏𝑓𝑠𝐼8𝑓𝑠
2)𝐚𝑓⊗𝐚𝑠 + 𝐚𝑠⊗𝐚𝑓), (5.3)

 

where the first term on the right-hand side represents the mechanical contribution in the 

myofibre (f) and sheet (s) directions, and the second is an orthotropic term accounting for 

the shear contribution in the f-s plane. 𝐼4𝑓, 𝐼4𝑠, and 𝐼8𝑓𝑠 are anisotropic invariants defined 

as 𝐼4𝑓 = 𝐚0𝑓 . (𝐂 𝐚0𝑓), 𝐼4𝑠 = 𝐚0𝑠. (𝐂 𝐚0𝑠), and 𝐼8𝑓𝑠 = 𝐚0𝑓 . (𝐂 𝐚0𝑠). It has recently been 

shown that the full anisotropic invariants (e.g. 𝐼4𝑓) should be used in a compressible 

framework, as opposed to isochoric anisotropic invariants (e.g.  𝐼4̅𝑓) (Nolan et al. 2014). 

The material tensor 𝐂 = 𝐅T𝐅 is the right Cauchy-Green tensor, while 𝐚0𝑚 (𝑚 = 𝑓, 𝑠) is 

a unit vector indicating the myofibre or sheet orientations, and 𝐚𝑚 is the same vector in 

the deformed configuration given by 𝐚𝑚 = 𝐅 𝐚0𝑚. The operator ⊗ is the dyadic product 

of vectors resulting in a second-order structure tensor. 𝑎𝑚 and 𝑏𝑚 (𝑚 = 𝑓, 𝑠, 𝑓𝑠) are 

anisotropic material parameters for each contribution. The total passive Cauchy stress 

𝛔𝑡𝑜𝑡 for the myocardial model is therefore: 

𝛔𝑡𝑜𝑡 = 𝛔𝑖𝑠𝑜 + 𝛔𝑎𝑛𝑖𝑠𝑜 . (5.4) 

Initial simulations confirm that the horizontally aligned muscle and collagen fibres 

shorten under the applied experimental loading conditions, as shown in the Figures 5.1b 

and 1c. Therefore, anisotropic terms do not contribute to the material stress and the 

experimental data can be used to calibrate the isotropic component of the tissue model.  

5.2.3. Experimental results and simulations 

The experimentally measured nominal stress-stretch relationship for the tensile-stretching 

of porcine myocardium specimens is shown in Figure 5.2a. The observed relationship is 

nonlinear exhibiting both a concave and convex section with an inflection point about 

𝜆 ≈ 1.15. The six-parameter Yeoh model provides a good fit to the experimental data 
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(𝑅2 = .995). Calibrated material properties are shown in Table 5.1 (porcine – isotropic). 

Specimen volume changes measured in the tensile-stretching experiments are shown in 

Figure 5.2b. Volume change increases with increasing applied stretch, reaching a value 

of 4.1±1.95% at a stretch of 1.3 . These data indicate that myocardial tissue shows 

compressibility. This could be the result of a volume increase in the porous extra-cellular 

matrix (ECM) and the vasculature. We do not expect any fluid to leave the system in such 

a tensile experiment when the volume is increasing. The Yeoh model also provides a 

reasonable fit to the volume change during the applied loading conditions (𝑅2 = .951).  

Experimental results for confined compression of the myocardium are shown in Figure 

5.2c. The nominal stress-volumetric strain relationship is highly nonlinear. Initially 

specimens exhibit little resistance to volume change, with a 5% volumetric strain 

occurring at a nominal stress of about 4 kPa. However, the resistance to volume change 

increases as the specimen is further compressed, with an applied nominal stress of 10% 

occurring at a nominal stress of about 49 kPa. Due to the confined nature of the 

experiment, and the proximity of the indenter to the compression rigid die wall, it is 

expected that the fluid loss in the system will not be significant. Using the Yeoh model 

(with parameters calibrated from the data in Figure 5.2a) a good fit to the nominal stress-

volumetric strain relationship during confined compression is obtained (𝑅2 = .985). In 

summary, the following key points should be noted: (i) the experimental data presented 

in Figures 5.2b and 5.2c show that the myocardium undergoes significant volumetric 

strain under two distinctly different loading modes (positive volumetric strain during 

tensile stretching and negative volumetric strain during confined compression); (ii) a six-

parameter compressible Yeoh hyperelastic material law can describe the material 

behaviour (including volume change) for both loading modes.  
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The compressible isotropic component of the myocardium constitutive law, equation 5.2, 

calibrated for porcine tissue in Figure 5.2a, is used in parallel with the anisotropic 

component of the model equation 5.3 to simulate the simple shear experiments of Dokos 

et al. (2002). The anisotropic parameters are calibrated to the experimental data using an 

inverse FE scheme whereby 6 modes of shear are simulated. While the material response 

to ns and nf shear is described by the isotropic terms (with parameters previously 

calibrated to the volumetric experiments), the stress state associated with sn, sf, fn, and fs 

shear modes is dominated by the anisotropic terms. As shown in Figure 5.3a this 

framework provides an accurate description of experimental porcine myocardium data, 

with the associated anisotropic material parameters reported in Table 5.1 (porcine). A 

detailed description of the individual modes of shear is provided in Section 5.3 of this 

paper. 

 

Figure 5.3: a) Experimental (mean±sem) and simulated nominal stress (kPa) during 

stretch of the myocardium specimens; b) experimental (mean±sem) and simulated 

volume change (%) during stretch. c) experimental (mean±sem) and simulated 

nominal stress (kPa) during confined compression. 
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Table 5.1: Isotropic and anisotropic parameters for porcine and human 

myocardium. 

5.2.4. Modelling the behaviour of human tissue 

The mechanical behaviour of human myocardial tissue under simple shear and biaxial 

loading was recently documented in a study by Sommer et al. (2015). The myocardium 

model presented in Section 5.2.2 is shown to describe the reported shear stress (Figure 

5.3b), with the parameter set (determined via inverse FE) provided in Table 5.1 (human). 

In a biaxial test the relationship between the experimentally measured force and the 

material stress is complex, as has been highlighted recently by Nolan and McGarry 

(2016). Therefore, to simulate the reported biaxial data, an inverse finite element analysis 

scheme must be implemented whereby the experimental boundary conditions are applied. 

In the case of the experiments of Sommer et al. (2015), 25 x 25 x 2.3mm samples were 

excised, with the mean myofibre direction (MFD) and sheet direction (CFD) along the x 

and y axis, respectively. Five hooks were placed equidistant on each edge of the specimen. 

The material stretch was recorded by tracking markers located proximal to the sample 

centre. These conditions are replicated in a 3D axisymmetric finite element model, with 

the hook tension described by nodal displacements. As per the experiment the stretch is 

recorded at the marker positions, with the hook/nodal displacement adjusted accordingly 

to ensure an equibiaxial (1:1) 10% strain. The simulated strain non-uniformity in the 

tissue is shown in Figure 5.3c, and a reasonable description of the biaxial stress state is 

achieved (Figure 5.3d).  

 Isotropic Anisotropic 

 

𝜇1   

(𝑘𝑃𝑎) 

𝜇2   

(𝑘𝑃𝑎) 

𝜇3   

(𝑘𝑃𝑎) 

𝜅1  

(𝑘𝑃𝑎) 

𝜅2  

(𝑘𝑃𝑎) 

𝜅3  

(𝑘𝑃𝑎) 

𝑎𝑓   

(𝑘𝑃𝑎) 

𝑏𝑓  

(-) 

𝑎𝑠 

(𝑘𝑃𝑎) 

𝑏𝑠 

(-) 

𝑎𝑓𝑠  

(𝑘𝑃𝑎) 

𝑏𝑓𝑠  

(-) 

Porcine 2.44 -6.04 14.56 18.23 145.8 1.6x106 28.21 20.06 2.15 29.8 .38 10.89 

Human .98 -.212 22.68 7.31 5.12 2.49x106 2.75 32.1 1.06 30.1 .175 5.02 
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Figure 5.4: Experimental and simulated shear behavior for (a) porcine (Dokos et al. 

2002) and (b) human myocardium (Sommer et al. 2015) ; (c) maximum principal 

strain in a simulated biaxial sample; (d) experimental and simulated biaxial 

behavior for human myocardium (Sommer et al. 2015), with stretch in the mean 

myofibre (MFD) and cross-fibre (CFD) directions. 

 

While the aforementioned Holzapfel and Ogden (2009) model assumes that the 

anisotropic behaviour of the tissue is confined to tensile loading, the question of material 

anisotropy in compression is briefly discussed in Appendix 5.A.  
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5.3. Microstructural modelling 

In this section a multifaceted microstructural model of the myocardium is developed to 

replicate the complex experimental behaviour shown in Figures 5.2 and 5.3. In the 

experimental analyses of Section 5.2 it is assumed that the tissue is unperfused, and 

therefore the empty vasculature may contribute to the recorded volumetric deformation. 

A representative volume element (RVE) is generated as motivated by histological studies, 

and experimental confined compression is simulated to assess this contribution. 

Additionally, several modes of simple shear are applied to the RVE to investigate the 

mechanical significance of fibre stiffness and arrangement on a micro-scale. 

An RVE of the myocardium is created, comprised of discrete regions to describe 

cardiomyocytes, the extracellular matrix, and the vasculature. Several histological and 

SEM images were analysed to motivate a 2.7𝑥106 𝜇𝑚3 RVE cuboidal structure (Stoker 

et al. 1982; LeGrice et al. 1995; Yin et al. 1996; Hein et al. 2003), which is generated in 

Abaqus 6.14 with the following geometry: the cardiomyocytes are assumed to account 

for approximately 60% of the tissue volume, with a typical width of 15𝜇𝑚 and a cuboidal 

shape. Circular capillaries occupy approximately 5% of the volume, with a mean diameter 

of 5 𝜇𝑚. The remainder of the RVE is accounted for by the extracellular matrix (ECM), 

which is largely composed of perimysial and endomysial collagen fibres (Figure 5.4). In 

this analysis the mechanical contribution of other cell phenotypes (such as cardiac 

fibroblasts) are not considered. A thick band of ECM separates individual myocardial 

sheets, with a typical thickness of 10𝜇𝑚. 
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Figure 5.5: RVE of the myocardium with discrete regions for the cardiomyocytes, 

the matrix surrounding the cells (ECM 1), and the matrix surrounding the 

myocardial sheets (ECM 2). Capillaries are included as empty vessels.  

5.3.1. RVE constituent materials 

In order to investigate the influence of microstructural morphology and composition on 

tissue-level mechanical behaviour, we attempt to replicate the shear and confined 

compression data shown in Section 5.2 using a multi-component RVE (Figure 5.4). It 

should be noted that the continuum level sheet-fibre constitutive law of Holzapfel and 

Ogden is not used at the microstructure level. Rather, the architecture and distribution of 

collagen fibres and cells are explicitly represented, and a single fibre HGO formulation 

is used to represent the passive material behaviour of each component.   

5.3.1.1. Fibre anisotropic contribution 

Collagen and muscle fibres are represented by a hyperelastic model, proposed by 

Holzapfel et al. (2000), and recently modified for compressible materials by Nolan et al. 

(2014). The fibre stress is given by: 
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𝜎𝑓,𝑖 = {

2

𝐽
𝑘1(𝐼4𝑖 − 1) exp[𝑘2(𝐼4𝑖 − 1)

2] , 𝐼4𝑖 > 1,

0 , otherwise,

 (5.5) 

where 𝜎𝑓,𝑖 is the Cauchy stress of a single fibre family, 𝐼4𝑖 is the anisotropic invariant 

defined by 𝐼4𝑖 = 𝒂0𝑖. (𝑪 𝒂0𝑖) , and 𝑘1  and 𝑘2  are material constants. The fibres only 

contribute to the stress when in tension (i.e. 𝐼4𝑖 > 1). The anisotropic stress tensor is given 

as 

𝛔𝑎𝑛𝑖𝑠𝑜 =∑𝜎𝑓,𝑖 𝐚𝑖⨂ 𝐚𝑖

𝑛

𝑖=1

, (5.6) 

where n is the number of fibre families, 𝐚0𝑖 is a unit vector indicating the myofibre or 

sheet orientations, and 𝒂𝑖 is the same vector in the deformed configuration given by 𝐚𝑖 =

𝐅 𝐚0𝑖. 

5.3.1.2. Fibre dispersion 

In order to account for dispersion of collagen fibres about a mean direction in the ECM, 

we implement a model adapted from the angular integration framework (Holzapfel and 

Ogden 2015), whereby the fibre directions are discretely modelled. This allows for an 

exclusion of the mechanical contribution of all fibres under compression. We consider 

that fibres can exist in a large number of discrete directions m in a 3D sphere at each 

integration point of a finite element model (m = 240 is found to provide a converged 

solution). This approach is adapted from the methodology of Ronan et al. (2012) for 

modelling cellular stress fibre formation. The probability density function for dispersion 

is described by a von Mises distribution (Li, Ogden, and Holzapfel 2016), where the 

distribution factor in a given direction is expressed as 

𝜌𝑗 =
4√𝑏

2𝜋

exp [2𝑏(𝐚0,𝑗 ∙ 𝐚0,𝑀𝑒𝑎𝑛)
2
]

𝑒𝑟𝑓𝑖(√2𝑏)
 , (5.7) 
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where b is a constant dispersion parameter, 𝑒𝑟𝑓𝑖(𝑥) denotes the imaginary error function, 

𝐚0,𝑀𝑒𝑎𝑛  is a unit vector indicating the mean fibre direction, and 𝐚0,𝑗  is a unit vector 

indicating one of m directions. The distribution is normalized such that 

1

4𝜋
∫ 𝜌(𝐚
Ω

) 𝑑Ω = 1 , (5.8) 

where Ω is a unit sphere. The fibre stress, i.e. equation 5.5, is computed in all m directions. 

The contribution of the dispersed fibres to the Cauchy stress tensor is then given as: 

𝛔𝑎𝑛𝑖𝑠𝑜
𝑑𝑖𝑠𝑝 =∑𝜌𝑗  𝜎𝑓,𝑗  𝐚𝑗⨂ 𝐚𝑗

𝑚

𝑗=1

. (5.9) 

This discrete dispersion model is validated against the generalized structure tensor (GST) 

model (Gasser et al. 2006). In the GST model fibres under compression are not 

necessarily excluded, as the tension condition is dependent only on stretch in the mean 

fibre direction. Applied ns shear of a unit cube is simulated for a single fibre family in the 

s-n plane, with the mean fibre direction rotated 60° from the s-axis. In the GST model the 

dispersion depends on parameter 𝑑. Three cases of dispersion are compared (i.e. slight 

dispersion [b=10, 𝑑 = 0.02 ], intermediate dispersion [b=1.5, 𝑑 = 0.14 ], and near 

isotropic dispersion [b=0.1, 𝑑 = 0.24]). In all cases 𝑘1/𝜇 = 5  and 𝑘2 = 0.01 (Figure 

5.5).  
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Figure 5.6: Discrete model (solid curve) and GST model (circles) for three cases of 

dispersion: Case 1 (slight dispersion) with b=10, 𝒅 = 𝟎. 𝟎𝟐; Case 2 (intermediate 

dispersion) with b=1.5, 𝒅 = 𝟎. 𝟏𝟒; Case 3 (near isotropic dispersion) with b=0.1, 𝒅 =
𝟎. 𝟐𝟒. The shear stress is normalized by the isotropic shear modulus 𝝁, according to 

𝝉/𝝁. 

5.3.1.3. Material isotropy 

In all regions of the RVE we consider the presence of an underlying isotropic material 

described by a simple neo-Hookean hyperelastic model, with the Cauchy stress 

𝛔𝑖𝑠𝑜 =  𝜅(𝐽 − 1)𝐈 + 
𝜇

𝐽
(�̅� −

1

3
 𝐼1̅𝐈) . (5.10) 

The first term on the right-hand side represents the hydrostatic stress contribution due to 

volumetric deformation, and the second term represents the deviatoric stress contribution 

due to isochoric deformation, while 𝜅 and 𝜇 are the bulk modulus and shear modulus, 

respectively. 

5.3.1.4. Physiological motivation for fibre alignments 

The cardiomyocytes are described by a single fibre model in order to represent highly 

aligned myofibrils equation 5.6 in a nearly-incompressible isotropic cytoplasm equation 

5.10. As the tissue is passive in the ex vivo experimental investigations considered in this 

study, active cellular contractility is not considered. Pope et al. (2008) investigated the 

organisation of collagen in the matrix surrounding the cardiomyocytes through extended 

volume confocal microscopy (EVCM). Thick perimysial collagen fibres were observed 
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to run parallel to the cells, and therefore contribute to the high stresses reported for tissue 

stretch in the fibre direction. These fibres are represented by the single fibre model 

described previously, i.e. equation 5.6. The orientation of the perimysial fibres that 

surround the myocardial sheets is more difficult to discern from EVCM. We investigate 

here the arrangement of these fibres through a dispersion model i.e. equation 5.9. The 

cardiomyocytes are bound together by endomysial collagen, and this is also described by 

fibre dispersion. The remaining constituents of the ECM are described by a compressible 

isotropic neo-Hookean model. Such a matrix (with embedded collagen fibres) has been 

shown to be compressible in several soft tissues (Yossef et al. 2017; Nolan and McGarry 

2016; Böl et al. 2015), suggesting it is likely the source of non-vascular volume changes 

in the myocardium. The capillaries are modelled as empty inclusions. The relevant 

components of the Cauchy stress terms for each region are summarised in Table 5.2. As 

per Section 5.2, constitutive equations are implemented in the finite element software 

Abaqus through user-defined material subroutines (UMATs).  

5.3.1.5. Boundary conditions and simulations 

Periodic boundary conditions (PBCs) are applied to the model to ensure the deformation 

of opposing nodes remains continuous during the analysis, as per Dowling et al. (2013) 

and Vaughan and McCarthy (2011). The PBCs consist of a series of equation constraints, 

and can be expressed in terms of the nodal displacement. Detailed explanation on the 

implementation of PBCs can be found in Dowling et al. (2013). Confined compression 

in the normal (n) direction is simulated to a strain of 0.05, with deformation of s and f 

faces constrained in the s and f directions respectively (Figure 5.6a). Under such loading 

conditions all collagen and muscle fibres shorten and are, therefore, assumed not to 

contribute mechanically. Parametric studies are performed to determine values of shear 

and bulk moduli of the cells and ECM that yield a good agreement with experimental 

results. The elemental volumes of each region of the deformed RVE are computed to 
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parse the contribution of the vasculature to the total volume change. Confined 

compression in the fibre (f) and sheet (s) directions and resulting anisotropy is discussed 

briefly in Appendix 5.A. Six modes of shear were simulated on the RVE (Figure 5.6) with 

an applied shear strain of 0.5 in each case. Parametric analyses of fibre stiffness, 

dispersion, and fibre orientations of each region are performed to obtain a good agreement 

with experimental data. A mesh sensitivity study shows that a converged solution is 

obtained with 293,776 eight node hexahedral elements. Best-fit parameters are 

determined for: (i) porcine myocardium (Dokos et al. 2002), and (ii) human myocardium 

(Sommer et al. 2015).  

 

Figure 5.6: Maximum principal strain following loading of the RVE: (a) confined 

compression, cc; (b) shear in the ns plane; and (c) shear in the sn plane. 

5.3.2. RVE results and discussion 

In confined compression simulation all fibres shorten and therefore do not contribute 

mechanically. Under such loading the RVE stress state is governed by the isotropic elastic 

behaviour of the cells and the ECM. As the cardiomyocytes are considered nearly-

incompressible, a high bulk modulus to shear modulus ratio was enforced in the cell 

regions of the RVE (Table 5.2). When the isotropic component of the ECM material is 

found to be slightly compressible (Table 5.2), a reasonable description of the 

experimental nominal stress-volumetric strain relationship is obtained (Figure 5.7a). As 
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shown in Figure 5.6a, the strain field throughout the RVE is non-uniform, with significant 

localised stress and strain concentrations in the material surrounding the capillaries. 

Figure 5.7b shows the simulated change in volume for each component of the RVE. At 

an applied confined compression strain of 0.05, the vascular volume decreases by 51.8%, 

the sheet matrix (ECM2) by 6.2%, the matrix surrounding the cells (ECM1) by 6.98%, 

and the cardiomyocytes by 0.5%. In summary, the vasculature is predicted to contribute 

about 42% of the total volume change during confined compression to a strain of 0.05, 

with the remaining volume change occurring primarily in the collagen ECM.  

 

Figure 5.7: a) Experimental and simulated (from RVE) stress for confined 

compression; b) volume decrease of each region following compression (i.e. the 

vasculature, cells, ECM1 and ECM2); c) proportion that the vascular and solid 

components account for the total volume change.  

We next apply six modes of shear deformation to the RVE to investigate the orientation 

and stiffness of collagen fibres in the ECM and myofibrils in the cells. A parametric study 

comprising of 140 simulations (~14e3 CPU core hours) was performed in order to 

uncover fibre orientations and stiffness in each region of the RVE so that a good 

description of the experimental results of Dokos et al. (2002) is obtained. As shown in 

Figure 5.8a, the model parameters presented in Table 5.2 provide an accurate description 

of the multi-axial shear behaviour of porcine myocardium, i.e. 𝑓𝑠 > 𝑓𝑛 ≫ 𝑠𝑓 > 𝑠𝑛 >

𝑛𝑓 ≅ 𝑛𝑠. Analyses uncover the key constituents contributing to the stress under each 

loading condition. Non-linearity in the ns and nf shear stress is dependent on dispersion 

of both the endomysial collagen surrounding the myocytes, and the perimysial collagen 
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surrounding the myolaminae (sheets). Correct trends are described only if the dispersion 

of perimysial fibres is included.  The high stiffness response to sn and sf shear 

deformation is also primarily due to perimysial fibres, which have a dominant alignment 

in the sheet (s) direction. Myofibres in the cells and perimysial collagen fibres that run 

parallel to the cells provide a dominant contribution to the high stresses observed in fn 

and fs shear deformation. The difference in the fs and fn stress is caused by dispersion of 

the perimysial collagen fibres that surround the myolaminae. 

A similar parameter study was performed for human myocardium data (Sommer et al. 

2015), again achieving an excellent representation of the stress response to the six modes 

of simple shear (Figure 5.8b). Model parameters for human myocardium are presented in 

Table 5.2. There are some notable differences between the experimental observations for 

porcine and human tissue. The normal (n) and sheet (s) loading modes are observed to 

have a significantly stiffer response in the human tissue, while the fibre (f) loading modes 

are associated with a lower stress when compared to porcine data. These variances may 

be captured by alterations to the dispersion parameters and fibre stiffness, while dominant 

fibre orientations are similar to those determined for porcine tissue.  

 

Figure 5.8: Simulated shear stress from RVE analyses of (a) porcine and (b) human 

tissue. Experimental data from (a) Dokos et al. [3] and (b) Sommer et al. [4] 

superimposed for reference. 
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Table 5.2: Cauchy stress terms and material parameters for RVE regions. *The 

isotropic component of ECM1 and ECM2 is equivalent, simply denoted as ECM 

(iso). In the cases where fibres are aligned in a plane, they are rotated from the first 

direction stated. 

 

  

 Cauchy 

Stress 
Isotropic Anisotropic Dispersion 

Porcine  𝜇 (𝑘𝑃𝑎) 𝜅 (𝑘𝑃𝑎) 𝑘1  (𝑘𝑃𝑎) 𝑘2 n Ang (°) Plane/Dir 𝑏 

Cell Eq.(6),(10) 1.5 500 12 16 1 0.0 f N/A 

ECM* 

(iso)  
Eq.(10) 1.0 40       

ECM 1 

(peri) 
Eq.(6)   9.42 10.6 1 0.0 f N/A 

ECM 1 

(endo) 
Eq.(9)   9.8 8.42 1 0.0 n-s 7.1 

ECM 2 

(peri) 
Eq.(9)   23 4.25 2 20.0 s-f 6.0 

Human   

Cell Eq.(6),(10) 1.5 500 5.3 12.4 1 0.0 f N/A 

ECM* 

(iso) 
Eq.(10) 1.0 40       

ECM 1 

(peri) 
Eq.(6)   5.2 

10.1

3 
1 0.0 f N/A 

ECM 1 

(endo) 
Eq.(9)   12.25 8.85 1 0.0 n-s 7.1 

ECM 2 

(peri) 
Eq.(9)   42.0 16.2 2 31.25 s-n 20.6 
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5.4. Concluding remarks 

The compressibility of myocardial tissue is quantified through a joint experimental-

computational investigation, where it is revealed that the passive tissue changes in volume 

under both tensile and confined compression loading conditions. We therefore suggest 

that the myocardium should be considered as a compressible material, and we show that 

both the volumetric and isochoric contributions to the isotropic component of the 

myocardium are highly nonlinear. The compressible isotropic hyperelastic component 

can be combined with the anisotropic component of the constitutive law proposed by 

Holzapfel and Ogden (2009) to provide a full description of the passive myocardium. The 

model describes the experimentally observed behaviour of porcine and human myocardial 

tissues. Previous studies have demonstrated there is no significant difference in the 

physiological mechanics of fresh and frozen/thawed arterial tissue (Adham et al. 1996; 

Stemper et al. 2007). However, such differences have not been specifically examined for 

myocardium and this may be a potential limitation of the study. Future studies are 

recommended to determine of freezing of samples has a significant influence on the 

passive mechanical behaviour of myocardial tissue. Investigation of the passive 

properties of freshly excised tissue would require inhibition of cross-bridge activity 

(Dokos et al. 2002; Sommer et al. 2015). In addition to our compressible anisotropic 

hyperelastic framework such studies may also consider porohyperelastic models 

(Ahmadzadeh et al. 2015; Simon et al. 1996) to investigate the volume change. 

The change in vascular volume during the cardiac cycle has been well documented (Liu 

et al. 1992; van der Ploeg et al. 1993). Yin et al. (1996) monitored the blood volume of 

perfused myocardium under loading, and found the vascular volume changed by up to 

40% during stretching. It was therefore important that we attempted to parse the 

contribution of the solid tissue and vasculature to myocardial compressibility. An RVE 

of the myocardium was developed for this purpose. In the regional geometry assessed 
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under confined compression a reduction in vascular volume accounts for 42% of the 

volume change, while the solid tissue components accounting for the remainder. An 

important outcome of this modelling insight is that even if the blood dynamics were to be 

explicitly included in an analysis, the solid tissue should still be considered compressible. 

In our investigation we assumed the vessels to be empty, but if filled with blood it is 

expected that the solid tissue would contribute a larger portion of the volume change. 

Future studies may attempt to determine if fluid is drained from the tissue during confined 

compression testing. 

The RVE analyses also revealed the key constituents contributing to the stress under 

various modes of simple shear. The high stiffness reported for the fs and fn modes is due 

to stretching of the myofibres within the cells and the perimysial collagen that runs 

parallel to the cells. Dispersion of endomysial collagen and the perimysial fibres that 

surround the myolaminae dominate the RVE response to the ns and nf shear modes. The 

RVE developed in this study is based on published anatomical images (Stoker et al. 1982; 

LeGrice et al. 1995; Yin et al. 1996; Hein et al. 2003) and provides new insights into the 

relationship between the cell/ECM micro-architecture and the tissue level mechanical 

behaviour. Variations in the myocardium microstructure, e.g., collagen orientation, 

stiffness, cell size, ECM volume, or capillary volume, will have a significant influence 

on the mechanical behaviour. In future work, the sensitivity of the RVE to constituent 

geometry (e.g. cell size, capillary density) should be investigated. Further developments 

of our RVE approach should incorporate the following: active dynamic contractility 

(Reynolds and McGarry 2015) and remodelling (McEvoy et al. 2017) of cardiomyocytes; 

mechanical contribution of cell nuclei (Reynolds et al. 2014); fluid-structure-interaction 

modelling of blood flow dynamics in capillaries. Such developments would provide a 

deeper insight into the effective time dependent tissue volume changes during a cardiac 

cycle. 
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Appendix 5.A: Evidence of weak anisotropy in compression 

Anisotropy in the myocardium under tensile loading conditions has been well 

characterized experimentally, as presented in the shear and biaxial data of Figure 5.3. 

This data can be accurately modelled through the constitutive framework proposed by 

Holzapfel and Ogden (2009). In this model the anisotropic terms only contribute when 

the associated invariant is in tension (e.g. 𝐼4𝑓 > 1). This is controlled by a switching 

statement in the user-defined material subroutine (UMAT).  

In the experiment described in Section 5.2, columnar samples of myocardium are 

stretched in the normal (n) direction. The deformation is recorded, and the volume change 

during the stretch is calculated. The midplane sample dimensions (see Figure 5.A1a) can 

be used to approximate the tissue anisotropy in compression by considering the ellipticity 

(i.e. 𝑎/𝑏). At a maximum stretch (𝜆 = 1.3), an ellipticity of 1.038 ± .0165 is calculated. 

This suggests the myocardium exhibits weak anisotropy in compression, with the lowest 

contracture observed in the fibre direction.  

The experiment is simulated using the properties outlined in Table 5.1. We now exclude 

the aforementioned switch statement and allow the anisotropic terms to contribute in both 

tension and compression. Ellipticity values of 1.101 and 1.036 are observed for porcine 

and human parameters, respectively (Figure 5.A1b). In both cases the material is observed 

to contract less in the fibre (f) direction than in the sheet (s) direction. To investigate the 

influence of the microstructure on tissue anisotropy in compression, confined 

compression in the f, s, and n directions is simulated with the model outlined in Section 

5.3. Additionally, uniaxial tension is simulated in all three directions to highlight the 

anisotropy in tension.  

Allowing for the mechanical contribution of fibres in compression (i.e. exclusion of 

switch statement) in the anisotropic modelling framework offers a possible means of 
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describing the weak tissue anisotropy in compression, though the parameters calibrated 

for fibres in tension do not necessarily represent the compressive behaviour (Figure 

5.A1b). A computational study by Soares et al. (2017) has recently demonstrated a weak 

mechanical contribution of a single discrete fibre subjected to compression. In the current 

study our RVE simulations suggest that tissue- level anisotropy will result, in part, from 

the micro-structural arrangement of ECM and cells, even in the absence of a fibre 

contribution under compression. The simulated microstructural anisotropic stress under 

confined compression is presented in Figure 5.A1c, where clearly the tissue is slightly 

stiffer when compressed in the fibre (f) direction. Under tensile loading the tissue 

anisotropy is significantly more pronounced due to the additional contribution of complex 

fibre distributions (Figure 5.A1d). 

 

Figure 5.A1: a) Cross-section taken at midplane of simulated tensile experiment to 

measure ellipticity; b) experimental and simulated ellipticity with porcine and 

human material parameters; c) simulated nominal stress (kPa) vs volumetric strain 

for a simulated micro-model confined compression in f, s, and n directions; d) 

simulated nominal stress (kPa) vs stretch for the micro-model under tensile loading. 
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CHAPTER 6 

CONTRACTILITY AND REMODELLING OF 

THE LEFT VENTRICULAR MYOCARDIUM 

 

6.1. Introduction 

Heart failure is a global pandemic affecting over 25 million people worldwide. This 

inability of the heart to sufficiently perfuse the body may result from pathologies such as 

hypertension, increased ventricle blood volume, and tissue thinning and fibrosis post-

infarction. In all cases, it may be viewed as a remodelling in response to an alteration in 

the mechanical environment. Heart failure often follows from cardiac hypertrophy, a 

medical condition whereby the cardiomyocytes in the tissue wall remodel (Chung et al. 

2003). Such hypertrophy is typically categorised as concentric or eccentric. Concentric 

hypertrophy is where the tissue becomes thicker (often related to aortic stiffening and 

hypertension). The number of parallel myofibrils in the cardiomyocytes increases, and 

the cells themselves also swell in size (Izumo and Nadal-Ginard 1988; Chien et al. 1993; 

Sawada and Kawamura 1991). Consequently, the ventricle volume is reduced, so that an 

insufficient volume of blood is available for pumping during systole. With the onset of 

concentric hypertrophy, there is also an increased concentration of calcium in the tissue, 
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thought to be due to a reduced absorption rate (Balke and Shorofsky 1998). Eccentric 

hypertrophy is where the ventricle becomes thinner and longer, often onset by an 

increased diastolic blood volume. Cardiomyocytes undergo longitudinal cell growth and 

addition of sarcomeres in-series (Dorn et al. 2003). The contractility of this thin ventricle 

wall is dramatically reduced, and, consequently, the volume of blood ejected during 

systole is reduced, despite the fact that the enlarged ventricle can store an increased 

volume.  

Significant advances have been made in the field of cardiac modelling over the past 20 

years, from a detailed imaging of the tissue myofibre micro-structure (LeGrice et al. 

1995), to development of finite element models of anatomically accurate patient specific 

geometries (Wang et al. 2013). However, current finite element approaches typically use 

phenomenological formulations to represent tissue contractility (Pezzuto et al. 2014; 

Baillargeon et al. 2014). More detailed phenomenological models have also been 

developed based on experimentation that uncovered “fading memory” type behaviour in 

cardiomyocytes (Bergel and Hunter 1979; Hunter et al. 1998). In this paper we develop 

a model of the contractile left ventricle, with active cell tension described by the 

thermodynamically motivated dynamic cross-bridge model proposed by McEvoy et al. 

(2018). Simulations uncover a mechanism by which changes to the mechanical 

environment result in altered actin-myosin cross-bridge cycling, in turn driving 

remodelling of myofibrils in the heart wall. Myofibrillar remodelling associated with 

concentric and eccentric hypertrophy is predicted to occur following periods of 

hypertension and volume overload, respectively. The link between cross-bridge 

thermodynamics and myofibril remodelling proposed in this study may significantly 

advance current understanding of cardiac disease onset.  
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6.2. Computational methodology 

6.2.1. Passive mechanics  

In addition to the high density of contractile cells in the ventricle wall, the myocardium 

contains a complex extracellular matrix (ECM) that supports the cells, and contributes 

significantly to the passive material behaviour. The ECM has a laminar architecture 

(Legrice et al. 1997), composed primarily of cardiomyocytes that bind together to form 

myofibre structures. Parallel arrangements of myofibres are bound by endomysial 

collagen which, along with other collagenous components and elastin, form individual 

myolaminae (sheets). These sheets vary in orientation throughout the ventricle wall. With 

this structure it is possible to define a local right-hand orthogonal set of axes to define the 

myofibre (f) direction, the cross-fibre or sheet (s) direction, and the normal (n) direction 

to this plane. The anisotropic biaxial and isochoric shear behaviour of the tissue has been 

well characterized (Dokos et al. 2002; Sommer et al. 2015), and is described by the 

Holzapfel and Ogden (2009) model, given as 

𝛔𝑎𝑛𝑖𝑠𝑜 = ∑ 2𝑎𝑚(𝐼4𝑚- 1) exp[𝑏𝑚(𝐼4𝑚- 1)
2]𝐚𝑚⊗𝐚𝑚 

𝑚=𝑓,𝑠

+ 𝑎𝑓𝑠 𝐼8𝑓𝑠 exp(𝑏𝑓𝑠𝐼8𝑓𝑠
2)(𝐚𝑓⊗𝐚𝑠 + 𝐚𝑠⊗𝐚𝑓), (6.1)

 

where the first term on the right-hand side represents the mechanical contribution in the 

myofibre (f) and sheet (s) directions, and the second is an orthotropic term accounting for 

the shear contribution in the f-s plane. 𝐼4𝑓, 𝐼4𝑠, and 𝐼8𝑓𝑠 are anisotropic invariants defined 

as 𝐼4𝑓 = 𝐚0𝑓 . (𝐂 𝐚0𝑓) , 𝐼4𝑠 = 𝐚0𝑠. (𝐂 𝐚0𝑠) , and 𝐼8𝑓𝑠 = 𝐚0𝑓 . (𝐂 𝐚0𝑠) . Full anisotropic 

invariants (e.g. 𝐼4𝑓) should be used in a compressible framework, as opposed to isochoric 

anisotropic invariants (e.g.  𝐼4̅𝑓) (Nolan et al. 2014). The material tensor 𝐂 = 𝐅T𝐅 is the 

right Cauchy-Green tensor, while 𝐚0𝑚 (𝑚 = 𝑓, 𝑠) is a unit vector indicating the myofibre 

or sheet orientations, and 𝐚𝑚 is the same vector in the deformed configuration given by 

𝐚𝑚 = 𝐅 𝐚0𝑚. The operator ⊗ is the dyadic product of vectors resulting in a second-order 
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structure tensor. 𝑎𝑚 and 𝑏𝑚 (𝑚 = 𝑓, 𝑠, 𝑓𝑠) are anisotropic material parameters for each 

contribution. 

A recent study by McEvoy et al. (2018) demonstrates that the myocardium is 

compressible, and the isotropic component of its mechanical behaviour is accurately 

described by a reduced polynomial Yeoh isotropic hyperelastic model (Yeoh 1993). The 

Cauchy stress tensor for the isotropic compressible component of the myocardium is 

given as 

𝛔𝑖𝑠𝑜 =∑𝜅𝑖

3

𝑖=1

𝑖(𝐽 − 1)2𝑖−1𝐈 + ∑𝜇𝑖 𝑖(𝐼1̅ − 3)
𝑖−1 (�̅� −

1

3
𝐼1̅𝐈)

3

𝑖=1

, (6.2) 

where the first term on the right-hand side represents the hydrostatic stress contribution 

due to volumetric deformation, and the second term represents the deviatoric stress 

contribution due to isochoric deformation. The positive scalar 𝐽 is the determinant of the 

deformation gradient 𝐅, 𝐁 =  𝐅𝐅T is the left Cauchy-Green tensor, with �̅� = 𝐽−
2

3 𝐁, and 

𝐈 is the identity tensor. The first invariant 𝐼1  is the trace of 𝐁, with 𝐼1̅ = 𝐽
−
2

3 𝐼1, and 𝜅𝑖, 𝜇𝑖 

are volumetric and isotropic isochoric material parameters, respectively. The total passive 

Cauchy stress 𝛔𝑝𝑎𝑠 follows as: 

𝛔𝑝𝑎𝑠 = 𝛔𝑖𝑠𝑜 + 𝛔𝑎𝑛𝑖𝑠𝑜 . (6.3) 

6.2.2. Cross-bridge modelling 

Myofibrils in cardiomyocytes are comprised of individual sarcomeric structures that 

actively generate tension via cross-bridge cycling. Here we summarise the key equations 

of the cross-bridge cycling framework introduced by McEvoy et al. (2018). We consider 

a 2-state model to account for the number of attached myosin heads (motivated by the 

model of Huxley (1957)). Within a sarcomere, there are a number of myosin heads 𝑚𝑡𝑜𝑡 

available for attachment and subsequent cycling. The rate of myosin binding is given by: 
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𝑑�̂�𝑎

𝑑𝑡
= −𝑘𝑑�̂�𝑎 + 𝑘𝑎�̂�𝑑, (6.4) 

where �̂�𝑎 = 𝑚𝑎/𝑚𝑡𝑜𝑡  is the (normalised) number of attached myosin heads, �̂�𝑑 =

�̂�𝑡𝑜𝑡 − �̂�𝑎 is the (normalised) number of unattached heads. The rate coefficients 𝑘𝑑 and 

𝑘𝑎 are derived from the chemical potentials of the attached and unattached myosin heads 

under conditions of thermodynamic equilibrium, such that: 

𝑘𝑎 = 𝑘𝑑 exp (
Δ𝜇𝑐𝑏 − 𝜙𝑚 + 𝐹𝛥𝑚

𝑘𝐵𝑇
) , (6.5) 

where Δ𝜇𝑐𝑏  =𝜇𝑎 − 𝜇𝑑  is the enthalpy difference between the attached and unattached 

myosin heads, 𝑘𝐵 is the Boltzmann constant, and 𝑇 is the absolute temperature. 𝐹Δm is 

the work term, with 𝐹 = 𝛿𝜙𝑚/𝛿Δm. The strain energy in the myosin tail is given by 

𝜙𝑚 =
1

2
𝜅𝑚Δ𝑚

2 , (6.6) 

where 𝜅𝑚 is the tail stiffness (pN/nm), and Δ𝑚 is the strain imposed on the tail. As myosin 

activity is inhibited during ventricular filling due to lack of calcium signalling, 

lengthening conditions in the sarcomere are not considered in the current study. 

Therefore, the strain imposed on the myosin tail only depends on isometric and shortening 

conditions, i.e. 

Δ𝑚 = 𝑙𝑠 + Δ𝑚
𝑠  , (6.7) 

where 𝑙𝑠 is strain induced in the myosin tail due to a tension generating stroke (caused by 

a change in configuration of the myosin head), and Δ𝑚
𝑠  is the offset in this strain caused 

by shortening of the sarcomere, given by 

Δ𝑚
𝑠 = 𝐿𝑠𝑎𝑟𝑐 휀̃�̇� 𝑡𝑠, (6.8) 

where 𝐿𝑠𝑎𝑟𝑐 is the length of a half sarcomere, 휀̃�̇� is the sarcomere strain rate, and 𝑡𝑠 is the 

period of time the myosin head remains attached during a cycle. Clearly, at isometric 
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conditions (휀̃�̇� = 0) Δ𝑚 depends only on the stroke distance. The total number of myosin 

heads available for binding 𝑚𝑡𝑜𝑡 depends on the overlap 𝑠 between the actin and myosin 

filaments, with the availability being a maximum at the optimum overlap 𝑠0. A functional 

form for the overlap is given by a Cauchy-type distribution:  

�̂� =
1

휀𝑠𝜋 (1 + (
휀�̃� − 휀�̃�𝑠
휀𝑠

)
2

) 𝑠0

, (6.9)
 

where 휀�̃� is the internal nominal strain of a sarcomere, 휀�̃�𝑠 is the sarcomere strain at an 

optimal overlap, and 휀𝑠 is a distribution parameter. The distribution is normalized by 𝑠0 =

1/(𝜋 휀𝑠), which corresponds to an optimal overlap at 휀�̃� = 휀�̃�𝑠 . Additionally, myosin 

attachment in the myofibril is inhibited by a troponin-tropomyosin complex which blocks 

the actin binding site. An action potential in the ventricle wall triggers release of calcium, 

which subsequently binds to troponin and unblocks the actin binding site. Calcium release 

is phenomenologically described by a signal that rapidly increases to a maximum 

followed by an exponential decay, given by: 

�̂�𝐶𝑎2+ = {

            𝑡/𝑡𝑚𝑎𝑥            ,   𝑡 < 𝑡𝑚𝑎𝑥  

exp (−
𝑡 − 𝑡𝑚𝑎𝑥
𝛾𝑐

)    ,   𝑡 ≥ 𝑡𝑚𝑎𝑥
 . (6.10) 

Here 𝑡 is the time since the most recent signal is initiated (following blood filling), 𝑡𝑚𝑎𝑥 

is the time at which the signal is at a maximum, and 𝛾𝑐 is a constant that controls the 

decay rate of the signal. The form of the signal is motivated by the models of Hunter et 

al.(1998) and Wong et al. (2013). During IVR the signal is adjusted to ensure it reduces 

to zero at the end of the cardiac cycle. The availability of myosin heads depends both on 

the calcium signal and the overlap of the actin and myosin filaments. The number of 

available myosin heads follows as 

𝑚𝑡𝑜𝑡 = �̂� �̂�𝐶𝑎2+𝑚0 , (6.11) 
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where 𝑚0 is the total number of myosin heads in the sarcomere. The sarcomere tension 

is calculated as a function of the tension in the myosin tails and the total number of active 

heads:  

𝑇𝑠 = �̂�𝑎𝜅𝑚Δ𝑚. (6.12) 

6.2.3. Myofibril remodelling 

Within cardiomyocytes in the ventricle wall, there is a high density of contractile 

myofibrils composed of actin-myosin sarcomeres. These myofibrils actively generate 

tension via cross-bridge cycling, as described in Section 6.2.2. A thermodynamically 

consistent model (Vigliotti et al. (2015)) is used in conjunction with the aforementioned 

cross-bridge model to uncover the relationship between actin-myosin tension generation 

and remodelling at the myofibril scale. Here we summarise key equations of the 

sarcomere remodelling framework.  

Consider an existing myofibril in its ground state with a number of sarcomeres 𝑛𝑅 along 

its length. Should a nominal material strain 휀𝑛  be applied to the cell (and directly 

translated to the fibre), it will cause a reduction in the overlap 𝑠 between the actin and 

myosin filaments of an individual sarcomere. Such a reduced overlap is expected to 

initiate a remodelling process (due to the associated increase in the internal energy). The 

case of an applied stretch would result in the addition of sarcomeres in-series, with the 

opposite occurring for a compressive strain. Following remodelling, the internal strain 

within a sarcomere 휀�̃� would differ from an applied material strain, such that 

휀�̃� =
1 + 휀𝑛
�̂�

− 1, (6.13) 

where �̂� = 𝑛/𝑛𝑅. The kinetic law for remodelling is given as 
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�̇̂� =

{
 
 

 
 −

1

�̂�
(
�̂�𝑢
휂̂
)

2

[𝜓(휀�̃�) −
𝛿𝜓

𝛿휀�̃�
(1 + 휀�̃�)]

𝛼𝑛
𝜇𝑏0

 ,   𝑖𝑓 
𝛿Ψ

𝛿𝑛
≤ 0 

−
�̂�

4
[𝜓(휀�̃�) −

𝛿𝜓

𝛿휀�̃�
(1 + 휀�̃�)]

𝛼𝑛
𝜇𝑏0

,                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,

 (6.14) 

where �̂�𝑢  is the (normalized) number of available cytoskeletal proteins, 휂̂  is the 

concentration of myofibrils, and 𝛼𝑛  is a rate constant. The internal energy of 𝑛𝑅 

sarcomeres 𝜓 increases as the internal strain 휀�̃� changes, with a functional form given by 

𝜓 = 𝜇𝑏0 + 𝛽𝜇𝑏0|휀�̃�|
𝑝, (6.15) 

where 𝜇𝑏0 is the internal energy of 𝑛𝑅 sarcomeres in their ground state, and 𝛽 and 𝑝 are 

non-dimensional constants that govern the sarcomere strain at an optimal overlap 휀�̃�𝑠, 

such that 

(𝑝 − 1)휀�̃�𝑠
𝑝 + 𝑝휀�̃�𝑠

𝑝−1 −
1

𝛽
= 0 . (6.16) 

 The rate of change of the internal energy follows as 

𝛿Ψ

𝛿𝑛
�̇� = �̇̂� [𝜓(휀�̃�) −

𝛿𝜓

𝛿휀�̃�
(1 + 휀�̃�)] . (6.17) 

Formation and dissociation of myofibrils is governed by thermodynamic equilibrium of 

proteins available for binding (unbound), and those already bound in sarcomeres. The 

standard enthalpy 𝜇𝑏 of 𝑛𝑅 sarcomeres within a myofibril is written as  

𝜇𝑏 = 𝜓 − 𝜎𝑓[1 + 휀�̃�]Ω , (6.18) 

where Ω is the volume of 𝑛𝑅 sarcomeres in a myofibril. 𝜎𝑓 is the fibre stress, given by 

𝜎𝑓 =
𝑇𝑠
𝑇𝑠0

𝜎𝑖𝑠𝑜 , (6.19) 

where 𝑇𝑠  is the sarcomere tension (determined from equations 6.4-6.12), 𝑇𝑠0  is the 

sarcomere tension computed at steady state isometric conditions, and 𝜎𝑖𝑠𝑜  is the 
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maximum isometric stress. Unbound proteins are affected by an activation signal level, 

and tend to transform into their bound states more readily when such signalling is 

increased. The standard enthalpy 𝜇𝑢 of unbound SF proteins follows as 

𝜇𝑢 = 𝜇𝑢0 + Δ𝜇𝑢0�̂�𝑆𝐹, (6.20) 

where 𝜇𝑢0 is the standard enthalpy of the unbound proteins in the absence of a signal �̂�𝑆𝐹 

and Δ𝜇𝑢0  is the increase in the enthalpy of the unbound molecules at full activation 

(�̂�𝑆𝐹 = 1). Fibre formation is initiated by a biochemical or mechanical perturbation that 

triggers a signalling cascade within the cell. Due to the high cycling frequency in the 

ventricular wall, a constant SF formation signal is assumed in this analysis. For a detailed 

explanation of the signalling pathways, or more rigorous signal formulations, the reader 

is referred to Vigliotti et al. (2015) and Pathak et al. (2011). The rate of fibre formation/ 

dissociation follows as 

휂̇̂ =
�̂�𝑢
�̂�
𝜔𝑛 exp [−�̂�

𝜇𝑎𝑏 − 𝜇𝑢
𝑘𝐵𝑇

] − 휂̂ 𝜔𝑛 𝑒𝑥𝑝 [−�̂�
𝜇𝑎𝑏 − 𝜇𝑏
𝑘𝐵𝑇

] (6.21) 

where 𝜔𝑛 is the collision frequency of the unbound molecules, and 𝜇𝑎𝑏 is an activation 

barrier. The (normalized) number of unbound cytoskeletal proteins may be calculated as  

�̂�𝑢 = 1 − 휂̂�̂�, (6.22) 

where  휂̂�̂� determines the (normalized) number of bound cytoskeletal proteins. As the 

cardiomyocytes are oriented in the previously defined myofibre (f) direction, the Cauchy 

stress due to fibre contractility is given by 

𝛔𝑎𝑐𝑡 = 휂̂ 𝜎𝑓𝑓0 𝐚𝑓⨂𝐚𝑓 , (6.23) 

where 𝑓0 is the volume fraction of cardiomyocytes in the heart wall. Finally, the total 

Cauchy stress may be calculated as a function of the active and passive contributions, 

such that 
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𝛔𝑡𝑜𝑡 = 𝛔𝑝𝑎𝑠 + 𝛔𝑎𝑐𝑡.   (6.24) 

6.2.4. Finite element modelling 

In this section, development of a 3D finite element model of the left ventricle is described. 

A solid model of the generic heart is created by means of a truncated ellipsoid (Figure 

6.1a), motivated by the passive ventricle models of Göktepe et al. (2011) and Rausch et 

al. (2011), and discretized with 7435 hexahedral elements. All simulations are performed 

using Abaqus/Standard (v2017, DS Simulia, RI, USA), and constitutive equations are 

implemented via user-defined material subroutines (UMATs). The consistent tangent 

matrix is approximated numerically based on a forward difference perturbation of the 

deformation gradient matrix (Nolan et al. 2014; Sun et al. 2008). As mentioned 

previously, a local right hand orthogonal set of axes may be established, denoting the 

myofibre (f), sheet (s), and normal (n) directions. The sheet direction is assumed to orient 

normal to the endocardial and epicardial ventricle walls, while the orientation of the 

myofibres varies transmurally by an angle 휃. This angle changes from approximately -

70° at the endocardium to 70° at the epicardium, with respect to the circumferential 

direction and rotated about the sheet axis (Figure 6.1b). For simplicity the wall thickness 

is discretized into five regions, with 휃 assumed to be uniform within each region, as are 

the myofibril concentration 휂̂ and number of in-series sarcomeres �̂�. 
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Figure 6.1: a) Geometry of an idealised left ventricle model with sub-model region 

highlighted in red; b) transmural variation of myofibre (f) direction 

 

6.2.4.1. Simulation of physiological conditions 

For a healthy physiological cardiac cycle, boundary conditions representative of the 

ventricular blood volume are applied (Figure 6.2a). The volume increases during filling, 

and remains fixed during isovolumetric contraction (IVC). At the beginning of systole, 

the calcium signal is initiated (as shown in Figure 6.2b). The active contractility of the 

cells in the myocardium then increase the pressure during IVC. The ejection phase is 

simulated through a reduction in the ventricular volume; a linear decrease is assumed.  

An iterative multi-scale procedure is developed to determine the evolution of the 

myofibril concentration 휂̂ and the number of in-series sarcomeres �̂� (within cells) in the 

heart wall such that a non-uniform steady state distribution is obtained, while also 

correctly predicting the ventricle pressure. Initially 휂̂ and �̂� are assumed to be spatially 

uniform (estimated values are required for a Runge-Kutta solver scheme implemented 

within the UMAT). As described in Figure 6.3, the following steps then take place: 
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(i) Cardiac cycle is simulated in the full ventricle model, with the local strain 

history stored. 

(ii) Strain field is applied to the submodel at a range of points through the 

myocardial thickness (with a large number of cycles simulated) until steady 

state values of 휂̂ and �̂� are attained. 

(iii) Converged values for 휂̂ and �̂� for each spatial location are then input to the 

ventricle model. 

(iv) Cardiac cycle is simulated again in the full ventricle, outputting the predicted 

pressure and strain field. 

(v) Procedure is repeated until (a) the correct pressure trend is computed and (b) 

휂̂ and �̂� change by <1% between iterations.  

 

Figure 6.2: Applied boundary conditions for simulation of healthy cardiac cycle: a) 

volume (�̂� = 𝑉/𝑉0) of the ventricle; b) calcium signal to unblock actin binding sites. 

Durations are highlighted for blood filling, isovolumetric contraction (IVC), and 

blood ejection, and isovolumetric relaxation (IVR).  
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Figure 6.3: Flowchart of model calibration for physiological conditions.  

6.2.4.2 Simulation of pathological conditions 

Modified boundary conditions are implemented to simulate the biomechanical conditions 

that have been clinically observed to result in cardiac hypertrophy. We simulate the 

myocardium behaviour under such altered loading conditions in order to explore the link 

between alterations in cross-bridge cycling and myofibril remodelling in myocardial 

pathogenesis. 휂̂  and �̂�  are initially assumed to be the steady state non-uniform 

distributions determined under physiological loading. We simulate the change in these 

values due to altered boundary conditions. In summary, the following cases are examined: 

(i) Eccentric hypertrophy is reported to occur in response to an increase in 

ventricle blood volume during filling. This condition is simulated by 

increasing the applied volume during filling by 20%.  
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(ii) Concentric hypertrophy is reported to occur in response to aortic hypertension 

(i.e. a higher pressure is required before the aortic valve can open). This 

condition is simulated by increasing the duration of IVC by 0.02 seconds, and 

allowing the pressure at IVC to increase to ~100 mmHg.  

(iii) With the onset of concentric hypertrophy, it has been reported that the calcium 

signal is prolonged (Balke and Shorofsky 1998). The effect of a longer signal 

is also examined by increasing the value of the signal decay constant 𝛾𝑐 

(Figure 6.3b).  

We examine the ability of the modelling framework to predict: (i) an increase in the 

number of in-series sarcomeres (�̂�) under eccentric hypertrophy boundary conditions (as 

reported by Dorn et al. (2003)); and (ii) an increase in the cross-sectional concentration 

of myofibrils (휂̂) under concentric hypertrophy boundary conditions (as reported by 

Chien et al. (1993) and Sawada and Kawamura (1991)). Predictions of alterations of �̂� 

and 휂̂ within the myocardium are viewed as an initial step in cell remodelling. Subsequent 

events, including alterations in cell size and shape, and myocardium growth are not 

considered in the current study, but will be addressed in future developments of the 

thermodynamically motivated modelling framework.  

6.2.5. Modelling parameters 

Material constants for the passive anisotropic hyperelastic model are chosen as those 

previously calibrated to experimental data from human tissue by Mcevoy et al. (2018). 

The anisotropic constants are 𝑎𝑓 = 2.75 𝑘𝑃𝑎 , 𝑏𝑓 = 32.1 , 𝑎𝑠 = 1.06 𝑘𝑃𝑎 , 𝑏𝑠 = 30.1 , 

𝑎𝑓𝑠 = 0.175 𝑘𝑃𝑎 , and 𝑏𝑓𝑠 = 5.02 . The isotropic constants for the compressible 

formulation are 𝜇1 = 0.98 𝑘𝑃𝑎 , 𝜅1 = 7.31 𝑘𝑃𝑎 , 𝜇2 = −0.212 𝑘𝑃𝑎 , 𝜅2 = 5.12 𝑘𝑃𝑎 , 

𝜇3 = 22.68 𝑘𝑃𝑎, and 𝜅3 = 2.49𝑒6 𝑘𝑃𝑎. All simulations are reported for cells at a normal 

body temperature 𝑇 = 310 𝐾. Cross-bridge parameters were fixed at those reported by 
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McEvoy et al. (2018). The stroke distance 𝑙𝑆 = 6.5 𝑛𝑚, the myosin tail stiffness 𝜅𝑚 =

1.75 𝑝𝑁 𝑛𝑚−1, and parameters 𝑘𝑖 = 4 𝑠
−1 and 휀𝑠 = 0.225. The cross-bridge enthalpy 

difference Δ𝜇𝑐𝑏 was reduced to 9𝑘𝐵𝑇, and the attached duty cycle time 𝑡𝑠 increased to 

0.005 𝑠 such that good agreement is achieved for myosin activity in cardiomyocytes with 

ranges predicted by Locher et al. (2009). In cardiomyocytes, the length of a half 

sarcomere 𝐿𝑠𝑎𝑟𝑐 is taken to be 900 𝑛𝑚 (Nguyen et al. 2017). The volume fraction of cells 

in the heart wall 𝑓0 is 0.75. The time of peak calcium signal (from initiation) 𝑡𝑚𝑎𝑥  is 

0.015s, and the decay rate 𝛾𝑐 for physiological conditions is 0.091, increased to 0.13 for 

simulation of a prolonged signal following hypertrophic onset. The parameters for the 

myofibril framework are confined to ranges reported by Vigliotti et al. (2015), with Ω =

10−71𝜇𝑚3 , 𝛽 = 1.2, 𝑝 = 2. The enthalpies of bound and unbound fibre proteins are 

𝜇𝑢0 = Δ𝜇𝑢0 = 5.5𝑘𝐵𝑇, 𝜇𝑏0 = 9𝑘𝐵𝑇, and 𝜇𝑎𝑏 = 20𝑘𝐵𝑇, and the remodelling rates 𝜔𝑛 =

2 𝐻𝑧  and 𝛼𝑛 = 1 𝑚𝐻𝑧 . The maximum isometric stress 𝜎𝑖𝑠𝑜 = 240 𝑘𝑃𝑎  is consistent 

with a wide range of measurements on muscle fibres (Lucas et al. 1987).  

6.3. Results 

6.3.1. Predictions for physiological conditions 

Simulations for a normal heart under physiological conditions were performed for the 

analysis described in Section 6.2.4. A converged solution was obtained for (i) the 

concentration of myofibrils 휂̂  and the number of in-series sarcomeres �̂� , and (ii) the 

pressure in the ventricle during a cardiac cycle. The predicted ventricle pressure is shown 

in Figure 6.4a. During blood filling in diastole, the pressure reaches 10 mmHg. As the 

calcium signal is not yet in effect, the increase in the ventricle wall stress is purely due to 

deformation of the passive tissue constituents (via equations 6.1-6.3). At the beginning of 

IVC the pressure starts to climb rapidly. At this point, the initiated calcium signal (Figure 

6.3b) results in unblocking of the actin binding sites (allowing for attachment of myosin). 
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The ensuing tension is not instantaneous, but develops due to the transients in the 

attachment/recruitment of myosin heads �̂�𝑎 as shown in Figure 6.4b. Once the pressure 

reaches 80 mmHg (as highlighted by the blue marker in Figure 6.4a), ejection begins and 

the volume starts to decline. Although at this time the signal is also decreasing, �̂�𝑎 

continues to increase as it has not yet reached the upper limit set by the signal via equation 

6.10 and 6.11 (even though the rate 𝑑�̂�𝑎/𝑑𝑡  is reducing). Thus the cardiomyocyte-

generated tension continues to increase. Figure 6.4c shows the predicted overlap of the 

actin and myosin filaments, which is optimal at different times during the cardiac cycle. 

The overlap affects the total number of myosin heads available for binding (via equations 

6.9 and 6.11). As more unattached heads become available, chemical equilibrium drives 

a higher attachment rate. The peak �̂�𝑎 values (Figure 6.4b) therefore correspond closely 

to the occurrence of an optimal actin-myosin overlap. Thus it is clear how the pressure is 

predicted to increase from 80 mmHg to 120 mmHg during this time. Following this peak 

pressure, the decaying signal then significantly reduces 𝑚𝑡𝑜𝑡 in late systole (via equations 

6.10 and 6.11). Chemical equilibrium requires fewer attached myosin heads, so �̂�𝑎 

decreases. Therefore, the cell tension also reduces until the tissue returns to its reference 

state.  

 

Figure 6.4: a) Predicted ventricular pressure over the course of a single cardiac 

cycle. b) Predicted number of active myosin heads �̂�𝑎 and c) predicted overlap �̂� of 

the actin and myosin filaments over the course of a single cardiac cycle, at locations 

in the inner, middle, and outer ventricle wall. 
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The Cauchy stress in the myofibre (𝑓) direction is shown in the contour plots of Figure 

6.5a. As described, the stress at end diastole (𝑡 = 0.4 𝑠) is due to deformation of the 

passive tissue constituents. This stress is highest at the centre of the tissue wall, where the 

myofibre orientation is effectively in the circumferential direction. Therefore (in 

comparison to other fibres in the wall) it receives the highest stretch at this location. The 

wall stress increases following onset of the calcium signal (t=0.4 s), and is highest at peak 

systole (𝑡 = 0.505 𝑠). As the calcium signal decays and the myosin activity decreases, 

the myofibre stress is significantly reduced by the end of the systole (𝑡 = 0.638 𝑠). 

Significant apical torqueing is observed over the course of the cardiac cycle due to the 

complex distribution of myofibres, as shown in Figure 6.1b. Such torqueing is 

physiological and has been reported clinically by Sengupta et al. (2008). The tissue 

volume is predicted to increase during ventricular filling (Figure 6.5b). The greatest 

increase in myocardium volume is computed near the outer wall. As the active cell tension 

develops during the isovolumetric contraction phase, a decrease in the volume of the 

myocardium tissue is computed at all locations. The highest reduction in myocardium 

volume (8% − 10%  reduction) is predicted at the inner wall at peak systole ( 𝑡 −

0.505 𝑠), with the highest myofibril stress also computed in this region. In contrast, at the 

outer wall the volume at peak systole reduces by less than 2%. These predicted patterns 

of spatially heterogeneous volume changes in the myocardium throughout the cardiac 

cycle are supported by the measurements of Ashikaga et al. (2008). Neglecting the 

volumetric behaviour of passive tissue deformation may result in incorrect predictions of 

the strain state in the myocardium, which could in turn lead to inaccurate predictions of 

cell contractility and remodelling.  

The converged values for 휂̂ and �̂� are shown in Table 6.1, reported for three regions in 

the ventricle wall: 1.2 mm from the inner wall (inner), 6.1 mm from the inner wall 
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(middle), and 1.2 mm from the outer wall (outer). The myofibril concentration ranges 

from 0.86 – 0.895, and the number of in-series sarcomeres from 0.757 – 0.77.  

 

Figure 6.5: Predicted distributions of a) the Cauchy stress (active + passive) in the 

myofibre (f) direction, and b) elemental volume (𝑱); c) Time-points for contours are 

shown on the predicted pressure curve over a single cardiac cycle: end diastole at 

𝑡 = 0.4𝑠, peak IVC at 𝑡 = 0.44𝑠, systolic peak at 𝑡 = 0.505𝑠, and end systole at 𝑡 =
0.638). 

6.3.2. Predictions for pathological conditions 

Eccentric hypertrophy is reported to occur in the myocardium in response to an increase 

in the ventricle blood volume (volume overload). Following the application of such 

conditions, as described in Section 6.2.4, the number of in-series sarcomeres (�̂�) within 

cells in the heart wall is predicted to increase (Figure 6.6a). Recall that myofibrils remodel 

the number of in-series sarcomeres in order to reduce their free energy (by maximising 

active stress generated through cross-bridge cycling). An increase in the ventricle volume 

increases the strain within the myocardial wall. The higher wall strain increases the 

internal sarcomere strain 휀�̃�, and thus the difference between 휀�̃� and 휀�̃�𝑠 (optimal overlap 

strain). This reduces the actin-myosin overlap via equation 6.9 (Figure 6.6c). A reduction 
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in the overlap lowers the availability of myosin heads 𝑚𝑡𝑜𝑡  and therefore reduces the 

number of attached myosin heads (as described previously). This lowers the active 

contractility and thus increases the sarcomere free energy. The myofibril remodels such 

that additional sarcomeres �̂� are added in-series (via equations 6.14-6.16), increasing the 

overlap of the actin and myosin filaments. This in turn increases �̂�𝑎  and the active 

tension, and reduces the free energy of individual sarcomeres. However, due to the 

constraint on the number of cytoskeletal proteins (equation 6.22), the parallel 

concentration of myofibrils 휂̂ is lowered (Figure 6.6b) and the overall contractility of the 

myocardium is reduced (impairing the pumping ability of the heart).  

Concentric hypertrophy is known to be concurrent with aortic hypertension (e.g. due to 

vessel stiffening (Cho et al. 2015) or device implantation (Gyöngyösi et al. 2017)). These 

conditions are applied by increasing the pressure required for the aortic valve to open, as 

described in Section 6.2.4. As shown in Figure 6.6b such conditions are predicted to result 

in an increase of the myofibril concentration 휂̂. The increased time for which the valve 

remains closed allows the sarcomere to remain at isometric conditions (and not shortening 

conditions) for longer. The myosin tail strain is not offset by actin sliding (equations 6.6-

6.8) and therefore a higher number of myosin heads attach (with an associated increase 

in the active fibre stress – see Figure 6.6d). Following the pathways proposed by McEvoy 

et al. (2018) for SF remodelling, this promotes an increase in the concentration of 

myofibrils via a reduction in the internal free energy of the sarcomeres (equation 6.18). 

Although the increase in peak fibre stress 𝜎𝑓 is not significant (as during IVC and early 

systole the calcium signalling dominates the myosin behaviour), it remains higher for 

longer due to the extended time the valve remains closed. At the outer wall the increase 

in 휂̂ is less pronounced, as the tissue is less constrained and may still shorten on a level 

comparable with normal conditions (see Table 6.1). Interestingly, it has been observed 

that following onset of hypertrophy the calcium signal is extended (Balke and Shorofsky 
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1998). This is thought to be due to a reduced calcium absorption rate in the remodelling 

tissue. We therefore also examined the influence of a prolonged signal on myofibril 

remodelling (as described in Section 6.2.4). Such signalling is predicted to have a 

significant effect on the concentration 휂̂  (Figure 6.6b). The longer signal allows for 

additional attachment of myosin heads, resulting in a higher fibre stress (Figure 6.6d) and 

therefore higher formation of myofibrils.  

 

Figure 6.6: Remodelling of a) the number of in-series sarcomeres �̂�  and b) the 

myofibril concentration 휂̂ in response to altered loading conditions, as a function of 

normalised quantity 𝛼𝑛𝑡 (remodelling rate by time); For a single cardiac cycle: c) 

predicted overlap �̂� of the actin and myosin filaments, and d) the fibre stress 𝜎𝑓 

(within the sarcomere). For these simulations �̂� and 휂̂ are fixed at the healthy values. 

All values computed at the inner ventricular wall. 
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 healthy volume overload pressure overload prolonged signal 

 �̂� 휂̂ �̂� 휂̂ �̂� 휂̂ �̂� 휂̂ 

In .767 .86 .813 .785 .757 .875 .757 .892 

Mid .757 .895 .775 .857 .756 .897 .756 .908 

Out .77 .885 .783 .875 .776 .887 .776 .907 

Table 6.1: Steady state number of in-series sarcomeres within myofibrils �̂�  and 

myofibril concentration 휂̂ in (i) healthy tissue, (ii) following volume overload, (iii) 

following pressure overload, (iv) following pressure overload and a prolonged 

calcium signal. Values are reported for three regions in the ventricle wall: 1.2 mm 

from the inner wall (inner), 6.1 mm from the inner wall (middle), and 1.2 mm from 

the outer wall (outer). 

6.4. Concluding remarks 

In this study we implement a thermodynamically motivated model for myofibrillar 

contractility, coupled with a compressible anisotropic hyperelastic framework, to 

simulate the behaviour of the ventricular myocardium during the cardiac cycle. 

Homeostatic concentrations of myofibrils and number of in-series sarcomeres are 

determined under healthy conditions. Simulation of the transient recruitment of myosin 

(following initiation of calcium signalling) results in correct patterns of ventricular 

pressure predicted over a cardiac cycle. This investigation constitutes the first 

incorporation of such fundamental sub-cellular thermodynamics into a contractile finite 

element heart model, which has widely been acknowledged as essential to the 

development of next-generation models (Baillargeon et al. 2014; Trayanova 2011; 

Chabiniok et al. 2016). 

With an understanding of the processes driving normal cardiac contractility, deviations 

from homeostatic conditions were examined to provide insight into the mechanisms 

driving remodelling of the tissue. Eccentric hypertrophy, whereby the number of in-series 

sarcomeres increases in the myocardial wall, is associated with an increase in the 
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ventricular blood volume (Dorn et al. 2003). We demonstrate that such remodelling is 

initiated by a higher wall stretch associated with an increased venous return. This reduces 

the overlap �̂� of the actin and myosin filaments within individual sarcomeres. In order to 

reduce their free energy (i.e. maximise the potential fibre stress 𝜎𝑓  via increasing the 

availability of myosin heads), the myofibrils add additional sarcomeres �̂� in-series to 

reduce individual sarcomere strain 휀�̃�, thereby improving the overlap. Such remodelling 

of �̂� is consistent with observations following the onset of eccentric hypertrophy (Sawada 

and Kawamura 1991; Gerdes et al. 1992). Concentric hypertrophy (increase in parallel 

myofibril concentration) is typically associated with aortic hypertension. The tissue must 

generate a higher wall stress (therefore higher ventricle pressure) to overcome the 

pressure gradient across the aortic valve. The extended period of isometric conditions in 

the sarcomere allows for increased myosin binding, and therefore a higher fibre stress 𝜎𝑓. 

Increases in the fibre stress reduce the enthalpy of the bound sarcomere proteins, thereby 

promoting a higher myofibril concentration. Increases in the parallel concentration of 

myofibrils is also consistent with previous literature (Chienet al. 1993; Izumo and Nadal-

Ginard 1988; Sawada and Kawamura 1991). It is expected the computed trends will be 

similar in the analysis of a patient-specific geometry. Furthermore, with the onset of 

hypertrophy, calcium absorption is reduced (Balke and Shorofsky 1998; Bentivegna et 

al. 1991). The prolonged calcium signalling is predicted to further promote myofibrillar 

formation; via unblocking of more actin binding sites, additional myosin heads may 

attach. Calcium channel blockers have been shown to prevent the development of 

hypertrophy and are one of the main drug groups used in treatment (Gregor and Čurila 

2015). The findings in this study provide insight into the mechanisms by which such 

treatment is effective.  

Rodriguez et al. (1994) developed a framework for volumetric growth in a continuum 

mechanics setting. Through decomposition of the deformation gradient into an elastic and 
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growth component the material volume can be as altered as a function of a variable of 

interest (e.g. strain). In recent years with the advent of powerful computational modelling 

tools and facilities, such growth models have been integrated into full 3D models of the 

heart and used to simulate cardiac hypertrophy (Rausch et al. 2011), and the pathologies 

of diastolic and systolic heart failure (Genet et al. 2016). However, this phenomenological 

approach to simulating growth is simply motivated by measuring a change in stress from 

a pre-determined value, and does not consider the biophysical processes underlying 

cardiac modelling. In the current study, the cross-bridge and cell-level mechanisms that 

drive such remodelling are uncovered, and can further our understanding of how such 

phenomenological measures predict the onset of growth.  

The imposed boundary conditions associated with hypertrophic remodelling are 

simplified relative to the true physiological conditions. While here we provide insight 

into the pathways leading to myofibrillar remodelling, more complex conditions should 

be simulated to obtain a deeper understating of the underlying mechanisms, such as: 

realistic patient geometries, fluid-structure interaction to motivate ventricle pressure and 

volume, modelling the action potential and more accurate calcium signalling, aortic 

modelling for realistic hypertensive boundary conditions and pulse wave interactions. 

Additionally, the next step is to extend the current framework to consider the role of free 

energy (McEvoy et al. 2017; McEvoy et al. 2018) in organ level growth, in response to 

the initiation of sub-cellular remodelling predicted in this study. 
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CHAPTER 7 

CONCLUDING REMARKS 

 

7.1. Summary of key contributions 

Key contributions of this thesis to the field of biomechanics are summarized in this 

section.  

Chapter 2: 

Novel technical contributions 

• A steady-state thermodynamically motivated model for stress fibre (SF) formation 

is developed and implemented within an Abaqus UMAT, with a non-local finite 

element scheme for global protein conservation. 

• A framework for focal adhesion (FA) assembly is proposed, with formation 

governed by thermodynamic equilibrium of low and high affinity integrins on the 

cell surface. Traction mediated focal adhesion formation is predicted, with 

adhesion density limited by availability of ligands on the substrate surface.  
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Novel scientific insights 

• It is demonstrated that cell spreading may be viewed as a competition between the 

increasing elastic strain energy associated with deformation of passive cell and 

substrate components, and the decreasing free energy associated with formation 

of stress fibres and focal adhesions.  

• The hypothesis that cells tend to assume a low (or minimum) free energy 

configuration is explored by simulating a range of spread states and computing 

the associated system free energy. The stress fibre and focal adhesion distributions 

in predicted low free energy states are consistent with experimentally observed 

behaviour. Furthermore, analyses reveal that the total free energy is lower when 

cells spread on stiffer substrates.   

 

Chapter 3: 

Novel technical contributions 

• A modified form of the FA framework of Chapter 2 is developed to represent 

traction mediated adhesion complex formation in cells spreading within a 

statistical mechanics ensemble. A methodology is proposed to reduce the 

probability of cells assuming configurations that give rise to unphysical tractions.  

Novel scientific insights 

• As cells never truly achieve an equilibrium minimum free energy while alive, and 

spread cells exist in a perpetually fluctuating state, the energetic competition from 

Chapter 2 is extended to a statistical mechanics setting where it is demonstrated 

that spreading is motivated by the free energy associated with homeostasis.  
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• This framework provides new insights into the thermodynamics that motivate the 

highly coupled influence of surface collagen (ligand) density and substrate 

stiffness on cell spreading. Key experimental observations of Engler et al. (2003) 

are predicted, including (i) the increase in cell spread area (mean and SD) with 

increasing collagen density, (ii) a reduction in spread area when the collagen 

density is increased beyond a critical value, and (iii) the increase in the mean and 

SD of spread area with increasing substrate stiffness.  

 

Chapter 4: 

Novel technical contributions 

• A model for transient SF contractility due to actin-myosin cross-bridge cycling is 

proposed and developed. The rate of cross-bridge formation (myosin binding) 

within SFs is governed by the chemical potentials of attached and unattached 

myosin heads. The model is shown to describe dynamic force generation in cells, 

and provides a mechanistic explanation for “fading memory” type formulations. 

Novel scientific insights 

• The cross-bridge cycling model is coupled with a thermodynamically motivated 

framework for SF remodelling to analyse the influence of transient force 

generation on cytoskeletal evolution. A direct link is established between (i) the 

influence of loading on nanoscale actin-myosin interactions, (ii) the consequential 

chemical potential imbalance between the attached and unattached myosin heads, 

(iii) the sarcomere stress due to cross-bridge cycling, and (iv) the concentration of 

SFs in the cell.  
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• Under long term cyclic loading, high applied strain rates are predicted to result in 

low SF formation, due to an offset in myosin tension caused by high shortening 

velocities. Low strain rates lead to high levels of SF formation, as cross-bridge 

conditions are consistently close to isometric. 

 

Chapter 5: 

Novel technical contributions 

• An experiment is designed to measure the in-plane deformation of the myocardial 

tissue at orthogonal angles during a tensile stretch, and derive a 3D representation 

of the material volume change.  

• A microstructural model of the myocardium is developed as motivated by 

experimental and SEM images, accounting discretely for the myocytes, 

capillaries, and ECM that connects the cells and surrounds the myolaminae.  

Novel scientific insights 

• In contrast with common assumptions, it is empirically demonstrated that the 

passive myocardial tissue is compressible, and changes in volume under both 

tensile and confined compression loading conditions. The volumetric material 

behaviour of the tissue is captured by a compressible isotropic hyperelastic model. 

• To simulate the multi-axial passive behaviour of the myocardium, the 

compressible isotropic component is combined with the well-established 

Holzapfel and Ogden (2009) anisotropic model for myocardium. This framework 

is shown to describe the experimentally observed behaviour of porcine and human 

tissue under shear and biaxial loading conditions. 
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• Analyses are performed with the microstructural model to parse the contribution 

of vasculature and solid tissue to the material compressibility, as it is well-known 

the intra-myocardial blood volume changes over the course of a cardiac cycle. 

Simulations confirm that the solid tissue is compressible, and should be 

considered as such even if blood dynamics were to be explicitly included in an 

analysis. 

• Analyses also reveal the key tissue constituents that contribute to the stress under 

several modes of shear loading. Dispersion of endomysial and perimysial collagen 

that surrounds the myolaminae contributes significantly to the stress in all loading 

modes, and the high stresses measured under loading in the myofibre direction are 

predominantly due to deformation of the myofibres and perimysial collagen 

oriented in the same direction.  

 

Chapter 6: 

Novel technical contributions 

• A contractile model of left ventricle is developed, with the active cell tension 

described by an extension of the thermodynamically motivated cross-bridge 

model proposed in Chapter 4, and the passive tissue mechanics by the multi-axial 

hyperelastic framework developed in Chapter 5. Simulation of transient myosin 

recruitment is shown to predict correct patterns of ventricular pressure over a 

cardiac cycle.  
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Novel scientific insights 

• A myofibril remodelling framework is coupled with the cross-bridge cycling 

model to investigate how deviations in the transient force generation drive 

restructuring of cellular myofibrils in the heart wall. Analyses reveal that 

pathological loading conditions can alter how actin and myosin interact within 

cellular sarcomeres. An imbalance between the internal free energy of myofibrils 

and that of unbound contractile proteins results from the consequent deviation in 

sarcomere stress, and onsets the remodelling process. 

 

• Myofibril remodelling associated with concentric and eccentric hypertrophy is 

predicted to occur following periods of hypertension and volume overload, 

respectively.  

  



Chapter 7  

232 

7.2. Future perspectives 

The work presented in this thesis has addressed several key topics in relation to 

contractility and remodelling of cells and tissue, as summarised in Section 7.1. These 

contributions have implications for related areas in biomechanics, and design of medical 

implants and diagnostic equipment. The current section provides a discussion of future 

perspectives. 

In Chapters 2 and 3 a thermodynamic framework for cell spreading is proposed, and 

shown to predict a wide range of experimental behaviour. This novel approach to the 

modelling of spread cells offers a powerful computational tool to aid the design of devices 

and tissue engineered structures. In the current form, the framework could be used to 

inform experimentalists of ideal substrate ligand patterning to achieve optimal cell 

alignment (Ristori et al. 2016), contractility (Polacheck and Chen 2016), or device 

adhesion (Iulian et al. 2016). The statistical mechanics model may also prove useful in 

investigating the probabilistic nature of differentiation in cells constrained to fixed ligand 

patches (Kilian et al. 2010). A possible next step would be to progress the model to the 

simulation of 3D cell spreading, though the additional degrees of freedom would add 

significantly to computational cost. This would allow for optimisation of cell spreading 

in engineered hydrogels (Deng et al. 2017). Furthermore, the framework could be 

expanded to a temporal description of spreading by using dynamic forms of the stress 

fibre formulation, improving on current models of transient cell migration and durotaxis 

(González-Valverde and García-Aznar 2018).  

The transient SF contractility model developed in Chapter 4 provides a new 

understanding of stress fibre force generation and remodelling. This constitutes an 

important progression from phenomenological steady state Hill-type models to describe 

the active contractility. In addition to providing a deeper insight into SF contractility in 

single cells under dynamic loading (Weafer et al. 2015; Reynolds and McGarry 2015), 
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this model could be implemented in the simulation of engineered tissue under long term 

loading to provide more accurate predictions of the evolving stress and strain state. 

Potential applications include engineering of heart valves (Loerakker et al. 2016), arterial 

tissue (L’Heureux et al. 2006), and tendon (Garvin et al. 2003).  

Tissue incompressibility is commonly assumed in the modelling of cardiac myocardium 

(Holzapfel and Ogden 2009; Göktepe et al. 2011; Genet et al. 2016), despite evidence of 

dynamic changes in the intra-myocardial blood volume (Yin et al. 1996; Ashikaga et al. 

2008). In Chapter 5 the tissue volume is shown to change significantly under loading. It 

is therefore suggested that future computational models of the myocardium consider the 

tissue to be compressible, thereby avoiding the need for a Lagrange multiplier to enforce 

a fixed material volume (Holzapfel et al. 2000). However, further work is required to 

investigate regional specific tissue compressibility (Novak et al. 1994), and to quantify 

the behaviour in freshly excised human tissue (Sommer et al. 2015).  

Recent models of the contractile heart typically rely on strain based motivations for 

cellular tension generation (Baillargeon et al. 2014; Pezzuto et al. 2014). Implementation 

of thermodynamically motivated cross-bridge cycling formulations, as proposed in this 

thesis, will provide more accurate simulation of tissue force generation in future models. 

This is of particular importance in the study of device implantation, as 

phenomenologically motivated models can provide little insight to the effects of an 

altered mechanical environment on actin-myosin interactions (and the resulting tissue 

contractility).  

Furthermore, the investigation of hypertrophic onset in Chapter 6 reveals the interactions 

between cross-bridge cycling and remodelling of myofibrils in the heart wall. This 

preliminary study uncovers how pathological loading conditions drives such remodelling, 

and interestingly, can also provide insight into the pathways by which treatment such as 
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calcium blockers (Gregor and Čurila 2015) prove useful in patient recovery. The next 

stage of this work should be to extend the current framework to consider the role of free 

energy in organ level growth, in response to the initiation of sub-cellular remodelling. 

This will provide the groundwork for the development of next generation computational 

clinical tools for use in the diagnosis of cardiac hypertrophy onset, design of patient 

treatment plans, and in the study of device driven remodelling.  
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