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Abstract 

Biodegradable polymers are attractive alternatives for many permanent implants, 

potentially reducing long term risks. Designing optimal devices for their intended purpose, 

however, is costly and time consuming, with small changes to the sample significantly 

altering the behaviour. Computational models speed up the design process; however, these 

models require accurate descriptions of material behaviour and predicting changes in 

properties during degradation has proved challenging. 

This thesis aims to develop a computational modelling framework for biodegradable 

polymers by considering how changes in the material at the microscale affect mechanical 

properties. First, a kinetic chain-scission model is introduced, predicting the molecular 

weight distribution evolution as a function of degradation time. A refined kinetic model is 

also developed which allows for faster solutions with acceptable accuracy. The autocatalytic 

effect of carboxylic acid ends created via chain scissions and also present in the 

manufactured polymer are considered. Our framework accounts for molecular weight 

reduction via the cleavage of monomers from chain ends and from scissions in the middle of 

the polymer chain. These developments allow for a more complete representation of the 

molecular weight distribution during degradation. 

In the second phase of the thesis, the relationship between the molecular weight distribution 

and ductility of the material is explored. During degradation, biocompatible polymers exhibit 

a transition from ductile to brittle behaviour. Following a review of the literature, trends in 

this phenomenon are identified and failure criteria are considered. These predictions can 

offer insight into material failure, particularly at advanced stages of degradation. 

Finally, the effect of finite chain extensibility on the mechanical behaviour is investigated. As 

degradation proceeds, short chains build up in the system and may fully extend at moderate 

strains. We investigate how this contributes to elasticity changes during degradation and, 

thus, predict the evolving stress-strain behaviour. Results indicated that molecular weight 

distributions and proper treatment of fully extended chains should be considered for more 

accurate predictions of the mechanical properties in degrading samples. 

The models introduced in this thesis are investigated alongside existing experimental data, 

with predictions strongly supported by experimental observations of degrading 

biocompatible polymers. Ultimately, the framework presented offers predictions for 

evolving molecular weight distributions and evolving stress-strain behaviour, including the 

point of failure, throughout degradation. 
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Abbreviations and nomenclature 

𝐶𝑎, 𝐶𝑎0 – (initial) concentration of carboxylic acid ends 

𝐶𝑐0 – initial molar concentration of chains 

𝐶𝑒, 𝐶𝑒0, 𝐶𝑒,𝑚𝑖𝑑 , 𝐶𝑒,𝑒𝑛𝑑 – (initial) concentration of overall, mid, and end ester bonds 

𝐶𝑚, 𝐶𝑚0 – (initial) concentration of monomers 

𝐶𝑛, 𝐶∞ – characteristic ratios 

𝐶𝑜𝑙 , 𝐶𝑜𝑙0 – (initial) concentration of oligomers 

𝐶𝑤 – concentration of water molecules 

ÐM – molar mass dispersity 

𝐸 – Young’s modulus 

GPC – gel permeation chromatography 

𝑘 – Boltzmann constant 

𝑘𝑎 , 𝑘𝑎𝑚, 𝑘𝑎𝑒 – overall, mid-, and end-chain rate of autocatalysis 

𝑘ℎ , 𝑘ℎ𝑚, 𝑘ℎ𝑒 – overall, mid-, and end-chain rate of hydrolysis 

KOM – kinetic ODE model 

KSM – kinetic scission model 

𝑙 – length of bond 

𝑙𝐾 – Kuhn length 

𝐿0, 𝐿𝑑𝑒𝑓 , 𝐿𝑓 – initial, deformed and final length 

𝑀0 – molar mass 

𝑀𝑒 – average molecular weight related to 𝐶𝑒 

𝑀𝑛,𝑀𝑛0 – (initial) number average molecular weight 

𝑀𝑛
𝑐𝑟𝑖𝑡 , 𝑀𝑤

𝑐𝑟𝑖𝑡 – critical molecular weight threshold parameters 

𝑀𝑤 ,𝑀𝑤0 – (initial) weight average molecular weight 

𝑀𝑊 – unspecified average molecular weight 

MWD – molecular weight distribution 

𝑛 – number of units in a chain 

𝑛 – acid dissociation constant 

𝑛𝑏 – number of backbone bonds in a monomer 

𝑛𝐾 – Kuhn length 

𝑁 – number of polymer chains per unit volume 

𝑁𝑐 , 𝑁𝑐0 – (initial) number of chains 

𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡  – number of chains above 𝑀𝑤
𝑐𝑟𝑖𝑡  

NKOM – new kinetic ODE model 

ODE – ordinary differential equation 

𝑝(𝑟) – probability density distribution 

𝑃(𝑟) – volumetric end-to-end distance distribution 

PBS – phosphate buffer solution 

PCL – polycaprolactone 

PDLA – poly(D-lactic acid) 

PDLLA – poly(D,L-lactic acid) 

PGA – poly(glycolic acid) 

PLA – poly(lactic acid) 
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PLGA – poly(lactic-co-glycolic acid) 

PLLA – poly(L-lactic acid) 

PL/GA – poly(lactic/glycolic acid) 

𝑟, 𝑟0, 𝑟𝑑𝑒𝑓 – end-to-end length of chain (initial, deformed) 

⟨𝑟2⟩0 – undeformed mean square end-to-end distance of chain 

𝑟𝑚𝑎𝑥 – maximum end-to-end length of chain 

𝑟𝑟𝑚𝑠 – root mean square end-to-end distance of chain 

𝑆𝑡𝑜𝑡, 𝑆𝑚𝑖𝑑 , 𝑆𝑒𝑛𝑑 – molar number of total, mid-, and end-chain scissions 

𝑆, 𝑠 – entropy of network and single chain 

SC – semi-crystalline 

SEC – size exclusion chromatography 

𝑇 – absolute temperature  

𝑇𝑔 – glass transition temperature 

𝑋𝑐 – crystalline fraction 

𝜀 – (nominal) strain 

𝜀𝑓 , 𝜀𝑓0 – (initial) failure strain 

𝜀𝑓
𝑒𝑥𝑝

 – exponential empirical failure criterion 

𝜀𝑓
𝑀𝑊 – failure criterion related to average molecular weight 

𝜀𝑓
𝑁 – failure criterion related to chains above a critical molecular weight 

𝜎 – (nominal) stress 

𝜎𝑦 – yield stress 

𝜎𝑚𝑎𝑥 – maximum tensile stress 

𝜎∞ – fracture strength at infinite molecular weight 

𝜃 – backbone bond angle 

𝜙 – torsional bond angle 

𝜑 – size of the system 

𝜆 – principal stretch ratios 

𝜏 – shear stress 

𝛾 – shear strain 
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1 Introduction 

Bioresorbable polymers offer temporary implants that degrade fully after healing is 

complete, an attractive characteristic in the medical device industry. They are used in clinical 

applications such as orthopaedic fixation devices, vessel scaffolds, tissue engineering, and 

controlled drug delivery (Allen and Cullis, 2004; McGinty et al., 2011; Nasajpour et al., 2018; 

O’Brien, 2011; Ramakrishna et al., 2001; Vert, 2009; Vo et al., 2017). Their optimisation is 

often hindered by many underlying complex degradation mechanisms and the uncertainty 

in how they affect the material properties. For example, polymeric bioresorbable stents are 

considered attractive alternatives to permanent metal stents for the treatment of coronary 

artery disease (Cheng et al., 2019; Durand et al., 2012; Ormiston et al., 2008; Serruys et al., 

2016; Wykrzykowska et al., 2009). However, obtaining biomechanical properties to match 

that offered by a metal stent has proved a difficult task (Im et al., 2017). Understanding the 

complex behaviour of these materials is crucial for ensuring sufficient mechanical integrity 

and a suitable degradation rate for the intended purpose (Fig. 1.1). As the mechanical 

behaviour is related to the polymer microstructure (Farrar, 2008; Hertzberg et al., 2013), an 

understanding of how the latter changes as degradation takes place is essential. 

 

Fig. 1.1. (a) Generic curves detailing general sequence of molecular weight, mechanical 

properties and mass reduction. Adapted from Pietrzak et al. (1997) and Li et al. (2020). 

(b) Experimentally observed evolution of these properties for poly(lactic-co-glycolic) 

acid as reported by Shirazi et al. (2014). 

Experimental studies often take years to complete, with small changes to the material 

significantly altering the behaviour (Grizzi et al., 1995; Mainil-Varlet et al., 1997; Tsuji, 2002). 

Computational studies can provide important insight into the evolution of material and 

mechanical properties during degradation. However, many of the existing models are 

phenomenological in nature and while they have been calibrated to capture the evolution of 

properties including molecular weight (Wang et al., 2008), crystallinity (Zhang et al., 2019), 
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and Young’s modulus (Shirazi et al., 2016b), determining what model parameters should be 

for a newly designed, untested material remains a challenge. An in-depth understanding of 

the polymer at microscopic and molecular levels and the underlying degradation 

mechanisms is essential towards designing devices with optimal, tuneable properties. 

The primary focus of this thesis is on developing predictive tools for the evolution of polymer 

properties during degradation that take microscopic degradation mechanisms and 

deformation into account. Some key observations from literature that have motivated the 

work include the following: 

• The findings of Tracy et al. (1999) indicate that the polymer end group plays an 

important role in degradation, with uncapped PLGA degrading faster than ester 

capped. This suggests that all carboxylic acid ends should be considered catalysts 

when modelling degradation, and not only those of short chains as has been widely 

used in the literature (Gleadall et al., 2014a; Shirazi et al., 2016b; Wang et al., 2008). 

• While many models focus on predictions for average molecular weight (Lyu et al., 

2007; Wang et al., 2008), some experimental reports have stated that it is the 

molecular weight distribution controlling the properties, suggesting that a broader 

distribution may reduce the mechanical performance (Merz et al., 1951; Thomas and 

Hagan, 1969). Thus, a more complete representation of the evolving molecular 

weight distribution may be necessary for a robust modelling framework. 

• Polymer chain scission models that simulate bond cleavages on a representative 

polymer network can provide predictions for evolving molecular weight distributions 

(Gleadall and Pan, 2013; Shirazi et al., 2016b), offering an in-depth description of the 

polymer throughout degradation. However, the rate of the simulated scissions has 

not been considered, making it a challenge to relate results to time. 

• A ductile-brittle transition has been noted as degradation proceeds (Fig. 1.2a,b). The 

failure mechanism of the polymer changes drastically as this occurs (Polak-Kraśna et 

al., 2021). Understanding what contributes to this and when it occurs is crucial to 

ensure sufficient mechanical integrity throughout the functional time. Although 

relationships between evolving molecular weight and failure strain have been 

observed (Deng et al., 2005; Weir et al., 2004b), this does not appear to have been 

translated into a predictive tool. 

• On simulating stretching on a polymer network, Stepto and Taylor (1995a) noted 

increasing departures from affine, Gaussian behaviour for lower molecular weight 

chains (Fig. 1.2c). This departure was due to shorter chains fully extending more 
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readily and, thus, causing a reduction in the rate of free energy change as the 

simulation progressed. Their work was restricted to uniform polymer systems, i.e., 

chains with an average molecular weight. It is expected that the finite extensibility 

of polymer chains becomes increasingly relevant as degradation proceeds due to 

short chains building up in the system; however, this has not been considered when 

modelling biodegradable polymers. 

 

Fig. 1.2. Microscopic images of PLA samples (approximately ×250 magnification) (a) 

before degradation, exhibiting ductile failure on tensile testing, and (b) after 112 days 

degradation, showing brittle fracture on gentle handling. Reproduced from Polak-Kraśna 

et al. (2021), licensed under CC BY 4.0. (c) Simulated stretching indicated shorter chains 

deviated further from affine Gaussian behaviour, accredited to an increased number of 

fully extended chains in those networks. Adapted from Stepto and Taylor (1995a). 

Several good textbooks include those by Ward (1971), Buchanan (2008), Mark (2007), 

Hertzberg et al. (2013), and Callister and Rethwisch (2018). Terms such as biodegradable, 

bioabsorbable and bioresorbable are often used interchangeably to describe synthetic 

polymers that degrade over time (Buchanan, 2008). More precise definitions exist, with 

bioresorbable polymers defined as those whose degradation products can “resorb” in the 

body and include poly(α-hydroxy) acids such as poly(lactic acid), poly(glycolic acid) and their 

copolymers. Throughout this thesis, while these terms may be used interchangeably, it is 

poly(α-hydroxy) acids that are the primary focus, with these polymers having FDA approval. 

1.1 Aims and objectives 

The primary aim of this thesis is to develop a computational modelling framework for 

biodegradable polymers. A microscopic approach is taken to aid in the understanding of the 

effect of degradation on the polymer properties. The core focus is restricted to amorphous 

aliphatic polyesters. Many of the techniques introduced could be extended to consider 

amorphous phases in semi-crystalline polymers or alternative synthetic biodegradable 

polymers provided appropriate consideration of the polymer structure and specific 

degradation mechanism is given. 

The main objectives are as follows: 
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• Understand the degradation mechanism controlling polymer chain scissions and 

develop a model that simulates this process on a representative polymer chain 

distribution to provide evolving molecular weight distributions as a function of 

degradation duration. 

• Investigate the effect of polymer chain ends on the degradation behaviour. 

• Determine how failure strain is affected by degradation and seek a relationship 

between molecular weight and failure strain that can be used to predict the 

simultaneous evolution of these properties. 

• Understand how the mechanics of deformation varies for polymer networks with 

different degrees of degradation and predict changes in the evolving stress-strain 

curves for these materials, giving appropriate consideration to the finite extensibility 

of polymer chains. 

1.2 Thesis structure 

Chapter 2 presents an overview of biodegradable polymers, considering aspects such as 

structure, degradation mechanism, and applications. Details on the macroscopic 

deformation of an elastic solid are given, prior to presenting a molecular level approach that 

offers a more detailed understanding of the underlying behaviour. Information on the 

numerical methods used in this thesis is also stated. In Chapter 3, a literature review detailing 

both experimental observations and modelling techniques is provided. 

In Chapter 4, the model of Shirazi et al. (2016b) and previous studies (Wang et al., 2010, 

2008) motivates the development of a kinetic scission model (KSM) to predict the evolution 

of molecular weight distribution and Young’s modulus as a function of degradation time for 

bioresorbable polymers. A refined kinetic model is developed to capture the autocatalytic 

effect of carboxylic acid ends. The results obtained are quantitatively compared to and 

calibrated with existing experimental data for PLGA films (Shirazi et al., 2014). 

Chapter 5 concentrates on the relationship between molecular weight, 𝑀𝑊, and failure 

strain, 𝜀𝑓, in poly(lactic acid) (PLA). Two main regimes were identified from a literature 

review with a final collection of 27 datasets from 9 publications. Several failure criteria are 

proposed and investigated. The predictions obtained can offer insight into the end-of-use 

time of such polymers during the design process. 

In Chapter 6, the physical mechanisms behind the evolution of mechanical properties are 

explored following an approach similar to Stepto and Taylor (1995a). A simulated stretch is 

applied to representative polymer chain distributions, where the finite extensibility of chains 
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is accounted for. When combined with the models introduced in Chapters 4 and 5, evolving 

stress-strain curves, including the point of failure, for various degradation durations are 

simulated. A qualitative comparison of predicted stress-strain curves with experimental 

trends is presented (Vieira et al., 2011). 

Finally, the overall thesis findings are discussed in Chapter 7, providing an overview of the 

novel contributions. 

Some of the contents of Chapters 2 and 3 are summarised or expanded on in subsequent 

chapters to allow each chapter to standalone. Bibliographies and, where relevant, 

appendices are included at the end of each chapter. 
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2 Background and theory 

The present chapter presents an overview of biodegradable polymers and modelling 

techniques that have motivated the work in this thesis. Initially, background information 

about the polymer (i) structure, (ii) molecular weights, (iii) degradation mechanism, (iv) 

mechanical properties and (v) applications is outlined in Section 2.1. Section 2.2 describes 

the deformation of an elastic solid, where a macroscopic scale has been considered, prior to 

considering a molecular level approach in Section 2.3 to understand the behaviour 

mechanisms, where rubber-like elasticity is assumed. Finally, numerical methods used 

throughout the thesis are presented in Section 2.4. 

2.1 Biodegradable polymers 

Biodegradable polymers readily experience degradation, typically either hydrolytically or 

enzymatically. They can be classified as natural or synthetic. The primary focus of this thesis 

is given to synthetic aliphatic polyesters due to their popularity in the medical device 

industry; however, much of the work presented is either relevant as is or extendable to 

additional synthetic biodegradable polymers provided appropriate consideration of the 

specific degradation mechanism is given. 

To begin, the polymer structure is outlined, with consideration given to chain arrangements 

and chemical structure (Section 2.1.1). Following this, an overview of molecular weight is 

presented, with details of average values and methods of experimental determination 

provided (Section 2.1.2). Next, details of the degradation mechanism of polymers of interest 

are described (Section 2.1.3), prior to an overview of their mechanical properties (Section 

2.1.4). Finally, a brief history of these materials is presented in relation to applications and 

some of the challenges present during the development of new designs are discussed 

(Section 2.1.5). More detailed descriptions may be found in textbooks such as those by 

Callister and Rethwisch (2018) and Ward and Sweeney (2013). 

2.1.1 Polymer structure 

Polymer materials are composed of many long macromolecular, interconnected chains of 

varying lengths (Fig. 2.1). Each chain contains small repeat units or ‘mers’ bonded together 

chemically. An individual molecular building block or isolated unit is called a monomer, while 

a very short, water-soluble chain is termed an oligomer. Polymer properties are not only 

determined by the underlying chemical structure, but also depend on chain arrangement 

and length. 
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Fig. 2.1. Schematic diagram of sample polymer structure, which contains many polymer 

chains composed of single monomer units bonded together chemically. 

Polymers can exist in one of three states – amorphous, semi-crystalline, or crystalline (Fig. 

2.2). In an amorphous state, an ensemble of polymer chains is similar to a plate of well-

cooked spaghetti, with flexible, intertwined and disordered strands. In contrast, a crystalline 

polymer has a more definite, rigid structure, more like a bunch of uncooked spaghetti. Semi-

crystalline polymers fall between these two extremes, containing both amorphous and 

crystalline regions. An increase in the crystalline fraction typically corresponds to an increase 

in material stiffness, strength, and brittleness. The increased density of crystalline regions 

makes them effectively impermeable to water and other transport processes, leading to 

slower degradation in these regions (Laycock et al., 2017). 

 

Fig. 2.2. Schematic diagrams of (a) amorphous, (b) semi-crystalline, and (c) crystalline 

polymer chain structures. 

Other factors of importance when considering polymer structure include chain 

conformation, packing, orientation and configuration (for example, side group size, shape, 

and location); these are discussed in detail in the book by Hertzberg et al. (2013). The primary 

focus in this thesis is on the backbones of randomly orientated amorphous polymers. 
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2.1.1.1 PLA, PGA, PCL, and their copolymers 

Biocompatible polymers such as poly(lactic acid) (PLA), poly(glycolic acid) (PGA) and 

polycaprolactone (PCL) are popular choices for bioresorbable devices, all having FDA 

approval, with degradation by-products removed from the body through physiological 

processes via the lungs and kidneys (Buchanan, 2008). Their molecular structures are given 

in Fig. 2.3, in which x, y and z indicate the number of repeat units in the polymer chain. Poly(L-

lactide) (PLLA) and poly(D-lactide) (PDLA) are both forms of PLA; their structure differs with 

the CH3 and H side-groups swapping sides. 

A copolymer includes repeating combinations of two or more monomers in each individual 

chain; for example, a copolymer of PLA and PGA consists of chains containing both units, and 

is named poly(lactic-co-glycolic acid) (PLGA) (Fig. 2.3d). A polymer blend contains a mixture 

of chains, with each chain containing one type of unit; for example, a polymer blend of PLA 

and PGA includes individual chains of both and is denoted PL/GA (Fig. 2.3e). Polymer 

composition plays a significant role in the degradation behaviour observed (Durand et al., 

2012; Karjalainen et al., 1996; Middleton and Tipton, 2000); in theory, this enables the 

optimisation of polymer properties for specific applications to be obtained through tailoring 

of the copolymer ratios. 

2.1.1.2 Why focus on amorphous polymers? 

Amorphous regions are typically the weak link in semi-crystalline polymers, degrading more 

quickly than crystalline regions (Buchanan, 2008). Polymers such as poly(DL-lactic-glycolic 

acid) 50:50 (50% PLA, 50% PGA), poly(DL-lactic-glycolic acid) 75:25 (37.5% PLLA, 37.5% PDLA, 

25% PGA) and poly(DL-lactic acid) (50% PLLA, 50% PDLA) have been found to remain 

amorphous throughout degradation (Li et al., 1990a, 1990b; Shirazi et al., 2016a, 2014). This 

can be advantageous, resulting in a more predictable degradation profile than that seen with 

semi-crystalline polymers (Buchanan, 2008). The focus of this thesis is primarily on accurately 

modelling amorphous polymers. By focusing on amorphous polymers, we aim to obtain a 

thorough understanding of degradation pathways in these polymers. Once this is obtained, 

this understanding can be translated to amorphous regions within semi-crystalline polymers 

and further extended to consider the entire polymer in a larger modelling framework. 

2.1.2 Molecular weight 

Polymer samples contain many chains of varying lengths or, equivalently, varying molecular 

mass. Each monomer has a fixed molar mass; the number of these in a chain determines its  
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Fig. 2.3. Chemical structure of (a) poly(lactic acid) (PLA), (b) poly(glycolic acid) (PGA), 

(c) polycaprolactone (PCL), (d) poly(lactic-co-glycolic acid) (PLGA), a copolymer of PLA 

and PGA, and (e) poly(lactic/glycolic acid) (PL/GA), a polymer blend of PLA and PGA, 

where x is the number of units of lactic acid, y is the number of units of glycolic acid, and 

z is the number of units of caprolactone. 

molecular mass. This mass distribution is typically referred to as the molecular weight 

distribution (MWD). As chains break during degradation, the material transitions from having 

a high molecular weight to a low molecular weight, with the MWD shifting to the left (Fig. 

2.4). The MWD influences the mechanical properties of the polymer (Ward and Sweeney, 

2004), and therefore knowledge of its evolution during degradation is important. 
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Fig. 2.4. Schematic diagram of molecular weight distribution and its evolution during 

degradation, moving from a high towards a reduced molecular weight. 

2.1.2.1 Average molecular weights 

Frequently, the evolution of an average molecular weight is reported in experimental studies 

of biodegradable polymers. Most often, this is in the form of either the number average or 

weight average molecular weight. The number average molecular weight, 𝑀𝑛, which 

emphasizes relatively short chains, is calculated as 

 
𝑀𝑛 =

∑ 𝑁𝑖𝑀𝑖
𝑁𝑐
𝑖=1

∑ 𝑁𝑖
𝑁𝑐
𝑖=1

 (2.1) 

where 𝑁𝑐 is the total number of chains and 𝑁𝑖  is the number of polymer chains of weight 𝑀𝑖. 

The weight average molecular weight, 𝑀𝑤, can be calculated as 

 
𝑀𝑤 =

∑ 𝑁𝑖𝑀𝑖
2𝑁𝑐

𝑖=1

∑ 𝑁𝑖𝑀𝑖
𝑁𝑐
𝑖=1

 (2.2) 

and this emphasizes relatively long chains in the distribution. A measure of the distribution, 

known as the molar mass dispersity, ÐM, provides insight into the width of the MWD and is 

calculated as 

 
ÐM =

𝑀𝑤
𝑀𝑛

 (2.3) 

Values of ÐM approaching unity indicate a polymer with almost uniform chain lengths. Less 

common averages considered include viscosity average, 𝑀𝑣, and Z average, 𝑀𝑧, with the 

following relationship typically holding: 𝑀𝑛 < 𝑀𝑣 < 𝑀𝑤 < 𝑀𝑧. 
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Fig. 2.5 shows three sample molecular weight distributions displayed as a function of the 

number of polymer chains (a-c) and their corresponding weight fraction (d-f). Indicative 

values of 𝑀𝑛 and 𝑀𝑤 are shown, with the weight average molecular weight always greater 

as it is heavily impacted by very long chains. While the distributions and averages in Fig. 2.5a 

and c appear similar, their corresponding weight fraction distributions (Fig. 2.5d and f, 

respectively) differ substantially, highlighting the importance of knowledge of MWDs rather 

than averages alone. Experimental MWDs are typically presented with the weight fraction of 

polymer chains as a function of molecular weight plotted on a logarithmic scale. Monomodal 

distributions have a single peak (Fig. 2.5a-e), while Fig. 2.5f shows an extreme example of a 

bimodal distribution. During degradation, monomodal distributions have occasionally been 

seen to develop multiple peaks during degradation, typically accredited to crystalline 

residues (Tsuji and Del Carpio, 2003) or heterogenous degradation in larger samples (Grizzi 

et al., 1995); this is discussed further in Section 3.1.1. 

 

Fig. 2.5. Sample molecular weight distributions displaying the number average 

molecular weight, 𝑀𝑛, and the weight average molecular weight, 𝑀𝑤. The y-axes for (a)-

(c) indicate the number of chains, while (d)-(f) are their corresponding weight fractions. 

2.1.2.2 Experimental measurement of molecular weights 

Gel permeation chromatography (GPC) (Moore, 1964), a type of size-exclusion 

chromatography, is the method regularly employed when experimentally determining the 

molecular weight of a polymer material, separating the polymer chains based on 

hydrodynamic volume using a column packed with porous beads. The chains are 

characterized based on the time they spend travelling through the column: smaller chains 
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can enter the pores more readily, increasing their retention time; larger chains, unable to fit 

into many of the pores, have a more direct path to follow through the column, allowing them 

to leave more quickly (Fig. 2.6). It is possible for some chains to be completely retained, while 

others may not be retained at all; GPC is unable to separate these chains. The detection range 

is determined both by the column packings used and their pore diameters (Skoog et al., 

2017), and the sensitivity of the equipment used (for example, a Viscotek SEC-MALS 20 

(Malvern, 2019), which couples GPC with multi-angle light scattering technology, claims a 

molecular weight detection range of 1000 Da –  10 MDa or 1.66 × 10−21g − 1.66 ×

10−17g, which is equivalent to approximately 14 – 140000 units of PLA). Polystyrene 

standards are often used to calibrate GPC, meaning the molecular weight of the sample is 

measured with respect to polystyrene; it has been reported that in doing so, lower molecular 

weights of PLA may not be accurately captured (Alex et al., 2018). Experimental 

determination of the chain lengths that this becomes relevant for will allow this to be 

factored into theoretical calculations, with chains below some critical length excluded from 

calculations using Eqs. (2.1)-(2.2). It is possible that these chains may significantly influence 

the mechanical properties, as is investigated in Chapter 6. 

 

Fig. 2.6. Schematic diagram of gel permeation chromatography. At time zero (t = 0), a 

polymer sample is prepared and enters the column. The sample gradually progresses, 

with chains characterized based on the time they spend travelling through the column. 

For example, the high MW chains are too big to enter the narrow pore structures and 

have exited at t = 2, while the medium and low MW chains follow less direct paths and 

are still permeating through the column. Based on their retention time, a molecular 

weight distribution is obtained from which various averages can be determined. 

An alternative method of determination is light scattering experiments. For this technique, 

light is passed through a liquid polymer-solvent solution and is scattered by the individual 

molecules suspended in the solution, with the degree of scattering arising from the molecule 
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size. From this, a molecular weight distribution can be determined from the total scattering 

created by the sample (Skoog et al., 2017). Analysis of polymer viscosity, osmotic pressure, 

and end groups each yield an average molecular weight and consequently are less insightful 

than methods such as GPC and multi-angle light scattering techniques that provide the 

overall distribution. Further details, including a comparison of different methods, are 

provided in the review by Oberlerchner et al. (2015). 

2.1.3 Degradation mechanism 

Biocompatible polyesters, such as poly(lactic acid) (PLA), poly(glycolic acid) (PGA) and their 

copolymers, experience degradation due to a hydrolytic reaction when placed in an aqueous 

medium (Buchanan, 2008), chemically described as follows: 

 
−RCOOR' − +H2O

H+ or  OH−

→       −RCOOH + HOR' − (2.4) 

Ester bonds, the bonds that link one unit to the next, are hydrolysed throughout polymer 

chains, primarily in amorphous regions of the polymer, causing chains to split. Each chain 

scission results in two new end groups – an alcohol end, HOR′ −, and a carboxylic acid end 

group, −RCOOH (Ginjupalli et al., 2017; Laycock et al., 2017) (Fig. 2.7a). Both end and mid-

chain scissions can occur, as outlined in Fig. 2.7b, and it is unclear which is the dominant 

mechanism (de Jong et al., 2001; Schliecker et al., 2003; Shih, 1995). 

 

Fig. 2.7. Schematic diagram of degradation mechanism showing (a) the formation of 

carboxylic acid end groups during polymer hydrolysis, which can subsequently 

accelerate the reaction; (b) end and mid-chain scission processes; and (c) an initially 

uncapped and capped polymer chain ensemble before and during degradation with the 

carboxylic acid ends highlighted in red. Carboxylic acid ends are initially present in 

uncapped systems, in contrast to capped polymers. Chain scissions result in the 

formation of additional carboxylic acid ends irrespective of the initial configuration. 

As reported by Batycky et al. (1997), the increased acid concentration at the end of each 

chain may be the driver behind different mid- and end-chain scission rates. Shih (1995) 
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reported a faster rate of end-chain scission (𝑘′ = 0.13h−1) than mid-chain scission (𝑘′ =

0.01h−1) for PLA, while reporting a completely random process for PCL, attributing this 

difference to the larger functional groups in PCL. Acidic degradation products can build up in 

the material due to limited diffusion, which can further accelerate the hydrolytic degradation 

(i.e., autocatalysis) and lead to heterogeneous bulk degradation (Grizzi et al., 1995; Vey et 

al., 2008). In the natural or uncapped state, each polymer chain has a carboxylic acid end and 

these can contribute to an increased rate of degradation; to overcome this, the polymer 

chains may be processed to “cap” the acid end, thus making them less reactive initially (Tracy 

et al., 1999) (Fig. 2.7c). 

Depending on the size and type of polymer, degradation may proceed as surface erosion or 

bulk degradation (Fig. 2.8), either homogenously or heterogeneously. Surface erosion 

gradually degrades the polymer from the outside inwards with the core remaining intact and 

may be caused by (i) hydrophobicity of the bulk polymer, with a higher rate of hydrolysis 

than diffusion or a slow rate of water diffusion due to a high glass transition temperature 

(detailed in Section 2.1.4), (ii) or high crystallinity. This results in the retention of average 

molecular weight and mechanical properties for the core, while the load bearing capability 

of the material steadily declines. In contrast, bulk degradation proceeds throughout the 

polymer due to an abundance of water molecules and their ability to quickly diffuse 

throughout the material, exceeding the rate of hydrolysis. Consequently, a reduction in mass, 

molecular weight and mechanical properties occurs throughout the material. Homogenous 

degradation may occur in very thin samples, with most acidic degradation products able to 

diffuse from the surface and the core. In thicker samples, acidic degradation products can 

diffuse from the surface more readily than the core, resulting in heterogenous degradation 

with accelerated degradation in the core. Shirazi et al. (2016a) predicted heterogenous 

degradation occurs in PLGA samples provided the characteristic diffusion length, calculated 

from material parameters, exceeds 3 μm. It is expected that the above mentioned poly(𝛼-

hydroxy acids) will degrade via bulk erosion, with a switch to surface erosion expected above 

a critical dimension estimated to be 7.4 cm by von Burkersroda et al. (2002). 

Variations are expected in the degradation of samples in vivo and in vitro (Buchanan, 2008). 

Factors controlling this include additional fluid flow, mechanical loading, and biological 

interactions, such as enzymatic activity or inflammatory reactions, present in in vivo 

studies(Agrawal et al., 2000; Beslikas et al., 2011; Thompson et al., 1996). PLGA scaffolds 

tested under static conditions lost mass, molecular weight, and stiffness more rapidly than 

under flow conditions (Agrawal et al., 2000), while dynamically loaded PLGA implants 
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showed slower declines in molecular weight than unloaded samples (Thompson et al., 1996). 

The degradation medium is often replaced at set intervals in in vitro studies, effectively 

resetting the pH (Deng et al., 2005; Polak-Kraśna et al., 2021); while this may somewhat 

mimic fluid flow and diffusion in in vivo settings, it may impact the effect of autocatalysis. 

 

Fig. 2.8. In contrast to surface erosion, which gradually degrades the material from the 

outside inwards, bulk degradation results in a degraded core due to a rapid ingress of 

water molecules available to hydrolyse throughout the sample. The materials of interest 

in this thesis primarily undergo bulk degradation 

2.1.4 Mechanical properties 

In addition to molecular weight, the mechanical properties of polymers provide important 

characterisations of the materials. The three basic mechanical responses to an applied load 

are elasticity, plasticity, and fracture: elasticity is defined by a fully recoverable response, i.e., 

there is no permanent change to the material on loading and unloading; plasticity evokes a 

permanent shape change without cracking; and fracture involves the creation or propagation 

of a crack, separating portions of the material from one another. Further to these, 

viscoelasticity is particularly relevant for polymer materials and is defined as time-dependent 

elasticity, where the relationship between stress and strain changes with time. Material 

failure may coincide with any of these phases depending on the material requirements; for 

example, a polymeric stent may suddenly buckle elastically under certain conditions, failing 

to support and perhaps damaging the local tissue, without undergoing plasticity or fracture. 

This thesis is primarily concerned with the elastic response of amorphous biodegradable 

polymer materials; ultimately, the understanding obtained should be considered alongside 

other mechanical responses and extended to semi-crystalline materials. Further details are 

provided by Hertzberg et al. (2013) and Ward and Sweeney (2013). 

Materials are often characterised based on measured stress-strain curves, which describe 

the relationship between stress and strain as a load is applied to a material. For polymer 
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materials, these curves are typically dependent on temperature and strain rate. Fig. 2.9a 

shows some typical forms of these curves, with a transition from brittle (i) to progressively 

ductile (iv) behaviour; each curve could correspond to different materials or the same 

material at different testing conditions. Furthermore, biodegradable polymers appear to 

transition during degradation, becoming increasingly brittle (Fig. 2.9b). It is common to 

categorize brittle and tough polymer fractures as those with low strain at failure (e.g., less 

than 4% in tension) and those with greater strain at failure, respectively. A linear (or nearly 

linear) elastic response is typically observed initially, followed by a nonlinear response 

controlled either by plasticity or viscoelasticity (i-iii) or hyperelasticity (iv). 

The linear phase may be described by Hooke’s law, where stress, 𝜎, and strain, 𝜀, are directly 

proportional: 

 𝜎 = 𝐸𝜀 (2.5) 

and 𝐸 is Young’s modulus or the modulus of elasticity and is a measure of stiffness. Materials 

with large values of 𝐸 are stiff and show significant resistance to elastic behaviour, while low 

values of 𝐸 correspond to compliant materials and their resistance to elastic behaviour is 

low. This property is temperature dependent in polymers and decreases with increasing 

temperature. 

 

Fig. 2.9. (a) Schematic depiction of typical engineering stress-strain curve for polymers 

ranging from brittle (i) to progressively more ductile (iv). Adapted from Hertzberg et al. 

(2013). (b) PLLA specimens degraded at 70°C, showing an increasing decline of 

mechanical properties. Reproduced from Weir et al. (2004b) with permission, Copyright 

© 2004, SAGE Publications. 

Each polymer has a glass-transition temperature, denoted 𝑇𝑔, exhibiting different behaviour 

above and below this threshold (Fig. 2.10). When polymers exist below 𝑇𝑔, the amorphous 

regions are relatively brittle or glass-like, with a relatively high modulus of elasticity that is 
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only mildly temperature dependent. As the test temperature rises, a large transition in 

stiffness occurs over a narrow temperature range; the midpoint in this range is termed 𝑇𝑔. 

Towards and above 𝑇𝑔, the energy within the polymer increases, which allows for additional 

chain mobility. As a result, amorphous regions gradually transition into a more viscous, 

rubber-like state. Loadbearing amorphous polymers must be used below 𝑇𝑔 to avoid rapid 

changes in stiffness with temperature. In contrast, the magnitude of the change in stiffness 

for semi-crystalline polymers is more modest, allowing use at any temperature (Hertzberg et 

al., 2013). 

 

Fig. 2.10. Schematic depiction of the temperature dependence of the modulus of 

elasticity for polymer materials. At relatively low temperatures, a lack of chain mobility 

contributes towards stiff materials with large modulus. As the temperature increases so 

too does the energy, allowing for greater chain mobility and a more compliant material. 

The glass transition temperature, 𝑇𝑔, marks the midway point of the largest change in 

modulus, denoted here for the amorphous case. Adapted from Hertzberg et al. (2013). 

Table 2.1 outlines the glass transition temperature of both biocompatible polymers and 

some used in alternative applications for comparison purposes. These values suggest that 

PLA, PGA and PLGA are likely to have 𝑇 < 𝑇𝑔 at operable temperatures. Nevertheless, both 

PLLA (Venkatraman et al., 2003) and PLGA (Duval et al., 2018) have shown ductile failure 

modes in such scenarios. A number of studies observed variations in 𝑇𝑔 during degradation 

(Malin et al., 1996; Vey et al., 2008; Weir et al., 2004b). A change from 𝑇𝑔 above to below 

the testing temperature could cause a sudden increase in material property loss, as outlined 

by Laycock et al. (2017). 

The backbones of polymer chains consist of strong covalent bonds that contribute to the 

strength of the material. Strength may be defined as a measure of resistance to plastic 

deformation or fracture. For ductile polymers, the yield strength is usually described as the 

first maximum in the stress-strain curve, while the ultimate tensile strength is the overall 
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maximum measured under tensile loading. The strength of brittle materials is measured by 

fracture strength, again the maximum of the curve, which often has a relatively large 

uncertainty due to the strong influence of the size and character of surface flaws. 

Table 2.1. Typical glass transition temperatures, 𝑇𝑔, of a range of polymers as determined 

experimentally. 

Polymer 𝑇𝑔 (°C) Ref. 

Poly(lactic acid) 49 – 69  (Hiljanen-Vainio et al., 1996; Weir et al., 2004a) 

Poly(glycolic acid) 35 – 45 (Buchanan, 2008; Reed and Gilding, 1981) 

Poly(lactic-co-glycolic acid) 30 – 45 (Duval et al., 2018; Nakafuku and Takehisa, 2004) 

Polycaprolactone -64 – -62 (Buchanan, 2008; Wang et al., 2005) 

Poly(lactic-co-caprolactone) -54 – 56 (Hiljanen-Vainio et al., 1996; Vieira et al., 2011) 

Polystyrene 97 – 98 (Mark, 2007) 

Polypropylene -39 – -17 (Mark, 2007) 

 

Fig. 2.11. (a) Schematic diagram of crazing caused by tensile stresses. The fibrils bridge 

the craze, preventing the microvoids from immediately linking up to form a true crack. 

Adapted from Hertzberg et al. (2013). (b) The craze will continue to propagate and the 

bridges will eventually break, leading to macroscale fracture in the form of a crack. 

Adapted from Callister and Rethwisch (2018). (c) Crazes form within the material along 

an axis perpendicular to the principal tensile stress direction and tend to grow along 

planes normal to the principal tensile stress direction. Adapted from Hertzberg et al. 

(2013). (d) Polarized micrograph of crack growth behaviour in low-crystalline PLA in 

the region of a notch under static loading conditions. Reproduced from Park et al. (2006) 

with permission from Elsevier. 

In the presence of tensile stresses, crazing may occur. Crazes or microcracks that form in 

amorphous polymers are likely to underlie the brittle fracture process. They typically occur 

in regions of high stress concentration due to structural imperfections. Crazes are 
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micrometre-scale crack-like features that consist of expanded material containing oriented 

fibrils interspersed with small (10 to 20 nm) interconnected voids (Fig. 2.11a). These fibrils 

bridge the craze, preventing the microvoids from immediately linking up to form a true crack. 

Because of its intrinsic weakness, the craze is an ideal path for crack propagation; if the 

applied load is sufficient, the fibrils will eventually break, leading to macroscale fracture (Fig. 

2.11b). Crazes form within the material along an axis perpendicular to the principal tensile 

stress direction and tend to grow along planes normal to the principal tensile stress direction 

(Fig. 2.11c). The initiation of a craze depends simultaneously on factors associated with the 

macroscopic state of stress and strain, the nature and distribution of heterogeneities within 

the solid, and the molecular behaviour of the polymer for a given set of thermal and 

environmental conditions. The typical craze thickness in glassy polymers is on the order of 

5μm or less and remains relatively constant as the craze propagates. Several crazes can 

emanate from one region of weakness, as shown in the case of notched PLA in Fig. 2.11d. 

Although crazes contribute toward an overall weakening of the material, the craze may 

support some level of stress unlike a true crack. A more in-depth consideration of the fatigue 

and fracture behaviour of polymers is provided by Lesser (2002). 

A link between mechanical properties and molecular weight has been observed, often 

suggesting a critical molecular weight coincident with a ductile to brittle transition (Fayolle 

et al., 2007, 2004; Gardner and Martin, 1979; Golden et al., 1964). For example, Golden et 

al. (1964) studied the effect of molecular weight (by using irradiation to induce scissions and 

decrease molecular weight) on flexural modulus, strength and strain for polycarbonate, 

reproduced in Fig. 2.12a. Below a critical molecular weight, rapid declines in flexural strength 

and strain were detected, while above this, mechanical properties were less sensitive to 

molecular weight. Fayolle et al. (2004) also found a critical molecular weight separating the 

ductile-brittle transition for thermally oxidised polypropylene (Fig. 2.12b). Merz et al. (1951) 

determined that below a critical molecular weight the shape of the MWD is important, 

observing an increase in tensile strength by keeping 𝑀𝑤 constant and narrowing the MWD 

in polystyrene films. Thomas and Hagan (1969) also reported MWD affecting mechanical 

properties, with a polystyrene sample with ÐM = 1.06 having improved tensile strength, 

elongation at break and tensile creep properties compared with a sample with equal 𝑀𝑤 and 

ÐM = 2.6, suggesting that a greater presence of short chains in the system reduces the 

mechanical performance. Venkatraman et al. (2003) observed a transition from ductile to 

brittle failure for PLLA with reducing molecular weight (Fig. 2.12c). An in-depth review of the 

influence of molecular weight and molecular weight distribution on mechanical properties 
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in both amorphous and semi-crystalline polymers above and below 𝑇𝑔 is provided by Martin 

et al. (1972). While most of the above-mentioned studies focused on different degradation 

mechanisms than outlined in Section 2.1.3, it is likely that the overall effect of molecular 

weight on mechanical properties is similar for the materials of interest in this thesis. 

 

Fig. 2.12. (a) Flexural properties vs viscometric-average molecular weight for 

polycarbonate bars undergoing irradiation. (b) Ultimate strain vs weight average 

molecular weight for thermally oxidised polypropylene. (c) PLLA stress-strain curves 

showing a transition from ductile when 𝑀𝑊 = 1.06 × 106 g mol−1 to brittle when 

𝑀𝑊 = 3.22 × 105 g mol−1 (average molecular weight measured not specified). Adapted 

from: (a) (Golden et al., 1964), (b) (Fayolle et al., 2004), (c) (Venkatraman et al., 2003). 

The amorphous regions of semi-crystalline polymers have similar chain mobility and 

properties to fully amorphous materials. However, the surrounding crystallites impose 

restrictions that limit the movement of amorphous regions in semi-crystalline polymers. The 

crystalline regions typically contribute greater strength, stiffness, and thermal stability than 

fully amorphous polymers, with higher levels of crystallinity further emphasising this, while 

elongation and toughness are simultaneously reduced (Hertzberg et al., 2013). The mixed 

regions in semi-crystalline materials further complicate the mechanical behaviour. 

2.1.5 Applications 

Several industries have benefitted from the introduction of synthetic biodegradable 

polymers, most notably in the fields of packaging and medicine. The temporary nature of 

these materials offers an excellent alternative to conventional plastic packaging that is not 

readily biodegradable, such as polyethylene and polypropylene, helping to reduce the 

volume of plastic waste accumulating in landfills, provided they are disposed of correctly. An 

additional environmental benefit lies in the departure from the reliance on the production 

of plastics using petrochemicals and towards renewable resources while remaining 

economically viable. For example, glucose can be extracted from milled corn and fermented 

to produce lactic acid monomers, providing the building blocks of PLA (Vink et al., 2003). 
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Their short-term lifespan has also offered numerous benefits in the medical industry. During 

the 1960s, biodegradable polymers began replacing more traditional materials with the 

advent of synthetic bioabsorbable sutures (Herrmann et al., 1970). Providing an alternative 

to catgut, an animal protein that was the previous standard for dissolvable stitches with 

reports of its use in wound closure dating back to 130 AD, it proved an ideal suture material 

in terms of tensile strength, knot security and handling characteristics, while evoking minimal 

inflammatory reaction and being resistant to infection (Herrmann et al., 1970). The reduced 

inflammatory reaction observed has been attributed to the hydrolytic degradation it 

experiences in contrast to the enzymatic degradation experienced by catgut (Deveney and 

Way, 1977). With the potential of these materials for this industry made clear due to their 

success in dissolvable sutures, they have been utilised in many more settings, ranging from 

orthopaedic fixation devices to drug delivery devices to temporary scaffolds and beyond 

(Allen and Cullis, 2004; McGinty et al., 2011; O’Brien, 2011; Vert, 2009; Vo et al., 2017). One 

of the primary benefits in each of these scenarios is the lack of need for a repeat surgery, 

with the device initially carrying out its function and aiding with healing, before gradually 

absorbing as its work is complete; for example, a dissolvable suture initially seals a wound 

and proceeds to dissolve over time as the skin heals (Fig. 2.13). The eliminated second 

surgery for implant removal reduces pain, recovery time, and cost. 

 

Fig. 2.13. The tuneable properties of the polymer implant must be designed to ensure 

sufficient initial mechanical properties for the intended purpose, with a suitable 

degradation rate aligned with the developing tissue. 

In 2018, an estimated 2.1 million women were diagnosed with breast cancer worldwide 

(Sopik, 2021), over 34000 patients received organ transplants in Europe, with more than 

150000 patients on the waitlist (Scholz, 2020), and more than four million people died of 

coronary heart disease (Wang, 2020). The need for alternative therapies remains huge, with 

biodegradable polymers being promising materials for reconstruction and treatment 
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purposes. Correct alignment of the degrading implant with the developing tissue is 

imperative. The initial product or device must have both adequate initial strength and a 

suitable, controlled rate of strength loss. Simultaneously optimising both for the intended 

application can prove challenging due to the complex behaviours these materials exhibit 

during degradation, which are further complicated by the incorporation of additional 

materials such as drugs or growth factors. Degradation studies often take years to complete, 

and small changes to the design can significantly alter the behaviour. Computational studies 

can provide important insight into the evolution of material and mechanical properties 

during degradation. An in-depth understanding of the polymer at microscopic and molecular 

levels and the underlying degradation mechanisms is essential towards designing devices 

with optimal, tuneable properties. 

2.2 The deformation of an elastic solid 

In general terms, mechanical behaviour is concerned with the deformations which occur 

under loading. This section focuses on a macroscopic or phenomenological description. 

Constitutive relations, which relate stress and strain for a particular type of material, that 

give an adequate description of the mechanical behaviour are defined. The following section 

(Section 2.3) then takes a molecular level approach to better understand the behaviour. 

The scope of this thesis is limited to isotropic finite elasticity and rubber-like behaviour of 

incompressible materials. A more generalised approach should also consider (i) 

viscoelasticity, where constitutive relations also contain time or frequency as a variable, (ii) 

compressibility, (iii) orientation, and (iv) non-recoverable behaviour. Ward and Sweeney 

(2013) cover each of these topics in detail. Nevertheless, the work presented in this thesis is 

valuable in providing an improved understanding of the behaviour considered. 

This section provides an overview of concepts such as stress (Section 2.2.1), strain and 

deformation (Section 2.2.2), work (Section 2.2.3), strain energy functions (Section 2.2.4), and 

stress-strain relationships (Section 2.2.5), that are all referred to throughout the thesis. This 

follows the format of Ward and Sweeney (2004). A more thorough description of continuum 

mechanics and deformation is provided by Belytschko et al. (2014). 

2.2.1 Stress 

On application of a load to a body, the resulting stress can be divided into components that 

describe the direction. The components of stress in a body are defined by considering the 

forces acting on an infinitesimal cubic volume element whose edges lie parallel with the 

coordinate axes 𝑥, 𝑦 and 𝑧 (Fig. 2.14). In equilibrium, the forces per unit area acting on the 
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cube faces are 𝑃1 on the 𝑦𝑧 plane, 𝑃2 on the 𝑧𝑥 plane and 𝑃3 on the 𝑥𝑦 plane, with similar 

forces acting on the directly opposite faces of the cube. 

The forces are resolved into nine components in the 𝑥, 𝑦 and 𝑧 directions as follows: 

𝑃1: 𝜎𝑥𝑥, 𝜎𝑥𝑦, 𝜎𝑥𝑧 

𝑃2: 𝜎𝑦𝑥 , 𝜎𝑦𝑦, 𝜎𝑦𝑧 

𝑃3: 𝜎𝑧𝑥, 𝜎𝑧𝑦, 𝜎𝑧𝑧 

where the first subscript refers to the direction of the normal to the plane on which the stress 

acts, and the second subscript to the direction of the stress. For a cube in equilibrium, the 

net torque is zero, implying 𝜎𝑥𝑦 = 𝜎𝑦𝑥 , 𝜎𝑥𝑧 = 𝜎𝑧𝑥 , 𝜎𝑦𝑧 = 𝜎𝑧𝑦. 

 

Fig. 2.14. The components of stress, as detailed in the text. 

The components of stress are defined by six independent quantities: the normal stresses, 

𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧, and the shear stresses, 𝜎𝑥𝑦, 𝜎𝑦𝑧, 𝜎𝑧𝑥. These components describe the complete 

stress state, which is described by the stress tensor, 𝜎𝑖𝑗: 

 
𝜎𝑖𝑗 = (

𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑥𝑦 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑥𝑧 𝜎𝑦𝑧 𝜎𝑧𝑧

) (2.6) 

Note that shear stresses are often denoted by 𝜏 in place of 𝜎. The Lagrangian approach is 

taken in this thesis unless otherwise stated, wherein the reference state is the undeformed 

state of material. Nominal stresses are considered, which are defined as the force per unit 

of unstrained cross-section; this is analogous to the transpose of the first Piola-Kirchhoff 

stress. Although true stresses would be more informative for the large stretches considered 

in this thesis, nominal stresses are chosen to enable direct comparison with experimental 

data, which typically report nominal stress versus strain. A transformation, where the 
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reference state is the deformed state of material, could be facilitated as described by, for 

example, Belytschko et al. (2014). 

2.2.2 Strain and deformation 

Extensional strain is defined as the fractional change in length in the stretching direction, 

while simple shear strain is defined by the displacement of parallel planes (Fig. 2.15). To 

describe the deformation of a body, components of extensional (𝜀𝑥𝑥 , 𝜀𝑦𝑦, 𝜀𝑧𝑧) and shear 

(𝜀𝑥𝑦, 𝜀𝑦𝑧, 𝜀𝑧𝑥, often denoted by 𝛾 in place of 𝜀) strain are considered, comparable with the 

components of tensile and shear stress. While the strain tensor also contains information on 

rigid body rotations, these do not correspond to deformation and are not considered here. 

 

Fig. 2.15. (a) Extensional strain is the fractional change in length in the stretching 

direction, measured as the change in length, 𝐿𝑑𝑒𝑓 − 𝐿0, divided by original length, 𝐿0. (b) 

Simple shear strain is defined by the displacement by angle 𝜃 of parallel planes. 

A deformation in which lines of material along the three coordinate axes 𝑥, 𝑦 and 𝑧 in the 

undeformed state remain mutually perpendicular is called normal strain because the shear 

strain components are zero. A deformation can always be defined in terms of normal strain 

provided careful choice of axes by reference to the deformed state. Without loss of 

generality, this simplification will be used throughout this thesis, unless otherwise stated. 

Such axes are referred to as principal axes and allow the deformation to be defined in terms 

of extensional strain components defined by principal stretches or deformation ratios, 

𝜆𝑥, 𝜆𝑦, 𝜆𝑧. The deformation ratios are so titled because they define the ratio of the length of 

lines in 𝑥, 𝑦, 𝑧 directions in the deformed body to their length in the undeformed body. For 

example, the deformation of a unit cube to a parallelepiped may be defined in terms of the 

deformation ratios, as shown in Fig. 2.16. 

A point Q in the body with coordinates (𝑥, 𝑦, 𝑧) moves to a point Q′ with coordinates 

(𝑥′, 𝑦′, 𝑧′) defined as 
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𝑥′ =

𝐿𝑑𝑒𝑓,𝑥

𝐿0,𝑥
𝑥 = 𝜆𝑥𝑥, 𝑦′ = 𝜆𝑦𝑦, 𝑧′ = 𝜆𝑧𝑧 (2.7) 

where 𝐿0,𝑥 and 𝐿𝑑𝑒𝑓,𝑥 are the length in the undeformed and deformed body. The 

deformation ratios may be translated into engineering strains as follows (Fig. 2.15): 

 
𝜀𝑥𝑥 =

𝐿𝑑𝑒𝑓,𝑥 − 𝐿0,𝑥

𝐿0,𝑥
= 
𝐿𝑑𝑒𝑓,𝑥

𝐿0,𝑥
− 1 = 𝜆𝑥 − 1 (2.8) 

and similarly for 𝜀𝑦𝑦 and 𝜀𝑧𝑧. 

 

Fig. 2.16. A unit cube is deformed into a parallelepiped with sides of length 𝜆𝑥, 𝜆𝑦 and 𝜆𝑧, 

thus defining the deformation ratios. 

2.2.3 Work 

The work done per unit of initial undeformed volume in an infinitesimal displacement from 

the deformation state in principal directions where 𝜆𝑥, 𝜆𝑦, 𝜆𝑧 change to 𝜆𝑥 + d𝜆𝑥, 𝜆𝑦 +

d𝜆𝑦, 𝜆𝑧 + d𝜆𝑧 is 

 d𝑊 = 𝜎𝑥𝑥d𝜆𝑥 + 𝜎𝑦𝑦d𝜆𝑦 + 𝜎𝑧𝑧d𝜆𝑧 (2.9) 

where the stresses are the normal nominal stresses. 

The first law of thermodynamics relates the work done on the body, d𝑊, to the increase in 

internal energy, d𝑈, and the mechanical value of the heat supplied, d𝑄: 

 d𝑊 = d𝑈 − d𝑄 (2.10) 

For an adiabatic change of state, d𝑄 = 0, the work done can be equated to a change in the 

stored elastic energy: d𝑊 = d𝑈. Assuming the deformation is produced by independent 

changes in each of the components of stretch, Eq. (2.9) gives 
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𝜎𝑥𝑥 =

𝜕𝑈

𝜕𝜆𝑥
, 𝜎𝑦𝑦 =

𝜕𝑈

𝜕𝜆𝑦
, 𝜎𝑧𝑧 =

𝜕𝑈

𝜕𝜆𝑧
 (2.11) 

In the case of rubbers, it is usual to consider a reversible isothermal change of state at 

constant volume, with the work done equated to the change in the Helmholtz free energy 𝐴, 

i.e., 

 d𝑊 = d𝐴 (2.12) 

Free energies are used to analyse non-adiabatic cases, where the heat exchanged is 

subtracted from the internal energies. The Helmholtz free energy is associated with constant 

volume conditions. While this can be challenging to replicate experimentally, the molecular 

theories are typically derived using this assumption. 

To ensure energy balance, it is important to carefully select pairs of stress and strain rate 

measures that are conjugate in work or power (Belytschko et al., 2014). Examples of these 

include nominal stress and rate of the deformation gradient; Cauchy (true) stress and rate-

of-deformation; and second Piola-Kirchhoff stress and rate of Green strain, with definitions 

provided by Belytschko et al. (2014). For deformations in the principal directions, Eq. (2.11) 

is balanced and corresponds to the conjugate pair of nominal stress and rate of the 

deformation gradient. 

2.2.4 Strain energy function 

Eq. (2.11) may be used to obtain constitutive relations between stress and strain with 

knowledge of 𝑈. Termed the strain energy function, 𝑈 defines the energy stored as a result 

of the strain and is often presented as a function of the components of a measure of strain 

such as the deformation ratios. Restrictions are applied to the function to ensure (i) the 

energy is not dependent on the choice of axes (e.g., a symmetric function of 𝜆𝑥, 𝜆𝑦, 𝜆𝑧 is 

chosen), (ii) it is zero for zero strain and (iii) it simplifies to Hooke’s law for small strains. 

The most elementary form of 𝑈 is often presented for incompressible materials as 

 𝑈 = 𝐶1(𝜆𝑥
2 + 𝜆𝑦

2 + 𝜆𝑧
2 − 3) (2.13) 

for material constant 𝐶1, satisfying each of the restrictions just mentioned. This form is 

known as the neo-Hookean or Gaussian model, first proposed by Rivlin (1948). The same 

relationship is obtained as a consequence of the molecular theories of a rubber network, as 
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detailed in Section 2.3.5. An alternative form of the neo-Hookean model exists for 

compressible materials; see, for example, Belytschko et al. (2014). 

More complex phenomenological models are detailed by Ward and Sweeney (2013) and 

Belytschko et al. (2014) and include the Mooney-Rivlin and Ogden models. 

2.2.5 Stress-strain relationships 

Once the form of 𝑈 has been decided, Eq. (2.11) may be used to obtain a stress-strain 

relationship. For example, for an incompressible material, i.e., there is no change in volume 

on deformation (𝜆𝑥𝜆𝑦𝜆𝑧 = 1), consideration of uniaxial tension in the 𝑥 direction gives 

 
𝜆𝑥 = 𝜆, 𝜆𝑦 = 𝜆𝑧 =

1

√𝜆
, 𝜎𝑦𝑦 = 𝜎𝑧𝑧 = 0 (2.14) 

Combining Eqs. (2.11) and (2.13) gives the stress as a function of the stretch: 

 
𝜎𝑥𝑥 =

𝜕𝑈

𝜕𝜆
= 2𝐶1 (𝜆 −

1

𝜆2
) (2.15) 

which may be related to strain using Eq. (2.8). 

Alternative forms of mechanical testing can be considered in a similar way. For example, for 

equibiaxial tension (𝜎𝑦𝑦 = 𝜎𝑧𝑧 = 𝜎, 𝜎𝑥𝑥 = 0), the extension ratios in the 𝑦- and 𝑧-directions 

are 𝜆𝑦 = 𝜆𝑧 = 𝜆. Continuing the assumption of incompressibility, 𝜆𝑥 =
1

𝜆2
. Using Eq. (2.9) 

and 𝑑𝑊 = 𝑑𝑈, 𝜎 is found as follows: 

 
d𝑈 = 2𝜎d𝜆 ⟹ 𝜎 =

1

2
 
𝜕𝑈

𝜕𝜆
 (2.16) 

Combining Eq. (2.13) with Eq. (2.16) gives 

 
𝜎 = 2𝐶1  (𝜆 −

1

𝜆5
) (2.17) 

Similarly, simple shear may be considered by setting 𝜆𝑧 = 𝜆, 𝜆𝑦 = 1 and 𝜆𝑥 = 1/𝜆, which 

gives a purely deviatoric stretch, i.e., with no volume change (𝜆𝑥𝜆𝑦𝜆𝑧 = 1) (Treloar, 1975a). 

Assuming the work done on the body is due entirely to the shear stress 𝜏 = 𝜏𝑦𝑧, Eq. (2.9) is 

rewritten as 

 d𝑈 = 𝜏d𝛾 (2.18) 
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where 𝛾 = 𝛾𝑦𝑧 is the shear strain and here 𝛾 may be related to the principal extension ratios 

as follows (Love, 1944): 

 
γ = λ −

1

λ
 (2.19) 

The neo-Hookean (Eq. (2.13)) form for simple shear is then given by 

 
𝑈 = 𝐶1 (𝜆

2 +
1

𝜆2
− 2) = 𝐶1𝛾

2 (2.20) 

and from Eq. (2.18), 

 𝜏 = 2𝐶1𝛾 (2.21) 

with the shear stress proportional to the shear strain. 

Some additional classic modes of deformation are considered in this way by Treloar (1975a), 

where an outline of the principal extension ratios and the corresponding general stress 

relationships are provided. 

2.3 Statistical mechanics of polymeric chains (rubber-like elasticity) 

The statistical mechanics theory for rubber-like deformation of materials is presented in this 

section. Further details are provided by Ward and co-workers (1971; 1993; 2013) and Mark 

and co-workers (Mark, 2007; Mark and Erman, 2007). While the previous section focused on 

a macroscopic description of deformation, a molecular level approach is now described, 

which provides a better understanding of the underlying behaviour. 

Although polymers such as PLA (𝑇𝑔 = 49 − 69°C) (Hiljanen-Vainio et al., 1996; Weir et al., 

2004a) and PGA (𝑇𝑔 = 35 − 45°C) (Buchanan, 2008; Reed and Gilding, 1981) are not 

elastomers and are typically below 𝑇𝑔 initially, models that assume rubber-like behaviour 

have previously sufficiently captured their behaviour (Shirazi et al., 2016b; Wang et al., 

2010), with many such polymers initially exhibiting ductile behaviour (Tsuji, 2002; Vieira et 

al., 2011; Weir et al., 2004a). Throughout degradation, variations in 𝑇𝑔 exist, often declining 

below the testing temperature (Malin et al., 1996; Vey et al., 2008). Additionally, the 

deformation of glassy, thermoplastic polymers is not well understood. Although molecular 

dynamics can capture the behaviour at and below 𝑇𝑔, this is not currently a feasible approach 

with computational restrictions limiting this technique to short time periods (Ding et al., 

2012). Consequently, the generally accepted rubber-like idealisation is used in this work for 
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simplicity. In theory, this may assume greater elasticity than would be present in these 

materials. However, all models presented are considered in parallel with experimental data 

to ensure the behaviour is suitably captured. 

In this work, incompressibility is also assumed, with no changes in volume accounted for. 

Incompressibility is appropriate for densely packed polymer materials, where any volume 

changes are negligible. The density of the polymer will depend on the manufacturing 

technique. Incompressible materials have a Poisson’s ratio, 𝜈, (a measure of the deformation 

of the material in directions perpendicular to the loading direction) of 0.5, while 

compressible materials typically have 0 ≤ 𝜈 < 0.5. PLA has a reported Poisson’s ratio of 0.36 

(Jamshidian et al., 2010), meaning some level of compressibility is expected. Thus, for a more 

rigorous consideration of mechanical properties, the incompressibility assumption should be 

removed in the future. 

2.3.1 “Entropy springs” 

In contrast to materials known as “energy springs”, where extension causes an increase in 

internal energy, the terms “probability or entropy springs” are sometimes used to refer to 

rubber-like materials. This is because all chain configurations have approximately the same 

internal energy and it is instead the entropy controlling the deformation. When subjected to 

an external force, chains, forced from their state of maximum entropy, extend in the 

direction of the force, reducing the entropy and resulting in a state of strain (Fig. 2.17); on 

the removal of an external stress, an extended chain returns to its most probable state 

(assuming no irreversible deformation has taken place). By first calculating the entropy of a 

single chain in the polymer network and then relating this to the change in entropy of a 

network of chains as a function of strain, one can gain insight into the stress-strain 

characteristics of the material; subsequent sections describe how to approach this. 

Chains that have slid past one another, preventing full recovery, are not considered here, 

nor are entanglements, consistent with simple theories of rubber-like elasticity. It is assumed 

that chains change from a coiled to an extended configuration instantaneously on application 

of stress, and similarly on removal of stress. Equilibrium thermodynamics can be used to 

determine how the stress is related to changes in both internal energy and entropy. 

Complementary to this, molecular theories of a statistical nature offer an equation of state 

relating the force causing extension to molecular parameters. 
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Fig. 2.17. Prior to deformation, a chain is attracted to a maximum state of entropy, 𝑠0. On 

deformation, 𝐹, the entropy reduces (𝑠1 < 𝑠0), with fewer possible configurations, 

gradually reaching its fully extended state (𝑠2 → 0), for which only one configuration 

exists. On removal of the external force, the chain is once again attracted to a maximum 

state of entropy (𝑠3 → 𝑠0), provided no irreversible deformation has taken place. 

2.3.2 Polymer chain models 

As well detailed by Fetters et al. (2007), aliphatic backbone polymers have 𝑛 monomers, each 

with 𝑛𝑏 backbone bonds, with a well-defined average backbone bond length 𝑙, and known 

average backbone bond angle 𝜃;an example is shown in Fig. 2.18 for PLLA. Restrictions on 

torsional rotation (𝜙) and local interactions are also present. Several polymer chain models 

exist, which consider these aspects to varying extents. 

 

Fig. 2.18. Chemical structure of PLLA detailing the bond lengths and valence angles. 

Adapted from Rehahn et al. (1997). Each of the 𝑛 monomers contain 𝑛𝑏 backbone bonds, 

average backbone bond length 𝑙 and average backbone bond angle 𝜃. 

The simplest polymer chain model, first proposed by Kuhn (1934; 1946), assumes a freely 

jointed chain, where chains contain 𝑛 links, each of length 𝑙, jointed together in succession. 

It is assumed that there is no restriction on the angle between adjacent links, with all 
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directions (𝜃 = [0, 𝜋], 𝜙 = [0,2𝜋]) equally possible and the direction of neighbouring bonds 

uncorrelated. This model is equivalent to a random flight in three dimensions. 

An advancement on this takes valence bond angles into account and is typically referred to 

as the freely rotating chain (Fig. 2.19a). Again, chains contain 𝑛 links of length 𝑙, and now the 

backbone bond angle between neighbouring bonds at the 𝑖th backbone atom, 𝜋 − 𝜃𝑖, 

remains fixed based on the chemical structure of the polymer. Torsional rotation about the 

𝑖th bond remains possible and is denoted as 𝜙𝑖. 

Kuhn (1934) introduced an alternative approach, titled the equivalent freely jointed chain 

model. Chains are idealised as containing 𝑛𝐾 equivalent Kuhn links of length 𝑙𝐾, referred to 

as the Kuhn length, where 𝑙𝐾 holds information on short scale interactions and stiffness. The 

advantage of the equivalent freely jointed chain over the freely rotating chain lies with the 

characteristic ratio, 𝐶𝑛, introduced in the former. Defined as the ratio of the mean-square 

end-to-end vectors of a real chain, ⟨𝑟2⟩0, with that of a freely jointed chain (i.e., with no 

restriction on bond angles) containing the same number of bonds, 𝑛𝑙2, 𝐶𝑛 = ⟨𝑟0
2⟩/𝑛𝑙2, it is 

a measure of chain flexibility and contains information on both 𝜃 and other short scale 

interactions. For flexible chains, 𝐶𝑛 ≈ 1, while this increases for more rigid polymers. For 

large 𝑛, 𝐶𝑛 → 𝐶∞, a polymer specific constant. In practice, 𝐶∞ is first determined using 

experimental techniques. Parameters for a chain idealisation for a given value of 𝑛 are then 

determined as 

 

𝑛𝐾 =
𝑛 cos2 (

𝜃
2
)

𝐶∞
, 𝑙𝐾 =

𝐶∞𝑙

cos (
𝜃
2)

 (2.22) 

where 𝐶∞, 𝜃 and 𝑙 are all polymer specific constants based on their chemical structure. 

While the freely jointed and freely rotating chains both consider each individual “mer” or 

link, with the latter restricting the position of the adjacent link according to the backbone 

bond angle, the equivalent freely jointed chain reconsiders the links in equally sized groups, 

with this reformulation better accounting for bond angle and local interaction restrictions. 

Fig. 2.19 shows an example of this reformulation solely for visualisation purposes, where 

each of the 𝑛𝐾 links in the equivalent freely jointed chain represents three links or 

monomers; more generally, each of the 𝑛𝐾 links contains 𝑛/𝑛𝐾 physical links. 

In the case of freely jointed chains, where valence bond angles are ignored, i.e., there is no 

restriction on 𝜃, the maximum end-to-end length of a chain, 𝑟𝑚𝑎𝑥, is a completely 
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straightened chain: 𝑟𝑚𝑎𝑥 = 𝑛𝑙 (Fig. 2.19c). In contrast, 𝑟𝑚𝑎𝑥 is limited for freely rotating and 

equivalent freely jointed chains by 𝜃, giving 𝑟𝑚𝑎𝑥 = 𝑛𝑙 cos (𝜃/2) in the all-trans 

conformation (Fig. 2.19c). 

The rotational isomeric state statistics model goes a step further and considers more realistic 

chain conformations, building possible conformations bond by bond using the following 

structural details obtained from experimental structural analyses: bond lengths, 𝑙𝑖, bond 

angles, 𝜃𝑖, torsion angles, 𝜙𝑖, and differences in energy for conformations produced by 

rotation about a bond or pair of bonds. While some of the earliest reports of this technique 

date back to the 1960s (Brant et al., 1969), Helfer and Mattice (2007) outline the technique 

and advancements in detail. 

 

Fig. 2.19. (a) In the freely rotating polymer chain model, a chain contains bonds of 

average length 𝑙, while the valence bond angle between two neighbouring bonds at the 

𝑖th backbone atom is 𝜋 − 𝜃𝑖, where 𝜃𝑖 is the angle between consecutive bond vectors. 

The torsional rotation about bonds 𝑖 and 𝑖 + 1 is denoted as 𝜙𝑖. If the positions of 𝑖 − 1, 𝑖 

and 𝑖 + 1 are fixed, and rotation is allowed about the bonds 𝑖 and 𝑖 + 1, then the position 

of backbone atom 𝑖 + 2 is shown by the dashed circle. Adapted from Mark and Erman 

(2007). (b) The chain is reconsidered as having equivalent links of length 𝑙𝐾 , referred to 

as the Kuhn length, where 𝑙𝐾 holds information on short scale interactions and stiffness 

(i.e., more than just fixed 𝜃𝑖). The number of links scales with this to give 𝑛𝐾 Kuhn links, 

where each of these contains 𝑛/𝑛𝐾 physical links. (c) The maximum end-to-end length 

𝑟𝑚𝑎𝑥 = 𝑛𝑙 for a freely jointed chain (where there is no restriction on bond angles), while 

for an equivalent freely jointed chain this is limited by the enforced bond angle 𝜃, with 

𝑟𝑚𝑎𝑥 = 𝑛𝑙 cos (𝜃/2). 

A comparison between the three polymer chain idealisations mentioned is given in Table 2.2. 

The focus here is primarily restricted to the equivalent freely jointed chain model, with it 

offering the most detailed description of the three idealisations. Although the rotational 
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isomeric state statistics model provides a more realistic approach, it is more computationally 

demanding. 

Table 2.2. Comparison between the freely jointed, freely rotating, and equivalent freely 

jointed chain models in terms of their (undeformed) mean square end-to-end distance, 

⟨𝑟2⟩0, and their maximum physical extension, 𝑟𝑚𝑎𝑥. Where a link contains multiple 

backbone bonds, 𝑛𝑏, average bond lengths and bond angles may be taken, with 𝑛 = 𝑛𝑛𝑏 

below. 

 Number of links Bond length ⟨𝑟2⟩0 𝑟𝑚𝑎𝑥  

Freely jointed chain 𝑛 𝑙 𝑛𝑙2 𝑛𝑙 

Freely rotating chain 𝑛 𝑙 𝑛𝑙2
1 + cos 𝜃

1 − cos 𝜃
 𝑛𝑙 cos (

𝜃

2
) 

Equivalent freely jointed 

chain 𝑛𝐾 =
𝑛 cos2 (

𝜃
2
)

𝐶∞
 
𝑙𝐾 =

𝐶∞𝑙

cos (
𝜃
2
)

 𝑛𝐾𝑙𝐾
2 = 𝑛𝑙2𝐶∞ 𝑛𝐾𝑙𝐾 = 𝑛𝑙 cos (

𝜃

2
) 

2.3.3 End-to-end distribution of chains 

Much like a polymer has a molecular weight distribution, chains of equal weight are expected 

to have an end-to-end distance distribution. As detailed in Fig. 2.17, chains are typically 

attracted to a coiled state, with this controlled by entropy. For chains of increasing weight, 

i.e., containing more monomeric units, an increasing number of configurations or end-to-

end distances are possible. Distributions such as the Gaussian and Langevin distributions 

describe these end-to-end distances well, with the latter favoured for greater accuracy when 

considering shorter chains. 

To describe the end-to-end distance distribution, first consider an isolated idealised 

equivalent freely jointed polymer chain containing 𝑛𝐾 links of length 𝑙𝐾. Any such chain has 

an end-to-end length, 𝑟, and its length at maximum physically possible extension is denoted 

𝑟𝑚𝑎𝑥 (Fig. 2.20a). A spherical distribution of chains is assumed, giving a surface area of 4𝜋𝑟2, 

with one end of each chain fixed at the origin, as is standard practice (Ward, 1971) (Fig. 

2.20b). For a chain containing 𝑛𝐾 links, the probability of a corresponding end-to-end length 

can be described using a Langevin distribution approximation, as detailed by Kuhn and Grün 

(1946). Thus, the probability of a chain having a particular end-to-end distance, 𝑟, is as 

follows: 

 𝑃(𝑟) d𝑟 = 𝑝(𝑟)4𝜋𝑟2 d𝑟

= (
3

2𝑛𝐾𝑙𝐾
2𝜋
)

3/2

4𝜋𝑟2 exp(−𝑛𝐾 (
3

2
(
𝑟

𝑛𝐾𝑙𝐾
)
2

+
9

20
(
𝑟

𝑛𝐾𝑙𝐾
)
4

+
99

350
(
𝑟

𝑛𝐾𝑙𝐾
)
6

+
1539

9000
(
𝑟

𝑛𝐾𝑙𝐾
)
8

+⋯))d𝑟 

(2.23) 
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with additional terms corresponding to more accurate approximations of the Langevin 

distribution. The end-to-end distance distribution, 𝑃(𝑟), is thus dependent on the chain 

parameters (𝑛𝐾 , 𝑙𝐾). Note that 𝑃(𝑟) is a volumetric end-to-end distribution which accounts 

for a spherical distribution of chains via the factor of 4𝜋𝑟2, while 𝑝(𝑟) is the more general 

probability density distribution (Treloar, 1975b; Ward, 1971). Fig. 2.20c illustrates Eq. (2.23), 

which describes the probability that end Q (Fig. 2.20b) lies within a volumetric element 

between 𝑟 and 𝑟 + d𝑟 from the origin, highlighting the concentric shells considered with this 

approach, to produce a spherical distribution of chains with different end-to-end distances. 

 

Fig. 2.20. (a) Each chain has both an end-to-end length, 𝑟, and a fully extended length, 

𝑟𝑚𝑎𝑥. (b) Chains are assumed to have one end, P, fixed at the origin, o, with the other end 

Q displaced to Q′ during deformation. (c) A spherical distribution of polymer chains is 

considered, with the probability that end Q is situated within a volumetric element 

between 𝑟 and 𝑟 + d𝑟 from the origin described by Eq. (2.23). Infinitely small volumetric 

concentric shells can be considered, with each shell containing polymer chain ends to 

give an initial end-to-end length corresponding to that shell; the red shell and 

corresponding chains illustrate this concept. 
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The Gaussian distribution corresponds to the first term in Eq. (2.23) and is typically deemed 

sufficient provided 𝑛 is large enough (typically 𝑛 > 100) and 𝑟 ≪ 𝑛𝑙. However, additional 

terms are needed for improved approximations, particularly in the case of short chains or for 

chains close to their limit of extensibility. Morovati et al. (2019) describe a method to obtain 

more refined approximations for the Langevin distribution. Nevertheless, the approximation 

given by Eq. (2.23) is deemed appropriate for this work, as investigated in Section 6.2.3.1. 

An important property is the mean-square end-to-end distance of chains; this describes the 

most probable end-to-end distance for a polymer chain with parameters 𝑛𝐾 and 𝑙𝐾 and 

coincides with the peak of the end-to-end distance distribution. It may be calculated as 

follows: 

 
⟨𝑟2⟩0 = ∫ 𝑟2𝑃(𝑟)d𝑟

∞

0

 (2.24) 

which approximates to 𝑛𝐾𝑙𝐾
2  for long chains. Thus, for a chain containing 𝑛𝐾 = 100 segments 

of unit length, the root-mean-square length is  

 𝑟𝑟𝑚𝑠 ≈ 𝑙𝐾√𝑛𝐾 = 10 (2.25) 

while 𝑟𝑚𝑎𝑥 = 100, assuming no restriction on bond angles. 

2.3.4 Change in entropy of the system 

As mentioned, polymer chains are often described as “probability or entropy springs” 

because all chain configurations have approximately the same internal energy and it is 

instead the entropy primarily controlling the deformation. When subjected to an external 

force, chains, forced from their state of maximum entropy, extend in the direction of the 

force, reducing the entropy and resulting in a state of strain (Fig. 2.17). Here, the change in 

entropy on deformation is derived as detailed by Ward and Sweeney (2013). 

The entropy of a single chain, 𝑠, is proportional to the logarithm of the number of 

configurations, Ω: 

 𝑠 = 𝑘 lnΩ (2.26) 

where 𝑘 is the Boltzmann constant. Provided d𝑟 is constant and in the case of a Gaussian 

distribution of freely jointed chains, which the Langevin distribution (Eq. (2.23)) reduces to 

for large 𝑛, the number of configurations available to a chain is proportional to the 

probability per unit volume, 𝑝(𝑟), giving 
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 𝑠 = 𝑐 − 𝑘𝛽2𝑟2 = 𝑐 − 𝑘𝛽2(𝑥2 + 𝑦2 + 𝑧2) (2.27) 

where 𝛽2 = 3/2𝑛𝑙2, 𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 and 𝑐 is a constant. 

As stress is applied to the network, the entropy of a single freely jointed chain becomes 

 𝑠′ = 𝑐 − 𝑘𝛽2(𝜆𝑥
2𝑥2 + 𝜆𝑦

2𝑦2 + 𝜆𝑧
2𝑧2) (2.28) 

assuming affine deformation, i.e., components of the vector length of each chain are 

changed in the same ratio as the corresponding dimensions of the bulk material. The updated 

coordinates of Q → Q′ (Fig. 2.20b) are given by 𝑥′ = 𝜆𝑥𝑥, 𝑦
′ = 𝜆𝑦𝑦, 𝑧

′ = 𝜆𝑧𝑧, where 

𝜆𝑥, 𝜆𝑦, 𝜆𝑧 are the principal extension ratios chosen parallel to the 𝑥, 𝑦, 𝑧 axes, respectively, 

without loss of generality (Section 2.2.2). Thus, the change in entropy for that chain is found 

to be 

 Δ𝑠 = 𝑠′ − 𝑠 = −𝑘𝛽2 ((𝜆𝑥
2 − 1)𝑥2 + (𝜆𝑦

2 − 1)𝑦2 + (𝜆𝑧
2 − 1)𝑧2) (2.29) 

For a network with 𝑁 chains per unit volume with 𝑚 having a given value of 𝛽, 𝛽𝑝, the 

entropy change for this group of chains is found by summing over the change in entropy for 

the 𝑚 chains: 

 

Δ𝑠𝑏 =∑Δ𝑠

𝑚

1

= −𝑘𝛽𝑝
2((𝜆𝑥

2 − 1)∑𝑥2
𝑚

1

+ (𝜆𝑦
2 − 1)∑𝑦2

𝑚

1

+ (𝜆𝑧
2 − 1)∑𝑧2

𝑚

1

) 

(2.30) 

Assuming isotropy, with no preference for the 𝑥, 𝑦 or 𝑧 directions in the undeformed state, 

and using Eq. (2.25), 

 
∑𝑥2
𝑚

1

=∑𝑦2
𝑚

1

=∑𝑧2
𝑚

1

=
1

3
∑𝑟2
𝑚

1

=
1

3
 𝑚𝑟2 =

1

3
𝑚(

3

2𝛽𝑝
2) (2.31) 

Substituting Eq. (2.31) into (2.30) gives 

 
Δ𝑠𝑏 = −

1

2
𝑚𝑘(𝜆𝑥

2 + 𝜆𝑦
2 + 𝜆𝑧

2 − 3) (2.32) 
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Adding the entropy contribution of all chains in the network in a similar way provides the 

change in entropy for the entire network, given by 

 
Δ𝑆 =∑Δ𝑠

𝑁

1

= −
1

2
𝑁𝑘(𝜆𝑥

2 + 𝜆𝑦
2 + 𝜆𝑧

2 − 3) (2.33) 

2.3.5 Resulting strain-energy potential 

Following on from the previous section, the resulting strain energy potential of a Gaussian 

system is calculated following the techniques outlined by Ward and Sweeney (2013). 

From the thermodynamic considerations detailed in Section 2.2.3, Eq. (2.12) related the 

change in work to the change in Helmholtz free energy, where an isothermal change of state 

was assumed: Δ𝑊 = Δ𝐴. Returning to the first law of thermodynamics, Δ𝑊 = Δ𝑈 − Δ𝑄, 

where 𝑈 is internal energy and 𝑄 is the heat absorbed, and assuming no change in internal 

energy on deformation gives Δ𝐴 = −Δ𝑄. For a reversible process, the second law of 

thermodynamics relates Δ𝑄 to the change in entropy: Δ𝑄 = 𝑇Δ𝑆, where 𝑇 is temperature. 

Combining this with Eq. (2.33) offers a relationship between the change in entropy and the 

Helmholtz free energy as 

 
Δ𝐴 = −𝑇Δ𝑆 =

1

2
𝑁𝑘𝑇(𝜆𝑥

2 + 𝜆𝑦
2 + 𝜆𝑧

2 − 3) (2.34) 

As mentioned previously, the Helmholtz free energy is associated with constant volume 

conditions. While this can be challenging to replicate experimentally, the molecular theories 

are typically derived using this assumption, and thus is the free energy considered 

throughout this work. 

Provided the strain-energy function, 𝑈, is zero in the undeformed state, 

 
𝑈 = Δ𝐴 =

1

2
𝑁𝑘𝑇(𝜆𝑥

2 + 𝜆𝑦
2 + 𝜆𝑧

2 − 3) (2.35) 

which is equivalent to the neo-Hookean relationship proposed by Rivlin (1948). This is the 

same relationship found in Eq. (2.13) when macroscopic deformations were considered, 

where 𝐶1 =
1

2
𝑁𝑘𝑇. While this captures the initial response to stress, polymer chains have a 

finite extensibility (which the affine assumption in this model fails to consider) and is typically 

accurate for strains less than 20%; see further details in Section 3.2.7. 
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For simple elongation 𝜆 in the 𝑥 direction, where incompressibility is assumed (𝜆𝑥𝜆𝑦𝜆𝑧 = 1), 

𝜆𝑦 = 𝜆𝑧 = 𝜆
−1/2. Substituting this into Eq. (2.35) gives 

 
𝑈 =

1

2
𝑁𝑘𝑇 (𝜆2 +

2

𝜆
− 3) (2.36) 

The resulting stress is again obtained using Eq. (2.11), with 

 
𝜎𝑥𝑥 =

𝜕𝑈

𝜕𝜆
= 𝑁𝑘𝑇 (𝜆 −

1

𝜆2
) (2.37) 

as before. 

Relating this to strain, 𝜆 = 1 + 𝜀𝑥𝑥 and in the case of small strain 𝜀𝑥𝑥
2 → 0. Taking a Taylor 

series expansion 

 
𝑓(𝑥) = 𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) +

𝑓′′(𝑎)

2!
(𝑥 − 𝑎)2 +⋯ (2.38) 

where 𝑓(𝑥) = 𝑓(𝜀𝑥𝑥) = (1 + 𝜀𝑥𝑥 −
1

(1+𝜀𝑥𝑥)
2) about the point 𝑎 = 0 gives 

 
(1 + 𝜀𝑥𝑥 −

1

(1 + 𝜀𝑥𝑥)
2
) = 0 + 3(𝜀𝑥𝑥) − 3(𝜀𝑥𝑥

2 ) +⋯ ≈ 3𝜀𝑥𝑥 (2.39) 

Combining Eq. (2.37) and Eq. (2.39), 

 𝜎𝑥𝑥 = 3𝑁𝑘𝑇𝜀𝑥𝑥 = 𝐸𝜀𝑥𝑥 (2.40) 

giving the well-known Hooke’s law for small strains, where stress and strain are directly 

proportional and where 𝐸 is Young’s modulus. 

2.3.6 Modifications of the simple theory 

A number of modifications to the above theory have been described, addressing some of the 

simplifying assumptions. Ward and Sweeney (2013) provide a discussion on some of the main 

theories, with a brief overview provided here. Much of the above (Eqs. (2.27)-(2.40)) 

assumed a Gaussian distribution of chain end-to-end distances; the Langevin distribution is 

considered more appropriate when 𝑟 ≪ 𝑛𝑙 (James and Guth, 1943). Flory (1944) explored 

the effect of physical entanglements and chemical cross-links on the network behaviour. 

Chain approximations of various complexities exist, as discussed in Section 2.3.2, with those 

that consider effects from factors such as fixed bond angles or local interactions offering 

greater accuracy than the freely jointed chain idealisation (Mark, 2007). Consideration has 
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also been given to internal-energy contributions and strain-induced crystallisation and found 

to be increasingly relevant at large stretches (Ward and Sweeney, 2013). The theory has also 

been extended to consider the finite extensibility of chains within the system; further details 

of this are outlined in Section 3.2.7. 

2.4 Numerical methods 

2.4.1 Coefficient of determination 

The coefficient of determination, typically denoted 𝑟2, is used to compare predicted values, 

(𝑥′, 𝑦′), with experimentally reported values, (𝑥, 𝑦), throughout this thesis. A description is 

provided by Devore (2016) and outlined here. A total least squares or orthogonal regression 

approach is taken rather than a linear least squares regression, with the former accounting 

for uncertainty in time points. Values of 𝑟2 close to 1 indicate a good fit between both values. 

A perpendicular regression is considered with 𝑟2 calculated as follows: 

 
𝑟2 = 1 −

𝑆𝑆𝐸

𝑆𝑆𝑇
 (2.41) 

where 𝑆𝑆𝐸 is the error of the sum of squares: 

 𝑆𝑆𝐸 =∑min((𝑥′ − 𝑥𝑖)
2 + (𝑦′ − 𝑦𝑖)

2)

𝑖

 (2.42) 

and 𝑆𝑆𝑇 is the total sum of squares: 

 

𝑆𝑆𝑇 =∑|𝑦𝑖 −
1

𝑁
∑𝑦𝑖

𝑁

𝑖=1

|

2

𝑖

 (2.43) 

𝑆𝑆𝐸 may be interpreted as a measure of how much variation in the data is left unexplained 

by the model, while 𝑆𝑆𝑇 describes deviations about the sample mean of the observed 𝑦 

values. The ratio 𝑆𝑆𝐸/𝑆𝑆𝑇 is the proportion of total variation that cannot be explained by 

the model, and, finally, 𝑟2 is the proportion of observed 𝑦 variation explained by the model. 

2.4.2 Runge-Kutta solver for ordinary differential equations 

The ode45 solver in MATLAB® (R2019a, The MathWorks, Inc., MA, USA) is used to solve initial 

value problems for ordinary differential equations in Chapter 4. This in-built solver is based 

on an explicit Runge-Kutta (4,5) Dormand-Prince method and provides numerical solutions 

to such systems. Runge-Kutta methods are high-order methods that rely on evaluating 

𝑓(𝑡, 𝑦) multiple times at each step, improving accuracy, resulting in a robust solution 
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method; alternative approaches are detailed by Chapra (2012). The Dormand-Prince method 

(Dormand and Prince, 1980) is outlined here. 

The Dormand-Prince method is an adaptive Runge-Kutta method. Firstly, the fifth-order 

accurate solution is calculated; next, the fourth-order accurate solution is calculated; finally, 

the difference between these two solutions is determined and taken to be the error of the 

fourth-order solution. If the error is too high, a step is repeated with a lower step size; if the 

error is much smaller, the step size is increased to save time. 

To begin, an initial value problem is defined, for example 

 𝑑𝑦

𝑑𝑡
= 𝑓(𝑡, 𝑦), 𝑦(𝑡0) = 𝑦0 (2.44) 

where 𝑦 is an unknown function of time 𝑡. For a step-size Δ𝑡 > 0, the fifth-order 

approximation of 𝑦 is defined by 

 
𝑦𝑛+1 = 𝑦𝑛 +

35

384
𝑘1 +

500

1113
𝑘3 +

125

192
𝑘4 −

2187

6784
𝑘5 +

11

84
𝑘6 (2.45) 

where 

 𝑘1 = Δ𝑡 𝑓(𝑡𝑛, 𝑦𝑛) 

𝑘2 = Δ𝑡 𝑓 (𝑡𝑛 +
1

5
Δ𝑡, 𝑦𝑛 +

1

5
𝑘1) 

𝑘3 = Δ𝑡 𝑓 (𝑡𝑛 +
3

10
Δ𝑡, 𝑦𝑛 +

3

40
𝑘1 +

9

40
𝑘2) 

𝑘4 = Δ𝑡 𝑓 (𝑡𝑛 +
4

5
Δ𝑡, 𝑦𝑛 +

44

45
𝑘1 −

56

15
𝑘2 +

32

9
𝑘3) 

𝑘5 = Δ𝑡 𝑓 (𝑡𝑛 +
8

9
Δ𝑡, 𝑦𝑛 +

19372

6561
𝑘1 −
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𝑘3 −

212

729
𝑘4) 

𝑘6 = Δ𝑡 𝑓 (𝑡𝑛 + Δ𝑡, 𝑦𝑛 +
9017

3168
𝑘1 −

355
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46732
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𝑘4

−
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𝑘7 = Δ𝑡 𝑓 (𝑡𝑛 + Δ𝑡, 𝑦𝑛 +
35
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𝑘1 +

500

1113
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2187
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𝑘5 +
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84
𝑘6) 

(2.46) 

Here, 𝑦𝑛+1 is the prediction of 𝑦(𝑡𝑛+1 = 𝑡𝑛 + Δ𝑡) and is estimated incrementally using 𝑦𝑛 

from the previous step. The fourth-order approximation is found using Eq. (2.46) as follows: 
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𝑧𝑛+1 = 𝑦𝑛 +

5179

57600
𝑘1 +

7571

16695
𝑘3 +

393

640
𝑘4 −

92097

339200
𝑘5 +

187

2100
𝑘6

+
1

40
𝑘7 

(2.47) 

The local error in the fourth-order formula is calculated as 

 𝑒𝑛+1 = |𝑦𝑛+1 − 𝑧𝑛+1| (2.48) 

which is 𝒪(Δ𝑡5). If this error is too high (or much smaller than necessary), a new, optimal 

time-step is calculated as 

 
Δ𝑡𝑜𝑝𝑡 = (

𝜖Δ𝑡

2|𝑦𝑛+1 − 𝑧𝑛+1|
)
1/5

Δ𝑡 (2.49) 

where 𝜖 is the tolerance level. 

2.4.3 Central difference operator for determining derivatives 

The gradient function in MATLAB® (R2020b, The MathWorks, Inc., MA, USA) is used to 

calculate approximations of derivatives in Chapter 6. It is a central difference operator that 

calculates the central difference for interior data points. The central difference method is an 

explicit method that determines the value of the derivative at the centre of a time interval 

using the values at the ends of the interval (Belytschko et al., 2014). 

To determine the gradient 𝑐 of a vector 𝑎, for example, the gradient function is called as 

follows: 

 c=gradient(a,b) (2.50) 

where 𝑏 is a uniform spacing between points. For a vector 𝑎, the interior gradient values are 

calculated as 

 
𝑐(𝑖) =

1

2𝑏
(𝑎(𝑖 + 1) − 𝑎(𝑖 − 1)) (2.51) 

with 2 ≤ 𝑖 ≤ 𝑁𝑎 − 1, where 𝑁𝑎 is the length of 𝑎, while the exterior values are calculated as 

 
𝑐(1) =

1

𝑏
(𝑎(2) − 𝑎(1)) (2.52) 



Conclusion 

44 

 
𝑐(𝑁𝑎) =

1

𝑏
(𝑎(𝑁𝑎) − 𝑎(𝑁𝑎 − 1)) (2.53) 

Calculating the numerical gradient in this way gives a good approximation of the derivative 

provided a suitable value of 𝑏 is chosen. 

2.5 Conclusion 

This chapter provides an overview of theory for biodegradable polymers. The deformation 

of an elastic solid is summarised for the macroscopic level, while rubber-like elasticity theory 

is presented for the molecular level. Additionally, the numerical methods used are outlined. 

Overall, this chapter provides a broad overview of background and theory for the following 

chapters. Note that Chapters 3-6 contain additional background information that are directly 

relevant to the specific work presented therein. 

The theory presented in Section 2.1, detailing polymer structure and degradation mechanism 

is particularly relevant for the model set-up in Chapter 4. To summarise the key points, 

biodegradable polymers contain many long macromolecular chains of varying lengths, 

resulting in a molecular weight distribution of chains. For the polymers considered in this 

thesis, when placed in an aqueous medium, hydrolysis causes chains to break; this may lead 

to a build-up of acid products that subsequently accelerate the degradation reaction. 

As detailed in Section 2.1.2.2, experimental determination of the molecular weight 

distribution of polymer chains may have a degree of inaccuracy, particularly for very short 

chains; that is, very short polymer chains may be excluded from experimental molecular 

weight distributions, despite being present in the material. This is factored into the models 

presented in this thesis, both by (i) excluding short chains of varying lengths from the 

calculation of molecular weight in Chapter 4 and (ii) discussing how the presence of 

additional short chains that have not been experimentally reported may affect mechanical 

properties in Chapter 6. 

Methods for modelling the statistical mechanics of polymeric chains, detailed in Section 2.3, 

are important when considering the evolution of mechanical properties and are relied on in 

Chapters 5 and 6. 
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3 Literature review 

To begin, the experimentally observed evolution of biodegradable polymers during 

degradation is reviewed in terms of (i) molecular weight, (ii) mechanical properties, and (iii) 

some limitations in sourcing suitable data for quantitative analysis with the models 

introduced in this thesis (Section 3.1). This is mainly restricted to amorphous polymers, as 

previously detailed; nevertheless, understanding of the amorphous phase of semi-crystalline 

polymers may also be obtained. The relationship between molecular weight and failure 

strain is explored, with 27 datasets across 9 publications considered as detailed in Table 3.1, 

which is central to Chapter 5. Table 3.2 provides an overview of various material and 

mechanical properties reported in a selection of studies. The inclusion criteria for 

experimental data considered in this thesis was hydrolytic experimental studies carried out 

on PLA, PGA, PCL, or their copolymers, in phosphate buffer solution. 

A literature review of existing models for biodegradable polymers is presented in Section 3.2. 

Those that consider the evolution of molecular weight and mechanical properties are 

discussed separately before a chronology of many of the recent developments is offered 

(Table 3.4). This leads to an outline of a recent integrated model by Shirazi et al. (2016b), 

which couples a molecular weight model with a mechanical properties model and provides 

the starting point for Chapter 4 (Section 3.2.6). Section 3.2.7 considers the finite extensibility 

of polymer chains and gives attention to Stepto and Taylor’s (1995a) implementation of such, 

which is the motivation for Chapter 6. 

3.1 Experimentally observed evolution of polymer properties during 

degradation 

As chains break due to the hydrolytic reaction, the polymer material transitions from having 

a high molecular weight to a low molecular weight (Li et al., 1990b; Tsuji, 2002). The 

evolution of mechanical properties has been seen to be largely dependent on this molecular 

weight degradation. Here, we discuss some of the typical changes observed in both 

molecular weight and mechanical properties during degradation. 

3.1.1 Evolving molecular weight 

Several experimental degradation studies on PLA and PLGA include the evolution of the 

molecular weight distributions (MWD), while others simply report an average molecular 

weight. An example of a typical evolving monomodal distribution is presented in Fig. 3.1a, 

showing the evolving MWD obtained by Vey et al. (2008) for amorphous PLGA 50:50 films 

(0.3 mm thickness, degraded in phosphate buffer solution at 37°C). A shift to the left was 
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observed, with distributions initially broadening and a gradual reduction in peak height 

before the opposite trend (taller and narrower distributions) was captured at later stages. 

The truncated tails in curves for Day 8.8 and onwards, denoted by the vertical dashed line, 

indicate that low molecular weight chains have either been removed through diffusion or 

that they are not accurately captured by the experimental technique used, size-exclusion 

chromatography. The initially monomodal distribution remained as such throughout 

degradation, indicative of bulk degradation. 

Grizzi et al. (1995) demonstrated that the evolution of MWDs is dependent on the size of the 

sample, with polymer plates of thickness 2 mm producing bimodal MWDs as they underwent 

degradation (Fig. 3.1b), in contrast to the monomodal MWDs observed for films, 

microspheres and beads (with thicknesses of 0.3 mm, 0.125 – 0.250 mm, 0.5 – 1.0 mm, 

respectively). After 11 weeks degradation, the outer layer of the film appeared as a thin shell, 

about 0.2 mm thick, which surrounded a more degraded interior. Such heterogenous 

degradation is accredited to the build-up of degradation products within the medium, which 

further accelerate local degradation, i.e., autocatalysis. Most accelerative products may 

readily diffuse from the outer layer into the surrounding medium, reducing autocatalysis in 

that region. 

 

Fig. 3.1. Examples of evolving molecular weight distributions. (a) PLGA50:50 films (0.3 

mm thickness) as degradation takes place. Adapted from Vey et al. (2008). The vertical 

dashed line draws attention to the truncated tails at low molecular weights. (b) PDLA 

plates (2 mm thickness) showing the formation of additional peaks during degradation, 

which are accredited to a more degraded inner due to a build-up of accelerative 

degradation products in that region. Adapted from Grizzi et al. (1995). 

Tsuji and co-workers (2002; 2000; 2003) have carried out a number of experimental 

degradation studies on PLA with molecular weight characterization obtained using GPC, 
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providing evolving MWD. Initially amorphous films (thicknesses ranging from 0.025 – 0.15 

mm) were found to remain monomodal throughout degradation, with similar trends 

observed to that of Vey et al. (2008) (Fig. 3.1a). In contrast, additional peaks were often seen 

in semi-crystalline polymers, similar to Fig. 3.1b, with low molecular weight peaks forming 

due to crystalline residues. 

The reported evolution of the molar mass dispersity or width (ÐM = 𝑀𝑤/𝑀𝑛) of the 

distributions of these polymers has varied, as shown in Fig. 3.2 for amorphous polymers that 

all underwent hydrolysis under the same conditions (pH 7.4, 37°C). Shirazi et al. (2016a) 

reported no significant change in ÐM over the first 10 days of degradation for a solvent-cast 

PLGA film with thickness 0.25 mm (denoted SC250 in Fig. 3.2), with a gradual increase after 

that until it had doubled after 19 days. They found both size and processing technique 

affected this, with thinner (SC120, 0.12 mm thickness) and compression moulded (CM1000, 

1 mm thickness) samples showing a more rapid increase in ÐM. Although Ramchandani et al. 

(1997) observed an almost five-fold increase in ÐM during degradation for PLGA 85:15, it 

returned to its initial value at the end of the study (26 weeks). Tsuji (2002) reported no 

change in ÐM for PL/DLA after 24 months degradation, while the value tripled for PDLA after 

16 months degradation. A constant ÐM indicates an equivalent decline in 𝑀𝑛 and 𝑀𝑤, 

suggesting no preferential degradation of chains based on their length, with all bonds equally 

likely to experience scission. In contrast, an increase in ÐM is caused by an increased decline 

in 𝑀𝑛 compared with 𝑀𝑤, suggesting a possible build-up of short chains in the material. Thus, 

knowledge of ÐM and its evolution can provide insight into the degradation pathways and 

indicate the presence of any preferential degradation at different stages. 

 

Fig. 3.2. Experimentally observed evolution of polymer molar mass dispersity, ÐM =

𝑀𝑤/𝑀𝑛, for polymers undergoing hydrolysis (pH 7.4, 37°C) for (a) PLGA (Ramchandani 

et al., 1997; Shirazi et al., 2016a) and (b) PLA (Lyu et al., 2007; Malin et al., 1996; Tsuji, 

2002) with different copolymer ratios, processing techniques and thicknesses. The data 

are normalised on the x-axes, with the final time-point of degradation in each study 

taken as 𝑡𝑓 . 
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On analysis of 31 sets of experimental data, Gleadall et al. (2014b) explored the various 

trends for the evolution of 𝑀𝑛 and mass loss curves as a function of time. They interpreted 

the evolution of these curves by determining the degradation mechanisms necessary to 

produce such trends. While a deceleration on the molecular weight versus time curve 

indicates random scission with all bonds equally likely to undergo scission irrespective of 

their location in a chain, the absence of such suggests end scission. Additionally, an S-shaped 

curve, where there is an initial delay in the reduction of 𝑀𝑛, indicates autocatalytic 

behaviour, while a linear decrease in molecular weight with time suggests noncatalytic end 

scission. The shape of the 𝑀𝑛 versus time curve is also influenced by the initial carboxylic 

acid end concentration, with an S-shaped curve for 𝑀𝑛 indicative of a low value of the initial 

carboxylic acid end concentration and a more abrupt initial decline suggestive of an 

increased number of carboxylic acid ends available to catalyse the reaction (Antheunis et al., 

2009; Göpferich, 1997). Fig. 3.3 shows some typical curves for 𝑀𝑛 and suggests the 

degradation mechanisms behind them. 

 

Fig. 3.3. (a) Typical forms of degradation, namely autocatalysis and noncatalytic 

hydrolysis via end and/or random scission, and their effect on the evolution of number 

average molecular weight, 𝑀𝑛, versus time. More abrupt declines are associated with 

random scission, while a linear decline suggests noncatalytic end scission. Adapted from 

Gleadall et al. (2014b). Time is normalised by the time taken for 𝑀𝑛 to reach 10% of its 

initial value, while 𝑀𝑛 is normalised by its initial value (as in the original figure). (b) A 

polymer with carboxylic acid end groups initially present (uncapped) produces a more 

abrupt decline in 𝑀𝑛 compared with a system where the end groups are initially capped. 

Trends are adapted from Antheunis et al. (2009). Quantities are normalised as in (a). 

3.1.2 Evolving mechanical properties of amorphous polymers 

The evolution of mechanical properties of polymers during degradation has been seen to be 

largely dependent on the molecular weight degradation, as detailed in Section 2.1.4. 
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Extensive experimental studies have found that changes in the mechanical behaviour of the 

polymer as degradation proceeds can vary substantially between different polymer 

compositions. As mentioned above, we primarily consider amorphous polymers here; 

ultimately, the understanding obtained may be linked to the amorphous phase of semi-

crystalline polymers. 

3.1.2.1 Young’s modulus 

Tsuji (2002) carried out a degradation study on multiple forms of PLA created using the same 

processing techniques, which resulted in films with the same dimensions. Although the 

reduction in molecular weight followed similar trends for each of the samples, the resulting 

changes in mechanical properties did not follow a clear pathway (Fig. 3.4). The reduction in 

Young’s modulus lags behind the decline in molecular weight, often losing less than 20% of 

the initial stiffness after 80% reduction in molecular weight. An increase in stiffness has 

previously typically been accredited to an increase in crystallinity during degradation; 

however, it was reported that all films were initially amorphous and remained so throughout 

that study. Tsuji and Suzuyoshi (2002) suggested that such an increase in stiffness for an 

amorphous polymer may be due to a more stable chain packing with the introduction of 

water molecules. 

 

Fig. 3.4. Evolving (a) number average molecular weight, 𝑀𝑛, (b) Young’s modulus, 𝐸, and 

(c) elongation at break, 𝜀𝑓 , for various PLA copolymers as reported by Tsuji (2002). 𝑀𝑛, 

𝐸 and 𝜀𝑓 are normalised by their initial values, while time is normalised by its final value. 

Shirazi et al. (2016a, 2014) reported that although the molecular weight of degrading 

amorphous PLGA declines rapidly, the Young’s modulus remained relatively constant until a 

significant number of polymer chains had been removed from the system, in agreement with 

the lag observed by Tsuji (2002). 

Gleadall (2015) analysed 21 sets of experimental data for the degradation of PLA in the 

context of the relationship between average molecular weight and Young’s modulus. The 
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data used corresponds to a wide range of experimental conditions, encompassing various 

sample sizes, temperatures, measurement techniques, and processing conditions, with both 

amorphous and semi-crystalline polymers considered. Although erratic behaviour was 

typically seen, with increases, decreases and abrupt declines to zero observed, it was found 

that they demonstrated a similar gradient for a linear relationship between the reduction in 

Young’s modulus, 𝐸 (GPa), and logarithm of number average molecular weight, 𝑀𝑛 (g 

mol−1). The following general trend was extracted: 

 
𝐸 = 𝐸0 + 𝑘𝑚 log10

𝑀𝑛
𝑀𝑛0

 (3.1) 

where 𝐸0 (GPa) and 𝑀𝑛0 (g mol
−1) are the initial Young’s modulus and number average 

molecular weight, respectively, and 𝑘𝑚 (GPa) is the degradation rate constant for Young’s 

modulus, determined to be 1.4 GPa. Eq. (3.1) provides insight into the general relationship 

typically observed experimentally between Young’s modulus and molecular weight, 

suggesting that a reduction in 𝑀𝑛 by a factor of ten results in Young’s modulus reducing by 

1.4 GPa. However, a physical understanding of this relationship was not obtained. 

3.1.2.2 Ductility 

As degradation proceeds, large declines in ductility have been observed. As detailed in 

Section 2.1.4, a reduction in molecular weight may be responsible for the transition from 

ductile to brittle behaviour (Fig. 2.12c, (Venkatraman et al., 2003)). On inspection of PLA-PCL 

(90:10) suture fibres during degradation (pH 8, 37°C), Vieira et al. (2011) obtained evolving 

stress-strain curves over the first 16 weeks, reproduced in Fig. 3.5. Despite a glass transition 

temperature of 𝑇𝑔 = 56°C, the material became brittle only after 16 weeks. Both the axial 

stress and failure strain exhibited changes over this degradation period, while the slope in 

the linear elastic region remained almost constant, again indicating a delay in the decline of 

Young’s modulus. The abrupt change between Week 8 and 16 coincides with a reduction in 

number average molecular weight, 𝑀𝑛, from approximately 45% to 25% of the initial value 

and a change in mass loss from approximately 4% to 10%. Despite the increased mass loss, 

likely caused by the removal of short oligomeric chains, a substantial decline in 𝑀𝑛 was still 

observed, suggesting a larger number of short chains were introduced via chain scission, 

indicative of accelerated degradation. The increased presence of short chains may explain 

the rapid decline in 𝜀𝑓, with those chains quickly reaching full extension as the material is 

strained and resisting further deformation. 
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Fig. 3.5. Experimentally observed evolution of (a) stress-strain curves, (b) number 

average molecular weight (normalised by initial value), 𝑀𝑛̅̅ ̅̅ , and (c) mass loss for PLA-

PCL (90:10) suture fibres. Adapted from Vieira et al. (2011). 

In the study carried out by Tsuji (2002) on amorphous polymers (see overview in Section 

3.1.2.1), PLLA saw a substantial increase in ductility as degradation proceeded, while the 

elongation at break of PL/DLA declined rapidly (Fig. 3.4). Both the copolymer (PDLLA, 𝜀𝑓0 =

21.0%) and the polymer blend (PL/DLA, 𝜀𝑓0 = 14.5%) demonstrated larger initial values of 

elongation at break compared with the homopolymers (PLLA, 𝜀𝑓0 = 6.5% and PDLA, 𝜀𝑓0 =

5.3%) (Fig. 3.6a). At the next observation point, the elongation at break of both the 

copolymer and polymer blend had decreased, while both homopolymers showed increases, 

although to a lesser extent for PDLA. Nevertheless, this may suggest that different 

mechanisms are at play for homopolymers and heteropolymers. It should also be noted that 

large error margins were reported in this study, most remarkably for elongation at break, 

with error margins of >50% reported in some instances. 

With minimal variances in the study of Tsuji (2002) between the four polymer types, the 

relationship between evolving 𝜀𝑓 and 𝑀𝑛 is explored (Fig. 3.6b-c). When absolute values are 

considered (Fig. 3.6b), PLLA, PDLA and PL/DLA appear to follow a similar pathway after 

variances in initial values of 𝜀𝑓 and 𝑀𝑛. In contrast, when both properties are normalised by 

their respective initial values, different relationships are evident (Fig. 3.6c). In that case, two 

trends emerge: (i) PLLA, PDLA and PDLLA experience a lagged reduction in 𝜀𝑓, with minimal 

decline until 𝑀𝑛 has reduced by >50%; and (ii) the polymer blend, PL/DLA, experiences a 

more rapid decline, no longer appearing to exhibit similar behaviour to the homopolymers. 

The factors contributing to these two trends should be further explored in the context of a 

wider set of experimental data to investigate the underlying causes. 

To further explore the relationship between 𝜀𝑓 and 𝑀𝑛, a larger dataset is examined. 

Focusing solely on PLA and copolymers, 27 datasets from 9 publications that measured the 
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evolution of molecular weight and mechanical properties during degradation are considered, 

restricted to those carried out in PBS (Deng et al., 2005; Duek et al., 1999; Kranz et al., 2000; 

Polak-Kraśna et al., 2021; Tsuji, 2002; Tsuji et al., 2000; Tsuji and Del Carpio, 2003; Weir et 

al., 2004a, 2004b). This restriction was imposed due to PBS regularly being used as a 

hydrolytic control that helps maintain pH during testing (Woodard and Grunlan, 2018). The 

ASTM standard (F1635) for in vitro degradation for surgical implants recommends a solution-

to-specimen mass ratio of greater than 30:1 to provide adequate buffer capacity (“ASTM 

F1635-16, Standard Test Method for in vitro Degradation Testing of Hydrolytically 

Degradable Polymer Resins and Fabricated Forms for Surgical Implants,” 2016). Most studies 

considered here do not report following a particular standard; this limits the strength of the 

comparison between different studies, with experimental procedures possibly impacting the 

behaviour observed. For example, frequency of medium replacement or stirring the samples 

would impact fluid flow, and static testing has previously shown increased rates of 

degradation compared with samples tested under fluid flow (Agrawal et al., 2000). 

 

Fig. 3.6. Experimental degradation data adapted from Tsuji (2002) for amorphous PLA. 

(a) Evolving elongation at break, 𝜀𝑓 (𝜀𝑓 =
𝐿𝑓−𝐿0

𝐿0
, where 𝐿𝑓 is the final length and 𝐿0 is the 

initial length of the sample tested). Various trends emerge, ranging from an initial 

increase (PLLA) to a rapid decline (PL/DLA). For PDLLA, 𝜀𝑓 = 0 after 16 months 

degradation, while for the other three polymers, 𝜀𝑓 → 0 after 24 months degradation. (b) 

Relationship between 𝜀𝑓 and number average molecular weight, 𝑀𝑛 (g/mol). PLLA, 

PDLA and PL/DLA appear to follow a similar pathway after variances in initial values of 

𝜀𝑓 and 𝑀𝑛. (c) Alternative version of (b), where both properties are normalised by their 

respective initial values. Two trends emerge: (i) PLLA, PDLA and PDLLA experience a 

lagged reduction in 𝜀𝑓 , with minimal decline until 𝑀𝑛 has reduced by >50%; (ii) the 

polymer blend, PL/DLA, experiences a more rapid decline. 

Several variances exist in the studies considered, encompassing polymers which are either 

amorphous or crystalline, prepared using different techniques, having varying geometries, 

and tested with different equipment, with details outlined in Table 3.1. While some of these 

studies reported both 𝑀𝑛 and 𝑀𝑤, others restricted their focus to one of those. Absolute 
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data is presented in Fig. 3.7a, while both properties have been normalised by their respective 

initial values in Fig. 3.7b. Focusing first on the absolute data, it is challenging to determine a 

unique relationship between these properties due to the large variance in initial values. The 

normalised data also spans a wide range; while often a lag in the decline in 𝜀𝑓 was evident, 

other data suggested an immediate exponential decline. Separating the data based on these 

two observations, two trends emerge: (i) Trend 1 typically experiences no decline in ductility 

initially (or even increases), with a lagged decline compared with the reduction in 𝑀𝑊 (Fig. 

3.7c); while (ii) for Trend 2, 𝜀𝑓 has declined by >50% with a 20% reduction in average 

molecular weight, 𝑀𝑊, and no initial increase in 𝜀𝑓 was observed (Fig. 3.7d). 

 

Fig. 3.7. Experimental datasets reproduced from literature (Deng et al., 2005; Duek et al., 

1999; Kranz et al., 2000; Polak-Kraśna et al., 2021; Tsuji, 2002; Tsuji et al., 2000; Tsuji 

and Del Carpio, 2003; Weir et al., 2004a, 2004b) showing the relationship between 

elongation at break, 𝜀𝑓 , and average molecular weight, 𝑀𝑊. Details on each dataset are 

given in Table 3.1. Each unique colour corresponds to a different publication. (a) 

Absolute data for publications 1 – 8 covers a wide range, with large variances in initial 

values of both properties. Differences between 𝑀𝑛 and 𝑀𝑤 data are not evident. (b) 

Normalised data for all 9 publications, where both properties are normalised by their 

initial values. No single trend emerges. (c) Normalised data for a subset of the overall 

datasets where a lag in the decline of 𝜀𝑓 is observed, subsequently referred to as Trend 

1. (d) The remaining normalised datasets not shown in (c), where 𝜀𝑓 has declined by 

>50% with a 20% reduction in 𝑀𝑊 (Trend 2). Closed symbols correspond to Trend 1, 

while open symbols represent datasets following Trend 2. 
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To understand what may contribute to these differing trends, Table 3.1 indicates many 

features of the polymers considered. Interestingly, many of the features present spanned 

both trends. Most surprisingly may be the lack of distinction between amorphous and semi-

crystalline materials. It has typically been accepted that when the polymer undergoes 

loading, chains in amorphous regions unwind and adopt extended configurations, allowing 

for relatively large, typically reversible deformations, while in contrast, the rigid structure 

exhibited by crystalline regions prevents those regions from responding in the same way. 

Despite this, instances of both polymer types were seen to follow both identified trends. 

While glass transition temperature also plays a role in the loading response, little variance is 

expected for the polymers considered here. Based on the data provided in each of the 

experimental studies considered, no distinction could be made between trends. 

3.1.3 Limitations of experimental data for amorphous polymers 

A single comprehensive set of experimental data is desirable for each unique polymer 

studied for validation of models to limit the effect of experimental conditions on the results. 

For example, Shirazi et al. (2014) performed a degradation study on amorphous PLGA 

(50:50), providing important insight into the evolution of the molecular weight distributions 

and associated averages, weight loss, and Young’s modulus. However, additional mechanical 

properties, such as yield stress and failure strain, were not reported. In contrast, Renouf-

Glauser et al. (2005) provide tensile test results for amorphous PLLA in the form of load-

displacement curves. However, only two time points were considered, and molecular weight 

distributions were not provided, with only average values reported. Table 3.2 outlines 

relevant quantities reported in a sample of 25 experimental studies where the effect of 

hydrolytic degradation on biodegradable materials was explored in phosphate buffer 

solution at 37°C. 

To calibrate a model for a specific polymer, not only is knowledge of the evolution of material 

and mechanical properties via experimental studies relevant, but information on initial 

properties is also important. For example, polymer materials can be supplied with different 

end group functionalities, often either carboxylic acid end groups (uncapped) or ester 

terminated groups (capped). This can impact degradation behaviour, with uncapped PLGA 

degrading at an increased rate due to carboxylic acid end groups causing the polymer to be 

more hydrophilic while also allowing for increased autocatalysis (Houchin and Topp, 2008). 

Residual monomers as degradation initiates can also affect the degradation rate due to their 

increased mobility and contribution to autocatalysis (Gleadall et al., 2014a). Reports of 
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Table 3.1. Datasets used to explore the relationship between 𝑀𝑊 and 𝜀𝑓 . Details on each dataset are given based on that provided in literature, indicating the corresponding 

publication (Ref.), identification number and symbol assigned in this thesis (ID), polymer type, trend observed in the relationship between 𝜀𝑓 and 𝑀𝑊 (Fig. 3.7), polymer structure 

(homopolymer (H), copolymer (C), or polymer blend (B), and amorphous (Am.) or semi-crystalline (SC)), average molecular weight, 𝑀𝑊, provided in experimental study (number, 
𝑀𝑛, or weight average, 𝑀𝑤) and the corresponding initial value (× 105 g/mol), testing temperature, sample geometry, and methods of preparation, degradation protocol, molecular 
weight determination and mechanical properties testing. Where information is unknown, the cell is unfilled. 

Ref. ID Polymer Trend Structure 𝑀𝑊 𝑀𝑊0  Temp. Geometry Preparation Degradation protocol 𝑀𝑊 
det. 

Mechanical properties test method 

(Tsuji, 
2002)  

• 1a  PLLA 1 H Am. 𝑀𝑛 3.7 37°C Films – 3 mm x 30 mm x 
50-150 𝜇m 

Solvent-cast – evaporation 
at room temperature for 
~1 day. Films dried in 
vacuum for 1 week. 

10mL PBS (pH 7.4±0.1) 
containing 0.02 wt% sodium 
azide exchanging buffered 
solution once a month. 

GPC Washed and dried under reduced 
pressure for >2 weeks. Measured at 
25°C using a tensile tester at a 
crosshead speed of 100%/min (20 
mm/min). Gauge length: 20 mm. 

 1b  PDLA 1 H 4.4 

+ 1c PDLLA 1 C 5.4 

 1d  PL/DLA 2 B 4.4 

(Tsuji and 
Del Carpio, 
2003)  

 2a  PL/DLA 2 B Am. 𝑀𝑛 4.4 37°C As above As above. As above. GPC As above. 

• 2b 1 SC 4.5 

(Tsuji et al., 
2000)  

 3a PLLA 2 H SC 𝑀𝑛 5.4 37°C Films – 18 mm x 30 mm x 
50 𝜇m 

PLLA films melted at 200°C 
for 3 min and annealed at 
140°C for (3a) 0, (3b) 15, 
(3c) 30, (3d) 45, (3e) 60 
min prior to being 
quenched at 0°C. 

As above; 0.15𝑀 PBS. GPC As above. 

 3b 2 5.5 

 3c 2 5.1 

• 3d 1 5.0 

 3e 1 5.8 

(Duek et 
al., 1999)  

 4a PLLA 2 H Am. 
→ SC 

𝑀𝑛 1.5 38°C Rods – 30mm x 3mm Injection-moulded (190°C) 
and quenched (20°C). 

Samples sterilized with 
ethylene oxide and immersed 
in tubes containing PBS (pH 
7.4) in a thermally- controlled 
bath. 

GPC Three-point bending of a 19 mm 
segment were made at 15°C using an 
MTS-810. 

 4b 2 𝑀𝑤 3.0 

 4c 2 SC 𝑀𝑛 1.5 Rods – 30mm x 2mm Injection-moulded (190°C); 
cooled at room 
temperature for 30 min. 

 4d 2 𝑀𝑤 2.7 

(Kranz et 
al., 2000)  

 5a PDLLGA 2 C - 𝑀𝑤 2.7 37°C Films – 40 mm x 40 mm x 
100 𝜇m 

Solvent-cast – dried for 
12h at room temperature 
and for 12h at 40°C. 

200 mL of PBS (pH 7.4). SEC Instron 4466, 500 N load, 10 mm/min, 
wet condition.  5b PDLLA 2 0.57 

(Weir et al., 
2004a)  

• 6a PLLA 1 H SC 𝑀𝑛 1.6 37°C Plates (0.8mm thick) – 
type V tensile samples 

Compression moulded and 
annealed at 120°C for 4 
hours. 

28 ml screw-top glass bottles, 
fully immersed in PBS (pH 7.4 – 
monitored throughout) (ISO 
15814:1999). Placed in air 
circulating oven. PBS 
(mm):polymer mass (g) > 30:1. 

GPC JJ Lloyd EZ 50 tensile testing machine 
equipped with a 1 kN load cell and 
tested at 10 mm/min while wet. 
Gauge length: 7.62 mm. 

 6b 1 𝑀𝑤 4.2 

(Weir et al., 
2004b)  

• 7a PLLA 1 H SC 𝑀𝑛 1.7 50°C As above As above. GPC 

 7b 1 𝑀𝑤 4.1 

+ 7c 1 𝑀𝑛 1.7 70°C 

 7d 1 𝑀𝑤 4.1 

(Polak-
Kraśna et 
al., 2021)  

• 8a PLLA 1 H SC 𝑀𝑛 0.98 50°C 1.5 mm diameter tubes cut 
into curved dog-bones for 
mechanical testing 

Pre-processed. PBS (pH 7.4±0.2) changed 
every 3-4 weeks to maintain 
pH. 

GPC Zwick mechanical test machine with 
100 N load cell tested at 10 mm/min 
while wet. Gauge length: 5mm. 

 8b 1 𝑀𝑤 2.2 

(Deng et 
al., 2005)  

• 9a PLLGA 1 C SC 𝑀𝑛 0.19 27.5 – 
47.5°C 

Multifilament braids, 
diameter: 0.304 mm 

Pre-processed. 0.1𝑀 PBS (pH 7.4) changed at 
least once a week. 

GPC Instron 4501, 500-N load at 127 
mm/min. Room temperature, wet. 
Gauge length: 80mm. 

 9b 1 𝑀𝑤 0.57 
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Table 3.2. Details of various material and mechanical properties reported in a selection of hydrolytic experimental studies carried out in phosphate 
buffer solution at 37°C. 

Ref. Material MWD 𝑀𝑛, 𝑀𝑤 v. 𝑡 𝐸 v. 𝑡 𝜎 v. 𝜀 𝜎𝑦 v. 𝑡 𝜎𝑚𝑎𝑥  v. 𝑡 𝜀𝑓 v. 𝑡 Mass loss v. 𝑡 Water uptake v 𝑡 Amorphous 

(Shirazi et al., 2014) PLGA (50:50) Y Y – 𝑀𝑛 Y N N N N Y Y Y 

(Shirazi et al., 2016a) PLGA (50:50) N Y Y N N N N Y Y Y 

(Grizzi et al., 1995) PDLA Y Y – 𝑀𝑤 N N N N N Y Y Y 

(Vey et al., 2008) PLGA (50:50) Y Y – 𝑀𝑛 N N N N N Y Y Y 

(Lyu et al., 2007) PLA N Y N N N N N Y Y Y 

(Li et al., 1990b, 1990a) PLGA, PLA Y Y N N N N N Y Y Y 

(Ramchandani et al., 
1997) 

PLGA Y Y N N N N N Y N Y 

(Renouf-Glauser et al., 
2005)  

PLLA N Y Y Y Y Y Y N N Y 

(Hiljanen-Vainio et al., 
1996; Karjalainen et al., 
1996; Malin et al., 1996) 

P(CL40/DL-LA60) Y Y Initial Initial Initial Initial N Y Y Y 

P(CL40/L-LA60) N Y Y Initial Y Initial Initial Y Y Initially 

PL(CL60/L-LA40) N Y – 𝑀𝑤 Y Y Y Y Y Y Y Initially 

(Tsuji and Del Carpio, 
2003) 

PLLA, PDLA Y Y –  𝑀𝑛 N N N Y Y Y N Y 

(Tsuji, 2002) PLA Y Y – 𝑀𝑛 Y N N Y Y Y N Y 

(Duval et al., 2018) PLGA (50:50) N N N Y Y N Y Y N Y 

(Phong et al., 2010) PLGA (80:20) N N Y N Y N N Y Y Y 

(Breche et al., 2016) PLA-b-PEG-b-PLA N Y N Y N Y N Y N Y 

(Kranz et al., 2000) PDLA, PLGA N Y – 𝑀𝑤 N N N Y Y Y Y ? 

(Luo et al., 2014) PLLA stent N Y Y Y N N Y N N ? 

(Mainil-Varlet et al., 
1997) 

PLA Y Y Y N N Y N N N N 

(Weir et al., 2004a) PLLA Y Y Y N N Y Y Y N N 

(Vieira et al., 2011) PLA-PCL N Y – 𝑀𝑛 N Y N Y N Y N N 

(Limbert et al., 2016) DegraPol® DP30 N Y – 𝑀𝑤 Y Y N Y Y N N N 

(Farrar and Gillson, 2002) Polyglyconate B N Y N N Y Y Y Y N N 

(Venkatraman et al., 
2003) 

PLLA stent N Y – 𝑀𝑤 Y Initial N Y N N N N 
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oligomer length varies from 3-34 units (Kasperczyk et al., 2008; Vey et al., 2008), while the 

sensitivity of the equipment used to measure the molecular weight can impact the level of 

oligomers experimentally observed, influencing the reported molecular weight distribution 

(see Section 2.1.2.2). With the number average molecular weight emphasizing shorter 

chains, experimental determination of the chain lengths that this becomes relevant for will 

allow this to be factored into theoretical calculations. Typically, information on the polymer 

end group, residual monomer concentration, and oligomer length are not reported in 

experimental studies. Without these, determining reaction rates or the impact of these on 

degradation is more challenging and may result in less optimal parameter calibrations. 

3.2 Modelling techniques for biodegradable polymers 

Farrar (2008) outlined four stages of degradation as follows: 

1. Diffusion of water into the polymer 

2. Hydrolysis of the polymer chains and reduction in molecular weight 

3. Reduction in mechanical properties and changes in other physical properties such as 

crystallinity and glass transition temperature 

4. Production of water-soluble oligomers and mass loss 

Although these processes can all occur simultaneously, they typically proceed in the order 

listed and at increasing timescales. Fig. 3.8 indicates the processes involved in hydrolytic 

degradation and the relationships between them. Because of the complex overlap that they 

can exhibit, it is unsurprising that many existing models primarily focus on one stage in 

isolation. While this assists in providing an understanding of the specific stage studied, it is 

ultimately necessary to consider the processes simultaneously to fully understand the 

behaviour. 

Numerous modelling techniques have been employed to predict the evolution of polymer 

properties during degradation. The scale of interest often dictates the techniques used. For 

example, molecular dynamics models have been used to study the polymer at the nanoscale, 

while finite element modelling can predict the degradation of polymers in specific 

applications, taking geometry into account. Both phenomenological and physicochemical 

models have been utilised, with the former describing an empirical relationship between 

phenomena and the latter focusing on the physical and chemical behaviour that takes place. 

While some models predict changes in material properties such as molecular weight or 

weight loss, others are concerned with changes in mechanical properties. For a more 
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rigorous model that predicts a multitude of polymer behaviour at different scales, various 

modelling techniques are often used in conjunction with each other. Table 3.3 provides an 

overview of some existing models, which are expanded on in the following subsections. 

 

Fig. 3.8. Processes involved in hydrolytic degradation and the relationships between 

them. Shaded boxes refer to the most frequently measured properties. Dotted 

lines/boxes indicate processes applicable only to semi-crystalline polymers. Adapted 

from Buchanan (2008). 

The techniques outlined here focus on modelling biodegradable polymers solely. In the case 

of biomedical applications, interactions between the polymer material and the local 

surroundings are of great importance. Furthermore, when used as drug delivery devices, 

understanding how the polymer and drug interact is necessary to ensure correct drug 

transport into the surrounding tissue. This has been given a lot of attention in recent years, 

particularly in the context of drug-eluting stents (McGinty et al., 2011; Vo et al., 2017), and 

further details are presented in the review by McGinty (2014). 

3.2.1 Modelling water uptake 

As mentioned in Section 2.1.3, degradation of polymers can proceed as surface erosion or 

bulk degradation, and this largely impacts the observed evolution of properties. The first 

stage of polymer hydrolysis is diffusion of water molecules into the material. When this 

occurs slowly, surface erosion begins prior to the complete saturation of the material. 
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Table 3.3. Brief overview of various models used to describe degradation behaviour of polymers. 
Model type Brief description Properties 

modelled 
Comments Ref. 

Kinetic 
equations 

Several kinetic models have been described with various levels 
of complexity. Early models considered isolated noncatalytic or 
autocatalytic degradation. Extensions include those that 
consider both mechanisms simultaneously, and separate end- 
and mid-chain scissions. 

𝑀𝑛, mass 
loss, 𝑋𝑐 

Easy to implement. Further clarity required on properties 
that impact reaction rates and how to implement this to 
obtain consistent values for materials. 

(Antheunis et al., 2009; Busatto 
et al., 2017; Gleadall et al., 
2014b; Lyu et al., 2007; Pitt and 
Gu, 1987; Siparsky et al., 1998; 
Wang et al., 2008) 

Scission Stochastic model that randomly simulates bond scission on a 
representative ensemble of polymer chains. 

MWD, 𝑀𝑛, 
𝑀𝑤 

Advantageous in its production of an evolving MWD. 
Kinetics are not considered, making it difficult to relate to 
time. 

(Gleadall and Pan, 2013; Shirazi 
et al., 2016b; Simha, 1941) 

Monte 
Carlo 

Polymer matrix considered, containing pixels with a defined 
state (amorphous, crystalline, degraded, etc.). The lifetime of 
individual sections of the polymer is determined using random 
numbers. 

Mass loss, 
porosity 

As individual chain lengths are not considered, and instead 
are represented by a pixel, insight into the evolving 
molecular weight is limited, with the primary focus on 
polymer erosion. 

(Göpferich, 1997; Göpferich and 
Langer, 1993) 

Kinetic 
Monte 
Carlo 

An expansion on standard Monte Carlo methods, a multiscale 
approach is used. Polymer chain scission and oligomer 
production are modelled at the molecular scale using a kinetic 
Monte Carlo scheme, while oligomer diffusion is modelled using 
a diffusion equation at the device scale. 

MWD, 𝑀𝑛, 
𝑀𝑤, mass 
loss, 𝑋𝑐 

Many properties can be modelled using this multiscale 
approach. Autocatalysis not fully accounted for. 
Discrepancies between the scission pathway were noted: 
random chain scission process where (i) all bonds are 
equally likely to break (Han and Pan, 2011); (ii) all chains are 
equally likely to break (Zhang et al., 2017). 

(Han and Pan, 2011; Zhang et 
al., 2017) 

Empirical 
relationship 

Links have been made between molecular weight and 
mechanical properties and described using an empirical 
relationship. 

𝜎, 𝐸 Such models have shown promise for accelerated testing 
methods, with relationships between 𝑀𝑛 and both 𝜎 and 𝐸 
found to be temperature independent. 

(Deng et al., 2005; Farrar and 
Gillson, 2002; A. Gleadall, 2015) 

Constitutive  Hyperelastic models are typically combined with some measure 
of degradation to provide evolving stress-strain curves. 

𝜎 vs 𝜀 This approach has successfully captured deformation 
induced degradation. Material parameters are a function of 
deformation. 

(Hayman et al., 2014; Soares et 
al., 2010; Vieira et al., 2014, 
2011) 

Statistical 
mechanics 

An ensemble of chains is typically considered alongside its 
evolving strain-energy potential. Extensions allow finite chain 
extensibility to be studied. 

𝐸, 𝜎, 𝜀 While the underlying theory is decades old, its application 
in bioresorbable polymers has only been utilized quite 
recently. Finite chain extensibility has been given limited 
consideration in this field to date. 

(Arruda and Boyce, 1993; 
Edwards and Vilgis, 1986; 
Shirazi et al., 2016b; Stepto and 
Taylor, 1995a; Wang et al., 
2010; Ward, 1971) 

Molecular 
dynamics 

Simulations consider detailed interactions within the polymer 
at an atomic scale. 

𝜎, 𝜀, 𝐸, 
MWD 

Computational intensity limits this approach to tiny time 
scales or well-structured materials. 

(Ding et al., 2012; Messmer et 
al., 2019; Monnier et al., 2015) 

Multiscale 
approach 

Various methods outlined above have been used in 
combination to obtain greater insight into the polymer 
evolution. Additionally, finite element techniques have been 
used in conjunction with kinetic models to explore the effect of 
device geometry. 

See above. Properties modelled depend on multiscale approach used. 
These offer an important step towards a complete 
modelling framework. Distinct components are typically 
the limiting factor; for example, if simplified degradation 
kinetics are considered, they will affect model reliability. 

(Shine et al., 2017; Shirazi et al., 
2016b; Soares et al., 2010; 
Wang et al., 2010; Zhang et al., 
2019) 
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In contrast, quick diffusion of water into the material results in bulk degradation. Farrar 

(2008) describes how to incorporate this first stage of degradation into their modelling 

approach, where Fick’s law was solved using Finite Element Analysis. In that approach, the 

diffusion coefficient was assumed to remain constant, and ignored any effects of density and 

degradation. Measuring what the diffusion coefficient should be remains a challenge. In 

many modelling approaches, it is assumed that amorphous regions of hydrophilic aliphatic 

polymers become instantly saturated and any changes in the water concentration are 

assumed to be negligible. That approach has proved to be successful, possibly due to only 

the bound water being reactive, with bulk water not contributing to the hydrolysis reaction. 

This idea is supported by the experimental work of Schmitt et al. (1994) who found that 

hydrolysis rates of PLGA were not impacted by water content. 

3.2.2 Modelling hydrolysis kinetics 

The degradation of aliphatic polyesters typically proceeds as the hydrolysis of ester bonds 

throughout the chains, chemically described as follows: 

 
−RCOOR' − +H2O

H+ or  OH−

→       −RCOOH + HOR' − (3.2) 

with every ester bond broken resulting in the formation of a carboxylic acid end group. The 

simplest kinetic equation describing the (total) rate of chain scissions, 𝑆𝑡𝑜𝑡, is thus (Pitt and 

Gu, 1987) 

 𝑑𝑆𝑡𝑜𝑡
𝑑𝑡

= −
𝑑𝐶𝑒
𝑑𝑡

= 𝑘ℎ𝐶𝑒𝐶𝑤 =
𝑑𝐶𝑎
𝑑𝑡

 (3.3) 

with each scission reducing the ester bond concentration, 𝐶𝑒, and simultaneously increasing 

the concentration of carboxylic acid end groups, 𝐶𝑎. The reaction rate of hydrolysis is 

controlled by 𝑘ℎ, and 𝐶𝑤 is the concentration of water molecules. As discussed in Section 

3.2.1, 𝐶𝑤 can typically be taken to be constant in the case of hydrophilic polyesters where 

bulk degradation proceeds. Eq. (3.3) accounts for simple noncatalytic hydrolysis in the 

absence of diffusion of degradation products from the material. 

For a polymer experiencing autocatalytic hydrolysis (in the absence of diffusion and with 

constant water concentration), the kinetics can be described as (Pitt and Gu, 1987) 

 𝑑𝑆𝑡𝑜𝑡
𝑑𝑡

= −
𝑑𝐶𝑒
𝑑𝑡

= 𝑘𝐶𝑒𝐶𝑎 =
𝑑𝐶𝑎
𝑑𝑡

 (3.4) 
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with the rate of chain scissions now dependent on the concentration of carboxylic acid ends, 

𝐶𝑎, available to catalyse the reaction, controlled by a reaction rate 𝑘. A modification to Eq. 

(3.4) was proposed (Lyu et al., 2007; Siparsky et al., 1998), where a distinction was made 

between the acid product concentration, 𝐶𝑎, and the acid catalyst concentration, (𝐶𝑎𝐾𝑎)
0.5. 

The autocatalysis rate is considered to be proportional to the concentration of dissociated 

hydrogen ions, [H+], with 

 𝐾𝑎[COOH] = [H
+][COO−] = [H+]2 (3.5) 

at equilibrium, where 𝐾𝑎 is the dissociation rate constant for acid end groups and [COOH] is 

the concentration of carboxylic acid ends (molality rather than molarity as above). 

Incorporating this into Eq. (3.4) results in 

 𝑑𝑆𝑡𝑜𝑡
𝑑𝑡

= −
𝑑𝐶𝑒
𝑑𝑡

= 𝑘𝑎𝐶𝑒𝐶𝑎
0.5 =

𝑑𝐶𝑎
𝑑𝑡

 (3.6) 

where 𝑘𝑎 is the reaction rate for autocatalysis. 

While studies have found that Eq. (3.3), Eq. (3.4) or Eq. (3.6) could successfully describe the 

degradation behaviour of different forms of PLA (Helder et al., 1990; Siparsky et al., 1998), 

Lyu et al. (2007) found that PLA underwent two distinct kinetic processes, requiring more 

than one reaction rate to obtain a fit to their experimental data (Fig. 3.9). 

 

Fig. 3.9. Degradation of solid PLA samples at various temperatures, reprinted with 

permission from Lyu et al. (2007). Copyright © 2007 American Chemical Society. Fitting 

equations of the form of Eqs. (3.4) or (3.6) indicated two distinct stages that required a 

second reaction constant to capture the accelerated behaviour at later stages. 
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In practice, rather than determining multiple reaction rates for the same kinetic equation 

and establishing when this switch should occur, a single kinetic equation which captures all 

the behaviour is preferential. This may be achieved by introducing an equation that considers 

both hydrolysis and autocatalysis, each with unique reaction rates. Wang et al. (2008) 

considered this as follows: 

 𝑑𝑆𝑡𝑜𝑡
𝑑𝑡

= −
𝑑𝐶𝑒
𝑑𝑡

= 𝑘ℎ𝐶𝑒 + 𝑘𝑎𝐶𝑒𝐶𝑚
𝑛  (3.7) 

where they assumed only the monomer concentration, 𝐶𝑚, controlled autocatalysis. The 

index 𝑛 is an acid dissociation constant representing the availability of the acid catalyst in the 

reaction and can be varied to capture the behaviour of Eq. (3.4), Eq. (3.6), or some 

intermediate behaviour. Pan and co-workers have introduced several additional extensions 

to Eq. (3.7), including considering diffusion of degradation products from the material, 

changes in crystallinity and mass loss, and the effect of end- and mid-chain scissions on the 

degradation behaviour; further details are provided in Section 3.2.5. 

While the kinetic equations described above are typically used to predict changes in average 

molecular weight, more complex models have considered a set of coupled differential 

equations that describe changes in the length of polymer chains caused by autocatalysis 

(Antheunis et al., 2009; Busatto et al., 2017). Mai et al. (2018) followed a similar approach 

when modelling the degradation of hyaluronan, tracking the evolution of polymer chains of 

given lengths as scissions occur according to kinetic equations. In doing so, predictions for 

the evolving molecular weight distribution, average molecular weights, and mass loss were 

obtained as a function of degradation time. 

The common thread of kinetic models are the reaction rates, which are chosen to best fit 

experimental data for a specific polymer. In theory, unique reaction rates would exist for 

each unique homopolymer, and ultimately these could be combined to predict the behaviour 

of different copolymers without the need for lengthy degradation experiments. However, a 

variability typically exists in reported reaction rates; for example, Zhang et al. (1994) found 

reaction rates for PDLLA varied from 0.0183–0.0447, attributing the differences to different 

processing techniques, initial conditions, and sample dimensions. This highlights the need 

for further clarity about how the reaction rates are affected by variabilities in studies and 

how this can be accounted for. 
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3.2.3 Alternative molecular weight models 

While kinetic models have received much interest when it comes to predicting changes in 

molecular weight of polymers due to the relative ease of their implementation, various other 

approaches have previously been explored. An overview is presented here, while further 

details can be found in the comprehensive review of many of the modelling approaches to 

date by Laycock et al. (2017). 

Many of the earliest models for polymer degradation were stochastic in nature, with 

properties described using a random probability distribution. Simha (1941) developed a 

random chain scission theory to predict changes in the distribution of polymer chains as 

degradation occurs using first order degradation kinetics. Three case studies were 

considered: (i) all bonds are equally likely to break; (ii) preferential scission of end bonds; and 

(iii) all chains are equally likely to break, independent of their size. Such an approach allows 

changes in the molecular weight distribution to be explored in the context of how any 

preferential degradation impacts its evolving shape. However, autocatalytic degradation was 

not considered, resulting in relatively abrupt declines in average molecular weight, similar to 

that associated with noncatalytic random scission (Fig. 3.3). Alternative scission models have 

been proposed (Gleadall and Pan, 2013; Shirazi et al., 2016b) where a representative 

molecular weight distribution is input and subjected to randomly simulated scissions, 

resulting in evolving molecular weight distributions. While these are useful in determining 

the effects of end and mid-chain scissions, they require iterative fitting to experimental data 

as kinetics are not considered. 

An alternative approach is Monte Carlo methods, which have been used to randomly 

simulate degradation on a representative material. In contrast to scission models that 

typically consider a polymer chain ensemble and the individual chains within it, the Monte 

Carlo approach takes a polymer matrix containing pixels, each with a defined state (for 

example, amorphous, crystalline, degraded, etc.). Göpferich and co-workers used this 

method to describe the erosion of the polymer, with the lifetime of individual sections of the 

polymer determined using random numbers (Fig. 3.10) (Göpferich, 1997; Göpferich and 

Langer, 1993). The kinetics of the degradation were not considered, nor was a distribution 

of chain lengths. 

Zhang et al. (2017) later introduced a multi-scale approach by considering both chemical and 

physical events such as polymer chain scission, oligomer production and diffusion, and 

microstructure evolution due to erosion of the small chains. A kinetic Monte Carlo method 
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was used to simulate chain scission, where each pixel in the matrix corresponds to a polymer 

chain, and this was coupled with Fick’s laws to model the oligomer diffusion. Predictions for 

mass loss, average molecular weight and crystallinity were in good agreement with 

experimental results for PLGA. The temporal evolution of the molecular weight distribution 

was also obtained and indicated a random chain scission process where all chains are equally 

likely to break, irrespective of chain length. This approach results in a peak forming towards 

the lower end of the distribution, while the higher end of the distribution (corresponding to 

high molecular weight chains) is impacted minimally. This is typically not seen 

experimentally, with experimental distributions usually indicative of a scission process where 

all bonds are equally likely to break (perhaps with some preferential end-chain scissions). 

Han and Pan (2011) addressed this in their two-scale model, where polymer chain scission 

and oligomer production are modelled at the molecular scale using a kinetic Monte Carlo 

scheme, while oligomer diffusion is modelled using a diffusion equation at the device scale 

(Fig. 3.11). By introducing different reaction rates for end and mid-chain scissions, they 

obtained predictions for evolving MWDs of PLA that were in reasonable agreement with 

experimental data (Grizzi et al., 1995). When considering the autocatalytic reaction, it was 

assumed that only oligomers contributed to this, despite experimental evidence suggesting 

all chain ends can contribute to this mechanism (Tracy et al., 1999). 

 

Fig. 3.10. Example of a Monte Carlo approach. Schematic representation of a polymer 

matrix cross section by a rectangular grid: (a) location of the grid on the cross section of 

a cylindric matrix disk; (b) computational grid in detail. (c) Simulation of erosion: (black) 

nondegraded polymer; (grey) degraded polymer; (white) eroded polymer (pores). 

Adapted from Göpferich (1997). 
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Fig. 3.11. Schematic diagram of the two-scale model for the biodegradation of a plate in 

which the diffusion of oligomers occurs only in the thickness direction (a–b) of the plate. 

The equation describes the change in the concentration of oligomers, 𝐶𝑜𝑙, due to the rate 

of hydrolysis (𝑘ℎ), autocatalysis (𝑘𝑎), and diffusion (𝐷), where 𝐶𝑒 is the concentration of 

ester bonds and 𝑛 is the acid dissociation constant. Adapted from Han and Pan (2011). 

3.2.4 Modelling mechanical properties 

Despite the importance of the evolving mechanical properties in the context of material 

performance, there have been fewer studies focusing on the time taken for the mechanical 

properties of a biodegradable polymer to break down. With various models proving 

successful in providing good predictions for the evolution of molecular weight (Section 3.2.2-

3.2.3), particularly in terms of average values, attempts have been made to link these 

changes with changes in mechanical properties. 

One of the earliest such models is that proposed by Flory (1945), albeit not in relation to 

biodegradable polymers specifically. Tensile strength, 𝜎, was related to number average 

molecular weight, 𝑀𝑛, as follows: 

 
𝜎 = 𝜎∞ −

𝐵𝐹
𝑀𝑛

 (3.8) 

where 𝜎∞ is the fracture strength at infinite molecular weight and 𝐵𝐹 is a constant. As Eq. 

(3.8) is an empirical relationship, both 𝜎∞ and 𝐵𝐹 must be determined using experimental 

calibration. While Farrar and Gillson (2002) demonstrated that Eq. (3.8) was only appropriate 

in the brittle failure regime, Weir et al. (2004b) showed that it was unable to capture the 

behaviour displayed by PLLA, where they found an almost linear relationship existed 

between the two properties (Fig. 3.12a). Different trends were observed by Deng et al. 

(2005) for the degradation of PLGA braids (Fig. 3.12b), where they found the following 
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relationship between breaking strength retention, 𝐵𝑆𝑅, i.e., ultimate tensile strength as a 

percentage of its original value, and average molecular weight, 𝑀𝑊: 

 𝐵𝑆𝑅 = 𝑎 + 𝑏 ln𝑀𝑊 (3.9) 

where 𝑀𝑊 was taken to be either 𝑀𝑛 or 𝑀𝑤 and 𝑎 and 𝑏 are constants. Eq. (3.9) was also 

found to successfully capture the behaviour of PLGA at various increased temperatures, 

suggesting its practicality in accelerated degradation studies. The different trends observed 

by Weir et al. (2004b) and Deng et al. (2005) may be due to the large difference in initial 

molecular weight (𝑀𝑛0 ≈ 160, 000 and 19, 000 g/mol respectively). Both studies did 

determine a clear relationship between 𝑀𝑛 and 𝜎 over a range of testing conditions; 

however, this relationship must be further explored using a wider range of experimental 

data. Interestingly, Farrar and Gillson (2002) found that such a relationship did not exist 

between 𝑀𝑤 and 𝜎, in contrast to the findings of Deng et al. (2005). It has also been noted 

that a different relationship exists between 𝑀𝑛 and true stress (Farrar and Gillson, 2002) (as 

opposed to nominal stress, which is typically reported in experimental studies), and so care 

should be taken to distinguish between these during further investigations. 

 

Fig. 3.12. (a) Adapted from Weir et al. (2004b), where an almost linear relationship 

between tensile strength and 𝑀𝑛 was observed in contrast to Flory’s relationship (Eq. 

(3.8)). (b) The relationship between breaking strength retention, 𝐵𝑆𝑅, i.e., ultimate 

tensile strength as a percentage of its original value, and average molecular weight, 𝑀𝑊, 

described by Eq. (3.9). Adapted from Deng et al. (2005). 

Although it is unlikely for any property to depend solely on molecular weight, it has been 

shown that when most properties are held constant and degradation conditions are minorly 

varied (for example, increased temperature leading to accelerated testing), relationships can 

be found between 𝑀𝑛 and properties ranging from tensile strength to Young’s modulus to 
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strain retention (Deng et al., 2005; Weir et al., 2004b). While these are typically empirical 

relationships, they can still prove hugely insightful for designing improved devices, with 

accelerated testing used to determine any parameters, reducing development time. 

Models concerned with relating polymer stiffness to average molecular weight have also 

been introduced. Wang et al. (2010) developed a theory for amorphous bioresorbable 

polymers based on the relationship between Young’s modulus and the number of polymer 

chains per unit volume based on rubber-like elasticity theories (Section 2.3, (Ward and 

Sweeney, 2013)). The change in entropy of the polymer system due to chain scissions was 

considered as a binary count of chain groups above a threshold molecular weight. They found 

the reduction in Young’s modulus lagged behind the reduction in 𝑀𝑛, successfully capturing 

PLLA degradation data (Tsuji, 2002). Shirazi et al. (2016b) expanded on that approach, 

implementing the theory just described into a scission model to capture the relationship 

between stiffness and 𝑀𝑛 and then coupling that with a kinetic model (Wang et al., 2008) to 

predict changes in 𝑀𝑛 as a function of degradation duration (for further details, see Section 

3.2.6). The basis of these models is derived using statistical mechanics of polymeric chains 

theory, which is further detailed in Section 2.3. As mentioned in that section, extensions have 

also considered the effect of finite chain extensibility on the mechanical behaviour (Arruda 

and Boyce, 1993; Edwards and Vilgis, 1986; Stepto and Taylor, 1995a); however, this 

approach does not yet appear to have been extended to bioresorbable polymer models. 

Several studies have developed material damage and constitutive models to describe the 

evolution of mechanical properties in degrading polymers. Towards this, Vieira et al. (2014, 

2011) presented a model that combined a relationship between fracture strength and 

molecular weight with hyperelastic material models to obtain evolving stress-strain curves 

for PLA–PCL fibres during degradation. Soares et al. (2010) took a thermodynamic approach 

and considered the effect of deformation on degradation behaviour. They considered PLLA 

stent fibres under tensile loading conditions with a deformation-dependent rate of 

degradation and obtained evolving stress-strain curves. However, these were qualitative in 

nature due to a lack of experimental data. Hayman et al. (2014) proceeded by expanding on 

this model in conjunction with an experimental study investigating the effect of different 

loads at different stages of degradation on PLLA fibres. Their model captured the increased 

reduction in mechanical properties with increased loading observed experimentally. As the 

material parameters are material functions of degradation damage instead of material 

constants in these constitutive models, extensive experimental data is needed for this 
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approach. Further understanding of the physicochemical response during deformation may 

allow for an improved modelling framework that requires less experimental calibration. 

Molecular dynamics simulations consider detailed interactions within the polymer at an 

atomic scale and have been utilised in several studies. The resulting force that chemical 

bonds and other non-bonded interactions, such as van der Waals forces, Coulomb attraction, 

and Pauli repulsion, have on atoms provides information on their acceleration, which in turn 

offers their speed and position. A detailed description of this method can be found in the 

book by Rapport (2004). Ding et al. (2012) used molecular dynamics simulations to consider 

the effect of temperature and chain scissions on Young’s modulus of semi-crystalline 

polyethylene. They found a delayed reduction in Young’s modulus for polymers above the 

glass transition temperature, which was less apparent for polymers below the glass 

transition temperature. It has been suggested that this delay may in part be due to isolated 

scissions having minimal impact on entropy, with large chain degradation required to cause 

a significant reduction in entropy (Wang et al., 2010). Molecular dynamics techniques have 

also been used in exploring the effects of processing conditions (Messmer et al., 2019; 

Monnier et al., 2015). The complex molecular structures of polymers, particularly in 

amorphous regions, limit the applications of this method due to the computational intensity, 

capable only of simulating tiny time scales or well-structured materials. Where molecular 

dynamics tracks changes in the positions of atoms based on the forces applied by 

surrounding atoms, statistical mechanics (Section 2.3) can update the positions of atoms 

based on a probability distribution according to the possible configurations of chains. 

Consequently, statistical mechanics methods are typically less computationally intense than 

molecular dynamics and are capable of tracking polymer evolution at a larger time scale. 

As computational resources become more powerful, several models have been developed 

that take advantage of this. Amongst these, Gleadall et al. (2015) explored the effect of chain 

scissions on Young’s modulus, suggesting localised reduced stiffness. They used an atomic 

finite element model, essentially a crossover between molecular dynamics and finite 

element modelling, where interactions between atoms were considered using finite 

elements. To prevent it from being overly computationally intense, the model restricted its 

focus to very small displacements. Zhang et al. (2019) further developed the Kinetic Monte 

Carlo approach (Han and Pan, 2011; Zhang et al., 2017) to consider the evolution of polymer 

tensile strength during degradation (Fig. 3.13). Three strength phases were considered – 

amorphous, crystalline, and strength vacancy phases – using a modified version of Flory’s 

relationship (Eq. (3.8)) with different parameters for each phase. Their multiscale approach 
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provided predictions for 𝑀𝑛, crystalline fraction, 𝑋𝑐, and 𝜎 that agreed reasonably well with 

experimental data. Several studies have utilised finite element techniques to determine the 

mechanical responses to degradation, allowing for devices of any shape to be considered 

(Shine et al., 2017; Shirazi et al., 2016b; Wang et al., 2010). Such studies are typically 

multiscale in nature and rely on a description of the degradation kinetics (Section 3.2.2); 

therefore, any advancements in the understanding of the kinetics should impact these 

models favourably. 

 

Fig. 3.13. Outline of a multiscale approach, adapted from Zhang et al. (2019). The 

microscale simulates scissions on chains and allows chain recrystallisation, the 

mesoscopic scale assigns and updates the strength phase (amorphous, crystalline, or 

strength vacancy) of pixelated regions, and the macroscale tracks oligomer diffusion, 

with information shared between each phase. This provides temporal predictions for 

number average molecular weight, 𝑀𝑛, crystalline fraction, 𝑋𝑐 , and strength, 𝜎. 

Despite the multiple efforts that have been given to modelling these materials, little 

attention has focused on predicting the evolution of the failure strain. Although experimental 

data has suggested a relationship exists between failure strain and molecular weight 

independent of temperature (Deng et al., 2005; Weir et al., 2004b), this does not appear to 

have been translated into a predictive tool. Deroiné et al. (2014) suggested as little as 20% 

reduction in failure strain could correspond to end-of-use, with abrupt declines often seen 

after an induction period, while mechanical failure of polymers is often assessed by a 95% 

reduction in elongation at break (Laycock et al., 2017). Pickett and Coyle (2013) measured 

the time to embrittlement via bending tests on films and used this to develop a predictive 

tool for the lifetime of the polymer, described as follows: 

 

𝑡𝑓𝑎𝑖𝑙 =
exp (

𝐸𝑎
𝑅𝑇)

𝐴[RH]𝑛
 (3.10) 

where 𝑡𝑓𝑎𝑖𝑙  is the failure time, 𝐸𝑎 is the activation energy, 𝑅 is the gas constant, 𝑇 is the 

temperature, 𝐴 is a constant, [RH] is the relative humidity, and 𝑛 is the kinetic order of [RH]. 
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That study focused on the degradation of polycarbonate, poly(ethylene terephthalate) and 

resorcinol polyarylate and found that Eq. (3.10) accurately captured the failure time. A 

similar predictive tool for aliphatic polymer embrittlement or lifetime could be invaluable for 

future developments. 

While many important developments have been outlined above, an all-inclusive framework 

that captures changes in material and mechanical properties simultaneously has huge 

potential for further optimising bioresorbable polymers for their intended application. 

Towards this, a multiscale approach provides the most promise. However, each scale 

modelled requires a rigorous understanding of the degradation behaviour at that level and 

its impact on other scales. Although links between 𝑀𝑛 and various properties have been 

made, it is expected that the entire molecular weight distribution is important, while other 

parameters are likely also at play. Thus, while many models focus on predictions for 𝑀𝑛, 

knowledge of the entire molecular weight distribution and its evolution during degradation 

should offer greater insight into the overall degradation behaviour. The remaining parts of 

this section expand on some of the more subtle advantages and limitations of some existing 

kinetic models (Section 3.2.5) and provides a more detailed outline of an integrated 

molecular weight-mechanical properties model (Section 3.2.6). 

3.2.5 Phenomenological degradation kinetics 

Following the original kinetic phenomenological model of Wang et al. (2008), a variety of 

developments have been proposed; a summary is provided in Table 3.4. In the initial work, 

a reaction-diffusion model was developed to describe the degradation of amorphous 

biodegradable polymers; this was extended by Han and Pan (2009) to consider crystalline 

regions using a modified version of Avrami’s theory to account for degradation-induced 

crystallisation. A further extension accounted for the production and diffusion of oligomers 

(Han et al., 2010). Gleadall et al. (2014b) updated the kinetic model by differentiating 

between mid-chain and end-chain scissions in new rate equations; although, comprehensive 

experimental data to separate the kinetics of these processes is lacking. 

Despite the success of this family of models in capturing experimental trends, some key 

issues persist in the model assumptions and formulation. First, it is assumed that only 

monomers (and oligomers in later publications) could catalyse the hydrolysis reaction. The 

polymer end group plays an important role in degradation, with uncapped PLGA degrading 

faster than ester capped (Tracy et al., 1999) suggesting all carboxylic acid ends should be 

considered catalysts and not only those of short chains. Second, simplified molecular weight 
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distributions were assumed, characterised by the ester bond concentration, 𝐶𝑒, and the 

oligomer (or monomer, 𝐶𝑚) concentration, 𝐶𝑜𝑙. This assumed distribution is unable to 

consider the effect of the overall molecular weight distribution on mechanical properties; 

this may be important, with reports that a narrow distribution of polystyrene had improved 

tensile strength, elongation at break and tensile creep properties compared to broader 

samples with the same value of weight average molecular weight, 𝑀𝑤 (Thomas and Hagan, 

1969). Third, although Han et al. (2010) improved the equations of Wang et al. (2008) to 

more correctly account for mid-chain scissions and thus prevent all scissions from affecting 

𝐶𝑜𝑙 (i.e., not all scissions create oligomers), the effect of mid-chain scissions on 𝐶𝑒 has not 

been accounted for (i.e., the rate equations do not account for the reduction of ester bonds 

due to mid-chain scissions). Fourth, it was assumed in earlier studies that average molecular 

weight was proportional to 𝐶𝑒 and while later studies (Gleadall et al., 2014b; Han et al., 2010) 

calculated an average molecular weight based on 𝐶𝑒 and other parameters, this quantity was 

not computed from a chain distribution and thus limited the understanding of consequential 

changes in molar mass dispersity (𝑀𝑤/𝑀𝑛). 

In parallel to these models of degradation kinetics, Wang et al. (2010) introduced an entropy 

spring model to predict the mechanical behaviour, relating Young’s modulus to the average 

molecular weight, again focusing on amorphous polymers. That work was motivated by the 

rubber-like elasticity theory detailed by Ward and co-workers (1971; 2013) and further 

details are provided in Section 2.3. They proposed that the entropic elasticity of the system 

is not significantly altered by isolated chain scissions; rather, it is suggested that a critical 

molecular weight exists for a chain, below which the chain has deteriorated to the point of 

no longer contributing to the entropy and, thus, Young’s modulus of the material. An initial 

MWD was prescribed and subjected to numerically simulated mid-chain and end-chain 

scissions; however, the reaction kinetics were not considered within that scission model. 

Instead, the formulation was combined with the original kinetic model (Wang et al., 2008), 

where the reaction-diffusion equations were solved to describe the evolution of 𝐶𝑒, and it 

was assumed that this was equivalent to 𝑀𝑛 of the simulated MWD, thus neglecting the 

effect of the formation and removal of chains from the system and not accounting for 

changes in molar mass dispersity. Although the entropy spring model was derived using the 

theory of rubber-like elasticity, degradation data for both amorphous PLA and PLGA below 

their glass transition temperature have been captured (Shirazi et al., 2016b; Wang et al., 

2010). While further developments to these models have been proposed (Han and Pan, 

2011), the key issues identified above persist and form the motivation for Chapter 4. 
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Table 3.4. Outline of several models proposed by Jingzhe Pan and colleagues, highlighting some advancements and limitations. 𝐶𝑒  (𝐶𝑒0), 𝐶𝑚, 𝐶𝑜𝑙 , 𝐶COOH – (initial) molar 
concentrations of ester bonds, monomers, oligomers, and carboxylic acid ends, respectively; 𝑋𝑐  – crystalline fraction; 𝑅, �̅�, 𝑅𝑜𝑙 – production rate of monomers, 
monomers per unit volume of semi-crystalline polymer, and oligomers, respectively; 𝑅𝑠, 𝑅𝑟𝑠, 𝑅𝑒𝑠; molar concentration of scission, random scission, and end scission, 
respectively; 𝑘1 (𝑘𝑟1, 𝑘𝑒1), 𝑘2 (𝑘𝑟2, 𝑘𝑒2) – reaction rate constants for simple hydrolysis and autocatalysis, respectively (via random, end scission); 𝐷 – coefficient of 
diffusion; 𝑛 – acid dissociation constant; 𝑚 – average degree of polymerisation of oligomer; 𝜔 – molar number of the repeating units of the crystalline phase per unit 
volume; 𝑀𝑒  (𝑀𝑒0) – (initial) average molecular weight, related to the ester bond concentration; 𝑀𝑛 – number average molecular weight; 𝐸 – Young’s modulus; 𝑁𝑐0 – 
initial molar concentration of chains; 𝑁𝑐>𝑀𝑐𝑟𝑖𝑡  – molar concentration of chains above a critical molecular weight. 

Ref. Brief overview Properties Key equations Comments 

(Wang et 
al., 2008) 

Reaction-diffusion model – 
hydrolysis (noncatalytic and acid-
catalysed) and monomer diffusion 
in amorphous biodegradable 
polymers. 

𝐶𝑒 ,𝑀𝑒 vs 
time 

𝑑𝑅

𝑑𝑡
= 𝑘1𝐶𝑒 + 𝑘2𝐶𝑒𝐶𝑚

𝑛 = −
𝑑𝐶𝑒
𝑑𝑡

 

𝑑𝐶𝑚
𝑑𝑡

=
𝑑𝑅

𝑑𝑡
+ div𝑥𝑖[𝐷 grad𝑥𝑖(𝐶𝑚)] 

𝑀𝑒
𝑀𝑒0

=
𝐶𝑒
𝐶𝑒0

 

The initial work in this series, resulting in biodegradation maps 
indicating when different mechanisms control the reaction. For 
every ester bond broken, a monomer is produced; this suggests a 
degradation mechanism consisting only of end scissions. The 
calculation of average molecular weight does not account for the 
number of chains. 

(Han and 
Pan, 
2009) 

Updated to consider crystalline 
regions and mass loss. 

𝐶𝑒 ,𝑀𝑒 , 𝑋𝑐, 
mass loss 
vs time 

𝑑�̅�

𝑑𝑡
= (1 − 𝑋𝑐)

𝑑𝑅

𝑑𝑡
 

𝑑𝐶𝑒
𝑑𝑡

= −
𝑑�̅�

𝑑𝑡
−

𝐶𝑒
1 − 𝑋𝑐

𝑑𝑋𝑐
𝑑𝑡

 

𝑑𝐶𝑚
𝑑𝑡

=
𝑑�̅�

𝑑𝑡
+ div𝑥𝑖 (𝐷 grad𝑥𝑖(𝐶𝑚)) 

Developments allow for additional properties to be tracked; 
however, the limitations mentioned above still apply. Ester bonds 
in amorphous regions can hydrolyse, while amorphous regions can 
also become crystalline. 

(Han et 
al., 2010) 

The production and diffusion of 
oligomers (rather than monomers 
alone) is integrated into an 
updated model. 

𝑀𝑛, 𝑋𝑐, 
mass loss 
vs time 

𝑑𝐶COOH
𝑑𝑡

= 𝑘1𝐶𝑒 + 𝑘2𝐶𝑒𝐶𝑜𝑙
0.5 

d𝐶𝑒
d𝑡
= −

d𝑅𝑜𝑙
d𝑡

−
𝐶𝑒

1 − 𝑋𝑐

d𝑋𝑐
d𝑡
  

d𝐶𝑜𝑙
d𝑡

=
d𝑅𝑜𝑙
d𝑡

+ div𝑥𝑖[𝐷 grad𝑥𝑖(𝐶𝑜𝑙)] 

𝑀𝑛 =
(𝐶𝑒 + 𝜔𝑋𝑐)𝑀0

𝑁𝑐0 + 𝑅𝑠 −
𝑅𝑜𝑙
𝑚

 

The change in acid concentration, rather than just the monomer 
concentration, is considered. However, only the acid ends of 
oligomers are considered to catalyse the reaction. Improved 
calculation of average molecular weight but still provides no 
information on molar mass dispersity. Random scissions are 
considered to not affect 𝐶𝑒, with d𝑅𝑜𝑙/d𝑡 controlling the decline 
of 𝐶𝑒. 

(Gleadall 
et al., 
2014b) 

The effect of mid-chain and end-
chain scissions are now considered 
independently in new rate 
equations. 

𝑀𝑛, 𝑋𝑐, 
mass loss 
vs time 

𝑑𝑅𝑟𝑠
𝑑𝑡

= 𝑘𝑟1𝐶𝑒 + 𝑘𝑟2𝐶𝑒 (
𝐶COOH
1 − 𝑋𝑐

)
𝑛

 

𝑑𝑅𝑒𝑠
𝑑𝑡

= 𝑘𝑒1𝐶𝑒𝑛𝑑 + 𝑘𝑒2𝐶𝑒𝑛𝑑 (
𝐶COOH
1 − 𝑋𝑐

)
𝑛

 

𝐶COOH = 𝐶𝑚 + (
𝐶𝑜𝑙
𝑚
) 

New reaction rates are introduced, allowing the rates of end- and 
mid-chain scissions to be tailored to explore their individual effects 
on different properties. Contributions of acid ends to autocatalysis 
and the reduction in 𝐶𝑒 are still not accurately accounted for. 

(Wang et 
al., 2010) 

Young’s modulus is related to the 
average molecular weight, again 
focusing on amorphous polymers. 

𝐸 vs  𝑀𝑛 𝐸

𝐸0
=
𝑁𝑐>𝑀𝑐𝑟𝑖𝑡

𝑁𝑐0
 

A scission model was implemented, taking an initial molecular 
weight distribution and gradually performing scissions at random 
on the chain distribution. Reaction kinetics were not considered. 
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3.2.6 Integrated modelling framework for molecular weight and mechanical 

properties 

Shirazi et al. (2016b) presented a modelling framework based on the kinetic model of Wang 

et al. (2008), which described changes in the polymer molecular weight, and the entropy-

spring model of Wang et al. (2010), describing a relationship between the polymer molecular 

weight and Young’s modulus. That framework, outlined in Fig. 3.14 and detailed below, 

provides the initial motivation for the model presented in Chapter 4. 

 

Fig. 3.14. Flowchart adapted from Shirazi et al. (2016b) outlining the simulation 

framework they used to model the degradation and elastic properties of PLGA films. The 

reaction-diffusion model of Wang et al. (2008) was first used to determine the evolution 

of 𝐶𝑒 during degradation (molecular weight model). Next, a random scission process was 

implemented on an ensemble of theoretical polymer chains representative of a 

molecular weight distribution, with chain scissions gradually simulated on the chains 

according to the ratio of end to mid-chain scissions, 𝑆𝑒𝑛𝑑/𝑆𝑚𝑖𝑑. The evolution of Young’s 

modulus was then determined using the entropy-spring theory of Wang et al. (2010), 

where it was assumed that isolated chain scissions and highly degraded chains (𝑀𝑛 <

𝑀𝑛
𝑐𝑟𝑖𝑡 , a molecular weight threshold) do not contribute to the change in entropy and 

therefore stiffness of the system (mechanical properties model). Finally, both models 

were coupled and variables were calibrated to obtain the evolving stiffness as a function 

of degradation duration and location in the sample (𝐸(𝑡, 𝑥)). 
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3.2.6.1 Molecular weight model 

To begin, the kinetic or molecular weight model (Wang et al., 2008) was used to predict the 

evolution of the molecular weight of (PLGA) polymers undergoing degradation. This was 

done using the following reaction-diffusion equations: 

 𝑑𝐶𝑒
𝑑𝑡

=  −(𝑘ℎ𝐶𝑒 + 𝑘𝑎𝐶𝑒𝐶𝑚
𝑛 ) (3.11) 

 𝑑𝐶𝑚
𝑑𝑡

= 𝑘ℎ𝐶𝑒 + 𝑘𝑎𝐶𝑒𝐶𝑚
𝑛 + ∇ ⋅ (𝐷∇𝐶𝑚) (3.12) 

where 𝐶𝑒 (mol m
−3) is the concentration of ester bonds, 𝐶𝑚 (mol m

−3) is the concentration 

of monomers, and 𝑘ℎ  (day
−1)  and 𝑘𝑎  ((m

3mol−1)𝑛 day−1) are reaction rate constants for 

simple hydrolysis and autocatalysis respectively. The index 𝑛 is an acid dissociation constant 

often taken to be 0.5, as detailed in Section 3.2.2. The last term in Eq. (3.12) takes the 

diffusion of monomers in the system into account. Eqs. (3.11)-(3.12) are representative of a 

system where each ester bond cleavage increases the monomer concentration in the system, 

i.e., all scissions are, in effect, end scissions. As water was assumed to be abundant, its 

concentration does not appear in Eqs. (3.11)-(3.12). The average molecular weight was 

calculated as 

 𝑀𝑒
𝑀𝑒0

=
𝐶𝑒
𝐶𝑒0

 (3.13) 

where 𝑀𝑒0 and 𝐶𝑒0 are the initial values of average molecular weight and ester bond 

concentration, respectively. Here, we refer to this average value as 𝑀𝑒 to avoid confusion 

between alternative average values. Monomers are too small to be detected experimentally 

using standard measuring methods and, as such, are excluded from the calculation in Eq. 

(3.13). Average molecular weights are hugely dependent on the number of chains in the 

system, which this relationship fails to capture; consequently, Eq. (3.13) and 𝑀𝑒 should be 

used with caution. In fact, 𝑀𝑒 is a measure of the ester bond concentration, a feature that is 

hard to capture experimentally. In contrast, both 𝑀𝑛 and 𝑀𝑤 are more insightful measures 

of the molecular weight distribution, with the former placing an emphasis on short chains 

and the latter more sensitive to long chains. While average molecular weights are useful 

material characterisations, the complete molecular weight distribution is most insightful, 

providing a complete overview of the polymer chain lengths; it may be that this distribution 

is what controls many of the polymer properties (Thomas and Hagan, 1969). 
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Shirazi et al. (2016b) implemented Eqs. (3.11)-(3.13) in a finite element formulation using 

Comsol Multiphysics (v4.3b), providing predictions for the evolution of the average 

molecular weight, 𝑀𝑒, during degradation. 

3.2.6.2 Mechanical properties model 

Separately, predictions for the mechanical properties were explored. To begin, the entropy 

spring theory was considered (Section 2.3), which relates Young’s modulus, 𝐸, of a polymer 

network to the number of polymer chains per unit volume 𝑁 as follows: 

 𝐸 = 3𝑁𝑘𝑇 (3.14) 

where 𝑘 is the Boltzmann constant and 𝑇 is the absolute temperature. This relationship was 

described by Ward (1971) and its derivation is shown in Eq. (2.40). Wang et al. (2010) 

proposed two modifications to this theory to account for changes in 𝑁 during polymer 

degradation (Fig. 3.15). The first assumption was that isolated scissions of very long chains 

do not significantly affect the entropy change and, hence, 𝑁 does not increase. A molecular 

weight threshold was also introduced; it was assumed that once a parent chain and its 

resulting sub-chains created via scissions fell below this critical molecular weight, they no 

longer contributed to the polymer stiffness and, hence, were excluded from 𝑁. The model 

as proposed captures the reduction in Young’s modulus during degradation; however, it is 

unable to predict any increase in 𝐸. 

 

Fig. 3.15. Schematic diagram describing the entropy theory for biodegradable polymers 

introduced by Wang et al. (2010). A polymer chain (black line) embedded in a matrix of 

other amorphous polymer chains (grey box) straightens out during elongation of the 

overall polymer. A chain is shown with a) 0 scissions, b) 1 scission and c) many scissions. 

There is little effect of a single scission on entropy change during deformation, whereas 

many scissions can result in entropy no longer reducing during deformation. 

Reproduced from Gleadall (2015). 
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A scission model was implemented in MATLAB® (R2014a, The MathWorks, Inc., MA, U.S.A.), 

which took an initial representative polymer chain distribution and simulated end- and mid-

chain scissions at random on the chains. The ratio of mid- to end-chain scissions was kept 

constant throughout the simulation. The resulting chain lengths were tracked and, 

implementing the two modifications to the entropy-spring theory mentioned above, 

provided predictions for 𝑁 and, consequently, 𝐸 as degradation takes place, resulting in a 

non-linear decrease in Young’s modulus. 

3.2.6.3 Coupling of models 

The molecular weight model and mechanical properties model outlined above were coupled, 

allowing simultaneous predictions for the evolution of both properties during degradation. 

The molecular weight model provided predictions for changes in the ester bond 

concentration, 𝐶𝑒, which was related to 𝑀𝑒 using Eq. (3.13), as a function of time. 

Meanwhile, the mechanical properties model offered insight into the evolution of Young’s 

modulus as a function of the number average molecular weight, 𝑀𝑛. By assuming 𝑀𝑒 and 

𝑀𝑛 were equivalent, predictions for Young’s modulus were obtained as a function of 

degradation duration (Fig. 3.16). This approach enabled PLGA films and scaffolds to be 

modelled under mechanical loading. 

 

Fig. 3.16. Comparison between model predictions (lines) and experimental data 

(symbols) for PLGA of various thicknesses for evolution of normalised (a) number 

average molecular weight and (b) Young’s modulus. Reproduced with permission from 

Shirazi et al. (2016a). Copyright © 2016, Springer Nature. 

3.2.7 Finite chain extensibility 

While the finite extensibility of polymer chains has often been neglected in modelling 

techniques, several publications have considered the effect of this on the deformation 



3 Literature review 

81 

behaviour. Edward and Vilgis (1986) extended the theory of rubber-like elasticity to include 

the finite extensibility of chains within the network, moving away from the Gaussian 

distribution function for chain end-to-end lengths, instead using a Langevin function. Arruda 

and Boyce (1993) developed the eight-chain model, with chains linked at the centre of a cube 

and extending to the corners. Chains were prescribed an initial length 𝑟0 = 𝑙√𝑛 (Eq. (2.25)) 

and a fully extended length of 𝑟𝑚𝑎𝑥 = 𝑛𝑙. Each chain in the system undergoes a stretch 

equivalent to that in every other network chain, with the contributions of a single chain 

averaged over eight spatial orientations. 

An alternative approach was introduced by Stepto and Taylor (1995a, 1995b), where elastic 

properties were related to network chain end-to-end distance distributions and were 

assumed to arise solely as a result of conformational changes in the network chains. To begin, 

a network of polymer chains was generated, with the molecular conformational states of 

chains considered using rotational isomeric state statistics; chains were built bond-by-bond 

using a Monte Carlo approach and resulted in an end-to-end distribution of polymer chains 

constructed as a histogram. One end of each chain was assumed fixed at an origin, with the 

coordinates of the free ends randomly assigned according to the end-to-end distance 

distribution. The network of chains was subjected to a simulated uniaxial stretch, with 

updated coordinates and end-to-end lengths calculated. The free energy was determined 

from simulated changes in the end-to-end distance distributions as the network was 

stretched using the steps detailed in Sections 2.3.4-2.3.5, albeit using the simulated 

distributions in Eq. (2.26) rather than for the Gaussian example detailed. Hence, for an 

individual polymer chain in a network of 𝑁 chains, the Helmholtz free energy change, Δ𝐴, 

upon deformation at an absolute temperature 𝑇, is assumed to arise solely from the 

equivalent entropic change: 

 
Δ𝐴 = 𝑘𝑇 ln(

𝑝𝑑𝑒𝑓(𝑟𝑑𝑒𝑓)

𝑝0(𝑟0)
) (3.15) 

where 𝑝0 and 𝑝𝑑𝑒𝑓 are the simulated undeformed and deformed probability density 

distributions. Once chains reached full extension, they were prevented from further 

stretching alongside any additional extension of the bulk material and, consequently, they 

no longer contributed to the change in entropy of the system. This restriction allowed non-

affine deformation to be considered. 

Their results showed a small but significant proportion of chains reached full extension at 

relatively low macroscopic strains (Fig. 3.17a). An increase in the proportion of fully extended 
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chains with increasing macroscopic strain resulted in a steady decrease in the rate of network 

free energy change, causing a reduction in the network modulus at moderate macroscopic 

strains, reflecting further deviation from Gaussian, affine behaviour (Fig. 3.17b). Their 

approach was innovative in that the elastic force was calculated from the total deformation 

of the end-to-end vectors of individual network chains, rather than from the deformation of 

an average chain. Their focus was restricted to polymers such as polydimethylsiloxane and 

polyethylene, which do not undergo degradation under typical conditions. Computational 

restrictions limited the focus to uniform systems of polymer chains containing up to 150 

bonds, i.e., all chains in a network had the same molecular weight, analogous to an average 

molecular weight. 

 

Fig. 3.17. Select results obtained by Stepto and Taylor (1995a) on simulating 

deformation on a network of polymer chains. (a) A small but significant proportion of 

chains reached full extension at relatively low macroscopic strains for 150-bond PM 

chains. (b) The percentage deviation from affine Gaussian network behaviour was 

reported as a function of reciprocal number of network-chain skeletal bonds, 1/𝑛, with 

more pronounced deviations from affine behaviour for shorter chains, accredited to an 

increased number of fully extended chains in those networks. 

Molecular network models, such as those described in this section, can provide much insight 

into the network behaviour and are considered to be more insightful than phenomenological 

models, particularly at the exploratory phase (Ward and Sweeney, 2013). 

3.3 Conclusion 

This chapter provides an overview of the experimentally observed evolution of 

biodegradable polymers during degradation and summarises modelling techniques 

introduced to date. 

Section 3.1 suggests many factors affect the evolution of biodegradable polymer materials 

during degradation, including polymer composition and structure, changes in molecular 

weight distribution, degradation type, and relationships between molecular weight and 
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mechanical properties. Each of these are given consideration at some point in the research 

that follows. Model validation is carried out using existing experimental data for each 

subsequent chapter. In Chapter 4, the experimental study of Shirazi et al. (2014) is 

quantitatively compared with simulated molecular weight distributions, average molecular 

weights and Young’s modulus predictions. A quantitative comparison of predicted evolving 

failure strain as functions of both molecular weight and time with the observations of Tsuji 

(2002) (Fig. 3.4) is carried out in Chapter 5, alongside the experimental data detailed in Table 

3.1. Finally, Chapter 6 considers a qualitative comparison of predicted stress-strain curves 

with those obtained by Vieira et al. (2011) (Fig. 3.5). 

In terms of modelling techniques, Chapter 4 takes its motivation from the integrated 

modelling framework for molecular weight and mechanical properties presented by Shirazi 

et al. (2016b) and detailed in Section 3.2.6. Rather than coupling the kinetic (molecular 

weight) and scission (mechanical properties) models, updated kinetics are introduced and 

incorporated directly into the scission model. A framework which combines hydrolysis and 

autocatalysis due to carboxylic acid chain ends into a single model, which includes both mid- 

and end-chain scissions for both degradation mechanisms, will offer greater insight into how 

the molecular weight distribution changes as degradation takes place. Chapter 5 seeks a 

relationship between evolving molecular weight and ductility; an understanding of both the 

polymer structure and deformation mechanics are utilised for this. Finally, Chapter 6 

considers the effects of finite polymer chain extensibility on mechanical properties. Stepto 

and Taylor’s (1995a, 1995b) approach (Section 3.2.7), which motivates the work, is extended 

to consider an evolving molecular weight distribution. 
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4 A kinetic scission model for molecular weight evolution in 

bioresorbable polymers 

The main contents of this chapter have been published in Polymer Engineering and Science 

by John Wiley and Sons (Hill and Ronan, 2022). This is licensed under CC BY 4.0 and 

reproduced with permission. 

As detailed in the previous chapters, a significant body of experimental literature has 

suggested a relationship between the molecular weight distribution of polymers and their 

mechanical properties. While several models have been proposed for predicting the evolving 

average molecular weight of biodegradable polymers, these rarely extend to predictions for 

the entire evolving molecular weight distribution as a function of degradation duration. The 

primary aim of this chapter is to address this gap and develop a model that considers both 

mid- and end-chain scissions due to hydrolysis and autocatalysis. This work is motivated by 

the approach of Shirazi et al. (2016b) and Wang et al. (2010, 2008), described in Section 3.2.6. 

A kinetic scission model (KSM) is introduced alongside a new kinetic ODE model (NKOM), 

which both better capture the autocatalytic effect of carboxylic acid chain ends than existing 

models. The models introduced are validated using existing experimental data (Shirazi et al., 

2014) and by comparison with existing models (Shirazi et al., 2016b; Wang et al., 2010, 2008). 

4.1 Introduction 

4.1.1 Motivation 

Bioresorbable stents are considered attractive alternatives to permanent metal stents for 

the treatment of coronary artery disease (Serruys et al., 2016; Wykrzykowska et al., 2009). 

However, obtaining biomechanical properties to match that offered by a metal stent has 

proved a difficult task (Im et al., 2017). Factors affecting the biomechanical properties of 

bioresorbable stents include stereo copolymer ratios (Durand et al., 2012) and variations in 

strut thickness (Cheng et al., 2019). In contrast to well-understood metal stents, 

bioresorbable stents have been shown to develop discontinuities during crimping and 

reinflation, before chemical degradation has initiated (Wang et al., 2018). Understanding the 

complex behaviour of these materials is crucial for ensuring sufficient mechanical integrity 

for the intended purpose. As the mechanical behaviour is related to the polymer 

microstructure, determining how the molecular weight distribution changes as degradation 

takes place is essential. 
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4.1.2 Degradation mechanism 

Biocompatible polyesters such as polylactic acid (PLA), polyglycolic acid (PGA) and their 

copolymers experience degradation due to a hydrolytic reaction when placed in an aqueous 

medium (Buchanan, 2008), chemically described as follows: 

 −RCOOR' − 
H2O
→  −RCOOH+ HOR' − (4.1) 

Ester bonds are hydrolysed throughout polymer chains, primarily in amorphous regions of 

the polymer, causing chains to split. Each chain scission results in a carboxylic acid end group, 

−RCOOH (Ginjupalli et al., 2017; Laycock et al., 2017). Both mid- and end-chain scissions can 

occur, as outlined in Fig. 4.1a, and it is unclear which is the dominant mechanism (de Jong et 

al., 2001; Schliecker et al., 2003; Shih, 1995). As reported by Batycky et al. (1997), the 

increased acid concentration at the end of each chain may be the driver behind different 

mid- and end-chain scission rates. Shih (1995) reported a faster rate of end-chain scission 

(𝑘′ = 0.13h−1) than mid-chain scission (𝑘′ = 0.01h−1) for PLA, while reporting a completely 

random process for PCL, attributing this difference to the larger functional groups in PCL. 

During processing, the initial end groups may be capped to slow degradation (Tracy et al., 

1999). Acidic degradation products can build up in the material due to limited diffusion, 

which can further accelerate the hydrolytic degradation (i.e., autocatalysis) and lead to 

heterogeneous bulk degradation (Grizzi et al., 1995; Vey et al., 2008). Shirazi et al. (2016a) 

predicted heterogenous degradation occurs in poly(lactic-co-glycolic acid) (PLGA) samples 

provided the characteristic diffusion length, calculated from material parameters, exceeds 3 

μm. It is expected that the above mentioned poly(𝛼-hydroxy acids) will degrade via bulk 

erosion, switching to surface erosion above a critical dimension estimated to be 7.4 cm by 

von Burkersroda et al. (2002). 

4.1.3 Molecular weight distributions 

Gel permeation chromatography (GPC) (Moore, 1964) is the method regularly employed 

when experimentally determining the molecular weight of a polymer material; separating 

the polymer chains based on hydrodynamic volume using a column packed with porous 

beads. The chains are characterized based on the time they spend travelling through the 

column: smaller chains can enter the pores more readily, increasing their retention time; 

larger chains, unable to fit into many of the pores, have a more direct path to follow through 

the column, allowing them to leave more quickly (Fig. 4.1b). It is possible for some chains to 

be completely retained, while others may not be retained at all; GPC is unable to separate 
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these chains. The detection range is determined both by the column packings used and their 

pore diameters (Skoog et al., 2017), and the sensitivity of the equipment used (for example, 

a Viscotek SEC-MALS 20 (Malvern, 2019), which couples GPC with multi-angle light scattering 

technology, claims a molecular weight detection range of 1000 Da − 10 MDa or 

1.66 × 10−21g − 1.66 × 10−17g, which is equivalent to approximately 14 – 140000 units of 

PLA). Polystyrene standards are often used to calibrate GPC, meaning the molecular weight 

of the sample is measured with respect to polystyrene; it has been reported that in doing so, 

lower molecular weights of PLA may not be accurately captured (Alex et al., 2018). 

Vey et al. (2008) obtained evolving molecular weight distributions for amorphous PLGA 50:50 

films degraded in phosphate buffer solution at 37°C, reproduced in Fig. 4.1c. A shift to the 

left was observed, with distributions initially broadening and a gradual reduction in peak 

height, before the opposite trend (taller and narrower distributions) was captured at later 

stages. The truncated tails in curves for Day 8.8 and onwards, denoted by the vertical dashed 

line, indicate that low molecular weight chains have either been removed through diffusion 

or that they are not accurately captured by this technique. 

 

Fig. 4.1. (a) When placed in an aqueous medium, hydrolysis causes bonds to break, 

resulting in an acid chain end and an alcohol chain end; in turn, the former can accelerate 

the process. End scissions break the final bond in a polymer chain, resulting in the 

separation of a monomer, while mid-chain scissions cut some random bond along the 

chain, causing two shorter chains. (b) Schematic diagram of gel permeation 

chromatography. At time zero (t = 0), a polymer sample is prepared and enters the 

column. The sample gradually progresses, with chains characterized based on the time 

they spend travelling through the column. For example, the high MW chains are too big 

to enter the narrow pore structures and have exited at t = 2, while the medium and low 

MW chains follow less direct paths and are still permeating through the column. Based 

on their retention time, a molecular weight distribution is obtained. (c) Example of 

evolving molecular weight distributions for PLGA 50:50 as degradation takes place. 

Adapted from Vey et al. (2008). The vertical dashed line draws attention to the truncated 

tails at low molecular weights. 
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4.1.4 Evolution of amorphous polymers 

Polymer composition plays a significant role in the degradation behaviour observed (Durand 

et al., 2012; Middleton and Tipton, 2000); this enables the optimisation of polymer 

properties for specific applications to be obtained through tailoring of the copolymer ratios. 

Certain copolymers, such as poly(DL-lactic-glycolic acid) 50:50 (50% PLA, 50% PGA), poly(DL-

lactic-glycolic acid) 75:25 (37.5% PLLA, 37.5% PDLA, 25% PGA) and poly(DL-lactic acid) (50% 

PLLA, 50% PDLA), remain amorphous throughout degradation (Li et al., 1990a, 1990b; Shirazi 

et al., 2016a, 2014). This can be advantageous, resulting in a more predictable degradation 

profile than that seen with semi-crystalline polymers. Additionally, amorphous regions are 

typically the weak link in semi-crystalline polymers, degrading more quickly than crystalline 

regions. Consequently, the focus here is on accurately modelling amorphous polymers with 

the findings also relevant to the prediction of degradation in semi-crystalline polymers. 

As chains break due to the hydrolytic reaction, the material transitions from having a high 

molecular weight to a low molecular weight (Tsuji, 2002; Tsuji and Del Carpio, 2003). A 

surface-centre differential has been observed in many cases as degradation proceeds, with 

degradation occurring more quickly at the centre (Li et al., 1990b, 1990a; Vey et al., 2008). 

The evolution of mechanical properties has been seen to be largely dependent on this 

molecular weight degradation. Experimental studies have found that changes in the 

mechanical behaviour of the polymer as degradation proceeds can vary substantially 

between different polymer compositions (Tsuji, 2002; Tsuji and Del Carpio, 2003). Shirazi et 

al. (2016a, 2014) observed that although the molecular weight of degrading PLGA declines 

rapidly, the Young’s modulus remained relatively constant until a significant number of 

polymer chains had been removed from the system. The size of the sample is also seen to 

affect degradation, with thick samples degrading more quickly than thin ones, accredited to 

the build-up of accelerative degradation products in thicker samples as diffusion is not fast 

enough and autocatalysis occurs (Grizzi et al., 1995). Therefore, when modelling the 

evolution of these materials during degradation, important factors to consider include 

polymer type, changes in molecular weight distribution, degradation mechanism, and 

relationships between molecular weight and mechanical properties. 

4.1.5 Modelling changes in molecular weight 

Several models have been proposed to describe the degradation of biodegradable polymers 

using various approaches. Kinetic models have been developed to provide predictions for 

changes in average molecular weight as a function of degradation time (Antheunis et al., 
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2010, 2009; Han and Pan, 2009; Lyu et al., 2007; Pitt and Gu, 1987; Siparsky et al., 1998; 

Wang et al., 2008). Gleadall et al (2014b) explored the effects of different hydrolysis 

mechanisms, determining both mid- and end-chain scissions are necessary to result in mass 

loss and molecular weight reduction, respectively. Scission models have been proposed to 

describe how chain cleavages affect the molecular weight distribution of a polymer, with 

both mid- and end-chain scissions considered (Batycky et al., 1997; Gleadall and Pan, 2013), 

but these have failed to incorporate the effect of autocatalysis on the degradation behaviour. 

Kinetic Monte Carlo approaches have been developed, providing predictions for the 

temporal evolution of the molecular weight distribution (Han and Pan, 2011; Zhang et al., 

2017). The autocatalytic effect of acid chain ends created via mid-chain scission has typically 

been neglected, with only those of water-soluble oligomers and monomers considered 

(Gleadall et al., 2014b; Han and Pan, 2011, 2009; Wang et al., 2008; Zhang et al., 2017). A 

framework combining hydrolysis and autocatalysis due to carboxylic acid chain ends into a 

single model, while accounting for both mid- and end-chain scissions caused by both 

degradation mechanisms, will offer greater insight into how the molecular weight 

distribution changes as degradation takes place. 

4.1.6 Modelling mechanical properties 

In contrast to the many models focused on describing the degradation kinetics, few studies 

have focused on the time taken for the mechanical properties of a biodegradable polymer 

to break down. Recent models have suggested methods which couple a kinetic model with a 

scission model to gain insight into the evolution of Young’s modulus (Shirazi et al., 2016b; 

Wang et al., 2010), building on the model by Wang et al. (2008) that predicts molecular 

weight changes and linking this to changes in Young’s modulus. The effect of chain scissions 

on Young’s modulus has also been considered, suggesting localised reduced stiffness 

(Gleadall et al., 2015). Zhang et al. (2019) further developed the Kinetic Monte Carlo 

approach (Han and Pan, 2011; Zhang et al., 2017) to consider the evolution of polymer tensile 

strength during degradation. A small number of studies have utilised finite element 

techniques to determine the mechanical responses to degradation, allowing for devices of 

any shape to be considered (Shine et al., 2017; Shirazi et al., 2016b; Soares et al., 2010; Wang 

et al., 2010). A full description of the polymer material, and, thus, the molecular weight 

distribution and its evolution during degradation, is likely necessary for more rigorous 

predictions of the mechanical properties. 
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4.1.7 A chronology of the models to date 

Following the original kinetic phenomenological model of Wang et al. (2008), a variety of 

developments have been proposed. In the initial work, a reaction-diffusion model was 

developed to describe the degradation of amorphous biodegradable polymers; this was 

extended by Han and Pan (2009) to consider crystalline regions using a modified version of 

Avrami’s theory to account for degradation-induced crystallisation. A further extension 

accounted for the production and diffusion of oligomers (Han et al., 2010). Gleadall et al. 

(2014b) updated the kinetic model by differentiating between mid-chain and end-chain 

scissions in new rate equations; although, comprehensive experimental data to separate the 

kinetics of these processes is lacking. A more detailed comparison between the model 

developments is provided in Table 3.4. 

Despite the success of this family of models in capturing experimental trends, some key 

issues persist in the model assumptions and formulation. First, it is assumed that only 

monomers (and oligomers in later publications) could catalyse the hydrolysis reaction. The 

polymer end group plays an important role in degradation, with uncapped PLGA degrading 

faster than ester capped (Tracy et al., 1999), suggesting all carboxylic acid ends should be 

considered catalysts and not only those of short chains. Second, simplified molecular weight 

distributions were assumed, characterised by the ester bond concentration, 𝐶𝑒, and the 

oligomer (or monomer, 𝐶𝑚) concentration, 𝐶𝑜𝑙. This assumed distribution is unable to 

consider the effect of the overall molecular weight distribution on mechanical properties; 

this may be important, with reports that a narrow distribution of polystyrene had improved 

tensile strength, elongation at break and tensile creep properties compared to broader 

samples with the same value of weight average molecular weight, 𝑀𝑤 (Thomas and Hagan, 

1969). Third, although Han et al. (2010) improved the equations of Wang et al. (2008) to 

more correctly account for mid-chain scissions and thus prevent all scissions from affecting 

𝐶𝑜𝑙 (i.e., not all scissions create oligomers), the effect of mid-chain scissions on 𝐶𝑒 has not 

been accounted for (i.e., the updated rate equations do not account for the reduction of 

ester bonds due to mid-chain scissions). Fourth, it was assumed in earlier studies that 

average molecular weight was proportional to 𝐶𝑒 and although later studies (Gleadall et al., 

2014b; Han et al., 2010) calculated an average molecular weight based on 𝐶𝑒 and other 

parameters, this quantity was not computed from a chain distribution and thus limited the 

understanding of consequential changes in molar mass dispersity (𝑀𝑤/𝑀𝑛). 
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In parallel to these models of degradation kinetics, Wang et al. (2010) introduced an entropy 

spring model to predict the mechanical behaviour, relating the Young’s modulus to the 

average molecular weight, again focusing on amorphous polymers. That work was motivated 

by the rubber-like elasticity theory detailed by Ward and co-workers (1971; 2013) and 

further details are provided in Section 2.3 and Section 3.2.6. An initial MWD was prescribed 

and subjected to numerically simulated mid-chain and end-chain scissions; however, as this 

did not consider the reaction kinetics, the formulation was combined with the original kinetic 

model (Wang et al., 2008), where the reaction-diffusion equations were solved to describe 

the evolution of 𝐶𝑒, and it was assumed that this was equivalent to 𝑀𝑛 of the simulated 

MWD, thus neglecting the effect of the formation and removal of chains from the system 

and not accounting for changes in molar mass dispersity. Although the entropy spring model 

was derived using the theory of rubber elasticity, degradation data for both amorphous PLA 

and PLGA below their glass transition temperature have been captured (Shirazi et al., 2016b; 

Wang et al., 2010). While further developments to these models have been proposed (Han 

and Pan, 2011), the key issues identified above persist and form the motivation for our study. 

4.1.8 Current study 

In the current study, a kinetic scission model (KSM) was developed, motivated by previous 

work by Shirazi et al. (2016b) and Pan and co-workers (Gleadall et al., 2014b; Wang et al., 

2010, 2008), to predict how the polymer properties evolve as degradation proceeds. Five key 

limitations are addressed: (i) the kinetics are updated to account for autocatalysis due to 

acidic chain ends created via all chain cleavages, rather than monomers alone as done 

previously; (ii) complete molecular weight distributions are considered and tracked as chains 

are randomly cleaved; (iii) mid-chain scissions reduce the ester bond concentration; (iv) 

average molecular weights are calculated using the distributions; and (v) the kinetics are 

directly calculated within the scission model, providing a direct time-dependence and 

preventing the need for coupling of models. 

Amorphous polyesters and their evolution caused by simple hydrolysis and autocatalysis via 

both mid- and end-chain scissions are considered. It is assumed that the material experiences 

heterogenous bulk degradation and is instantly saturated with water; as such, the water 

concentration is not considered in the kinetics. This is a reasonable assumption given that 

the polymers considered do not proceed with surface erosion, indicating that degradation 

initiates within the sample, with the rate of diffusion of water greater than the rate of 
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hydrolysis, as is generally the case for the polymers and respective sample sizes considered 

(Shirazi et al., 2016b; von Burkersroda et al., 2002). 

The chapter is structured as follows: an existing chain scission model is first described and 

subsequently modified to include reaction kinetics (Kinetic Scission Model, KSM). The 

included kinetics are based upon an existing model where ester bonds concentrations are 

predicted by solving coupled ordinary differential equations (ODEs), referred to as the Kinetic 

ODE Model (KOM). This KSM enables the number of mid- and end-chain scissions to be 

calculated and performed discretely on an ensemble of polymer chains and predicts the 

evolution of the molecular weight distribution with time. Based on the learnings from the 

KSM, improvements to the KOM are proposed and comparisons are made with this New 

Kinetic ODE Model (NKOM). The results obtained are quantitatively compared to and 

calibrated with existing experimental data for amorphous PLGA films (Shirazi et al., 2014). 

The effects of excluding various lengths of oligomers from calculations of molecular weight 

and varying the initial acid end concentration are explored. Finally, by incorporating the 

entropy-spring theory proposed by Wang et al. (2010) into the scission model, Young’s 

modulus is estimated from the molecular weight distributions obtained. 

4.2 Kinetic Scission Model (KSM) 

4.2.1 Previous scission model 

In the current section, the chain scission model, as proposed by Wang et al. (2010), is 

described together with the numerical implementation by Shirazi et al. (2016b). In order to 

model the effect of ester bond cleavages on the molecular weight distribution caused by 

hydrolysis, a microscale model of polymer chain scissions was developed and implemented 

in MATLAB® (R2019a, The MathWorks, Inc., MA, USA). Scissions were performed at random 

on the polymer chains, with both mid- and end-chain scissions considered. End scissions 

reflected the final ester bond in a chain being broken, with a monomer being formed, while 

a mid-chain scission broke a bond selected at random, resulting in two shorter chains (Fig. 

4.1a). This process was carried out as follows and as summarised in the flowchart in Fig. 4.2: 

1. To begin, GPC data obtained by Shirazi et al. (2014) for PLGA 50:50 was used to 

generate an initial representative polymer system and each of the initial chain 

lengths were stored in an array. 

2. The molar number of scissions to be performed in a step, 𝑆𝑡𝑜𝑡, was calculated as 

 𝑆𝑡𝑜𝑡 = 𝑆𝑒𝑛𝑑 + 𝑆𝑚𝑖𝑑 (4.2) 
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where 𝑆𝑒𝑛𝑑 (mol m
−3) and 𝑆𝑚𝑖𝑑  (mol m

−3) are the molar number of end- and mid-

chain scissions in a step, respectively, described below, and used to determine the 

total number of scissions to perform in a step throughout the system. 

3. The 𝑖th type of scission to be performed was chosen by first selecting a randomly 

generated number, 𝑟𝑖, on the interval (0,1); when 𝑟𝑖 ≤
𝑆𝑒𝑛𝑑

𝑆𝑡𝑜𝑡
, an end scission was 

performed. Otherwise, a mid-chain scission was executed. 

4. Based on the outcome of Step 3, bond scissions were simulated. Chains were 

indexed from 1 to 𝑁𝑐, where 𝑁𝑐 is the total number of chains. Before each end-chain 

scission, a chain index was chosen at random. An end scission was performed on the 

chosen chain, reducing the chain length by 1, with a monomer removed from the 

chain and stored separately. For a mid-chain scission, a bond was chosen at random 

from the total number of mid-chain bonds in the system. The index of the chain 

containing this bond was determined and the chosen bond was removed, with the 

two resulting chain lengths stored in the array. 

5. Steps 3 – 4 were repeated until 𝑆𝑡𝑜𝑡 scissions had been performed. The simulation 

then returned to Step 2, continuing until the system of chains had been broken down 

completely. 

It should be emphasised that for the mid-chain scission process described in Step 4, a bond 

was randomly chosen from all those available in the system, as opposed to randomly 

choosing a chain first, and then selecting a bond from that chain. For the former method, all 

bonds have an equal chance of being chosen; without experimental evidence to suggest that 

chains of a certain length are favoured by the scission mechanism, this is assumed to be 

correct. In contrast, for the latter method, all chains would have an equal chance of being 

selected, with a bond in a short chain having a greater chance of being chosen than a bond 

in a long chain, e.g., a chain of length 100 has the same chance of being selected as a chain 

of length 1000, but there are 10 times more bonds available to break in the longer one. 

Previous scission models kept 𝑆𝑒𝑛𝑑 and 𝑆𝑚𝑖𝑑 fixed throughout the simulation (Gleadall and 

Pan, 2013; Shirazi et al., 2016b; Wang et al., 2010), making it difficult to relate results to time, 

with degradation being a non-linear process. To overcome this, we update the model to 

allow 𝑆𝑒𝑛𝑑 and 𝑆𝑚𝑖𝑑 to vary during the simulation, as described in the following section. 
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Fig. 4.2. Flowchart detailing the scission model implementation of Shirazi et al. (2016b). 

𝑆𝑡𝑜𝑡 is the total number of scissions to be performed and 𝑆𝑒𝑛𝑑/𝑆𝑚𝑖𝑑 is the proportion of 

end to mid-chain scissions. 

4.2.2 Proposed time-dependent model 

Here, the previous scission model is combined with a modified version of the kinetic 

phenomenological model of Wang et al. (2008) to determine the rates of mid- and end-chain 

scission. This development provides the following advantages: (i) the kinetics are updated to 

account for autocatalysis due to acidic chain ends created via all chain cleavages, rather than 

monomers alone as done previously; (ii) complete molecular weight distributions are 

considered and tracked as chains are randomly cleaved; (iii) mid-chain scissions reduce the 

ester bond concentration; (iv) average molecular weights are calculated using the 

distributions; and (v) the kinetics are directly calculated within the scission model, providing 

a direct time-dependence and preventing the need for coupling of models. 

Wang et al. (2008) proposed the following system of reaction-diffusion equations, referred 

to as the kinetic ODE model (KOM) in this work, to model the degradation kinetics of 

bioresorbable polyesters due to both simple hydrolysis and autocatalysis: 
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 𝜕𝐶𝑒
𝑑𝑡

=  −(𝑘ℎ𝐶𝑒 + 𝑘𝑎𝐶𝑒𝐶𝑚
𝑛 ) (4.3) 

 𝜕𝐶𝑚
𝑑𝑡

= 𝑘ℎ𝐶𝑒 + 𝑘𝑎𝐶𝑒𝐶𝑚
𝑛 + ∇ ⋅ (𝐷∇𝐶𝑚) (4.4) 

where 𝐶𝑒 (mol m
−3) is the concentration of ester bonds, 𝐶𝑚 (mol m

−3) is the concentration 

of monomers, 𝑘ℎ  (day
−1)  and 𝑘𝑎  ((m

3mol−1)𝑛 day−1) are reaction rate constants for 

simple hydrolysis and autocatalysis respectively, and 𝑛 is an acid dissociation constant, often 

taken to be 0.5 (Lyu et al., 2007; Siparsky et al., 1998). The last term in Eq. (4.4) takes the 

diffusion of monomers in the system into account; in the current work, we restrict our focus 

to the reaction mechanism and the implications of this are discussed below. As water is 

assumed to be abundant, its concentration does not appear in Eqs. (4.3)-(4.4); this 

assumption remains throughout this work. 

For a system experiencing degradation via both mid- and end-chain scissions, each ester 

bond cleavage reduces the ester bond concentration and simultaneously increases the 

concentration of acid ends, with each scission resulting in an additional carboxylic acid end 

(Ginjupalli et al., 2017). However, Eqs. (4.3)-(4.4) are representative of a system where each 

ester bond cleavage increases the monomer concentration in the system; i.e., all scissions 

are, in effect, end scissions. Our proposed model expands on this by replacing 𝐶𝑚 with 

𝐶𝑎 (mol m
−3), the concentration of carboxylic acid ends, in Eqs. (4.3)-(4.4). Incorporating 

this dependence ensures all acid ends contribute to autocatalysis within the system, rather 

than monomers alone. 

Eqs. (4.3)-(4.4) are redefined in terms of the molar number of mid-chain scission, 𝑆𝑚𝑖𝑑, and 

end scission, 𝑆𝑒𝑛𝑑, with each scission reducing 𝐶𝑒 and simultaneously increasing 𝐶𝑎 in the 

system: 

 𝑑𝐶𝑒
𝑑𝑡

=  − (
𝑑𝑆𝑚𝑖𝑑
𝑑𝑡

+
𝑑𝑆𝑒𝑛𝑑
𝑑𝑡

) (4.5) 

 𝑑𝐶𝑎
𝑑𝑡

=
𝑑𝑆𝑚𝑖𝑑
𝑑𝑡

+
𝑑𝑆𝑒𝑛𝑑
𝑑𝑡

 (4.6) 

The diffusive flux of monomers through the system captured in Eq. (4.4) is not included in 

Eq. (4.6). This flux can be included in the future, however, Eq. (4.6) would need to be 

modified to consider mobile acid ends, 𝐶𝑚, separately from acid ends attached to long chains 

that cannot readily diffuse; the alternative description of the updated kinetics presented in 
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Section 4.5 ensures this can be achieved. Assuming there is no such diffusive flux is 

reasonable for larger samples that experience heterogeneous bulk degradation, where 

autocatalysis is the dominant mechanism and monomers initially remain trapped in the 

system (Vey et al., 2008); see a detailed explanation by Shirazi et al. (2016b). Both the size of 

the sample and the surface area will affect the impact of diffusion of monomers and 

subsequent degradation. However, without detailed experimental data to inform what the 

diffusion coefficient is throughout degradation for the materials of interest here, this would 

be an additional parameter to calibrate and thus add uncertainty; as a result, it was excluded 

from the current focus. This reformulation and simplification removes the spatial gradient 

included in Eqs. (4.3)-(4.4); thus, the method proposed cannot readily describe differences 

in degradation throughout a sample according to its spatial location (e.g., at the centre, near 

the surface, etc.) and effectively considers a representative volume element (RVE). Going 

forward, several RVEs could be considered in parallel using a modified KSM that includes a 

spatial element to incorporate size effects. 

A further modification distinguishes between the concentration of ester bonds at the end of 

chains, 𝐶𝑒,𝑒𝑛𝑑  (mol m
−3), and that of the remaining, mid-chain bonds, 𝐶𝑒,𝑚𝑖𝑑  (mol m

−3), 

somewhat similarly to that done by Gleadall et al. (2014b). This allows the rates of mid- and 

end-chain scission to be calculated as follows: 

 𝑑𝑆𝑚𝑖𝑑
𝑑𝑡

= 𝑘ℎ𝑚𝐶𝑒,𝑚𝑖𝑑 + 𝑘𝑎𝑚𝐶𝑒,𝑚𝑖𝑑𝐶𝑎
𝑛 (4.7) 

 𝑑𝑆𝑒𝑛𝑑
𝑑𝑡

= 𝑘ℎ𝑒𝐶𝑒,𝑒𝑛𝑑 + 𝑘𝑎𝑒𝐶𝑒,𝑒𝑛𝑑𝐶𝑎
𝑛 (4.8) 

The simple hydrolytic reaction generates mid- and end-chain scissions according to 

𝑘ℎ𝑚 ( day
−1) and 𝑘ℎ𝑒 ( day

−1), respectively. Similarly, the autocatalytic reaction rates, 

𝑘𝑎𝑚 ((m
3mol−1)𝑛 day−1) and 𝑘𝑎𝑒 ((m

3mol−1)𝑛 day−1), govern the rate at which mid- and 

end-chain scissions, respectively, occur due to autocatalysis. 

Returning to Step 2 of the scission model outlined in Section 4.2.1, at the beginning of each 

step, the molar number of scissions to be performed in that time-step, split between mid-

chain scissions and end-chain scissions can be calculated as 

 𝑆𝑚𝑖𝑑 = (𝑘ℎ𝑚𝐶𝑒,𝑚𝑖𝑑 + 𝑘𝑎𝑚𝐶𝑒,𝑚𝑖𝑑𝐶𝑎
𝑛)Δ𝑡 (4.9) 

 𝑆𝑒𝑛𝑑 = (𝑘ℎ𝑒𝐶𝑒,𝑒𝑛𝑑 + 𝑘𝑎𝑒𝐶𝑒,𝑒𝑛𝑑𝐶𝑎
𝑛)Δ𝑡 (4.10) 
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where the values of 𝐶𝑒,𝑚𝑖𝑑 , 𝐶𝑒,𝑒𝑛𝑑 and 𝐶𝑎 are updated at the start of each step, and Δ𝑡 is the 

time increment. In practice, Δ𝑡 ≈ 0.04 day−1 (24 steps per day) was found to provide good 

precision (see Fig. 4A. 1, Fig. 4A. 2). Applying the KSM until the polymer chains have broken 

down completely results in evolving molecular weight distributions (MWDs) as a function of 

degradation time. This significant contribution ensures a more complete prediction of the 

polymer microstructure as degradation takes places, providing details of a representative 

distribution of polymer chain lengths and their evolution throughout degradation. 

4.2.3 Calculating average molecular weights 

To calculate values of the average molecular weight using Eqs. (4.3)-(4.4) alone, Wang et al. 

(2008) assumed the ester bond concentration, 𝐶𝑒, and an average molecular weight, 𝑀𝑒, 

could be related as follows: 

 𝑀𝑒
𝑀𝑒0

=
𝐶𝑒
𝐶𝑒0

 (4.11) 

where 𝑀𝑒0 and 𝐶𝑒0 are the initial values of average molecular weight and ester bond 

concentration, respectively. Here, we refer to this average value as 𝑀𝑒 to avoid confusion 

between alternative average values. Monomers are too small to be detected experimentally 

using standard measuring methods, and as such are excluded from the calculation in Eq. 

(4.11). Average molecular weights are hugely dependent on the number of chains in the 

system, which this relationship fails to capture; as such, Eq. (4.11) should be used with 

caution, as seen in Section 4.3. 

As the scission model provides insight on the overall MWD as degradation proceeds, more 

conventional predictions for the average molecular weight can be obtained. For example, 

the number average molecular weight, 𝑀𝑛 (g mol
−1), can be calculated as 

 
𝑀𝑛 =

∑ 𝑁𝑖𝑀𝑖
𝑁𝑐
𝑖=1

∑ 𝑁𝑖
𝑁𝑐
𝑖=1

 (4.12) 

where 𝑁𝑐 is the total number of chains and 𝑁𝑖  is the number of polymer chains of weight 

𝑀𝑖 (g mol
−1). Additionally, the weight average molecular weight, 𝑀𝑤  (g mol

−1), can be 

calculated as 

 
𝑀𝑤 =

∑ 𝑁𝑖𝑀𝑖
2𝑁𝑐

𝑖=1

∑ 𝑁𝑖𝑀𝑖
𝑁𝑐
𝑖=1

 (4.13) 
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As short, water-soluble chains or oligomers may be immeasurable by standard experimental 

methods, removing these from calculations may provide more meaningful comparison of 

results with experimental data. To account for this, chains of length 𝐿𝑜𝑙  and below were 

excluded from the calculations of 𝑀𝑛 and 𝑀𝑤, where various values of 𝐿𝑜𝑙  were chosen to 

encompass those suggested in literature (Buchanan, 2008; Vey et al., 2008). 

4.2.4 Solution approach 

The solution approach is carried out as follows, with the main steps summarised in the 

flowchart in Fig. 4.3: 

• An array of chains was considered, representative of amorphous PLGA 50:50 prior 

to degradation based on experimental data obtained by Shirazi et al. (2014). 

• A step-size for the KSM was chosen (24 steps per day, Δ𝑡 ≈ 0.04 day−1), with 

temporal convergence checked (see Fig. 4A. 1, Fig. 4A. 2). 

• The molar reaction rates (𝑘ℎ𝑚, 𝑘𝑎𝑚, 𝑘ℎ𝑒 , 𝑘𝑎𝑒), initial molar concentration of ester 

bonds (𝐶𝑒0 = 17300 mol m
−3 (Wang et al., 2008)) and acid dissociation constant 

(𝑛 = 0.5 (Siparsky et al., 1998)) were input. The size of the system, 𝜑, was calculated 

by scaling the total number of ester bonds in the generated chain array, 𝑁𝑒0, with 

𝐶𝑒0: 𝜑 = 𝑁𝑒0/𝐶𝑒0. Then, the initial molar concentration of ester bonds at the end of 

chains 𝐶𝑒0,𝑒𝑛𝑑 = 2𝑁𝑐/𝜑, and that of mid-chain bonds 𝐶𝑒,𝑚𝑖𝑑 = (𝑁𝑒0 − 2𝑁𝑐)/𝜑, 

where 𝑁𝑐 is the number of generated chains. The initial molar carboxylic acid 

concentration was either input (e.g., 𝐶𝑎0 = 0 mol m
−3) or calculated (e.g., 𝐶𝑎0 =

𝑁𝑐/𝜑). 

• In each step, the number of mid- and end-chain scissions to be performed was 

calculated using Eqs. (4.9)-(4.10) and scaled to account for the size of the system, 

and scissions were then carried out as described in Section 4.2.1. The array was set-

up to track the evolution of each individual chain during the scission process, and 

stored information on all chain lengths; this provided the molecular weight 

distributions, from which average molecular weights were obtained. Fig. 4.4 shows 

a random sample of 25 initial chains at various stages of the simulation, with each 

section of a stacked bar representative of a fragmented piece of that parent chain 

created via scission. 

• Various reaction rates were explored by choosing incremental values and the 

coefficient of determination, 𝑟2, was calculated for each iteration using an 
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orthogonal regression following the approach of Shirazi et al. (2016b); see Section 

2.4.1 for more details. The reaction rates were first calibrated to fit predictions for 

𝑀𝑒 to the experimental data of Shirazi et al. (2014) for 𝑀𝑛 (Section 4.3), determining 

the values that maximised 𝑟2; these were then recalibrated when predictions for 𝑀𝑛 

were considered (Section 4.4), highlighting the discrepancy between these 

properties. 

• These results were explored further and compared to experimental data (Shirazi et 

al., 2014) in the context of examining the effect of 𝐿𝑜𝑙  on 𝑀𝑛 and 𝑀𝑤. In these 

simulations, a scission resulting in a chain of length 𝑖, where 𝑖 ≤ 𝐿𝑜𝑙, was assumed 

to instantly dissolve to form 𝑖 monomers and was updated in the array accordingly. 

• The initial carboxylic acid end concentration, 𝐶𝑎0, was varied to examine the effect 

end-capping has on 𝑀𝑛 and 𝑀𝑤 during degradation (Section 4.5). 

• Finally, the previously calibrated values were used when examining changes in 

Young’s modulus during degradation, described in Section 4.6. 

 

Fig. 4.3. Flowchart outlining the main processes of the kinetic scission model. 
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Fig. 4.4. A sample of 25 initial chains (from ~24000) at various stages of the simulation. 

Each bar corresponds to one initial chain, with each coloured section representative of 

a fragmented piece of the chain created via scission. Chains are initially coloured 

arbitrarily; however, the colouring of specific chain fragments remain fixed throughout 

the figure with the larger of the child fragments retaining the parent colour. 

4.2.5 Calibration of model 

For all simulations, the acid dissociation constant, 𝑛, was taken to be 0.5, based on that 

described in literature (Lyu et al., 2007; Siparsky et al., 1998). The reaction rate constants, 

𝑘ℎ𝑒 , 𝑘𝑎𝑒 , 𝑘ℎ𝑚 and 𝑘𝑎𝑚, were calibrated to fit the experimental data of Shirazi et al. (2014), 

which examined the evolution of molecular weight and Young’s modulus for amorphous 

PLGA (50:50) films (with a thickness of 250 𝜇m) degraded in a phosphate buffer solution, pH 

7.4, at 37°C. This calibration was carried out by calculating the coefficient of determination, 

𝑟2, for a range of reaction rates and parameters that maximised 𝑟2 were chosen. In Section 

4.3, it was assumed that end scissions were dominant, with 𝑘ℎ𝑚 = 𝑘𝑎𝑚 = 0, to compare 

different average molecular weight calculations using assumptions from previous models 

(Shirazi et al., 2016b; Wang et al., 2010, 2008). From Section 4.4 onwards, without 

comprehensive experimental evidence to suggest either scission mechanism is dominant for 

this material (or in what proportion), it was assumed that both mid- and end-chain scissions 

were equally likely, with 𝑘ℎ𝑚 = 𝑘ℎ𝑒 and 𝑘𝑎𝑚 = 𝑘𝑎𝑒. The reaction rates are taken to be 

constants, as in previous work (Shirazi et al., 2016b; Wang et al., 2008), with changes in the 

rate of degradation instead captured by the evolution of 𝐶𝑒 and 𝐶𝑎. It should be noted that 

the calibrated parameters indicate the predictive capability of the model but may not 

uniquely optimise 𝑟2 and a more robust material characterisation would be necessary for 

further analysis. Finally, the calibration assumed that the maximum length of short chains 

𝐿𝑜𝑙 = 1, and the initial carboxylic acid end concentration 𝐶𝑎0 = 0, representative of an 

ester-capped system, as outlined in the Discussion; the effect of varying these is explored. 



Comparison between the previous Kinetic ODE Model (KOM) & the newly proposed KSM 

104 

4.3 Comparison between the previous Kinetic ODE Model (KOM) & the newly 

proposed KSM 

This section explores how the newly proposed kinetic scission model (KSM) compares with 

solutions obtained using the previous kinetic ODE model (KOM) alone. This is completed in 

three steps, as summarised in Fig. 4.5: 

1. The KSM is first calibrated to fit predictions for 𝑀𝑒 to experimental data for 𝑀𝑛 

(Shirazi et al., 2014). 

2. Then, predictions obtained using the KOM outlined in Eqs. (4.3)-(4.4) are compared 

with those of the KSM. 

3.  Finally, alternative methods of calculating average molecular weight are compared 

using the KSM. 

 

Fig. 4.5. Overview of the steps carried out in this section. 

4.3.1 KSM: degradation via end scissions and simplified molecular weight 

predictions 

To begin, the KSM was calibrated to fit predictions for 𝑀𝑒 to experimental data for 𝑀𝑛 

(Shirazi et al., 2014). The KSM was used to track the evolution of an ensemble of polymer 

chains, as described. In order to compare the KSM with the KOM, rate constants were chosen 

such that only end scissions were permitted (𝑘ℎ𝑚 = 𝑘𝑎𝑚 = 0), with each scission increasing 

the monomer concentration. Additionally, the KOM calculates 𝑀𝑒, which effectively only 

considers a reduction in molecular weight caused by end scissions. 

The remaining reaction rates, 𝑘ℎ𝑒 and 𝑘𝑎𝑒, were chosen to optimise 𝑟2 for 𝑀𝑒 with 

experimental data for 𝑀𝑛 (Shirazi et al., 2014). A good fit was found when 𝑘ℎ𝑒 =

7.20 day−1 and 𝑘𝑎𝑒 = 8.84 × 10
−1 (m3mol−1)1/2 day−1, giving 𝑟2 = 0.9695 (Fig. 4.6a, 

dashed line). Additionally, the maximum oligomer length 𝐿𝑜𝑙 = 1, again chosen for 

comparison with previous assumptions, where only monomers were excluded from 

calculations. 
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4.3.2 KOM: degradation via end scissions and simplified molecular weight 

predictions 

Next, predictions obtained using the KOM outlined in Eqs. (4.3)-(4.4) are compared with 

those of the KSM. Predictions for 𝑀𝑒, as described by the ODEs of Wang et al. (2008), were 

obtained by solving Eqs. (4.3)-(4.4) using the in-built ode45 solver in MATLAB® (R2019a, The 

MathWorks, Inc., MA, USA), a single step-solver based on an explicit Runge-Kutta (4,5) 

formula with an adaptive step-size (outlined in Section 2.4.1). The initial concentrations 

matched that of the initial chain array used for the KSM, with 𝐶𝑒0 = 17300 mol m
−3 (Wang 

et al., 2008) and 𝐶𝑚0 = 0. The solution obtained provided predictions of how the ester bond 

concentration, 𝐶𝑒, within the polymer system evolved with time, which could then be related 

to 𝑀𝑒 using Eq. (4.11) (Fig. 4.6a, solid line). The parameters were held consistent with those 

calibrated above, with the reaction rates scaled as follows: 

 
𝑘ℎ =

𝑘ℎ𝑒𝐶𝑒,𝑒𝑛𝑑0
𝐶𝑒0

, 𝑘𝑎 =
𝑘𝑎𝑒𝐶𝑒,𝑒𝑛𝑑0
𝐶𝑒0

 (4.14) 

to factor in the modification in the KSM that distinguishes between the concentration of 

ester bonds at the end of chains. As seen in Fig. 4.6a, the KOM solution agreed with that of 

the KSM initially but departed from it by Day 3. At this point, chains containing one remaining 

bond that are broken in the KSM result in the addition of two new acid ends and can further 

accelerate the reaction. This cannot be captured by the KOM, resulting in a slower decline in 

𝐶𝑒 for that method. Thus, while the KOM can capture some changes, it is less reliable when 

short chains are present. 

4.3.3 KSM: degradation via end scissions and conventional molecular weight 

predictions 

Alternative methods of calculating average molecular weight are now compared using the 

KSM. With the KSM, we also obtain evolving MWDs (Fig. 4.6b), displayed as a function of the 

number of chains here. The initial distribution was generated based on the experimental 

study of Shirazi et al. (2014). After 5 days, the distribution had broadened, with chains 

gradually shortening. As shorter chains were broken down completely through the unzipping 

of chain ends, the number of chains remaining in the system declined, and the peak height 

reduced. The right-hand limits of the distributions experienced minimal change during this 

period. The corresponding values of 𝑀𝑒 , 𝑀𝑛 and 𝑀𝑤, obtained using Eqs. (4.11)-(4.13) 
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respectively, are highlighted on each MWD in Fig. 4.6b, where 𝑀𝑛0 was used to initialise 𝑀𝑒. 

While 𝑀𝑒 gradually declined, both 𝑀𝑛 and 𝑀𝑤 increased. 

 

Fig. 4.6. (a) Comparison of predictions obtained for 𝑀𝑒 (normalised as in Eq. (4.11)) by 

the KSM (only end scissions, 𝑘ℎ𝑚 = 𝑘𝑎𝑚 = 0, dashed line) and by the numerical KOM 

(solid line) using consistent rate constants with experimental data for 𝑀𝑛 (Shirazi et al., 

2014). Predictions appear poorer towards the final timepoints due to the optimisation 

approach used, 𝑟2 via orthogonal regression; by instead considering the relative error 

when comparing predictions with experimental data, the optimal parameters may give 

an improved fit at the later stages, at the expense of the earlier timepoints. This tail off 

in the strength of the prediction at later timepoints may also be due to the effects of 

diffusion and mass loss that are not included in the framework. (b) Evolving molecular 

weight distributions (lines), indicating the number of chains as degradation occurs as 

predicted by the KSM, showing the average molecular weight as calculated using the 

number average, 𝑀𝑛 (○), weight average, 𝑀𝑤 (), and as by Wang et al. (2008), 𝑀𝑒 (×). 

(c) Although, using the KSM, the average molecular weight, 𝑀𝑒 , (dashed black line) 

agrees approximately with experimental data, an increase is observed for both the 

number average molecular weight, 𝑀𝑛, (solid blue line) and weight average molecular 

weight, 𝑀𝑤, (dashed green line) when monomers are excluded from calculations, in 

disagreement with experimental observations (Shirazi et al., 2014) (which are shown 

for 𝑀𝑛; a similar trend is seen for 𝑀𝑤 (see Fig. 4.7c)). Including monomers in the 

calculations results in a rapid decline for 𝑀𝑛 (dashed blue line), while predictions for 𝑀𝑤 

(dash-dotted green line) are now similar to that seen experimentally. All molecular 

weight quantities are normalised by their initial values, denoted by the overbar. 

Predictions for the various average molecular weights, as obtained previously, are presented 

in Fig. 4.6c as a function of degradation time. Initially, 𝑀𝑛 followed the same trend as seen 

for 𝑀𝑒 when monomers were excluded from calculations. However, after approximately 3 

days an unphysical shift was seen, where the predicted value increased; again, this coincided 

with the complete depolymerisation of some of the initially shorter chains. A similar increase 

was predicted for 𝑀𝑤, despite the similar decreasing trend observed for both 

experimentally. Additionally, we see that including monomers in the calculations resulted in 

an instant significant decline for 𝑀𝑛 as monomers quickly built up due to end scissions, while 

𝑀𝑤 now appears similar to the experimental data. Although the average molecular weight 
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described by Wang et al. (2008), 𝑀𝑒, captures both data approximately, 𝑀𝑛 and 𝑀𝑤 are not 

representative of the data when explored using the KSM for end scissions only. Thus, while 

𝑀𝑒 quantifies some changes in the MWD, the conventional predictions provided by the KSM 

provide a more in-depth description and mimic the approach of experimental calculations. 

In the following section, the KSM is recalibrated against experimental data for degradation 

(Shirazi et al., 2014) via both mid- and end-chain scissions. 

4.4 Mid- and end-chain scission model 

Building from the previous section, mid-chain scissions are now included in the KSM; this is 

accounted for by removing the restriction in the previous section that set 𝑘ℎ𝑚 = 𝑘𝑎𝑚 = 0. 

Evolving MWDs are presented and the effect of varying the maximum length of water-

soluble chains, 𝐿𝑜𝑙, is explored. Without consistent experimental evidence to suggest either 

scission mechanism is dominant for this material, it was assumed that both mid- and end-

chain scissions are equally likely, with 𝑘ℎ𝑚 = 𝑘ℎ𝑒 and 𝑘𝑎𝑚 = 𝑘𝑎𝑒. 

4.4.1 Evolving molecular weight distributions 

The KSM was recalibrated when both mid- and end-chain scissions were performed, with the 

coefficient of determination optimised for predictions for 𝑀𝑛 with experimental data (Shirazi 

et al., 2014). Resulting predictions for the evolving MWDs are shown in Fig. 4.7a (𝐿𝑜𝑙 = 1). 

The distributions gradually shift to the left, with minimal change to the broadness. When the 

distributions were normalised to peak height and compared with experimental data (Shirazi 

et al., 2014), similar trends were seen (Fig. 4.7b). However, by Day 19 the experimental 

distribution had broadened, which is not well captured by the predictions here. Removing 

oligomers below some critical length from the calculations, representing those undetected 

experimentally, varies the distributions obtained, resulting in a more accelerated 

degradation profile (Fig. 4.7b). When 𝐿𝑜𝑙 = 15, the later stages of degradation are better 

captured. 

4.4.2 Predictions for average molecular weights 

Using the MWDs obtained, predictions for the evolution of the number average molecular 

weight, 𝑀𝑛, and the weight average molecular weight, 𝑀𝑤, were found using Eqs. (4.12)-

(4.13). In contrast to the increase seen previously for end scissions only, a good fit was found 

between the predicted values and experimental data when 𝐿𝑜𝑙 = 1, 𝑘ℎ𝑒 = 𝑘ℎ𝑚 =

1 × 10−7 day−1 and  𝑘𝑎𝑒 = 𝑘𝑎𝑚 = 9.2 × 10
−5 (m3mol−1)

1/2
day−1 (𝑟2 = 0.9075) (Fig. 

4.7c); these are several orders of magnitude smaller than the previously calibrated values in 
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Section 4.3 (𝑘ℎ𝑒 = 7.20 day
−1 and 𝑘𝑎𝑒 = 8.84 × 10

−1 (m3mol−1)1/2 day−1), where higher 

reaction rates were necessary due to only end scissions taking place, with individual end 

scissions having minimal impact on the molecular weight. Now that mid-chain scissions are 

also incorporated in the scission model, the gradual decline in these properties seen 

experimentally is successfully captured. Results are shown for various values of 𝐿𝑜𝑙  (Fig. 

4.7c), with increasing values further accelerating the decline in 𝑀𝑛and 𝑀𝑤 due to their 

contribution towards the concentration of acid ends, 𝐶𝑎, as it was assumed that they 

instantly broke down into their monomeric form. 

 

Fig. 4.7. (a) Evolving molecular weight distributions (lines) as degradation occurs 

showing 𝑀𝑛 (○), 𝑀𝑤 () and 𝑀𝑒 (×) (where 𝑀𝑒0 is taken to be 𝑀𝑛0) when 𝑘ℎ𝑒 = 𝑘ℎ𝑚 =

1.0 × 10−7 day−1, 𝑘𝑎𝑒 = 𝑘𝑎𝑚 = 9.2 × 10
−5 (m3mol−1)

1/2
day−1 and 𝐿𝑜𝑙 = 1. (b) 

Normalised molecular weight distributions compared with experimental data (Shirazi 

et al., 2014) for varied values of 𝐿𝑜𝑙 . (c) Comparison of 𝑀𝑛 and 𝑀𝑤 (normalised by their 

initial values) to experimental data (Shirazi et al., 2014) for various values of 𝐿𝑜𝑙 . 

4.5 New Kinetic ODE Model (NKOM) and effect of initial carboxylic acid 

concentration 

The previous sections have shown that deviations exist between predictions obtained from 

the KSM and KOM. Furthermore, the KOM is unable to capture the effect of mid-chain 

scissions. Thus, an updated, new kinetic ODE model (NKOM) is now presented that captures 

the same mechanisms as the KSM. While the KSM simulates degradation on a complete 

representative molecular weight distribution, the NKOM predicts the evolution of 𝐶𝑒 and 𝐶𝑎 

based on initial concentrations and reaction rates and can be used to calculate 𝑀𝑛. 

The NKOM is described by the following ODEs: 

 𝑑𝐶𝑒,𝑚𝑖𝑑
𝑑𝑡

= −3
𝑑𝑆𝑚𝑖𝑑
𝑑𝑡

−
𝑑𝑆𝑒𝑛𝑑
𝑑𝑡

 (4.15) 
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 𝑑𝐶𝑒,𝑒𝑛𝑑
𝑑𝑡

= 2
𝑑𝑆𝑚𝑖𝑑
𝑑𝑡

 (4.16) 

 𝑑𝐶𝑎
𝑑𝑡

=
𝑑𝑆𝑚𝑖𝑑
𝑑𝑡

+
𝑑𝑆𝑒𝑛𝑑
𝑑𝑡

 (4.17) 

where 
𝑑𝑆𝑚𝑖𝑑

𝑑𝑡
 and 

𝑑𝑆𝑒𝑛𝑑

𝑑𝑡
 are described by Eqs. (4.7)-(4.8), respectively. Eqs. (4.15)-(4.16) 

describe each mid-chain scission removing one ester bond from the middle of a chain and 

transforming the two adjacent bonds to end bonds, and each end scission removing an end 

bond and simultaneously transforming the adjacent bond to an end bond (Fig. 4.8). Note that 

these equations are only valid for long chains; this is one of the disadvantages of using a 

kinetic model alone. 

 

Fig. 4.8. Schematic detailing the form of Eqs. (4.15)-(4.17). Each mid-chain scission 

removes one ester bond from the middle of a chain, transforms the two adjacent bonds 

to end bonds, and creates a carboxylic acid end. Each end scission removes an end bond 

and simultaneously transforms the adjacent bond to an end bond, while creating a 

carboxylic acid end. 

Solving the ODEs (4.15)-(4.17) provides predictions for the evolution of 𝐶𝑒 and 𝐶𝑎, whereas 

simulating degradation on an ensemble of polymer chains using the KSM offers greater 

insight into the evolution of the polymer molecular weight distribution. However, predictions 

for number average molecular weight can be obtained as follows: 

 
𝑀𝑁 =

(𝐶𝑒,𝑚𝑖𝑑 + 𝐶𝑒,𝑒𝑛𝑑)𝑀0
𝐶𝑒,𝑒𝑛𝑑/2

 (4.18) 

where 𝑀0 (g mol
−1) is the molar mass of a single repeat unit, and the subscript is capitalised 

to differentiate between the calculation in Eq. (4.12). However, Eq. (4.18) assumes only 

monomers are not captured using GPC; oligomers cannot be excluded from calculations, with 

no information on evolving chain lengths. While the KSM remains more robust, the NKOM is 
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more readily solved and can explore, for example, the effect of reaction rates or initial 

concentrations on 𝑀𝑁, prior to a more in-depth exploration using the KSM. 

4.5.1 Varying the initial carboxylic acid end concentration 

The KSM and NKOM are now used to explore the effect of varying the initial acid end 

concentration, 𝐶𝑎0, providing a comparison between the solutions for both. The initial 

conditions for the NKOM are held consistent with the polymer chain ensemble used in the 

KSM. 

 

Fig. 4.9. (a) Predictions obtained using the KSM (lines) for 𝑀𝑛 (Eq. (4.12)) and the NKOM 

(markers) for 𝑀𝑁 (Eq. (4.18)), normalised by initial value, as a function of degradation 

time for various values of initial carboxylic acid end concentration, 𝐶𝑎0, ranging from 0 

to 𝐶𝑐0, the initial molar concentration of chains in the system, when 𝑘ℎ𝑒 = 𝑘ℎ𝑚 =

1.0 × 10−7 day−1, 𝑘𝑎𝑒 = 𝑘𝑎𝑚 = 9.2 × 10
−5 (m3mol−1)

1/2
day−1 and 𝐿𝑜𝑙 = 1. As 𝐶𝑎0 

increases, the predictions gradually change from an S-shaped curve, with the initial days 

of degradation showing a more abrupt decline due to the increased number of carboxylic 

acid ends available to catalyse the reaction. (b) The effect of varying the initial carboxylic 

acid end concentration on 𝑀𝑤, obtained using the KSM. (c) Predictions for 𝑀𝑛 and 𝑀𝑤 at 

Days 1 and 5, normalised by the corresponding values when 𝐶𝑎0 = 0, as a function of 

𝐶𝑎0/𝐶𝑐0, highlighting the impact this property has on the initial days of degradation. The 

dots represent simulated predictions. 

As the experimental data (Shirazi et al., 2014) considered here did not specify the initial end 

group of the polymer used, an ester capped system was assumed up to now (𝐶𝑎0 = 0), with 

reports that these are more appropriate for medical devices (Sigma-Aldrich, n.d.). Keeping 

all other parameters constant, the effect of various values of 𝐶𝑎0 on the degradation 

behaviour was explored. Values ranging from 0, representative of a system where each chain 

was initially capped, to 𝐶𝑐0, the initial molar concentration of chains in the system where 

each chain was initially acid terminated, were considered. For increasing values of 𝐶𝑎0 both 

𝑀𝑛 and 𝑀𝑤 declined more abruptly in the initial days of degradation due to the increased 

number of carboxylic acid ends available to catalyse the reaction (Fig. 4.9). After Day 1, 𝑀𝑛 

had reduced by more than 25% for a system where all chains were initially acid terminated 
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(𝐶𝑎0 = 𝐶𝑐0) compared to that where 𝐶𝑎0 = 0, and this had jumped to an almost 50% 

difference after Day 5 of the simulation (Fig. 4.9c). This effect reduced over time, with 

predictions converging as degradation progressed. The lines in Fig. 4.9a were obtained using 

the KSM, while the solutions obtained using the NKOM are denoted with markers, 

highlighting the agreement between these two methods. However, unlike the KSM, the 

NKOM is unable to offer insight into 𝑀𝑤. 

4.6 Young’s modulus 

The KSM described above can be extended to estimate Young’s modulus of the system. Wang 

et al. (2010) developed an entropy-spring theory for amorphous bioresorbable polymers 

based on the relationship between Young’s modulus and the number of polymer chains per 

unit volume. They proposed that the entropic elasticity of the system is not significantly 

altered by isolated chain scissions; rather, it is suggested that a critical molecular weight 

exists for a chain, below which the chain has deteriorated to the point of no longer 

contributing to the entropy and thus the Young’s modulus of the material. Thus, Young’s 

modulus (�̅�), normalised at 𝑡 = 0, can be calculated as follows: 

1. Each initial chain and its resulting sub-chains created by scissions form one of 𝑁𝑐0 

groups, where 𝑁𝑐0 is the initial number of chains in the system; 𝑀𝑤 is calculated for 

each individual group. (Each bar in Fig. 4.10 is representative of a group and 

corresponds to a row in the sample array.) 

2. Once 𝑀𝑤 < 𝑀𝑤
𝑐𝑟𝑖𝑡  for a group, where 𝑀𝑤

𝑐𝑟𝑖𝑡  is a specified critical molecular weight, 

the group no longer contributes to the calculation of �̅� and is excluded from 

𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡, the number of chain groups above the molecular weight threshold (Fig. 

4.10). 

3. Then, Young’s modulus can be related to 𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡  as follows: 

 
�̅� =

𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡

𝑁𝑐0
 (4.19) 

The weight average molecular weight, 𝑀𝑤, is chosen here to better capture any remaining 

longer chains that may have a more pronounced effect on stiffness. Scissions were 

performed until sufficient degradation had taken place (�̅� < 0.05). 

The temporal evolution of 𝐸 is obtained directly from the KSM using this approach due to 

the time-dependence introduced in the model. In contrast, the previous work (Shirazi et al., 

2016b; Wang et al., 2010) obtained 𝐸 as a function of 𝑀𝑛 (𝐸 = 𝑓(𝑀𝑛)) using a scission model 
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and coupled this with temporal predictions of 𝑀𝑒 (𝑀𝑒 = 𝑔(𝑡)) obtained using a kinetic model 

to provide 𝐸 as a function of time. However, 𝑀𝑒 and 𝑀𝑛 are different properties, with the 

former being a measure of bonds remaining in the system and the latter the mean mass of 

polymer chains. Thus, this proposed approach provides more physically based predictions. 

 

Fig. 4.10. Schematic illustration of kinetic scission model and calculation of 𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡 . As 

detailed in the text, a representative polymer chain distribution is considered in the form 

of an array of chains with a distribution of lengths. Scissions are simulated on the array 

of chains according to Eq. (4.9) for mid-chain scissions and Eq. (4.10) for end-chain 

scissions. The updated chain lengths are stored in the array, with each row representing 

an initial chain and its resulting sub-chains. A sample of 9 initial representative polymer 

chains (from approximately 24000) are shown halfway through simulated degradation, 

where each bar represents an initial chain and each coloured fragment represents a sub-

chain created via simulated scission. To calculate 𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡 , the number of chain groups 

above a critical molecular weight, 𝑀𝑤
𝑐𝑟𝑖𝑡 , each initial chain and resulting sub-chains are 

taken as an individual group. Once 𝑀𝑤 < 𝑀𝑤
𝑐𝑟𝑖𝑡  for a group, that group is excluded from 

the calculation of 𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡; otherwise, the group contributes to the count of 𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡 . 

Note that despite Chain 384 appearing short compared with Chain 687 (and its largest 

fragment), it is included in the count of 𝑁𝑐>𝑀𝑤𝑐𝑟𝑖𝑡  as it has experienced few scissions and 

thus has a higher value of 𝑀𝑤 than the highly degraded Chain 687. 

4.6.1 Results 

Using the previously calibrated parameters, where 𝐿𝑜𝑙 = 1, 𝑘ℎ𝑒 = 𝑘ℎ𝑚 = 1.0 × 10
−7 day−1, 

𝑘𝑎𝑒 = 𝑘𝑎𝑚 = 9.2 × 10
−5 (m3mol−1)

1/2
day−1 and 𝐶𝑎0 = 0, the effect of various critical 

molecular weights, 𝑀𝑤
𝑐𝑟𝑖𝑡, on the predictions for Young’s modulus was explored. Fig. 4.11a 

shows the evolution of �̅� as a function of degradation time. It is evident that the choice of 

𝑀𝑤
𝑐𝑟𝑖𝑡  significantly alters the results, with this parameter controlling the point of initial 

decline in �̅�. 

The relationship between Young’s modulus and average molecular weights obtained by the 

KSM are compared to experimental data in Fig. 4.11b-c. Higher values of 𝑀𝑤
𝑐𝑟𝑖𝑡  result in 
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accelerated decline in �̅�. These relationships are well captured provided a suitable choice of 

𝑀𝑤
𝑐𝑟𝑖𝑡  is made. 

The model formulation and specifically the “no-rise rule” introduced by Wang et al. (2010) 

prevents increases in 𝐸 to be captured. Although increases in 𝐸 during degradation are 

typically attributed to changes in crystallinity (Tsuji and Ikada, 1995), the initially amorphous 

PLGA samples remained amorphous throughout degradation (Shirazi et al., 2014). This 

increase in stiffness may instead be explained by a more stable chain packing with the 

introduction of water molecules (Tsuji and Suzuyoshi, 2002). A molecular scale focus would 

be necessary to consider this level of behaviour; however, as previously mentioned, the 

computational expense of molecular dynamics prevents the necessary timescales to be 

explored at present. 

 

Fig. 4.11. Young’s modulus predictions, normalised by its initial value, obtained using the 

KSM, as a function of (a) degradation duration, (b) 𝑀𝑤 and (c) 𝑀𝑛 for various values of 

𝑀𝑤
𝑐𝑟𝑖𝑡  compared with the experimental data of Shirazi et al. (2014). Units for 𝑀𝑤

𝑐𝑟𝑖𝑡  are g 

mol-1. 

4.7 Discussion 

The current study presents a kinetic scission model (KSM), providing predictions for the 

evolution of the molecular weight distribution and Young’s modulus of amorphous 

bioresorbable polyesters. This study is motivated by previous work by Pan and co-workers 

(Gleadall et al., 2014b; Wang et al., 2010, 2008) and Shirazi et al. (2016b). The key 

modifications presented are as follows: (i) the kinetics are updated to account for 

autocatalysis due to acidic chain ends created via all chain cleavages, rather than monomers 

alone as done previously; (ii) complete molecular weight distributions are considered and 

tracked as chains are randomly cleaved; (iii) mid-chain scissions reduce the ester bond 

concentration; (iv) average molecular weights are calculated using the full distributions; and 

(v) the kinetics are directly calculated within the scission model, providing a direct time-

dependence and preventing the need for coupling of models. 
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Results showed that despite assuming no diffusive flux of oligomers from the system existed, 

the KSM could be suitably calibrated to capture the behaviour seen experimentally. Shirazi 

et al. (2014) reported no significant mass loss had occurred after approximately 90% 

reduction in molecular weight, observing a gradual mass loss after this point, reaching 15% 

after 19 days. This suggests that oligomers created via chain scissions remained trapped in 

the system for much of the degradation, only slowly diffusing away during the later stages. 

Based on the analysis provided by Shirazi et al. (2016b), it is expected that a polymer film of 

this geometry would experience heterogenous bulk degradation, with the effects of 

autocatalysis dominating any diffusive flux from the system. However, the addition of a 

diffusive term in Eqs. (4.6) and (4.17) should better reflect the degradation kinetics and be 

more appropriate for a wider range of geometries. 

The incorporation of Eqs. (4.9)-(4.10) into the scission model offers a suitable time-

dependence, provided a reasonable time-step is taken and temporal convergence is checked 

(see Fig. 4A. 1, Fig. 4A. 2). A comparison between the kinetic ODE model (KOM) of Wang et 

al. (2008) and the KSM revealed agreement in predictions for 𝑀𝑒 initially, but a departure 

from one another by Day 3 of degradation, with this discrepancy due to the inability of the 

KOM to consider individual chains, and, in particular, short chains (Fig. 4.6a). An updated, 

new kinetic ODE model (NKOM) is introduced in Section 4.5, describing the kinetics of both 

mid- and end-chain scissions via hydrolysis and autocatalysis and considering all carboxylic 

acid ends in the system. Results obtained for 𝑀𝑛 from the NKOM and KSM were highly similar 

(provided end scissions are not the dominant mechanism), where the ode45 solver in 

MATLAB® (R2019a, The MathWorks, Inc., MA, USA) automatically adapts the step-size when 

solving the ODEs for the NKOM, and the chosen step-size of 1 hour for the KSM captured this 

very well (Fig. 4.9a). The NKOM provides predictions for 𝑀𝑛 and can offer insight into the 

effect of varying parameters such as the initial carboxylic acid end concentration, 𝐶𝑎0, while 

the KSM is more rigorous and tracks the entire MWD. The KSM simulation corresponding to 

the main calibration completed in approximately 3 h on an Intel(R) Core(TM) i7-8565U CPU 

@ 1.80GHz 1.99 GHz computer with 16GB RAM and a 64-bit operating system (with a 

stopping criterion when �̅� < 0.05). In contrast, the NKOM completes in approximately 0.1 s. 

The kinetic reaction rates were calibrated for experimental data at 37°C; a fast degradation 

profile was seen, with samples fully degraded after 19 days. The temperature dependent 

kinetics for polymers undergoing hydrolysis and autocatalysis is discussed by Han et al. 

(2010) and Lyu et al. (2007). The calibrated parameters here primarily suggest autocatalytic 

degradation, accompanied by some non-catalytic degradation, in agreement with the 
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analysis of temporal average molecular weight curves by Gleadall et al. (2014b). In order to 

determine constants, we have followed the same procedure as Pan and co-workers (Gleadall 

et al., 2014b; Han et al., 2010; Han and Pan, 2011; Wang et al., 2008) but note that a more 

detailed examination of the material at each time point would be necessary for a more in-

depth analysis. The chosen parameters assume both mid- and end-chain scissions are equally 

likely; if experimental studies suggested otherwise, the parameters could easily be adjusted. 

Additional reaction rates would allow various copolymers to be considered, with a unique 

set of reaction rates expected for each different polymer; this would allow the effect of 

copolymer ratio on the degradation rate to be considered, as described by Han and Pan 

(2011). 

Assuming the average molecular weight, 𝑀𝑒, was directly proportional to the concentration 

of ester bonds, as suggested previously (Shirazi et al., 2016b; Wang et al., 2010, 2008), 

provided good predictions compared with experimental data for 𝑀𝑛 (𝑟2 = 0.9695) when it 

was assumed that only end scissions occurred in the KSM (Fig. 4.6c). In contrast, for the same 

simulation, the results for 𝑀𝑛 and 𝑀𝑤 showed an unexpected increase as degradation 

occurred (Fig. 4.6c). The increases observed were due to shorter chains being removed from 

the system through the unzipping of chain ends (Fig. 4.12). This resulted in a decrease in the 

number of chains in the system (Fig. 4.6b), with longer chains then contributing more to 𝑀𝑛 

and 𝑀𝑤. This is not generally seen experimentally as mid-chain scissions throughout the 

system cause chains to split, counteracting this reduction in chains. It is well accepted that 

both mid- and end-chain scissions can occur during degradation (de Jong et al., 2001; Shih, 

1995; van Nostrum et al., 2004) and this highlights the importance of considering both within 

a degradation model, in addition to both hydrolytic mechanisms. Including the additional 

reaction rates defined in Eqs. (4.7)-(4.8) ensures that their occurrence can be altered as 

necessary. Once both scission mechanisms were considered, the MWD gradually shifted to 

the left (Fig. 4.7), similarly to what has been reported experimentally (Shirazi et al., 2014). As 

the molecular weight characterises the average number of repeat polymer units in a chain, 

it is important to take the total chain distribution into account when measuring this quantity. 

Thus, while 𝑀𝑒 quantifies changes in the MWD in some instances, the conventional 

predictions provided by the KSM provide a more in-depth description and mimic the 

approach of experimental calculations. 

Short, water-soluble oligomers may not be captured using standard experimental 

techniques, such as GPC (Antheunis et al., 2010). When this happens, these chains will not 

feature in experimental MWDs and, consequently, will not contribute to calculations of 
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average molecular weight. The maximum length of these chains, i.e., the longest chain which 

remains water-soluble, 𝐿𝑜𝑙, varies for different polymers. We found that considering this 

effect by excluding short chains from our calculations impacted results (Fig. 4.7). It was 

assumed that once an oligomer was formed via chain scission, it immediately dissolved into 

its monomeric form. In doing so, it then contributed to the carboxylic acid end concentration, 

with an oligomer of length 𝑖 instantly transforming to create 𝑖 − 1 additional acid ends. Vey 

et al. (2008) reported the length of oligomers to be between three and five units for PLGA 

50:50 based on the appearance of a truncated tail in the MWD as degradation proceeded 

(Fig. 4.1c), accrediting this phenomenon to oligomers which had diffused from the medium. 

In contrast, Antheunis et al. (2010) reported a value of 13 units for PLGA 53:47. Experimental 

determination of 𝐿𝑜𝑙  would provide a useful input parameter, minimising the number which 

need calibrated and providing more accurate predictions. 

 

Fig. 4.12. When end scissions are the dominant mechanism, unzipping monomers from 

the end of chains one by one, the complete depolymerisation of chains may occur, 

reducing the overall number of chains in the network and, consequently, possibly 

contributing to an increase in 𝑀𝑛. 

Predictions for Young’s modulus were found to capture experimental data reasonably well 

(when 𝑀𝑤
𝑐𝑟𝑖𝑡 = 8000 g mol−1, 𝑟2 ≈ 0.93 for the relationship between 𝐸 vs 𝑀𝑛 but 𝑟2 ≈

0.6367 for the relationship between 𝐸 vs time), remaining unchanged initially, before a rapid 

decline at the later stages of degradation (Fig. 4.11). This further supports the use of the 

entropy-spring theory of Wang et al. (2010). However, in the experimental study (Shirazi et 

al., 2014), an increase in Young’s modulus was observed in the early days, which this method 

is unable to capture. It should be noted that no crystallinity was reported during degradation 

and so this is not responsible for the increase seen. This suggests that a molecular weight 

threshold, with a binary inclusion of chain groups depending on their current status, may not 

be sufficient to predict this property. A more rigorous consideration of entropy, and free 

energy, may be necessary to explore the effects of polymer chain length on Young’s modulus 

to provide a more thorough understanding of how this evolves during polymer degradation. 

Furthermore, the free energy, including contributions from entropy, should account for the 
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effect of temperature correctly, including changes in chain mobility at the glass transition 

temperature, 𝑇𝑔 (Lyu et al., 2007). Although the entropy-spring theory (Wang et al., 2010) 

was developed for polymers above 𝑇𝑔, it has captured trends for polymers below 𝑇𝑔 

previously (Shirazi et al., 2016b; Wang et al., 2010). In many experimental studies, the 

degradation medium temperature is close to 𝑇𝑔 (Shirazi et al., 2014; Vey et al., 2008) and it 

is also worth noting that 𝑇𝑔 has been observed to change during degradation (Li et al., 1990b; 

Vey et al., 2008). Other approaches, such as molecular dynamics simulations on polyethylene 

(Ding et al., 2012) have captured changes in modulus near 𝑇𝑔, but the timescales associated 

with degradation pose challenges for this approach. 

Depending on the polymer used and the processing technique, carboxylic acid ends may be 

present initially, or they may only be formed during degradation. The experimental study of 

Shirazi et al. (2014) found an S-shaped curve for 𝑀𝑛, suggesting a low value of the initial 

carboxylic acid end concentration, 𝐶𝑎0 (Antheunis et al., 2009). Here, we first assumed chains 

were initially end-capped (𝐶𝑎0 = 0), with reports that these materials are more appropriate 

for medical devices (Sigma-Aldrich, n.d.). Various values were then explored, ranging from 

systems with a small amount, which can occur during processing (Antheunis et al., 2009), to 

those where all chains initially have carboxylic acid ends. As 𝐶𝑎0 increases, the curves 

gradually change from S-shaped to experiencing a more abrupt initial decline due to the 

increased number of carboxylic acid ends available to catalyse the reaction (Fig. 4.9). This 

agrees with the observations of Antheunis et al. (2009) and Göpferich (1997). Previous 

models assumed that only the acid ends of oligomers and monomers could catalyse the 

reaction (Shirazi et al., 2016b; Wang et al., 2008). However, Tracy et al. (1999) observed 

uncapped PLGA degrading faster than ester-capped from the beginning of degradation, 

suggesting all carboxylic acid ends can act as catalysts. Consequently, every cleavage 

performed by the KSM results in the formation of a carboxylic acid end, which further 

catalyses degradation. Having knowledge of the initial acid end concentration is a useful 

input parameter to improve the accuracy of the model; similarly, residual monomers may be 

factored into this quantity (Gleadall et al., 2014a). 

The modification in this work to consider acid ends of both monomers and longer chains 

must be carefully included in a diffusion equation as only the monomers are mobile. This can 

be facilitated by incorporating a diffusive flux term, similar to Wang et al. (2008), in Eq. (4.16). 

Grizzi et al. (1995) previously described homogenous degradation in PLA samples below 200 

μm, while, in contrast, larger samples degraded heterogeneously. This was attributed to 

differences in the acid concentration at the core, where all carboxylic acid ends remain 
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trapped, versus the surface, where oligomers and associated acid ends can diffuse from the 

material, with only acid ends of long chains remaining. It should be noted that even 

homogenous degradation may see a non-linear decrease in molecular weight; this change in 

kinetics is indicative that simple hydrolysis is always accompanied by accelerative 

autocatalysis due to carboxylic acids. However, the effect of autocatalysis is dependent on 

the diffusion length scale compared with the sample size and the resulting competition of 

the carboxylic acids associated with monomers and oligomers. The changes made here, 

whereby acid ends (which would contribute to autocatalysis) occurring both on longer chains 

created by mid-chain scissions and on short, diffusible monomers are both counted, should 

improve the prediction of late-stage autocatalysis even in small samples where diffusion 

removes monomers. 

In order to optimise mathematical models for use in predicting the degradation behaviour 

of polymers, it is important that standard experimental techniques (“ASTM F1635-16, 

Standard Test Method for in vitro Degradation Testing of Hydrolytically Degradable Polymer 

Resins and Fabricated Forms for Surgical Implants,” 2016) are followed to robustly test and 

calibrate them. For example, Agrawal et al. (2000) found that testing in static or agitated 

conditions influenced degradation, with fluid flow decreasing the degradation rate of PLGA 

as reaction products could disperse more readily, reducing the autocatalytic effect. Heljak et 

al. (2014) further developed the model of Wang et al. (2008) to consider the effect of 

environmental conditions, such as dynamic or static degradation and the frequency of 

medium replacement, on degradation behaviour. Their proposed extension could be 

adapted for the work presented here, allowing a greater range of experimental studies to be 

modelled. 

4.8 Conclusion 

While many studies focus on modelling the degradation kinetics caused by polymer 

hydrolysis, few links have been made between these and the macroscopic scale of material 

performance. We have presented a kinetic scission model that considers in detail how the 

degradation kinetics of aliphatic polyesters impact the polymer at this level. Rate equations 

that consider simple hydrolysis and acid-accelerated autocatalysis were incorporated into a 

scission model, enabling the rates of mid- and end-chain scissions to be calculated and 

performed discretely on an ensemble of polymer chains. These developments allow for a 

more complete representation of the temporal evolution of the molecular weight 

distribution during degradation. Based on the understanding gained from the new scission 

model, a new kinetic model was proposed which captures many of the key features and can 
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be used in situations where computational cost is limited or in broader simulation 

frameworks. 

By tracking the evolution of the polymer at this scale, we obtain insight into how Young’s 

modulus of the polymer evolves during degradation. The entropy spring theory (Wang et al., 

2010) is unable to capture increases in Young’s modulus that are often seen, suggesting 

further consideration of entropy, and free energy, may be necessary to provide a more 

thorough understanding and improved predictions. To optimise these materials for use in 

clinical applications such as bioresorbable stents, it is important to understand how their 

material properties evolve as degradation occurs. Knowledge of the “end of use” time is of 

vital importance for biomedical applications, with any premature failure potentially having 

catastrophic effects. The extra information provided by the KSM presented here provides a 

platform for subsequent mechanical models or for inclusion in a wider framework which 

considers crystallinity. 

Appendix 4A Choosing step-size for KSM 

The kinetic scission model was first calibrated for end scissions only, with the reaction rates 

chosen to fit the predictions for average molecular weight, 𝑀𝑒, to experimental data for 𝑀𝑛 

(Shirazi et al., 2014). Various step-sizes were trialled until convergence was reached (Fig. 4A. 

1a), where the initial number of chains 𝑁𝑐0 = 2995. The converged solution with a step-size 

of 2 hours (12 steps per day) was used for the KSM in Section 4.3 of the main text (Fig. 4.6). 

The above was appropriate when the simplified molecular weight, 𝑀𝑒, was used and only 

end scissions were considered. When more conventional average molecular weights and 

both end and random scissions were included, the reaction rates needed to be recalibrated. 

These were again chosen to optimise the coefficient of determination, 𝑟2, for experimental 

data for 𝑀𝑛 (Shirazi et al., 2014), however, predictions obtained for 𝑀𝑛 were now considered 

(in contrast to 𝑀𝑒 above). To ensure an appropriate time-step was taken, solutions for 𝑀𝑛 

and 𝑀𝑤 were explored for various step-sizes until convergence was reached. Finding 

convergence depended on 𝑁𝑐0; for example, when 𝑁𝑐0 = 2995, convergence had not been 

reached with a step-size of 1 minute. In contrast, a step-size of 1 hour was most efficient 

when 𝑁𝑐0 = 23960, as shown in Fig. 4A. 1b-c. Predictions for the various average molecular 

weights considered corresponding to Day 20 are shown in Fig. 4A. 2 for various step-sizes, 

with convergence gradually reached for smaller time-steps. 
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Fig. 4A. 1. Convergence of KSM solutions when (a) only end scissions are performed and 

both end and mid-chain scissions are considered for (b) 𝑀𝑛 and (c) 𝑀𝑤. 

 

Fig. 4A. 2. Average molecular weights (normalised by peak values) as predicted by the 

KSM at Day 20 for various step-sizes showing gradual convergence. 

Appendix 4B MATLAB live script for KSM 

Kinetic Scission Model for molecular weight evolution in bioresorbable polyesters 

Generate initial representative polymer chain distribution and simulate mid- and end-chain 

scissions according to kinetic rate equations to obtain evolving molecular weight 

distributions as a function of degradation duration. Extract number average molecular 

weight, weight average molecular weight, and Young's modulus (based on chains above a 

threshold molecular weight using the method of Wang et al., 2010, 

10.1016/j.jmbbm.2009.02.003) from the molecular weight distributions. 

Generate representative distribution of chains 

Load original chain, created using experimental molecular weight distribution data from 

Shirazi et al., 2014, doi.org/10.1016/j.actbio.2014.08.004: 

load OrigChn.mat; 
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disp(size(OrigChn)) 

           1       23960 

Extract initial values: 

OrigTotChn = length(OrigChn); % number of initial chains 

OrigMon = 0;    % monomers 

OrigUnits = sum(OrigChn);     % total units in all chains 

OrigEst = OrigUnits - OrigTotChn;    % ester bonds 

Set parameters 

OrigAE = 0; % original number of acid ends 

StepsPD = 24; % number of steps to perform in a day 

MCrit = 2000; % molecular weight threshold 

OlLen = 1; % maximum length of water soluble oligomers 

n = 0.5; % acid dissociation constant 

MolarMass = 65;    % molar mass of a single unit of PLGA 

Set the molar reaction rates for hydrolysis and autocatalysis via mid- and end-chain scissions: 

k_he = 1e-7; % reaction rate for simple hydrolytic end scissions 

k_hm = 1e-7; % reaction rate for simple hydrolytic mid-chain 

scissions 

k_ae = 9.2e-5; % reaction rate for autocatalytic end scissions 

k_am = 9.2e-5; % reaction rate for autocatalytic mid-chain scissions 

Convert molar reaction rates to system reaction rates: 

C_e0 = 17300; % original molar conc. of esters (from Shirazi et al., 

2016, doi.org/10.1016/j.jmbbm.2015.08.030) 

sys_size = OrigEst / C_e0; % size of system 

C_emid0 = (OrigEst - 2*OrigTotChn) / sys_size; % orig. middle ester 

conc. 

C_eend0 = (2*OrigTotChn) / sys_size; % orig. end ester conc. 

C_a0 = OrigAE / sys_size; % orig. acid end conc. 

 

kae = k_ae / (sys_size)^(1/2); 

kam = k_am / (sys_size)^(1/2); 

khe = k_he; 

khm = k_hm; 

Set stopping criteria 

TotScis = round(OrigEst * 1);   % maximum number of scissions to 

perform 

ScisSteps = 20*StepsPD;         % X days, stopping criteria 
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Initialise arrays 

Nsubchns = ones(OrigTotChn, 1);  % number of subchains 

ChnArray = sparse(OrigTotChn,round(max(OrigChn)/6)); % sparse chain 

array 

ChnArray(:,1) = OrigChn.'; % input initial chains in array 

Track units in chains, ester bonds, monomers, acid ends and number of chains at each step: 

NumUnits = zeros(1, ScisSteps + 1); NumUnits(1) = OrigUnits; 

NumEst = zeros(1, ScisSteps + 1); NumEst(1) = OrigEst; 

NumMon = zeros(1, ScisSteps+1); NumMon(1) = OrigMon; 

NumAE = zeros(1, ScisSteps+1); NumAE(1) = OrigAE; 

NumChns = zeros(1, ScisSteps+1); NumChns(1) = OrigTotChn; 

Track which chains monomers belong to: 

MonPerChn = zeros(OrigTotChn, ScisSteps+1); 

Track scissions per step: 

ScDone = zeros(1,ScisSteps + 1); 

EndCuts = zeros(1, ScisSteps + 1); 

MidCuts = zeros(1, ScisSteps + 1); 

ScInStep = zeros(1,ScisSteps + 1); 

MSinStep = zeros(1, ScisSteps + 1); 

ESinStep = zeros(1, ScisSteps + 1); 

Store chain array at various points for MWDs: 

struct(1).ChnArray = OrigChn; 

Calculate number & weight average MWs: 

Mn = zeros(1, ScisSteps+1); 

Mn(1) = OrigUnits/OrigTotChn*MolarMass; 

Mw = zeros(1, ScisSteps+1); 

Mw(1) = sum(OrigChn.^2)/OrigUnits*MolarMass; 

Calculate weight average molecular weight for each group, where each initial chain and its 

resulting sub-chains created via scissions are tracked as an individual group: 

molwMW = zeros(OrigTotChn, ScisSteps+1); 

molwMW(:,1) = OrigChn.*MolarMass; 

Track number of chain groups above a threshold molecular weight, where molwMW>MCrit: 

ChnsAboveThresh = zeros(1, ScisSteps+1); 
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ChnsAboveThresh(1) = sum(molwMW(:,1)>=MCrit); 

Calculate normalised Young's modulus: 

normmod = zeros(1, ScisSteps+1); 

normmod(1) = ChnsAboveThresh(1)/OrigTotChn; 

Initialise values: 

cutablechns = OrigTotChn; % number of cutable chains 

unitsinchns = OrigUnits; % number of units in chains 

bonds = OrigEst; 

monomers = OrigMon;  

AcidEnds = OrigAE; 

StepsDone = 0; 

MidCutsDone = 0; 

EndCutsDone = 0; 

CutsDone = 0; 

Perform scissions 

for i = 2:ScisSteps+1 

Stopping criteria: 

    if normmod(i-1) < 0.05 || cutablechns == 0 

       break 

    end 

Update number of monomers per chain from previous step: 

    MonPerChn(:,i) = MonPerChn(:,i-1); 

Calculate number of end and mid-chain cuts to do in time-step: 

    EndCuts(i) = ceil((khe*2*cutablechns + 

kae*2*cutablechns*(AcidEnds^n))/StepsPD); 

    MidCuts(i) = ceil((khm*(bonds-2*cutablechns) + kam*(bonds-

2*cutablechns)*(AcidEnds^n))/StepsPD); 

Perform EndCuts(i)+MidCuts(i) scissions: 

    for j = 1:(EndCuts(i)+MidCuts(i)) 

        if cutablechns == 0 

            break 

        end 

Determine the proportion of end cuts, PropEndCuts. Choose a random number, R. If R > 

PropEndCuts, perform a mid-chain scission. Otherwise, perform an end-chain scission. 
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        PropEndCuts = EndCuts(i)/(EndCuts(i)+MidCuts(i)); 

        R = rand; 

        if R > PropEndCuts 

Perform mid-chain scission 

Randomly choose a bond to cut: 

            ToCut = randi(bonds); 

Determine which chain bond belongs to: 

            temp = cumsum(ChnArray(ChnArray>0)-1); 

            idx = find(temp > ToCut, 1); 

            idxx = find(ChnArray>0, idx, 'first'); 

            ChnToCut = idxx(end); 

Eliminate possibility of monomer being formed: 

            while ChnArray(ChnToCut)<=3 

                ToCut = randi(bonds); 

                idx = find(temp > ToCut, 1); 

                idxx = find(ChnArray>0, idx, 'first'); 

                ChnToCut = idxx(end); 

            end 

            BondToCut = temp(idx) - ToCut; 

            while BondToCut == 1 || BondToCut == ChnArray(ChnToCut) 

                ToCut = randi(bonds); 

                idx = find(temp > ToCut, 1); 

                idxx = find(ChnArray>0, idx, 'first'); 

                ChnToCut = idxx(end); 

                while ChnArray(ChnToCut)<=3 

                    ToCut = randi(bonds); 

                    idx = find(temp > ToCut, 1); 

                    idxx = find(ChnArray>0, idx, 'first'); 

                    ChnToCut = idxx(end); 

                end 

                BondToCut = temp(idx) - ToCut; 

            end 

Find which row of array chain belongs to: 

            row = mod(ChnToCut,OrigTotChn); 

            if row == 0 

                row = OrigTotChn; 

            end 

Split chain in two and add new chain to end of row. If monomers/oligomers are formed, 

remove from ChnArray. 



4 A kinetic scission model for molecular weight evolution in bioresorbable polymers 

125 

            if ChnArray(ChnToCut)-BondToCut <= OlLen && BondToCut <= 

OlLen 

                Nsubchns(row) = Nsubchns(row) - 1; 

                monomers = monomers + ChnArray(ChnToCut); 

                AcidEnds = AcidEnds + ChnArray(ChnToCut) - 1; 

                unitsinchns = unitsinchns - ChnArray(ChnToCut); 

                bonds = bonds - (ChnArray(ChnToCut) - 1); 

                MonPerChn(row,i) = MonPerChn(row,i) + 

ChnArray(ChnToCut); 

                ChnArray(ChnToCut) = 0; 

                cutablechns = cutablechns - 1; 

            elseif BondToCut <= OlLen 

                monomers = monomers + BondToCut; 

                AcidEnds = AcidEnds + BondToCut; 

                unitsinchns = unitsinchns - BondToCut; 

                bonds = bonds - BondToCut; 

                MonPerChn(row,i) = MonPerChn(row,i) + BondToCut; 

                ChnArray(ChnToCut) = ChnArray(ChnToCut) - BondToCut; 

            elseif ChnArray(ChnToCut) - BondToCut <= OlLen 

                monomers = monomers + ChnArray(ChnToCut) - BondToCut; 

                AcidEnds = AcidEnds + ChnArray(ChnToCut) - BondToCut; 

                unitsinchns = unitsinchns - ChnArray(ChnToCut) + 

BondToCut; 

                bonds = bonds - ChnArray(ChnToCut) + BondToCut; 

                MonPerChn(row,i) = MonPerChn(row,i) ... 

                    + ChnArray(ChnToCut) - BondToCut; 

                ChnArray(ChnToCut) = BondToCut; 

            else % split chain in two and place both in array 

                ChnArray(row,find(ChnArray(row,:)==0, 1, 'first')) 

... 

                    = ChnArray(ChnToCut) - BondToCut; 

                ChnArray(ChnToCut) = BondToCut; 

                Nsubchns(row) = Nsubchns(row) + 1; 

                cutablechns = cutablechns + 1; 

                bonds = bonds - 1; 

                AcidEnds = AcidEnds + 1; 

            end 

            MidCutsDone = MidCutsDone + 1; 

            MSinStep(i) = MSinStep(i) + 1; 

            CutsDone = CutsDone + 1; 

            ScInStep(i) = ScInStep(i) + 1; 

        else 

Perform end-chain scission 

Choose a chain index at random: 

            idx = find(ChnArray>0, randi(cutablechns), 'first'); 

            ChnToCut = idx(end); 
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Find which row of array chain belongs to: 

            row = mod(ChnToCut,OrigTotChn); 

            if row == 0 

                row = OrigTotChn; 

            end 

            if ChnArray(ChnToCut) <= OlLen + 1 

If the cut results in oligomer, remove from ChnArray: 

                Nsubchns(row) = Nsubchns(row) - 1; 

                monomers = monomers + ChnArray(ChnToCut); 

                AcidEnds = AcidEnds + ChnArray(ChnToCut) - 1; 

                unitsinchns = unitsinchns - ChnArray(ChnToCut); 

                bonds = bonds - (ChnArray(ChnToCut) - 1); 

                MonPerChn(row,i) = MonPerChn(row,i) + 

ChnArray(ChnToCut); 

                ChnArray(ChnToCut) = 0; 

                cutablechns = cutablechns - 1; 

            else 

Remove one monomer from end of chain: 

                ChnArray(ChnToCut) = ChnArray(ChnToCut) - 1; 

                monomers = monomers + 1; 

                AcidEnds = AcidEnds + 1; 

                unitsinchns = unitsinchns - 1; 

                bonds = bonds - 1; 

                MonPerChn(row,i) = MonPerChn(row,i) + 1; 

            end 

            EndCutsDone = EndCutsDone + 1; 

            ESinStep(i) = ESinStep(i) + 1; 

            CutsDone = CutsDone + 1; 

            ScInStep(i) = ScInStep(i) + 1; 

        end 

    end 

Update arrays 

    NumUnits(i) = unitsinchns; 

    NumEst(i) = bonds; 

    NumMon(i) = monomers; 

    NumAE(i) = AcidEnds; 

    NumChns(i) = sum(Nsubchns); 

    ScDone(i) = CutsDone; 

    StepsDone = StepsDone + 1; 
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Calculate polymer properties 

Calculate number average molecular weight, Mn, weight average molecular weight, Mw, and 

Young's modulus, E: 

    Mn(i) = (unitsinchns)/sum(Nsubchns)*MolarMass; 

    if mod(i-1, StepsPD)==0 

        idx = ChnArray > 0; 

        struct(max(size(struct)+1)).ChnArray=ChnArray(idx); 

        Mw(i) = 

(sum(struct(max(size(struct))).ChnArray.^2)/unitsinchns)*MolarMass; 

    end 

    molwMW(:,i) = sum((ChnArray.^2),2)./sum(ChnArray,2)*MolarMass; 

    ChnsAboveThresh(i) = sum(molwMW(:,i)>=MCrit); 

    if ChnsAboveThresh(i) > ChnsAboveThresh(i-1) 

        ChnsAboveThresh(i) = ChnsAboveThresh(i-1); 

    end 

    normmod(i) = ChnsAboveThresh(i)/OrigTotChn; 

end 
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5 Relationship between failure strain, molecular weight, and chain 

extensibility in biodegradable polymers 

Prior to degradation, biocompatible polymers exhibit ductile behaviour and yield stress 

offers a suitable design approach. However, as degradation proceeds the material transitions 

to a brittle failure mode, suggesting a more conservative design approach is necessary. The 

current chapter predicts the evolving ductility of biodegrading polymers, concentrating on 

the relationship between molecular weight, 𝑀𝑊, and failure strain, 𝜀𝑓, in poly(lactic acid) 

(PLA). Several datasets are chosen from literature to explore the relationship, with all 

hydrolytic experimental studies carried out on PLA and copolymers in phosphate buffer 

solution that report evolving molecular weight and failure strain that could be found 

included; Table 5.1 presents details of the datasets considered. Failure criteria are proposed 

and examined alongside these datasets: the first (Section 5.3.1) assumes 𝜀𝑓 is related to the 

finite chain extensibility of an average chain; the second (Section 5.3.2) introduces an 

exponential empirical trend; and the third (Section 5.3.3) proposes a modified extensibility 

criterion (based on Section 5.3.1) that considers the entire molecular weight distribution. 

The kinetic scission model (KSM) introduced in Chapter 4 can provide predictions for the 

molecular weight distribution (MWD) for the third criterion and may also be used to obtain 

results as a function of degradation duration (Section 5.4). The predictions obtained can offer 

insight into material failure, particularly at advanced stages of degradation. 

5.1 Introduction 

5.1.1 Motivation 

To optimise biodegradable materials for use in a wider range of applications, it is important 

to understand how their properties evolve as degradation occurs. A device needs to have 

sufficient mechanical integrity to withstand the initial loading and support healing, and a 

suitable degradation rate is desired to minimize risks associated with some long-term 

implants. Prior to degradation, biocompatible polymers of interest are typically ductile, 

suggesting determination of yield stress would offer a suitable design approach. However, 

as degradation proceeds the material transitions to a brittle failure mode (Polak-Kraśna et 

al., 2021) (Fig. 5.1), indicating a more conservative design approach is necessary. 

A link between mechanical properties and molecular weight has been observed, often 

suggesting a critical molecular weight coincident with a ductile to brittle transition (Fayolle 

et al., 2007, 2004; Gardner and Martin, 1979; Golden et al., 1964). For example, Golden et 
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al. (1964) studied the effect of molecular weight (by using irradiation to induce scissions and 

decrease molecular weight) on flexural modulus, strength and strain for polycarbonate, 

reproduced in Fig. 5.2a. Below a critical molecular weight, rapid declines in flexural strength 

and strain were detected, while above this, mechanical properties were less sensitive to 

molecular weight. Fayolle et al. (2004) also found a critical molecular weight separating the 

ductile-brittle transition for thermally oxidised polypropylene (Fig. 5.2b). Thomas and Hagan 

(1969) reported MWD affecting mechanical properties, with a polystyrene sample with 

dispersity ÐM = 1.06 having improved tensile strength, elongation at break and tensile creep 

properties compared with a sample with equal 𝑀𝑤 and ÐM = 2.6, suggesting that a broader 

distribution reduces the mechanical performance. Venkatraman et al. (2003) observed a 

transition from ductile to brittle failure for PLLA with reducing molecular weight (Fig. 5.2c). 

While hydrolysis is not always the degradation mechanism at play in many of the above-

mentioned studies, it is likely that the overall effect of molecular weight on mechanical 

properties is similar for the materials of interest in this thesis. 

 

Fig. 5.1. Microscopic images of PLA samples (approximately ×250 magnification) (a) 

before degradation, exhibiting ductile failure on tensile testing, and (b) after 112 days 

degradation, showing brittle fracture on gentle handling. Reproduced from Polak-Kraśna 

et al. (2021), licensed under CC BY 4.0. 

5.1.2 Existing models 

A vast number of predictive tools for the evolution of polymer molecular weight have been 

developed using a variety of techniques, typically focused on average values such as number 

average, 𝑀𝑛, or weight average, 𝑀𝑤 (Antheunis et al., 2009; Busatto et al., 2017; Gleadall et 

al., 2014b; Lyu et al., 2007; Pitt and Gu, 1987; Siparsky et al., 1998; Wang et al., 2008). Despite 

the importance of the evolving mechanical properties in the context of material 

performance, there have been fewer studies focusing on the time taken for the mechanical 

properties of a polymer to break down. Attempts have been made to uncover a relationship 
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between evolving mechanical properties and molecular weight (Deng et al., 2005; Flory, 

1945; Shirazi et al., 2016b; Wang et al., 2010), often taking advantage of the existing models 

for the latter. Such a relationship may allow for tailoring of the mechanical properties via the 

initial molecular weight of the material. 

 

Fig. 5.2. (a) Flexural properties vs viscometric-average molecular weight for 

polycarbonate bars undergoing irradiation. (b) Ultimate strain vs weight average 

molecular weight for thermally oxidised polypropylene. (c) PLLA stress-strain curves 

showing a transition from ductile when 𝑀𝑊 = 1.06 × 106 g mol−1 to brittle when 

𝑀𝑊 = 3.22 × 105 g mol−1 (average molecular weight measured not specified). Adapted 

from: (a) (Golden et al., 1964), (b) (Fayolle et al., 2004), (c) (Venkatraman et al., 2003). 

One of the earliest such models is that proposed by Flory (1945), albeit not in relation to 

biodegradable polymers specifically. Tensile strength, 𝜎, was related to number average 

molecular weight, 𝑀𝑛, as follows: 

 
𝜎 = 𝜎∞ −

𝐵𝐹
𝑀𝑛

 (5.1) 

where 𝜎∞ is the fracture strength at infinite molecular weight and 𝐵𝐹 is a constant. As Eq. 

(5.1) is an empirical relationship, both 𝜎∞ and 𝐵𝐹 must be determined using experimental 

data. Focusing on biodegradable polymers, Weir et al. (2004b) found an almost linear 

relationship existed between the two properties (Fig. 5.3a), while Deng et al. (2005) found 

the following relationship between breaking strength retention, 𝐵𝑆𝑅, i.e., ultimate tensile 

strength as a percentage of its original value, and average molecular weight, 𝑀𝑊, for the 

degradation of PLGA braids (Fig. 5.3b): 

 𝐵𝑆𝑅 = 𝑎 + 𝑏 ln𝑀𝑊 (5.2) 

where 𝑀𝑊 was taken to be either number average, 𝑀𝑛, or weight average, 𝑀𝑤, and 𝑎 and 

𝑏 are constants. Eq. (5.2) successfully captured the behaviour of PLGA at various increased 

temperatures, suggesting its practicality in accelerated degradation studies. The different 
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trends observed by Weir et al. (2004b) and Deng et al. (2005) may be due to the large 

difference in initial molecular weight (𝑀𝑛0 ≈ 160, 000 and 19, 000 g/mol, respectively). 

Both studies did determine a clear relationship between 𝑀𝑛 and nominal stress, 𝜎, over a 

range of testing conditions; however, this relationship must be further explored using a 

wider range of experimental data. 

 

Fig. 5.3. (a) Adapted from Weir et al. (2004b), where an almost linear relationship 

between tensile strength and 𝑀𝑛 was observed in contrast to Flory’s relationship (Eq. 

(5.1)). (b) The relationship between breaking strength retention, 𝐵𝑆𝑅, i.e., ultimate 

tensile strength as a percentage of its original value, and average molecular weight, 𝑀𝑊, 

described by Eq. (5.2). Adapted from Deng et al. (2005). 

Models concerned with relating polymer stiffness to average molecular weight have also 

previously been introduced. Wang et al. (2010) developed a theory for amorphous 

bioresorbable polymers based on the relationship between Young’s modulus and the 

number of polymer chains per unit volume according to a molecular weight threshold, 

successfully capturing PLLA degradation data (Tsuji, 2002). Shirazi et al. (2016b) expanded 

on that approach, combining a scission model (Wang et al., 2010) to capture the relationship 

between stiffness and 𝑀𝑛 and then coupling that with a kinetic model (Wang et al., 2008) 

that predicts changes in average molecular weight as a function of degradation duration, 

finding agreement with experimental trends for PLGA films (Shirazi et al., 2014). In Chapter 

4, this was further developed, updating the kinetic model and including a time dependence 

within the scission model, accounting for hydrolysis and autocatalysis via mid- and end-chain 

scissions, providing a framework which directly predicts the temporal evolution of both the 

molecular weight distribution and Young’s modulus during degradation. 

Although it is unlikely for any property to depend solely on molecular weight, it has been 

shown that when most properties are held constant and degradation conditions are minorly 
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varied (for example, increased temperature leading to accelerated testing), relationships can 

be found between 𝑀𝑛 and properties ranging from tensile strength to Young’s modulus to 

strain retention/ductility (Deng et al., 2005; Weir et al., 2004b). While these are typically 

empirical relationships, they nevertheless prove insightful for designing improved devices, 

with accelerated testing used to determine parameters, reducing development time. 

Damage and constitutive models have also been developed to describe the evolution of 

mechanical properties in degrading polymers. Towards this, Vieira et al. (2014, 2011) 

presented a model that combined a relationship between fracture strength and molecular 

weight with hyperelastic material models to obtain evolving stress-strain curves for PLA–PCL 

fibres during degradation. Soares et al. (2010) considered the effect of deformation on 

degradation behaviour; they considered PLLA stent fibres under tensile loading conditions 

with a deformation-dependent rate of degradation and obtained qualitative evolving stress-

strain curves. Hayman et al. (2014) proceeded by expanding on this model in conjunction 

with an experimental study investigating the effect of different loads at different stages of 

degradation on PLLA fibres. Their model captured the increased reduction in mechanical 

properties with increased loading observed experimentally. As the material parameters are 

functions of degradation damage instead of material constants in those constitutive models, 

extensive experimental data is needed for that approach. 

Despite the multiple efforts that have been given to modelling these materials, the evolution 

of the ductility has not been focused on. Although experimental data has suggested a 

relationship exists between ductility and molecular weight independent of temperature 

(Deng et al., 2005; Weir et al., 2004b), this does not appear to have been translated into a 

predictive tool. Deroiné et al. (2014) suggested as little as 20% reduction in failure strain 

could correspond to end-of-use, with abrupt declines often seen after an induction period, 

while mechanical failure of polymers is often assessed by a 95% reduction in elongation at 

break (Laycock et al., 2017), thus highlighting the importance of understanding the 

mechanisms behind failure strain evolution during degradation. 

5.1.3 Polymer ductility 

A substantial reduction in failure strain indicates that the polymer can no longer yield and 

will fail in a brittle mode on the application of force (Laycock et al., 2017). Wang et al. (2018) 

investigated microstructural heterogeneities within polymeric scaffolds and determined that 

the stress generated from crimping and inflation caused loss of structural integrity before 
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chemical degradation was initiated. When assessing failure in polymer materials, elongation 

at break can provide valuable insight. 

As degradation proceeds in PLA, large declines in ductility have been observed (Duek et al., 

1999; Kranz et al., 2000; Tsuji, 2002). In an experimental degradation study carried out by 

Tsuji (2002), various forms of PLA were investigated in vitro (some emerging results are 

reproduced in Fig. 5.4). A substantial increase in ductility was observed for PLLA as 

degradation proceeded, while the elongation at break of PL/DLA declined rapidly. Both the 

copolymer (PDLLA, 𝜀𝑓0 = 21.0%) and the polymer blend (PL/DLA, 𝜀𝑓0 = 14.5%) 

demonstrated larger initial values of elongation at break compared with the homopolymers 

(PLLA, 𝜀𝑓0 = 6.5% and PDLA, 𝜀𝑓0 = 5.3%). At the next observation point, the elongation at 

break of both the copolymer and polymer blend had decreased, while both homopolymers 

showed increases, although to a lesser extent for PDLA. Nevertheless, this may suggest that 

different mechanisms are at play for homopolymers and heteropolymers. It was reported 

that the initially amorphous films remained so throughout degradation, therefore excluding 

the influence of crystallinity. 

 

Fig. 5.4. Experimental degradation data adapted from Tsuji (2002) for amorphous PLA. 

(a) Evolving elongation at break, 𝜀𝑓 (𝜀𝑓 =
𝐿𝑓−𝐿0

𝐿0
, where 𝐿𝑓 is the final length and 𝐿0 is the 

initial length of the sample tested). Various trends emerge, ranging from an initial 

increase (PLLA) to a rapid decline (PL/DLA). For PDLLA, 𝜀𝑓 = 0 after 16 months 

degradation, while for the other three polymers, 𝜀𝑓 → 0 after 24 months degradation. (b) 

Relationship between 𝜀𝑓 and number average molecular weight, 𝑀𝑛. PLLA, PDLA and 

PL/DLA appear to follow a similar pathway after variances in initial values of 𝜀𝑓 and 𝑀𝑛. 

(c) Alternative version of (b), where both properties are normalised by their respective 

initial values. Two trends emerge: (i) PLLA, PDLA and PDLLA experience a lagged 

reduction in 𝜀𝑓 , with minimal decline until 𝑀𝑛 has reduced by >50%; (ii) the polymer 

blend, PL/DLA, experiences a more rapid decline. 

With minimal variances in the study of Tsuji (2002) between the four polymer types, the 

relationship between evolving 𝜀𝑓 and 𝑀𝑛 is explored (Fig. 5.4b-c). When absolute values are 
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considered (Fig. 5.4b), PLLA, PDLA and PL/DLA appear to follow a similar pathway after 

variances in initial values of 𝜀𝑓 and 𝑀𝑛. In contrast, when both properties are normalised by 

their respective initial values, different relationships are evident (Fig. 5.4c). In that case, two 

trends emerge: (i) PLLA, PDLA and PDLLA experience a lagged reduction in 𝜀𝑓, with minimal 

decline until 𝑀𝑛 has reduced by >50%; and (ii) the polymer blend, PL/DLA, experiences a 

more rapid decline, no longer appearing to exhibit similar behaviour to the homopolymers. 

The factors contributing to these two trends should be further explored in the context of a 

wider set of experimental data to determine the underlying causes. 

5.1.4 Objectives  

The current study aims to predict the evolving ductility of biodegrading polymers, 

concentrating specifically on PLA and its copolymers. While factors such as crystallinity and 

molecular orientation impact ductility (Wang et al., 2018), here the focus is restricted to the 

relationship between molecular weight and failure strain. To begin, a literature survey is 

carried out, providing a more thorough investigation of observed relationships between 

elongation at break, 𝜀𝑓, and average molecular weight, 𝑀𝑊. Based on details given in the 

experimental studies considered, detailed in Table 5.1, factors which may contribute to the 

trends observed are explored. Mathematical models describing these relationships are 

introduced as three failure criteria and their predictive capability is explored for a wide range 

of data. The first of these is physically based and considers chain extension using a freely 

jointed chain approach (Ward, 1971) and relates this to average molecular weight. The 

second criterion describes an empirical relationship based on observed trends, following a 

similar approach to Flory (1945) and Deng et al. (2005) for tensile strength. Finally, the third 

model considers a relationship between ductility and a molecular threshold, similar to the 

approach of Wang et al. (2010) when modelling stiffness. These criteria are then used in 

conjunction with the kinetic scission model of Chapter 4 to obtain predictions for the 

temporal evolution of ductility. 

5.2 Experimental relationship between failure strain and average molecular 

weight 

From Fig. 5.4 and the experimental study of Tsuji (2002), it appears as though a single trend 

may not exist between 𝜀𝑓 and 𝑀𝑛. To further explore this, a larger dataset was examined. 

Focusing solely on PLA and its copolymers, 27 datasets from 9 publications that measured 

the evolution of molecular weight and mechanical properties were considered (Deng et al., 

2005; Duek et al., 1999; Kranz et al., 2000; Polak-Kraśna et al., 2021; Tsuji, 2002; Tsuji et al., 
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2000; Tsuji and Del Carpio, 2003; Weir et al., 2004a, 2004b). Several variances exist in those 

studies, encompassing polymers which are either amorphous or crystalline, prepared using 

different techniques, having varying geometries, and tested with different equipment, with 

details outlined in Table 5.1. While some of these studies reported both 𝑀𝑛 and 𝑀𝑤, others 

restricted their focus to one of those. Absolute data is presented in Fig. 5.5a, while both 

properties have been normalised by their respective initial values in Fig. 5.5b. Focusing first 

on the absolute data, it is challenging to determine a unique relationship between these 

properties due to the large variance in initial values. The normalised data also spans a wide 

range; while often a lag in the decline in 𝜀𝑓 was evident, other data suggested an exponential-

like decline. Separating the data based on these two observations, two trends emerge: (i) 

Trend 1 typically experiences no decline in ductility initially (or even increases), with a lagged 

decline compared with the reduction in 𝑀𝑊 (Fig. 5.5c); while (ii) for Trend 2, 𝜀𝑓 has declined 

by >50% with a 20% reduction in 𝑀𝑊 and no initial increase in 𝜀𝑓 was observed (Fig. 5.5d). 

To understand what may contribute to these differing trends, Table 5.1 indicates many 

features of the experimental parameters and polymers considered. Interestingly, many of 

the features present spanned both trends. Most surprisingly may be the lack of distinction 

between amorphous and semi-crystalline materials. It has typically been accepted that when 

the polymer undergoes loading, chains in amorphous regions unwind and adopt extended 

configurations, allowing for relatively large, typically reversible deformations, while in 

contrast, the rigid structure exhibited by crystalline regions prevents those regions from 

responding in the same way (Bartczak, 2017; Callister Jr and Rethwisch, 2018a). Despite this, 

instances of both polymer types were seen to follow both identified trends. While glass 

transition temperature also plays a role in the loading response, little variance is expected 

for the polymers considered here. Based on the data provided in each of the experimental 

studies considered, no distinction could be made between trends. 
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Fig. 5.5. Experimental datasets from literature (Deng et al., 2005; Duek et al., 1999; Kranz 

et al., 2000; Polak-Kraśna et al., 2021; Tsuji, 2002; Tsuji et al., 2000; Tsuji and Del Carpio, 

2003; Weir et al., 2004a, 2004b) showing the relationship between elongation at break, 

𝜀𝑓 , and average molecular weight, 𝑀𝑊. Details on each dataset is given in Table 5.1. Each 

unique colour corresponds to a different publication. (a) Absolute data for publications 

1 – 8 covers a wide range, with large variances in initial values of both properties. 

Differences between 𝑀𝑛 and 𝑀𝑤 data are not evident. (b) Normalised data for all 9 

publications, where both properties are normalised by their initial values. No single 

trend emerges. (c) Normalised data for a subset of the overall datasets where a lag in the 

decline of 𝜀𝑓 is observed, subsequently referred to as Trend 1. (d) The remaining 

normalised datasets not shown in (c), where 𝜀𝑓 has declined by >50% with a 20% 

reduction in 𝑀𝑊 (Trend 2). Closed symbols correspond to Trend 1, while open symbols 

represent datasets following Trend 2. 
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Table 5.1. Details on each dataset considered are given based on that provided in literature, indicating the corresponding publication (Ref.), identification number and symbol 
assigned in this study (ID), polymer type, trend observed in the relationship between 𝜀𝑓 and 𝑀𝑊 (see Fig. 5.5), polymer structure (homopolymer (H), copolymer (C), or polymer 

blend (B), and amorphous (Am.) or semi-crystalline (SC)), average molecular weight, 𝑀𝑊, provided in experimental study (number, 𝑀𝑛, or weight average, 𝑀𝑤) and the 
corresponding initial value (× 105 g/mol), the testing temperature, sample geometry, and methods of preparation, degradation protocol, molecular weight determination and 
mechanical properties testing. Where information was not provided, the cell is left unfilled. 

Ref. ID Polymer Trend Structure 𝑀𝑊 𝑀𝑊0  Temp. Geometry Preparation Degradation protocol 𝑀𝑊 
det. 

Mechanical properties test method 

(Tsuji, 
2002)  

• 1a  PLLA 1 H Am. 𝑀𝑛 3.7 37°C Films – 3 mm x 30 mm x 
50-150 𝜇m 

Solvent-cast – evaporation 
at room temperature for 
~1 day. Films dried in 
vacuum for 1 week. 

10mL PBS (pH 7.4±0.1) 
containing 0.02 wt% sodium 
azide exchanging buffered 
solution once a month. 

GPC Washed and dried under reduced 
pressure for >2 weeks. Measured at 
25°C using a tensile tester at a 
crosshead speed of 100%/min (20 
mm/min). Gauge length: 20 mm. 

 1b  PDLA 1 H 4.4 

+ 1c PDLLA 1 C 5.4 

 1d  PL/DLA 2 B 4.4 

(Tsuji and 
Del Carpio, 
2003)  

 2a  PL/DLA 2 B Am. 𝑀𝑛 4.4 37°C As above As above. As above. GPC As above. 

• 2b 1 SC 4.5 

(Tsuji et al., 
2000)  

 3a PLLA 2 H SC 𝑀𝑛 5.4 37°C Films – 18 mm x 30 mm x 
50 𝜇m 

PLLA films melted at 200°C 
for 3 min and annealed at 
140°C for (3a) 0, (3b) 15, 
(3c) 30, (3d) 45, (3e) 60 
min prior to being 
quenched at 0°C. 

As above; 0.15𝑀 PBS. GPC As above. 

 3b 2 5.5 

 3c 2 5.1 

• 3d 1 5.0 

 3e 1 5.8 

(Duek et 
al., 1999)  

 4a PLLA 2 H Am. 
→ SC 

𝑀𝑛 1.5 38°C Rods – 30mm x 3mm Injection-moulded (190°C) 
and quenched (20°C). 

Samples sterilized with 
ethylene oxide and immersed 
in tubes containing PBS (pH 
7.4) in a thermally- controlled 
bath. 

GPC Three-point bending of a 19 mm 
segment were made at 15°C using an 
MTS-810. 

 4b 2 𝑀𝑤 3.0 

 4c 2 SC 𝑀𝑛 1.5 Rods – 30mm x 2mm Injection-moulded (190°C); 
cooled at room 
temperature for 30 min. 

 4d 2 𝑀𝑤 2.7 

(Kranz et 
al., 2000)  

 5a PDLLGA 2 C - 𝑀𝑤 2.7 37°C Films – 40 mm x 40 mm x 
100 𝜇m 

Solvent-cast – dried for 
12h at room temperature 
and for 12h at 40°C. 

200 mL of PBS (pH 7.4). SEC Instron 4466, 500 N load, 10 mm/min, 
wet condition.  5b PDLLA 2 0.57 

(Weir et al., 
2004a)  

• 6a PLLA 1 H SC 𝑀𝑛 1.6 37°C Plates (0.8mm thick) – 
type V tensile samples 

Compression moulded and 
annealed at 120°C for 4 
hours. 

28 ml screw-top glass bottles, 
fully immersed in PBS (pH 7.4 – 
monitored throughout) (ISO 
15814:1999). Placed in air 
circulating oven. PBS 
(mm):polymer mass (g) > 30:1. 

GPC JJ Lloyd EZ 50 tensile testing machine 
equipped with a 1 kN load cell and 
tested at 10 mm/min while wet. 
Gauge length: 7.62 mm. 

 6b 1 𝑀𝑤 4.2 

(Weir et al., 
2004b)  

• 7a PLLA 1 H SC 𝑀𝑛 1.7 50°C As above As above. GPC 

 7b 1 𝑀𝑤 4.1 

+ 7c 1 𝑀𝑛 1.7 70°C 

 7d 1 𝑀𝑤 4.1 

(Polak-
Kraśna et 
al., 2021)  

• 8a PLLA 1 H SC 𝑀𝑛 0.98 50°C 1.5 mm diameter tubes cut 
into curved dog-bones for 
mechanical testing 

Pre-processed. PBS (pH 7.4±0.2) changed 
every 3-4 weeks to maintain 
pH. 

GPC Zwick mechanical test machine with 
100 N load cell tested at 10 mm/min 
while wet. Gauge length: 5mm. 

 8b 1 𝑀𝑤 2.2 

(Deng et 
al., 2005)  

• 9a PLLGA 1 C SC 𝑀𝑛 0.19 27.5 – 
47.5°C 

Multifilament braids, 
diameter: 0.304 mm 

Pre-processed. 0.1𝑀 PBS (pH 7.4) changed at 
least once a week. 

GPC Instron 4501, 500-N load at 127 
mm/min. Room temperature, wet. 
Gauge length: 80mm. 

 9b 1 𝑀𝑤 0.57 
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5.3 Failure strain criteria 

In the following sections, three criteria are considered: first, a model which accounts for the 

finite extension of a polymer chain with a representative length taken from the average 

molecular weight; second, an empirical relationship is explored for the experimental data 

not captured by the first model; and finally, a model which accounts for the extension of all 

chains in a molecular weight distribution.  

5.3.1 Finite chain extensibility criterion 

A physically based failure criterion is introduced and explored. The finite chain extensibility 

of a single polymer chain is first considered. The failure strain is then related to the finite 

extensibility of an average chain in the system using an average molecular weight. 

With gradual declines observed in both molecular weight and failure strain throughout 

degradation in experimental studies (Fig. 5.5), the existence of a relationship between these 

properties is explored. To begin, polymer chains are idealised as freely jointed chains, with 

chains containing equal links randomly jointed. This is a fundamental approach taken in many 

polymer models (Ward, 1971; Ward and Sweeney, 2013), and has previously proved 

successful when modelling polymers below their glass transition temperature (Shirazi et al., 

2016b; Wang et al., 2010). It is assumed that a chain begins at some most-probable length, 

𝐿0 = √𝑁𝐿𝑚 (Fig. 5.6), where 𝑁 is the number of polymer units (related to the weight of an 

individual chain) or degree of polymerisation, and 𝐿𝑚 is the length of each link (Ward and 

Sweeney, 2013). A chain is assumed to reach full extension during stretching, with a final 

length 𝐿𝑓 = 𝑁𝐿𝑚 at failure, resulting in chain breakage (Fig. 5.6). 

 

Fig. 5.6. A polymer chain, modelled as a freely-jointed chain, is assumed to begin at some 

most-probable length, 𝐿0 = √𝑁𝐿𝑚, where 𝑁 is the number of polymer units and 𝐿𝑚 is 

the length of each link (Ward and Sweeney, 2013). On extension, the chain may reach its 

final length, 𝐿𝑓 = 𝑁𝐿𝑚, with any further extension causing chain breakage. 
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The nominal failure strain, 𝜀𝑓, of such a chain is then given as 

 
𝜀𝑓 =

𝐿𝑓 − 𝐿0

𝐿0
=
𝑁𝐿𝑚 −√𝑁𝐿𝑚

√𝑁𝐿𝑚
= √𝑁 − 1 (5.3) 

dependent on the number of polymer units, 𝑁, which is typically on the order of 

approximately 10 – 200000, suggesting unrealistically large values of 𝜀𝑓 for the materials of 

interest. To overcome this, a scaling parameter, 𝐴, is introduced to provide more realistic 

predictions, giving the following: 

 𝜀𝑓 = 𝐴(√𝑁 − 1) (5.4) 

As presented, Eq. (5.4) considers just one individual chain. To extend this approach to 

consider the failure strain for the complete system, an average material characterisation 

such as average molecular weight, 𝑀𝑊, which characterises the average number of repeat 

polymer units in all chains in the system, may be useful. Thus, by equating 𝑁 with 𝑀𝑊 the 

failure strain may be related to the molecular basis of the polymer. This provides the 

following failure criteria: 

 𝜀𝑓
𝑀𝑊 = 𝐴1(√𝑀𝑊 − 1) ≈ 𝐴1√𝑀𝑊 (5.5) 

where 𝑀𝑊 is taken to be an average molecular weight, such as number average, 𝑀𝑛, or 

weight average, 𝑀𝑤, both of which are typically on the order of 105 g mol−1 initially (Table 

5.1). A parameter, 𝐴1, is again included as a scaling parameter. 

5.3.1.1 Results 

Using the experimental data shown in Fig. 5.5, the accuracy of Eq. (5.5) was explored. Firstly 

considering normalised data (Fig. 5.5b), it is evident that Eq. (5.5) captures the relationship 

between these two properties reasonably well in the case of Trend 1 (Fig. 5.7a). A gradual 

reduction is seen, with 𝜀𝑓 lagging behind 𝑀𝑊. However, it is unable to capture the more 

rapid decline exhibited by Trend 2 (Fig. 5.7a, open symbols). Turning the focus to absolute 

data (Fig. 5.5a), Fig. 5.7b investigates various values of 𝐴1 ranging from 5 × 10−3 − 1 × 10−4 

alongside absolute experimental data. While some data is captured reasonably well provided 

a suitable choice of 𝐴1 is made (e.g., 1b, 6a), it is observed that some data cannot be 

described by Eq. (5.5) (e.g., 3b, 5b). 
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Fig. 5.7. (a) Prediction obtained for the relationship between elongation at break, 𝜀𝑓 , and 

average molecular weight, 𝑀𝑊, using Eq. (5.5) (solid line) alongside normalised 

experimental data from literature (Table 5.1). Data following Trend 1 (solid filled 

symbols) are captured reasonably well, while the more rapid declining data categorised 

as Trend 2 (unfilled symbols) are not well described. (b) Various values of 𝐴1 are 

explored using Eq. (5.5) alongside absolute data. Again, some datasets are reasonably 

captured (e.g., 1b, 6a), while others are not (e.g., 3b, 5b). For decreasing values of 𝐴1, 

lower initial values of 𝜀𝑓 are predicted alongside a more gradual decline in this property. 

5.3.2 Exponential empirical criterion 

Although we have not yet determined the cause behind these two differing trends, now that 

Trend 1 can be reasonably predicted, our focus turns to predicting the more rapid declining 

failure strain with decreasing molecular weight exhibited by Trend 2. Re-examining Fig. 5.5d, 

an exponential-like relationship is seen between these two properties. An empirical 

relationship of this form may be described as follows: 

 𝜀𝑓
𝑒𝑥𝑝

= 𝐴2 𝑒𝑥𝑝(𝐴3𝑀𝑊) (5.6) 

where 𝐴2 and 𝐴3 are empirical constants. 

5.3.2.1 Results 

Eq. (5.6) was fit to each experimental dataset in Trend 2 (Table 5.1) for 𝑀𝑊 (Fig. 5.8), where 

values for 𝐴2 and 𝐴3 were chosen to maximise 𝑟2 using the Curve Fitting Tool in MATLAB® 

(R2019a, The MathWorks, Inc., MA, USA). It was determined that Eq. (5.6) had good 

predictive capability for Trend 2, resulting in 𝑟2 > 0.90 in many cases. Dataset 5b appears 

as an outlier, with 𝑟2 = 0.695; however, that degradation study ended prior to 𝑀𝑊 having 

declined to the extent of the other studies considered here. As Eq. (5.6) is empirical in nature, 

experimental calibration is required to obtain values for both 𝐴2 and 𝐴3, thus reducing its 

predictive capability in a wider setting. Additionally, this is not valid for describing Trend 1. 
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Therefore, finding an underlying cause for these two trends would first be necessary for Eq. 

(5.5) and Eq. (5.6) to be practical in a wide setting. 

 

Fig. 5.8. Eq. (5.6) was explored for predicting each dataset in Trend 2 (Table 5.1), with 

the plotted lines corresponding to the predictions and the discrete symbols representing 

the data being predicted for (a) data normalised by their initial value and (b) absolute 

data. The empirical constants, 𝐴2 and 𝐴3, were chosen to maximise 𝑟2 as described in 

the text. 

5.3.3 Modified finite chain extensibility criterion to consider molecular weight 

distribution 

While Eq. (5.5) and Eq. (5.6) were both found to capture certain trends, a priori knowledge 

of which one is appropriate for the polymer being studied is necessary before widespread 

use. Alternatively, as polymer ductility is likely to be controlled by various aspects of the 

molecular weight distribution (MWD) rather than an average value solely, considering the 

entire MWD may provide an improved, all-encompassing predictive technique. Returning to 

the physically based approach in Section 5.3.1, a modified finite chain extensibility criterion 

is now introduced, taking a more rigorous consideration of the molecular weight distribution 

and its evolution during degradation. 

Ward (1971) described the following classic equation: 

 𝐸 = 3𝑁𝑘𝑇 (5.7) 

relating Young’s modulus, 𝐸, to the number of polymer chains per unit volume, 𝑁, where 𝑘 

is the Boltzmann constant and 𝑇 is temperature. As 𝑁 increases due to chain scissions in a 

degrading polymer, an unrealistic increase is suggested by Eq. (5.7) for biodegradable 

polymers. To overcome this, Wang et al. (2010) further considered the changing entropy of 

a degrading system, reasoning that isolated scissions and very short chains are unlikely to 

contribute significantly to changes in polymer entropy. To this end, it was assumed that 𝑁 

never increases and the number of chain groups above a threshold number average 
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molecular weight, 𝑀𝑛
𝑐𝑟𝑖𝑡, denoted 𝑁𝑐, was introduced. It was reasoned that chains that have 

experienced sufficient degradation to fall below 𝑀𝑛
𝑐𝑟𝑖𝑡  no longer contribute to the entropy 

and thus 𝐸 in Eq. (5.7). 

Here, a similar approach is followed, where a threshold molecular weight is used to consider 

the impact of degradation on failure strain. Returning to Eq. (5.5), which related the failure 

strain of a single chain to the number of polymer units, 𝑁, (𝜀𝑓 = 𝐴(√𝑁 − 1)), this is 

extended to more rigorously consider the complete molecular weight distribution than in 

Section 5.3.1. It is assumed that once a system consists mostly of short chains, then the 

behaviour becomes brittle and this is measured by tracking 𝑁𝑐 during simulated degradation, 

as previously done for Young’s modulus (Wang et al., 2010), as described above. A new 

failure criterion based on the finite extensibility of polymer chains and a threshold molecular 

weight is then introduced as: 

 
𝜀𝑓
𝑁 = 𝐴4√𝑁𝑐 (5.8) 

where 𝐴4 is a constant. 𝑁𝑐 is found by tracking each original chain and its resulting sub-chains 

as the scissions proceed (see Fig. 5.9 for an illustration of this concept). An average molecular 

weight is calculated for each group of sub-chains and if the weight is above a critical value, 

𝑀𝑛
𝑐𝑟𝑖𝑡, then it is included in the count of 𝑁𝑐. Note that 𝑀𝑛

𝑐𝑟𝑖𝑡  is chosen here in contrast to 

𝑀𝑤
𝑐𝑟𝑖𝑡  when predicting Young’s modulus in Chapter 4; 𝑀𝑛 better captures short chains, which 

should be more susceptible to finite extensibility and, thus, be of importance when 

considering ductility, while 𝑀𝑤 places more emphasis on long chains, which are assumed to 

contribute more to the stiffness of the polymer. 

To use Eq. (5.8), knowledge of the entire molecular weight distribution and its evolution 

during degradation is necessary to obtain 𝑁𝑐. Predictions for this quantity may be acquired 

using the kinetic scission model (KSM) introduced in Chapter 4, illustrated in Fig. 5.9. This 

was carried out as follows: 

1. An initial representative molecular weight distribution was considered in the form of an 

array of chains with a distribution of lengths. This was characterised based on the 

experimental data of Tsuji (2002) for amorphous PLA. 

2. A suitable step-size was chosen (Δ𝑡 ≈ 0.03 month−1), with temporal convergence 

checked by comparing results for 𝑀𝑛 vs time with those obtained using the automatic 

adaptive step-size NKOM method introduced in Chapter 4. End- and mid-chain scissions 



Failure strain criteria 

146 

were simulated on bonds at random as previously outlined (Chapter 4) according to the 

following equations: 

 𝑆𝑚𝑖𝑑 = (𝑘ℎ𝑚𝐶𝑒,𝑚𝑖𝑑 + 𝑘𝑎𝑚𝐶𝑒,𝑚𝑖𝑑𝐶𝑎
𝑛)Δ𝑡 (5.9) 

 𝑆𝑒𝑛𝑑 = (𝑘ℎ𝑒𝐶𝑒,𝑒𝑛𝑑 + 𝑘𝑎𝑒𝐶𝑒,𝑒𝑛𝑑𝐶𝑎
𝑛)Δ𝑡 (5.10) 

where 𝑆𝑚𝑖𝑑 and 𝑆𝑒𝑛𝑑 are the molar number of mid- and end-chain scissions, respectively, 

𝐶𝑒,𝑚𝑖𝑑, 𝐶𝑒,𝑒𝑛𝑑 and 𝐶𝑎 are the molar concentrations of mid-chain ester bonds, end-chain 

ester bonds, and carboxylic acid ends, respectively, 𝑛 is the acid dissociation constant, 

and Δ𝑡 is the time increment. The simple hydrolytic reaction generates mid- and end-

chain scissions according to 𝑘ℎ𝑚 and 𝑘ℎ𝑒, respectively. Similarly, the autocatalytic 

reaction rates, 𝑘𝑎𝑚 and 𝑘𝑎𝑒, govern the rate at which mid- and end-chain scissions, 

respectively, occur due to autocatalysis. The evolution of each individual chain was 

tracked during the scission process, with information on all chain lengths stored in the 

array; this provided the evolving molecular weight distributions, from which average 

molecular weights may be obtained. The reaction rates were calibrated to fit 

experimental predictions for 𝑀𝑊 using the method previously described (Chapter 4). 

The reaction rates for 𝑘ℎ𝑒 and 𝑘ℎ𝑚 were assumed to be equal without clear evidence to 

suggest which is dominant for these materials, and similarly for 𝑘𝑎𝑒 and 𝑘𝑎𝑚. Values for 

𝑛, the length of oligomers, 𝐿𝑜𝑙, and the initial acid end concentration, 𝐶𝑎0, further 

discussed previously (Chapter 4), were all kept constant. 

3. Values for 𝑁𝑐 were found as follows (Chapter 4): 

a. Each initial chain and its resulting sub-chains created by scissions form one of 

𝑁𝑐0 groups, where 𝑁𝑐0 is the initial number of chains in the system; 𝑀𝑛 is 

calculated for each individual group (each bar in Fig. 5.9 corresponds to a group). 

b. Once 𝑀𝑛 < 𝑀𝑛
𝑐𝑟𝑖𝑡  for a group, where 𝑀𝑛

𝑐𝑟𝑖𝑡  is a specified critical molecular 

weight, the group falls below the threshold value and is excluded from 𝑁𝑐, the 

number of chain groups above the molecular weight threshold. 

4. Finally, Eq. (5.8) was used to predict the evolution of elongation at break. 

5.3.3.1 Results 

Using the KSM described above provided evolving molecular weight distributions (Fig. 5.10a), 

with the initial distribution characterised based on PLLA data from Tsuji (2002) (dataset 1a, 

see Table 5.1). Fig. 5.10b shows the resulting trends for values of 𝑀𝑛
𝑐𝑟𝑖𝑡  in the range 

[50 kg/mol, 5000 kg/mol] (obtained using the KSM and Eq. (5.8)) alongside dataset 1a. For 
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𝑀𝑛
𝑐𝑟𝑖𝑡 ≤ 50 kg/mol, a pronounced lagging behaviour is observed, with an 80% reduction in 

𝑀𝑊 before 𝜀𝑓 declines (with 𝑀𝑛
𝑐𝑟𝑖𝑡 = 50 kg/mol shown in Fig. 5.10 and similar trends seen 

for smaller values of 𝑀𝑛
𝑐𝑟𝑖𝑡  simulated). The next interval of values explored, 𝑀𝑛

𝑐𝑟𝑖𝑡 =

(50 kg/mol, 500 kg/mol), results in a less pronounced lag, similar to that exhibited by Trend 

1. Finally, for 𝑀𝑛
𝑐𝑟𝑖𝑡 ≥ 500 kg/mol, an instant decline in 𝜀𝑓 is observed alongside reductions 

in 𝑀𝑊, similar to the behaviour displayed by Trend 2. In terms of the temporal evolution, 

which is directly obtained from the method already outlined, Fig. 5.10c indicates the wide 

range of behaviour captured depending on the choice of 𝑀𝑛
𝑐𝑟𝑖𝑡. For the dataset considered 

here, 𝑀𝑛
𝑐𝑟𝑖𝑡 = 100 kg/mol reasonably captures both the relationship between 𝜀�̅� vs 𝑀𝑊̅̅̅̅ ̅̅  

and the temporal evolution of 𝜀�̅�, where properties are normalised by their initial values. 

 

Fig. 5.9. Schematic illustration of kinetic scission model introduced in Chapter 4. Step 1 

takes a representative polymer chain distribution in the form of an array of chains with 

a distribution of lengths. Step 2 simulates scissions on the array of chains according to 

Eq. (5.9) for mid-chain scissions and Eq. (5.10) for end-chain scissions. The updated 

chain lengths are stored in the array, with each row representing an initial chain and its 

resulting sub-chains. A sample of 9 initial representative polymer chains (from 

approximately 24000) are shown halfway through simulated degradation, where each 

bar represents an initial chain and each coloured fragment represents a sub-chain 

created via simulated scission. To calculate 𝑁𝑐 , the number of chain groups above a 

critical molecular weight, 𝑀𝑛
𝑐𝑟𝑖𝑡 , in Step 3, each initial chain and resulting sub-chains are 

taken as an individual group. Once 𝑀𝑛 < 𝑀𝑛
𝑐𝑟𝑖𝑡 for a group, that group is excluded from 

the calculation of 𝑁𝑐; otherwise, the group contributes to the count of 𝑁𝑐 . Note that 

despite Chain 384 appearing short compared with Chain 687 (and its largest fragment), 

it is included in the count of 𝑁𝑐  as it has experienced few scissions and thus has a higher 

value of 𝑀𝑛 than the highly degraded Chain 687. 

For the normalised relationship being explored, 𝜀�̅� vs 𝑀𝑊̅̅̅̅ ̅̅ , Eq. (5.8) describes unique 

relationships dependent only on 𝑁𝑐. The evolution of 𝑁𝑐 depends on the initial molecular 

weight distribution and how this evolves for each specific polymer, with the kinetic scission 

model requiring information on this initial distribution as input prior to the simulation. 
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However, this is not provided in many of the experimental studies surveyed here. 

Nevertheless, it is evident that many trends are captured by varying 𝑀𝑛
𝑐𝑟𝑖𝑡, ranging from 

lagged to abrupt declines in 𝜀𝑓 with reducing 𝑀𝑊. Thus, Eq. (5.8) and the corresponding 

method described above offers an all-inclusive tool for predicting the relationship between 

𝜀𝑓 and 𝑀𝑊. By considering the entire MWD when predicting these properties, as done here, 

insight into the physicochemical mechanisms responsible for this behaviour may be obtained 

on further investigation. 

 

Fig. 5.10. (a) The KSM (Chapter 4) outlined in the text was used to obtain predictions for 

evolving molecular weight distributions. The initial distribution matches the 

experimental distribution of Tsuji (2002) for PLLA (dataset 1a). These distributions 

were then used to obtain values for 𝑁𝑐  as described in Fig. 5.9. (b) Predictions for the 

relationship between 𝜀𝑓 and 𝑀𝑊 were obtained using Eq. (5.8) for 𝜀𝑓
𝑁. Both quantities 

were normalised by their initial values. Values for the molecular weight threshold were 

varied from 50 kg/mol to 5000 kg/mol. This resulted in predictions varying from a large 

lag, with 𝑀𝑊 < 0.2𝑀𝑊0 before a decline in 𝜀𝑓 (𝑀𝑛
𝑐𝑟𝑖𝑡 = 50 kg/mol), to gradually more 

rapid declines in 𝜀𝑓 for larger values of 𝑀𝑛
𝑐𝑟𝑖𝑡 . Experimental data corresponding to the 

initial MWD used is also shown. While increases in 𝜀𝑓 were not predicted, appropriate 

choice of 𝑀𝑛
𝑐𝑟𝑖𝑡  allows for reasonable predictions. Alternatively, a failure envelope may 

be estimated using two threshold values, providing an upper and lower prediction. (c) 

The temporal evolution of 𝜀𝑓 is also found using the KSM. Increasing values of 𝑀𝑛
𝑐𝑟𝑖𝑡  again 

result in more rapid declines in 𝜀𝑓 . 

5.4 Temporal evolution of failure strain 

Returning our focus to the experimental study of Tsuji (2002) and the temporal evolution of 

failure strain found for various forms of amorphous PLA (reproduced in Fig. 5.4a), the three 

failure criteria described by Eq. (5.5), Eq. (5.6) and Eq. (5.8) are explored in this context. Both 

Eq. (5.5) and Eq. (5.6) simply require parameter determination to best fit the relevant 

experimental data, while for Eq. (5.8) it is necessary to model the entire molecular weight 

distribution and its evolution during simulated degradation. This was carried out as outlined 

above for each of the four forms of PLA, with the corresponding initial MWD described by 
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Tsuji (2002) used as input for Step 1 of the KSM. Each of the parameters were calibrated as 

described in Steps 2 – 3 of the previous section and are outlined in Table 5.2. 

To begin, the kinetic scission model (KSM) was calibrated as described in Chapter 4 for each 

set of experimental data in the study of Tsuji (2002), providing the temporal evolution of 𝑀𝑛 

and Young’s modulus, 𝐸. From Fig. 5.11a-d, it is seen that the previously described KSM 

captured each dataset well. In addition to these properties, predictions for the evolution of 

the molecular weight distribution during degradation were obtained. This then provides 

information on 𝑁𝑐, the number of chain groups above the molecular weight threshold. With 

this information, it is now possible to consider each of the failure criteria. 

Fig. 5.11e-h shows each of the three failure criteria for the various forms of PLA in the context 

of the relationship between 𝜀𝑓 and 𝑀𝑛, while Fig. 5.11i-l shows the temporal evolution of 𝜀𝑓. 

Normalised properties are considered, reducing the number of parameters to be calibrated. 

Starting first with 𝜀𝑓
𝑀𝑊, obtained using Eq. (5.5), a gradual decline in 𝜀𝑓 is observed, lagging 

the reduction in 𝑀𝑛. However, the decline in 𝜀𝑓 occurs more abruptly than that seen for 

PLLA, PDLA and PDLLA, while it is too gradual for PL/DLA. This is also seen with the temporal 

evolution, with 𝜀𝑓
𝑀𝑊 predicting a more rapid decline for all data except PL/DLA. 

Next, 𝜀𝑓
𝑒𝑥𝑝

 was considered, obtained using Eq. (5.6). With many of these polymers clearly not 

experiencing an exponential decline with 𝑀𝑛, 𝐴3 was inversely chosen to ensure the first and 

final data points were captured, provided in Table 5.3. While PLLA, PDLA and PDLLA were 

poorly captured by this technique, good predictions were found for PL/DLA. 

Finally, predictions were found for 𝜀𝑓
𝑁 using Eq. (5.8) and details on the evolution of 𝑁𝑐 

obtained from the KSM. Various values of molecular weight threshold, 𝑀𝑛
𝑐𝑟𝑖𝑡, were explored 

to best fit the data, with 𝑟2 maximised for the values given in Table 5.3. The relationship 

between 𝜀𝑓 and 𝑀𝑛 is reasonably predicted for each of the polymers, with 𝜀𝑓
𝑁 capable of 

predicting both lagged and more rapid declines. The predictions for the temporal evolution 

also capture the experimental trends reasonably well. Thus, Eq. (5.8) and the corresponding 

failure criterion, 𝜀𝑓
𝑁, appears to be suitable for predicting the temporal evolution of 𝜀𝑓 when 

used in conjunction with the KSM (Chapter 4), irrespective of the experimental trend. 
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Fig. 5.11. (a-d) Temporal evolution of 𝑀𝑛 and 𝐸 as obtained in the degradation study of 

Tsuji (2002) (discrete symbols) alongside predictions obtained using the KSM (Chapter 

4) (lines). The KSM successfully captured the trends using the parameters detailed in 

Table 5.2. (e-h) Relationship between 𝜀𝑓 and 𝑀𝑛 for each failure criteria, where 𝜀𝑓
𝑀𝑊 

depends on average molecular weight (Eq. (5.5)), 𝜀𝑓
𝑒𝑥𝑝

 describes an exponential delince 

(Eq. (5.6)), and 𝜀𝑓
𝑁 depends on a molecular weight threshold (Eq. (5.8)). While 𝜀𝑓

𝑀𝑊 and 

𝜀𝑓
𝑒𝑥𝑝

 poorly capture some of the experimental trends of Tsuji (2002), 𝜀𝑓
𝑁 reasonably 

captures both the lagged decline of 𝜀𝑓 for PLLA, PDLA and PDLLA and the more rapid 

decline of 𝜀𝑓 for PL/DLA. (i-l) Temporal evolution of 𝜀𝑓 for each failure criteria, again 

indicating the predicitive capability of 𝜀𝑓
𝑁. Properites are normalised by initial values. 
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Table 5.2. Input parameters used for the kinetic scission model for each of the polymers modelled. The simple hydrolytic reaction generates mid- and 

end-chain scissions according to 𝑘ℎ𝑚 and 𝑘ℎ𝑒, respectively. Similarly, the autocatalytic reaction rates, 𝑘𝑎𝑚 and 𝑘𝑎𝑒, govern the rate at which mid- and 

end-chain scissions, respectively, occur due to autocatalysis. Additionally, 𝑛 is the acid dissociation constant, 𝐿𝑜𝑙  is the oligomer length, 𝐶𝑎0 is the initial 

carboxylic acid end concentration and 𝐶𝑒0 is the initial ester bond concentration. Finally, 𝑀𝑤
𝑐𝑟𝑖𝑡  is the weight average molecular weight threshold, the 

parameter used when predicting Young’s modulus, 𝐸. 

Polymer 𝑘ℎ𝑒 

(month−1) 

𝑘ℎ𝑚 

(month−1) 

𝑘𝑎𝑒 

((m3mol−1)
1/2

month−1) 

𝑘𝑎𝑚 

((m3mol−1)
1/2

month−1) 

𝑛 𝐿𝑜𝑙  𝐶𝑎0 
(mol m−3) 

𝐶𝑒0 
(mol m−3) 

𝑀𝑤
𝑐𝑟𝑖𝑡 

(kg mol−1) 

PLLA 1 × 10−6 1 × 10−6 2 × 10−5 2 × 10−5 0.5 1 0 17300 100 

PDLA 1 × 10−6 1 × 10−6 3 × 10−5 3 × 10−5 0.5 1 0 17300 70 

PDLLA 1 × 10−6 1 × 10−6 7 × 10−5 7 × 10−5 0.5 1 0 17300 40 

PL/DLA 1 × 10−6 1 × 10−6 2.5 × 10−5 2.5 × 10−5 0.5 1 0 17300 40 

Table 5.3. Parameters used for each of the failure criteria in obtaining the predictions for the four forms of PLA studied by Tsuji (2002) shown in Fig. 

5.11. As normalised trends are considered, parameters 𝐴1, 𝐴2 and 𝐴4 are not required. 

Failure criteria 𝜀𝑓
𝑀𝑊 𝜀𝑓

𝑒𝑥𝑝
 𝜀𝑓

𝑁 

Parameter – 𝐴3 𝑀𝑛
𝑐𝑟𝑖𝑡  (kg mol−1) 

PLLA – 4.02 × 10−6 100 

PDLA – 7.10 × 10−6 70 

PDLLA – 2.08 × 10−5 40 

PL/DLA – 6.23 × 10−6 500 
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5.5 Discussion 

Following a detailed literature survey of 27 datasets from 9 publications (Deng et al., 2005; 

Duek et al., 1999; Kranz et al., 2000; Polak-Kraśna et al., 2021; Tsuji, 2002; Tsuji et al., 2000; 

Tsuji and Del Carpio, 2003; Weir et al., 2004a, 2004b), two trends were identified for the 

relationship between failure strain, 𝜀𝑓, and average molecular weight, 𝑀𝑊: (i) Trend 1 

typically experiences no decline in ductility initially (or even increases), with a lagged decline 

compared with the reduction in 𝑀𝑊 (Fig. 5.5c); while (ii) for Trend 2, 𝜀𝑓 has declined by 

>50% with a 20% reduction in 𝑀𝑊 and no initial increase in 𝜀𝑓 is observed (Fig. 5.5d). 

However, the underlying cause behind these two differing trends is not obviously evident 

from the information provided in experimental studies (Table 5.1). 

Further investigation into the causes behind the two identified trends may provide valuable 

insight into the physicochemical degradation mechanisms and the impact of these on the 

mechanical behaviour. While it is expected that amorphous and semi-crystalline polymers 

would vary in terms of ductility, with the chains within the more rigid structure of semi-

crystalline polymers assumed to be more restricted during stretching, neither structure type 

was uniquely defined by either trend. Furthermore, strain is higher in the amorphous phase 

and the ductility of this phase should set the overall ductility (Callister Jr and Rethwisch, 

2018). In the study by Tsuji et al. (2000) where PLLA with various degrees of crystallinity, 𝑋𝑐, 

were investigated, those with lower values of 𝑋𝑐  were found to lose their ductility more 

abruptly, following Trend 2. However, it should be noted that each of the datasets identified 

as Trend 2 from that study had a higher initial value of 𝜀𝑓 and they also experienced a larger 

increase in 𝑋𝑐 during degradation, both of which may impact the trends seen. 

Amongst the studies considered, several reported number average molecular weight, 𝑀𝑛, 

others reported weight average molecular weight, 𝑀𝑤, and some reported both, as detailed 

in Table 5.1. Flory (1945) previously discussed the importance of the number of ends of 

molecules, and consequently 𝑀𝑛, when considering failure in polymers, albeit primarily 

focused on cellulose, ultimately leading to a relationship between tensile strength and 𝑀𝑛. 

However, no difference was evident for the relationship between 𝜀𝑓 and either 𝑀𝑛 or 𝑀𝑤 in 

the experimental data considered here, suggesting that a more general relationship between 

𝜀𝑓 and an average molecular weight, 𝑀𝑊, may exist, where 𝑀𝑊 is either 𝑀𝑛 or 𝑀𝑤. 

While differences in technique may be expected between experimental studies, uniformity 

is expected between different datasets within isolated publications. However, several of the 

publications considered here contain data spanning both trends (Tsuji, 2002; Tsuji et al., 
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2000; Tsuji and Del Carpio, 2003). For example, in a study carried out by Tsuji (2002), various 

forms of amorphous PLA (PLLA, PDLA, PDLLA, PL/DLA) were subjected to the same 

degradation conditions, with all except PL/DLA found to exhibit the behaviour described by 

Trend 1. While this lends the question as to potential differences exhibited by polymer 

blends, nothing concrete can be determined from this small dataset. It should also be noted 

that large error margins for 𝜀𝑓 were reported in several studies, most notably being >40% 

reported by Tsuji (2002). 

All the studies surveyed had similarities in degradation protocol, with each study carried out 

in phosphate buffer solution (pH 7.4) and many at 37 °C. However, from the details provided, 

large variances in solution volume were evident (Kranz et al., 2000; Tsuji, 2002). Additionally, 

some reported changing the solution every week (Deng et al., 2005), some once a month 

(Polak-Kraśna et al., 2021), while others did not mention this at all. Furthermore, no 

information was provided on the initial acid end concentration of the polymers and whether 

they were end capped, which has been shown previously to influence degradation (Tracy et 

al., 1999). While the glass transition temperature should begin at a similar value for each of 

the polymers considered here, its evolution during degradation may vary between datasets. 

The effect of processing may also influence this behaviour, particularly in terms of the 

resulting molecular weight distribution generated. Each of these factors could influence the 

degradation behaviour, potentially contributing to differences observed. 

Despite the uncertainty in why such variances are evident in the data, several failure criteria 

were introduced, and their predictive capabilities were explored in the context of both 

trends. The first criterion, 𝜀𝑓
𝑀𝑊 (Eq. (5.5)), defines a physical relationship between evolving 

molecular weight and failure strain by considering the finite extensibility of an average 

polymer chain. This was successful in capturing the lagged decline in 𝜀𝑓 seen for reducing 

𝑀𝑊 exhibited by most of the data, i.e., Trend 1 (Fig. 5.7). In contrast, an empirical 

relationship was necessary to capture the exponential-like decline of Trend 2 (Fig. 5.8), 

leading to the introduction of the second criterion, 𝜀𝑓
𝑒𝑥𝑝

 (Eq. (5.6)). However, without proper 

understanding of the mechanism behind these trends, use of these criteria require caution. 

While much of the data is predicted by 𝜀𝑓
𝑀𝑊, it is not appropriate for polymers exhibiting 

Trend 2 behaviour, predicting much later failure than that observed for these polymers. In 

contrast, using 𝜀𝑓
𝑒𝑥𝑝

 for all polymers may have the opposite effect, possibly resulting in over-

engineered materials with longer lifetimes than necessary in many cases, potentially leading 

to undesirable long-term effects. 
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The third failure criterion introduced, 𝜀𝑓
𝑁 (Eq. (5.8)), introduces a modification to the previous 

chain extensibility criterion (Eq. (5.5)). This criterion captures the reduction in long chains 

during degradation and connects it with the ability of the polymer to undergo ductile 

deformation. Once the network consists mostly of short chains, then the behaviour becomes 

brittle. This is factored in using a molecular weight threshold, which requires a detailed 

description of the evolving molecular weight distribution. Predictions for this were obtained 

using the kinetic scission model (KSM) (Fig. 5.10) proposed in Chapter 4, which was described 

for amorphous polymers experiencing heterogenous bulk degradation. In this chapter, the 

KSM was used to obtain evolving molecular weight distributions for a sample case in Section 

5.3.3 (based on an initial distribution from Tsuji (2002), dataset 1a) and for each of the 

polymers studied by Tsuji (2002) in Section 5.4 (datasets 1a-1d). Little mass loss was reported 

for PLLA, PDLA and PL/DLA after 24 months degradation and for PDLLA up to 12 months 

degradation, and each of the initially amorphous films remained so throughout degradation 

(Tsuji, 2002). It is also expected that PLA films with dimension 3 mm x 30 mm x 50-150 𝜇m 

undergo heterogenous bulk degradation (Shirazi et al., 2016a; von Burkersroda et al., 2002). 

As such, the KSM is deemed appropriate for modelling that set of data and was suitably 

calibrated to describe changes in 𝑀𝑛 and 𝐸 in agreement with experimental data. 

Additionally, it was found that 𝜀𝑓
𝑁 reasonably predicted the data of Tsuji (2002) (Fig. 5.11). 

Going forward, this approach may be used to explore the influence of the initial molecular 

weight distribution to determine if the brittle transition can be delayed during processing. A 

modified KSM would be necessary to consider factors such as crystallinity and mass loss. 

The first two criteria introduced, 𝜀𝑓
𝑀𝑊 and 𝜀𝑓

𝑒𝑥𝑝
, both consider an average molecular weight 

of a polymer network and showed success in capturing Trend 1 and Trend 2, respectively. In 

contrast, 𝜀𝑓
𝑁 considers the entire polymer molecular weight distribution and links ductility to 

the portion of short chains in the network using a critical molecular weight threshold. It was 

observed that 𝜀𝑓
𝑁 could capture a wide range of trends, spanning both Trend 1 and Trend 2 

behaviour. This may suggest that short chains play an important role in ductility, with short 

chains readily reaching their finite extensibility during stretching. Changes in the molecular 

weight distribution during degradation and any preferential degradation towards chain ends 

that result in a build-up of short chains may explain the different trends observed. Many of 

the studies considered in Table 5.1 do not provide details on molecular weight distribution, 

making a detailed investigation into this challenging at present; a more in-depth 

experimental exploration of the effect of the width of the molecular weight distribution on 

the ductility of these materials may provide valuable insight into the underlying behaviour. 
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Alternatively, the datasets categorised as Trend 2 may have formed local imperfections 

during processing that could explain the rapid declines in ductility observed; the large error 

margins reported in studies would support this. 

The failure criteria introduced here assume nominal strain, with several of the literature 

studies surveyed specifying that this quantity was considered in the data presented (Deng et 

al., 2005; Polak-Kraśna et al., 2021). A simple adjustment to each criterion would offer 

predictions for the incremental failure strain. The criteria presented offer predictions for the 

decline in ductility as degradation takes place in PLA and can likely be extended to other 

biocompatible polymers that experience similar degradation behaviour. Several of the 

experimental studies surveyed reported an initial increase in 𝜀𝑓 (Fig. 5.5). Deng et al. (2005) 

suggested that this increase may be due to fibre relaxation caused by water absorption, 

leading to swelling and plasticization and a decrease in molecular chain orientation. While 

these effects are not considered herein, early failure and, thus, the decline in 𝜀𝑓 is of primary 

concern here. 

Predictions for the temporal evolution of 𝜀𝑓 obtained using the kinetic scission model was 

found to agree reasonably with experimental data provided appropriate selection of criteria 

(Fig. 5.11). This can be used to predict the time taken for half ductility, for example, and 

provide an estimated timeline for end-of-use. While each of the criterion introduced has 

provided good predictions in certain settings, prior knowledge of which is most appropriate 

may be challenging without further insight into why the two identified trends emerge. Thus, 

the immediate priority should be experimental in nature and explore the effects of factors 

discussed above on these trends, for example, acid concentration, changes in crystallinity, 

width of the MWD, etc. In the meantime, multiple failure criteria may be used in parallel with 

one another, offering a failure envelope. Such predictions can be visualised in Fig. 5.11, 

where a selection of two or more criteria provides predictions for an upper and lower value 

of 𝜀𝑓. 

5.6 Conclusion 

Analysis of published data for the relationship between 𝜀𝑓 and 𝑀𝑊 in degrading PLA 

revealed two distinct trends. The first (Trend 1) typically experiences no decline in ductility 

initially with a subsequent lagged decline compared with the reduction in 𝑀𝑊, while the 

second (Trend 2) showed a rapid decline in 𝜀𝑓, declining by >50% with a 20% reduction in 

𝑀𝑊. No underlying cause for these differing trends could be identified from the details 

provided in the respective experimental studies. 
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Nevertheless, several failure criteria were introduced, and their predictive capability was 

explored in the context of both trends: (i) 𝜀𝑓
𝑀𝑊, which considers the finite extensibility of an 

average polymer chain based on 𝑀𝑊, is appropriate for modelling the datasets 

characterised as Trend 1; (ii) an exponential empirical criterion, 𝜀𝑓
𝑒𝑥𝑝

, captures Trend 2; while 

(iii) 𝜀𝑓
𝑁, a modification of 𝜀𝑓

𝑀𝑊 that considers the entire molecular weight distribution and 

places more emphasis on short, degraded chains, successfully captures both trends, but 

requires knowledge of initial molecular weight distributions. 

Each criterion provides good predictions when used in the right setting; however, 

clarification of why the two degradation trends identified emerge should be explored as this 

may provide greater insight into the degradation mechanism and in turn allow for improved 

predictions of these materials. The framework developed here can be combined with 

detailed experimental characterisation (to include fully describing the molecular weight 

distribution and measuring the initial acid concentration and end capping) to further explore 

the onset of brittle behaviour in degrading polymers. 
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6 Modelling finite chain extensibility in a degrading polymer network 

Although Chapter 5 saw the introduction of failure criteria that reasonably capture the failure 

strain of polymers such as PLA, it did not shed sufficient light onto the physical mechanisms 

behind this evolution. Up to this point of the thesis, the models introduced have considered 

entropy in a simplistic way, with a binary count of chain groups depending on their molecular 

weight with respect to a molecular weight threshold parameter. We now turn our focus to a 

more rigorous consideration of entropy. 

Upon deformation of a polymer network, chains change from a coiled to an extended 

configuration, with a gradual reduction in entropy. Short chains may fully extend at modest 

strains, contributing nothing more to the change in entropy on further extension of the 

material. Using statistical mechanics methods for rubber-like materials, we investigate how 

finite chain extensibility contributes to elasticity changes during degradation. Here, elastic 

properties are related to network chain end-to-end distance distributions and are assumed 

to arise solely as a result of conformational changes in the network chains. 

Following an overview of the motivation for this work in Section 6.1, Section 6.2 provides an 

overview of theory and some initial explorations. Predictions for the mechanical behaviour 

are first investigated using an average molecular weight (Section 6.3), similar to the approach 

of Stepto and Taylor (1995a) for non-degrading polymers. The solution approach is detailed 

in Section 6.3.1 by way of a flowchart. Subsequently, molecular weight distributions and 

proper treatment of fully extended chains are considered for more accurate predictions of 

the mechanical properties (Section 6.4); a comparison between the approaches of Section 

6.3 and Section 6.4 is presented in Fig. 6.13. The kinetic scission model developed in Chapter 

4 is used to generate a full evolving molecular weight distribution to represent degrading 

PLA-PCL (90:10) for the input to model the material studied by Vieira et al. (2011), who only 

report 𝑀𝑛 for each timepoint alongside evolving stress-strain curves. Considering the stress 

response, the method is validated using a qualitative comparison with the stress-strain 

curves of Vieira et al. (2011) reproduced in Fig. 6.1a, with similar mechanical behaviour 

observed between the experimental study and the simulated system (Section 6.5). In Section 

6.6, the failure criteria introduced in Chapter 5 are used to overlay predictions for failure 

strain on the stress-strain predictions obtained in this chapter. Section 6.7 briefly explores 

extending the method introduced for uniaxial tension to alternative modes of deformation, 

prior to a discussion of the findings in Section 6.8. A sensitivity analysis, pseudocode and 
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MATLAB® (R2020b, The MathWorks, Inc., MA, USA) code may be found in the Appendices at 

the close of this chapter. 

6.1 Motivation 

6.1.1 Degradation behaviour 

As previously described (Section 2.1), biodegradable polymers contain many long 

macromolecular chains with a distribution of chain lengths containing repeat units bonded 

together chemically. Biocompatible materials such as polylactic acid (PLA) and 

polycaprolactone (PCL) experience degradation due to a hydrolytic reaction when placed in 

an aqueous medium, with bonds being broken throughout polymer chains (Buchanan, 2008). 

As chains break, the molecular weight distribution transitions, resulting in a lower molecular 

weight for the material. A simultaneous reduction in the mechanical properties is observed. 

On mechanically testing PLA-PCL (90:10) fibres during degradation, Vieira et al. (2011) found 

that while the stress-strain behaviour was initially characteristic of ductile polymer 

behaviour, this transitioned during degradation, with a progressive loss in strength and 

ultimate strain (reproduced in Fig. 6.1). A simultaneous reduction in number average 

molecular weight, 𝑀𝑛, was observed, with little mass loss up to 8 weeks degradation. Polak-

Kraśna et al. (2021) detected similar for degrading PLLA, observing an almost immediate 

post-yield fracture as degradation progressed. 

 

Fig. 6.1. Experimental mechanical testing and degradation study of PLA-PCL (90:10) 

fibres show the (a) stress-strain response transitions from ductile to brittle behaviour 

during degradation, (b) the normalised number average molecular weight, 𝑀𝑛̅̅ ̅̅ , 

simultaneously declines, and this is accompanied by (c) mass loss of the material. 

Adapted from Vieira et al. (2011). 

6.1.2 Existing models for biodegradable polymers 

Several studies have developed material constitutive models to describe the evolution of 

mechanical properties in degrading polymers, as further outlined in Section 3.2.4. Efforts 
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from Vieira et al. (2014, 2011), Soares et al. (2010), and Hayman et al. (2014) have 

contributed significantly to this area in recent years, including (i) the development of a model 

combining the relationship between fracture strength and molecular weight with 

hyperelastic material models, resulting in evolving stress-strain curves for PLA-PCL fibres 

during degradation (Vieira et al., 2014, 2011); (ii) a thermodynamic approach that considered 

the effect of deformation on degradation behaviour, providing evolving stress-strain curves 

for PLLA stent fibres under tensile loading conditions (Soares et al., 2010); and (iii) an 

investigation into the effect of different loads at different stages of degradation on PLLA 

fibres, capturing the increased reduction in mechanical properties with increased loading 

observed experimentally (Hayman et al., 2014). Nevertheless, these constitutive models 

require extensive experimental data as the material parameters are material functions of 

degradation damage instead of material constants. This poses a challenge, with small 

changes to these materials often resulting in significantly different behaviour. Further 

understanding of the physicochemical response during deformation may allow for an 

improved modelling framework throughout degradation that requires less sensitive 

experimentally determined parameters. To obtain this understanding, a model that 

considers the elastic response of all individual chains rather than an average chain may be 

instrumental. 

6.1.3 Finite chain extensibility 

Towards this understanding, the effect of short chains and their finite extensibility on the 

mechanical response is considered. As the evolution of the molecular weight distribution 

during degradation is accompanied by the evolution of mechanical properties, an 

investigation into how these interrelate should be carried out. In particular, considering how 

the introduction of shorter chains into the molecular weight distribution contributes to the 

elastic properties of the material may be valuable in understanding the overall behaviour. 

While the finite extensibility of polymer chains has often been neglected in modelling 

techniques, several publications have considered this effect on the deformation behaviour, 

with focus restricted to non-degrading polymers. Edward and Vilgis (1986) extended the 

theory of rubber-like elasticity to include the finite extensibility of chains within the network 

using a phenomenological approach with a Langevin probability function for chain end-to-

end lengths (Kuhn and Grün, 1946). Arruda and Boyce (1993) introduced the eight-chain 

model, with chains linked at the centre of a cube and extending to the corners. Each chain in 

the system undergoes a stretch equivalent to that in every other network chain, with the 
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contributions of a single chain averaged over eight spatial orientations. Stepto and Taylor 

(1995a) extended that approach by calculating the elastic force from the total deformation 

of the end-to-end vectors of individual network chains, rather than from the deformation of 

average chains. They implemented a statistical mechanics approach, taking a sample of ~106 

chain conformations and accounting for the gradual change in entropy caused by chains 

moving from a coiled to an extended configuration on deformation. It was observed that 

short chains could fully extend at physically relevant strains, at which point they contributed 

nothing more to the change in entropy on further deformation, resulting in a steady decrease 

in the rate of network free energy change. Experimentally observed deviations from affine, 

Gaussian network‐chain behaviour were reproduced. Computational limitations prevented 

non‐uniform polymers from being modelled in their studies, with each chain in the simulated 

network having the same length, consistent with an average molecular weight. Further 

details of their approach are presented in Section 3.2.7. 

6.1.4 Objectives 

The current chapter aims to address the limitations outlined above in the context of 

biodegradable polymers with an evolving molecular weight distribution. We propose a 

physically based approach, taking a representative polymer chain distribution subjected to 

incremental degradation, as outlined in Chapter 4, applying an end-to-end distance 

distribution for the network, and subjecting the chain ensemble to an incremental stretch at 

each timepoint. Motivated by Stepto and Taylor (1995a), a statistical mechanics model is 

implemented, allowing for more rigorous considerations of both (i) entropy changes within 

the polymer network and (ii) the finite extensibility of polymer chains than that offered by 

current models for biodegradable polymers. A comparison between Stepto and Taylor’s 

(1995a) method and the proposed method is provided in Table 6.3 in the Discussion. 

The novel work presented herein, when coupled with previous chapters, allows for (i) an 

evolving molecular weight distribution of chains to be considered, as opposed to an average 

molecular weight, (ii) with predictions obtained for evolving stress-strain curves throughout 

degradation, (iii) alongside predictions for failure strain that may be overlayed on the curves. 

A qualitative comparison between the simulated system and both the experimental study of 

Vieira et al. (2011) and the neo-Hookean model helps validate the model. The solution 

approach is detailed in Section 6.3.1. 
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6.2 Statistical mechanics of polymeric chains – rubber-like elasticity 

In this section, the statistical mechanics theory for rubber-like deformation of materials is 

outlined, with further details presented in Section 2.3; also see the textbooks of Ward and 

co-workers (1971; 1993; 2013) and Mark and co-workers (2007; 2007). This section 

summarises “entropy springs” (Section 6.2.1), polymer chain models (Section 6.2.2), the end-

to-end distance distribution for polymer chains (Section 6.2.3), the change in entropy of a 

polymer system as it is subjected to an external force (Section 6.2.4), and the resulting strain-

energy potential of a Gaussian system (Section 6.2.5). 

Although polymers such as PLA (𝑇𝑔 = 49 − 69°C) (Hiljanen-Vainio et al., 1996; Weir et al., 

2004a) and PGA (𝑇𝑔 = 35 − 45°C) (Buchanan, 2008; Reed and Gilding, 1981) are typically 

below 𝑇𝑔 initially and therefore not in their rubber-like state at typical operable 

temperatures, models that assume rubber-like behaviour have previously sufficiently 

captured their behaviour (Shirazi et al., 2016b; Wang et al., 2010). Throughout degradation, 

variations in 𝑇𝑔 exist, often declining below the testing temperature (Malin et al., 1996; Vey 

et al., 2008). Additionally, the deformation of glassy polymers is not well understood. 

Consequently, we restrict our focus to the generally accepted rubber-like theories. 

6.2.1 “Entropy springs” 

 

Fig. 6.2. Prior to deformation, a chain is attracted to a maximum state of entropy, 𝑠0. On 

deformation, 𝐹, the entropy reduces (𝑠1 < 𝑠0), with fewer possible configurations, 

gradually reaching its fully extended state (𝑠2 → 0), for which only one configuration 

exists. On removal of the external force, the chain is once again attracted to a maximum 

state of entropy (𝑠3 → 𝑠0), provided no irreversible deformation has taken place. 
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In contrast to materials known as “energy springs”, where extension causes an increase in 

internal energy, the terms “probability or entropy springs” are sometimes used to refer to 

rubber-like materials. This is because all chain configurations have approximately the same 

internal energy and it is instead the entropy primarily controlling the deformation. When 

subjected to an external force, chains, forced from their state of maximum entropy, extend 

in the direction of the force, reducing the entropy and resulting in a state of strain (Fig. 6.2); 

on the removal of an external stress, an extended chain returns to its most probable state 

(assuming no irreversible deformation has taken place). By first calculating the entropy of a 

single chain in the polymer network and then relating this to the change in entropy of a 

network of chains as a function of strain, one can gain insight into the stress-strain 

characteristics of the material; subsequent sections describe how to approach this. 

6.2.2 Equivalent freely jointed chain 

The idealised equivalent freely jointed chain model (Kuhn and Grün, 1946) is considered in 

this work; further details on alternative polymer chain models are presented in Section 2.3.2. 

As well described by Fetters et al. (2007), aliphatic backbone polymers have 𝑛 monomers, 

each with 𝑛𝑏 backbone bonds, with a well-defined average backbone bond length 𝑙, and 

known average backbone bond angle 𝜃. An alternative idealisation to the freely rotating 

chain, which contains 𝑛 links of length 𝑙 and fixed valence bond angle 𝜋 − 𝜃 (Fig. 6.3a), the 

equivalent freely jointed chain contains 𝑛𝐾 equivalent Kuhn links of length 𝑙𝐾, referred to as 

the Kuhn length. The Kuhn length holds information on short scale interactions and stiffness 

and each of the 𝑛𝐾 Kuhn links contains 𝑛/𝑛𝐾 physical links (Fig. 6.3b). The advantage of the 

equivalent freely jointed chain over the freely rotating chain lies with the characteristic ratio, 

𝐶𝑛, included in the former. Defined as the ratio of the mean-square end-to-end vectors of a 

real chain, ⟨𝑟2⟩0, with that of a freely jointed chain (i.e., with no restriction on bond angles) 

containing the same number of bonds, 𝑛𝑙2, 𝐶𝑛 = ⟨𝑟
2⟩0/𝑛𝑙

2, it is a measure of chain flexibility 

and contains information on both 𝜃 and other short scale interactions. For flexible chains, 

𝐶𝑛 ≈ 1, while this increases for more rigid polymers. For large 𝑛, 𝐶𝑛 → 𝐶∞, a polymer specific 

constant. 

While the focus here is primarily restricted to the equivalent freely jointed chain case, a brief 

comparison is made between that and the freely jointed chain (Section 6.2.3.2). In the case 

of freely jointed chains, where valence bond angles are ignored, i.e., there is no restriction 

on 𝜃, the maximum end-to-end length of a chain, 𝑟𝑚𝑎𝑥, is a completely straightened chain: 

𝑟𝑚𝑎𝑥 = 𝑛𝑙 (Fig. 6.3c). In contrast, 𝑟𝑚𝑎𝑥 is limited for equivalent freely jointed chains by 𝜃, 
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giving 𝑟𝑚𝑎𝑥 = 𝑛𝑙 cos (𝜃/2) in the all-trans conformation (Fig. 6.3c). A comparison between 

the three main chain idealisations is given in Table 6.1. 

 

Fig. 6.3. (a) In the freely rotating polymer chain model, a chain contains bonds of average 

length 𝑙, while the valence bond angle between two neighbouring bonds at the 𝑖th 

backbone atom is 𝜋 − 𝜃𝑖, where 𝜃𝑖 is the angle between consecutive bond vectors. The 

torsional rotation about bonds 𝑖 and 𝑖 + 1 is denoted as 𝜙𝑖. If the positions of 𝑖 − 1, 𝑖 and 

𝑖 + 1 are fixed, and rotation is allowed about the bonds 𝑖 and 𝑖 + 1, then the position of 

backbone atom 𝑖 + 2 is shown by the dashed circle. Adapted from Mark and Erman 

(2007). (b) The chain is reconsidered as having equivalent links of length 𝑙𝐾 , referred to 

as the Kuhn length, where 𝑙𝐾 holds information on short scale interactions and stiffness 

(i.e., more than just fixed 𝜃𝑖). The number of links scales with this to give 𝑛𝐾 Kuhn links, 

where each of these contains 𝑛/𝑛𝐾 physical links. (c) The maximum end-to-end length 

𝑟𝑚𝑎𝑥 = 𝑛𝑙 for a freely jointed chain (where there is no restriction on bond angles), while 

for an equivalent freely jointed chain this is limited by the enforced bond angle 𝜃, with 

𝑟𝑚𝑎𝑥 = 𝑛𝑙 cos (𝜃/2). 

Table 6.1. Comparison between the freely jointed, freely rotating, and equivalent freely 

jointed chain models in terms of their (undeformed) mean-square end-to-end distance, 

⟨𝑟2⟩0, and their maximum physical extension, 𝑟𝑚𝑎𝑥. Where a link contains multiple 

backbone bonds, 𝑛𝑏, average bond lengths and bond angles may be taken, with 𝑛 = 𝑛𝑛𝑏 

below; see example in Section 6.2.2.2. 

 Number of links Bond length ⟨𝑟2⟩0 𝑟𝑚𝑎𝑥  

Freely jointed chain 𝑛 𝑙 𝑛𝑙2 𝑛𝑙 

Freely rotating chain 𝑛 𝑙 𝑛𝑙2
1 + cos 𝜃

1 − cos 𝜃
 𝑛𝑙 cos (

𝜃

2
) 

Equivalent freely jointed 

chain 𝑛𝐾 =
𝑛 cos2 (

𝜃
2
)

𝐶∞
 
𝑙𝐾 =

𝐶∞𝑙

cos (
𝜃
2
)

 𝑛𝐾𝑙𝐾
2 = 𝑛𝑙2𝐶∞ 𝑛𝐾𝑙𝐾 = 𝑛𝑙 cos (

𝜃

2
) 

6.2.2.1 Comparison between equivalent freely jointed PLA and PCL chains 

The finite chain extensibility of a polymer is influenced by its respective chemical structure. 

Here, we investigate how the chemical structure of PLA and PCL chains compare and how 
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this effects finite chain extensibility. As just detailed, a chain may be well described with 

knowledge of 𝑛, 𝑛𝑏 , 𝑙, 𝜃 and 𝐶∞. Several studies have described these conformational 

properties of PLA, PGA and PCL (Anderson and Hillmyer, 2004; Blomqvist, 2001; Hamidi et 

al., 2018; Tonelli and Flory, 1969); see Table 6.2. For example, Blomqvist (2001) calculated 

𝐶∞ for poly(L-lactic), poly(L,D-lactic) and polyglycolic acids using the RIS Metropolis Monte 

Carlo method (outlined in Section 2.3.2). 

Table 6.2. Polymer structure characteristics for PLA, PCL and PGA, detailing (i) the 

number of backbone bonds in a monomeric unit, 𝑛𝑏; (ii) the average angle 𝜃 between 

consecutive bond vectors (Fig. 6.4a), where 𝜃 is taken to be the average of all backbone 

bond angles in a repeat unit (i.e., 𝜃 = (𝜃1 +⋯+ 𝜃𝑛𝑏)/𝑛𝑏 for a unit with 𝑛𝑏 backbone 

bond angles); (iii) the average backbone bond length, 𝑙 (𝑙 = (𝑙1 +⋯+ 𝑙𝑛𝑏+1)/(𝑛𝑏 + 1)); 

and (iv) the characteristic ratio, 𝐶∞, offering a measure of chain flexibility, obtained from 

the corresponding references. The corresponding valence bond angles are 𝜋 − 𝜃. 

 𝑛𝑏 Average 𝜃 Average 𝑙 (nm) 𝐶∞ Ref. 

PLA 3 68° 0.143 7.68 (Blomqvist, 2001; Brant et al., 1969) 

PCL 7 71° 0.149 4.9 (Hamidi et al., 2018) 

PGA 3 68° 0.142 7.53 (Blomqvist, 2001) 

For PLA, the average backbone bond angle is 𝜃 = 68°, the average length of these bonds is 

0.143 nm, and there are three backbone bonds, 𝑛𝑏, per monomeric unit (Fig. 6.4b) (Brant et 

al., 1969). Note that this is valid for both PLLA and PDLA, with the differences in the structure 

of these isomeric states occurring solely in the side-groups. Thus, for an equivalent freely 

jointed chain (Table 6.1) with 𝑛 = 100 PLA units, 𝑟𝑚𝑎𝑥 = 𝑛𝑏𝑛𝑙 cos(𝜃/2) ≈ 35.57 nm, while 

the corresponding root-mean-square end-to-end length 𝑟𝑟𝑚𝑠 = √⟨𝑟
2⟩ = √𝐶∞𝑛𝑏𝑛𝑙

2 ≈

6.86 nm. On the other hand, a chain of PCL containing 𝑛 = 100 units, with 𝑛𝑏 = 7 (Fig. 6.4c), 

has 𝑟𝑚𝑎𝑥 ≈ 84.91 nm and 𝑟𝑟𝑚𝑠 ≈ 8.73 nm. This suggests that PLA is much more likely to 

reach 𝑟𝑚𝑎𝑥 on extension than a chain of PCL with equal values of 𝑛. 

Alternatively, a more insightful comparison would consider PLA and PCL with equal molecular 

mass. Again considering a chain of PLA with 𝑛 = 100 repeat units, the mass is 𝑀 = 𝑛𝑀0 =

7200 g mol−1, where the molar mass 𝑀0 = 72 g mol
−1. As above, 𝑟𝑚𝑎𝑥 ≈ 35.57 nm, while 

𝑟𝑟𝑚𝑠 ≈ 6.86 nm. Now considering a chain of PCL with 𝑀 = 7200 g mol−1, 𝑛 ≈ 63, giving 

𝑟𝑚𝑎𝑥 ≈ 53.49 nm and 𝑟𝑟𝑚𝑠 ≈ 6.93 nm. Fig. 6.4d looks at the relationship between both 𝑟𝑚𝑎𝑥 

and 𝑟𝑟𝑚𝑠 and molecular weight for PLA and PCL. Again, we see that PLA is more likely to reach 

𝑟𝑚𝑎𝑥 on extension than a chain of PCL of equal mass, with 𝑟𝑟𝑚𝑠 similar for both and 𝑟𝑚𝑎𝑥 for 

PLA approximately 2/3 of that for PCL. Thus, this suggests that the chemical structure of PLA 

may enable short chains to reach full extension at lower strains than for an equivalent chain 

of PCL, with this finite extensibility possibly impacting mechanical properties such as 
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ductility. This general observation is in agreement with the experimental study of Målberg 

et al. (2011) wherein PCL was extended twice as much as PLA prior to failure (reproduced in 

Fig. 6.4e). It should be noted that in that study both polymers had the same geometry and 

similar initial 𝑀𝑛 (within ~13%), but 𝑀𝑛 for PLA did decline more rapidly; a further 

experimental investigation may provide valuable insight. 

 

Fig. 6.4. (a) A sample backbone is shown containing three backbone bonds, 𝑛𝑏, of lengths 

𝑙1, 𝑙2, 𝑙3 and backbone bond angles 𝜃1, 𝜃2. (b) Chemical structure of PLA (𝑛𝑏 = 3). (c) 

Chemical structure of PCL (𝑛𝑏 = 7). (d) The relationship between molecular weight and 

both the maximum end-to-end distance, 𝑟𝑚𝑎𝑥, and the root mean-squared end-to-end 

distance, 𝑟𝑟𝑚𝑠, for PLA and PCL, obtained using Table 6.1 and Table 6.2 as outlined in the 

text. Both polymers have similar 𝑟𝑟𝑚𝑠, while 𝑟𝑚𝑎𝑥 for PLA is approximately 2/3 of that 

for PCL. This suggests that PLA may be more likely to reach 𝑟𝑚𝑎𝑥 on extension than a 

chain of PCL with equivalent molecular weight. (e) Evolving failure strain, 𝜀𝑓 , for PLA and 

PCL during an experimental degradation study by Målberg et al. (2011). The higher 𝜀𝑓 

for PCL supports the findings of (d). 

6.2.2.2 Determining parameters for copolymers 

To obtain parameters for copolymers, Fischel et al. (1997) determined that a homopolymer 

approximation that preserved the contour length and the mean-square end-to-end distance 

of the original copolymer provided the best results when compared with the exact solution 

𝑙2 
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for a block copolymer. Thus, for an equivalent freely jointed copolymer chain containing 𝛼 

segments made up of 𝑛𝐾,𝛼 units of length 𝑙𝐾,𝛼, an approximate homopolymer chain with 𝑛𝐾
′  

bonds of length 𝑙𝐾
′  can be defined by ∑ 𝑛𝐾,𝛼𝑙𝐾,𝛼𝛼 = 𝑛𝐾

′ 𝑙𝐾′, analogous with 𝑟𝑚𝑎𝑥, and 

∑ 𝑛𝐾,𝛼𝑙𝐾,𝛼
2

𝛼 = 𝑛𝐾
′ (𝑙𝐾

′ )2, analogous with ⟨𝑟2⟩. 

For example, consider a block copolymer containing two distinct monomer units, say lactic 

acid (LA) and caprolactone (CL), ordered as follows: LA-LA-LA-LA-LA-CL-CL-CL-CL-CL-LA-LA-

LA-LA-LA, i.e., alternating five-unit strings of lactic acid and caprolactone. Each segment can 

be considered individually, i.e., three segments each containing five units, or like segments 

can be considered together, i.e., ten units of lactic acid and five units of caprolactone. Thus, 

the lactic acid units would contribute 𝑟𝑚𝑎𝑥,𝐿𝐴 = 𝑛𝐾,𝐿𝐴𝑙𝐾,𝐿𝐴 = 𝑛𝑏,𝐿𝐴𝑛𝐿𝐴𝑙𝐿𝐴 cos(𝜃𝐿𝐴/2) ≈

3.56 nm, ⟨𝑟2⟩𝐿𝐴 = 𝑛𝐾,𝐿𝐴(𝑙𝐾,𝐿𝐴)
2
= 𝐶∞,𝐿𝐴𝑛𝑏,𝐿𝐴𝑛𝐿𝐴𝑙𝐿𝐴

2 ≈ 4.71 nm, while the caprolactone 

units have 𝑟𝑚𝑎𝑥,𝐶𝐿 = 𝑛𝐾,𝐶𝐿𝑙𝐾,𝐶𝐿 = 𝑛𝑏,𝐶𝐿𝑛𝐶𝐿𝑙𝐶𝐿 cos(𝜃𝐶𝐿/2) ≈ 4.25 nm, ⟨𝑟2⟩𝐶𝐿 =

𝑛𝐾,𝐶𝐿(𝑙𝐾,𝐶𝐿)
2
= 𝐶∞,𝐶𝐿𝑛𝑏,𝐶𝐿𝑛𝐶𝐿𝑙𝐶𝐿

2 ≈ 3.81 nm, where the subscripts represent the type of 

monomer unit and parameters are taken from Table 6.2. To obtain parameters for an 

appropriate homopolymer approximation, let 𝑛𝐾
′ 𝑙𝐾
′ = ∑ 𝑛𝐾,𝛼𝑙𝐾,𝛼𝛼=𝐿𝐴,𝐶𝐿 ≈ 7.81 nm and 

𝑛𝐾
′ (𝑙𝐾

′ )2 = ∑ 𝑛𝐾,𝛼𝑙𝐾,𝛼
2

𝛼 ≈ 8.52 nm. Finally, solving for 𝑛𝐾
′  and 𝑙𝐾

′  gives 𝑛𝐾
′ ≈ 7.16 and 𝑙𝐾

′ ≈

1.09 nm. Reconsidering the copolymer using these parameters for a homopolymer 

approximation allows for a simpler description of the end-to-end distance distribution, which 

is described in the following section. 

6.2.3 End-to-end distance distribution 

Much like a polymer has a molecular weight distribution, chains of equal weight are expected 

to have an end-to-end distance distribution. As we saw in Fig. 6.2, chains are typically 

attracted to a coiled state, with this controlled by entropy. For chains of increasing weight, 

i.e., containing more monomeric units, an increasing number of configurations or end-to-

end distances are possible. Distributions such as the Gaussian and Langevin distributions 

describe these end-to-end distances well, with the latter favoured for greater accuracy when 

considering shorter chains. 

To describe the end-to-end distance distribution, first consider an isolated idealised 

equivalent freely jointed polymer chain containing 𝑛𝐾 links of length 𝑙𝐾. Any such chain has 

an end-to-end length, 𝑟, and its length at maximum physically possible extension is denoted 

𝑟𝑚𝑎𝑥 (Fig. 6.5a). A spherical distribution of chains is assumed, giving a surface area of 4𝜋𝑟2, 

with one end of each chain fixed at the origin, as is standard practice (Ward, 1971) (Fig. 6.5b). 

For a chain containing 𝑛𝐾 links, the probability of a corresponding end-to-end length can be 
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described using a Langevin distribution approximation, as detailed by Kuhn and Grün (1946). 

Thus, the probability of a chain having a particular end-to-end distance, 𝑟, is as follows: 

𝑃(𝑟) d𝑟 = 𝑝(𝑟)4𝜋𝑟2 d𝑟

= (
3

2𝑛𝐾𝑙𝐾
2𝜋
)

3/2

4𝜋𝑟2 exp(−𝑛𝐾 (
3

2
(
𝑟

𝑛𝐾𝑙𝐾
)
2

+
9

20
(
𝑟

𝑛𝐾𝑙𝐾
)
4

+
99

350
(
𝑟

𝑛𝐾𝑙𝐾
)
6

+
1539

9000
(
𝑟

𝑛𝐾𝑙𝐾
)
8

+⋯))d𝑟 

(6.1) 

with additional terms corresponding to more accurate approximations of the Langevin 

distribution. The end-to-end distance distribution, 𝑃(𝑟), is thus dependent on the chain 

parameters (𝑛𝐾 , 𝑙𝐾). Note that 𝑃(𝑟) is a volumetric end-to-end distribution, which accounts 

for a spherical distribution of chains via the factor of 4𝜋𝑟2, while 𝑝(𝑟) is the more general 

probability density distribution (Treloar, 1975b; Ward, 1971). 

 

Fig. 6.5. (a) Each chain has both an end-to-end length, 𝑟, and a fully extended length, 𝑟𝑚𝑎𝑥. 

(b) Chains are considered to have one end, P, fixed at the origin, o, with the other end Q 

displaced to Q′ during deformation. 

6.2.3.1 Comparison between Gaussian and Langevin approximations 

The Langevin approximation shown in Eq. (6.1) is explored for variously refined 

approximations. Often, Gaussian distributions are considered, corresponding to the first 

term in Eq. (6.1). While this is sufficient provided 𝑛 is large enough (typically 𝑛 > 100) and 

𝑟 ≪ 𝑛𝑙 (James and Guth, 1943), errors in the approximation are observed in the case of short 

chains. In Fig. 6.6, the discrepancy between approximations using from one up to four terms 

are explored. As expected, in the case of long polymer chains (𝑛 = 500), approximations 

containing both one and four terms are in good agreement; however, sensitivities are visually 

evident for smaller values of 𝑛 (𝑛 = 20, 5). In Fig. 6.6c, 𝑃(𝑟0) has not tailed off prior to 
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reaching 𝑟𝑚𝑎𝑥. While this is partially due to the approximation in Eq. (6.1), as can be seen 

from the improvements with additional terms, the short length and resulting small number 

of possible configurations also contributes to this, i.e., short chains are more likely to 

conform to 𝑟𝑚𝑎𝑥 in their undeformed state. Although the approximation of Eq. (6.1) may be 

further improved as described by, for example, Morovati et al. (2019), the discrepancy 

between three and four terms is deemed sufficiently small when 𝑛 = 5 here, and so this 

approximation is used for the remainder of this chapter. 

 

Fig. 6.6. Investigation of the convergence of the Langevin distribution approximated by 

Eq. (6.1) while considering from one up to four terms for different values of 𝑛, the 

number of bonds in the polymer. The focus is restricted only up to the maximum possible 

extension, 𝑟𝑚𝑎𝑥, in the case of equivalent freely jointed chains (Table 6.1), shown by the 

vertical dashed lines. For large values of 𝑛 (𝑛 = 500), one term (i.e., a Gaussian 

approximation) sufficiently captures the behaviour, while for smaller values of 𝑛 (𝑛 =

20, 5), four terms are deemed sufficient. 

6.2.3.2 Considering the effect of bond angle restrictions 

 

Fig. 6.7. Investigation into the difference between freely jointed chains, where bond 

angles are ignored, and equivalent freely jointed chains, where stiffness and fixed 

valence bond angles are considered according to the chemical structure of the polymer 

via 𝐶∞. When bond angles are ignored, chains are free to occupy any state, and thus tend 

towards condensed, disordered arrangements, while 𝑟𝑚𝑎𝑥 corresponds to a completely 

straightened chain. Once bond angles are considered, the number of possible 

configurations decreases and very compact chains are no longer possible, resulting in 

broader distributions and a decrease in 𝑟𝑚𝑎𝑥 (Table 6.1, Fig. 6.3). 
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In Fig. 6.7, the difference between the freely jointed and equivalent freely jointed chain 

models are considered. Without the restriction on bond angles, Eq. (6.1) mainly describes 

compact chain packings that would require large stretches to reach full extension. When 

bond angles (and other short scale interactions, via 𝐶∞) are considered, the number of 

possible chain configurations decrease, and the end-to-end distribution broadens, with 

compact chain packings less likely. A reduction in 𝑟𝑚𝑎𝑥 is also observed, with this idealisation 

preventing a completely straight chain (Fig. 6.3c). It is thus evident that the more accurate 

equivalent freely jointed chain model will better capture the finite extensibility of polymer 

chains at physically relevant stretches. 

6.2.4 Change in entropy of the system 

The change in entropy of a single polymer chain is first considered and extended to consider 

the change in entropy of the entire system, as detailed by Ward and Sweeney (2013). As 

mentioned, polymer chains are often described as “probability or entropy springs” because 

all chain configurations have approximately the same internal energy and it is instead the 

entropy primarily controlling the deformation. When subjected to an external force, chains, 

forced from their state of maximum entropy, extend in the direction of the force, reducing 

the entropy and resulting in a state of strain (Fig. 6.2). 

The entropy of a single chain, 𝑠, is proportional to the logarithm of the probability per unit 

volume, 𝑝(𝑟): 

 𝑠 = 𝑘 ln 𝑝(𝑟) (6.2) 

where 𝑘 is the Boltzmann constant. Thus, in the case of a Gaussian distribution of freely 

jointed chains, which the Langevin distribution (Eq. (6.1)) reduces to for large 𝑛 (Fig. 6.6), the 

number of configurations available to a chain is given as 

 𝑠 = 𝑐 − 𝑘𝛽2𝑟2 = 𝑐 − 𝑘𝛽2(𝑥2 + 𝑦2 + 𝑧2) (6.3) 

where 𝛽2 = 3/2𝑛𝑙2, 𝑟2 = 𝑥2 + 𝑦2 + 𝑧2 and 𝑐 is a constant. While Eq. (6.2) is the general 

form used as we proceed, Eq. (6.3) is used to derive the following equations, which are 

subsequently used in this chapter to compare the predicted stretch behaviour with that of 

the general assumption of a freely jointed Gaussian distribution in existing theories (Mark 

and Erman, 2007; Ward, 1971). 

As the network is subjected to a stretch, the entropy of a single Gaussian chain becomes 
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 𝑠′ = 𝑐 − 𝑘𝛽2(𝜆𝑥
2𝑥2 + 𝜆𝑦

2𝑦2 + 𝜆𝑧
2𝑧2) (6.4) 

where affine deformation is assumed, i.e., a stretch 𝜆 changes components of the vector 

length of each chain in the same ratio as the corresponding dimensions of the bulk material. 

The updated coordinates of Q → Q′ (Fig. 6.5b) are given by 𝑥′ = 𝜆𝑥𝑥, 𝑦
′ = 𝜆𝑦𝑦, 𝑧

′ = 𝜆𝑧𝑧, 

where 𝜆𝑥, 𝜆𝑦, 𝜆𝑧 are the principal extension ratios chosen parallel to the 𝑥, 𝑦, 𝑧 axes, 

respectively, without loss of generality. Thus, the change in entropy for that chain is found 

to be 

 Δ𝑠 = 𝑠′ − 𝑠 = −𝑘𝛽2 ((𝜆𝑥
2 − 1)𝑥2 + (𝜆𝑦

2 − 1)𝑦2 + (𝜆𝑧
2 − 1)𝑧2) (6.5) 

Summing over all 𝑁 chains in the network provides the overall change in entropy for the 

system. Provided the system is isotropic, i.e., ∑ 𝑥2𝑁
1 = ∑ 𝑦2𝑁

1 = ∑ 𝑧2𝑁
1 =

1

3
∑ 𝑟2𝑁
1 , and using 

⟨𝑟2⟩ = 𝑛𝑙2 = 3/2𝛽2 (Table 6.1), this is given by 

 
Δ𝑆 =∑Δ𝑠

𝑁

1

= −
1

2
𝑁𝑘(𝜆𝑥

2 + 𝜆𝑦
2 + 𝜆𝑧

2 − 3) (6.6) 

In the case of non-Gaussian chains, the same procedure is followed, albeit for a different 

end-to-end distribution, 𝑝(𝑟), i.e., Eqs. (6.3)-(6.6) are not valid. 

6.2.5 Resulting strain-energy potential of a Gaussian system 

Following on from the previous section, the resulting strain energy potential of a Gaussian 

system is calculated following the techniques outlined by Ward (1971) and further detailed 

in Section 2.3.5. This is later used to investigate the level of stretch required to result in a 

departure from this behaviour for an equivalent freely jointed Langevin distribution of chains 

tending towards its limit of finite extensibility. The same technique is used to determine the 

strain-energy potential of the Langevin distribution of polymer chains, as outlined in the 

following section. 

Assuming no change in internal energy on deformation, the change in Helmholtz free energy 

is as follows: 

 
Δ𝐴 = −𝑇Δ𝑆 =

1

2
𝑁𝑘𝑇(𝜆𝑥

2 + 𝜆𝑦
2 + 𝜆𝑧

2 − 3) (6.7) 

The Helmholtz free energy suggests an isothermal change of state at constant volume. It is 

considered, as is standard practice (Ward, 1971), as it can easily be calculated theoretically 
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for a polymer in rubbery state from statistical mechanical considerations in terms of strains 

existing in the material. 

Provided the strain-energy function, 𝑈, is zero in the undeformed state, 

 
𝑈 = Δ𝐴 =

1

2
𝑁𝑘𝑇(𝜆𝑥

2 + 𝜆𝑦
2 + 𝜆𝑧

2 − 3) (6.8) 

Here, Eq. (6.8) has been presented as a consequence of molecular theories of a rubber 

network; however, it is equivalent to the phenomenological neo-Hookean relationship 

proposed by Rivlin (1948) for finite deformation of an isotropic, incompressible solid (further 

details are given in Section 2.2.4). While this captures the initial response to stress, polymer 

chains have a finite extensibility (which this model fails to consider) and is typically accurate 

for strains less than 20% (Vieira et al., 2011). 

6.3 Simulated stretching using average molecular weight 

Next, we return to the concept of a Langevin distribution of chains and describe how to 

simulate a uniaxial stretch on the polymer chain ensemble. A uniform system of polymer 

chains is considered, i.e., all chains have the same molecular weight, consistent with an 

average molecular weight. The elastic properties are calculated from the total deformation 

of the end-to-end vectors of individual network chains and are assumed to arise solely from 

conformational changes in the network. 

The uniform polymer systems considered in this section are consistent with the polymer 

systems considered by Stepto and Taylor (1995a), where all chains in the network had equal 

values of 𝑛. On simulating these systems, a stretch is applied to the polymer network, 

similarly to the technique of Stepto and Taylor (1995a), however, expanded to consider 

incremental points of degradation. The finite extensibility of polymer chains is not enforced 

in this section, in contrast to Stepto and Taylor’s (1995a) method; this will be investigated in 

the following section in order to compare results from both sections and determine its effect. 

We consider the case where an average molecular weight is used to describe the entire 

polymer network. That is, a uniform polymer system is assumed, containing 𝑁 equivalent 

freely jointed chains each with a maximum end-to-end length proportional to the number 

average molecular weight, 𝑀𝑛, i.e., 𝑟𝑚𝑎𝑥 ∝ 𝑀𝑛. The end-to-end lengths of these chains are 

described by the distribution in Eq. (6.1), where 𝑛𝐾 ∝ 𝑀𝑛 and 𝑙𝐾 is a polymer specific 

constant (see Table 6.2 for more details on the polymer specific constants considered); a 

restriction is applied to ensure no chains are generated with 𝑟0 > 𝑟𝑚𝑎𝑥. One end of each 
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chain is taken to be fixed at the origin (Fig. 6.5b), while the coordinates for the other ends 

are chosen to be consistent with the initial end-to-end distance distribution, 𝑃(𝑟0), described 

by Eq. (6.1) and are assumed to be isotropic. This is carried out by first generating three 

random Gaussian variables for each chain, 𝑥0,𝑖, 𝑦0,𝑖, 𝑧0,𝑖, 𝑖 = 1,… ,𝑁, on (−1,1) and scaling 

each one as follows: 

 𝑥0,𝑖 =
𝑥0,𝑖

√𝑥0,𝑖
2 + 𝑦0,𝑖

2 + 𝑧0,𝑖
2

𝑟0 
(6.9) 

and similarly for 𝑦0,𝑖 and 𝑧0,𝑖. Using the generated polymer system, an incremental simulated 

stretch, 𝜆, is applied in the 𝑧-direction, with one end of each chain remaining fixed at the 

origin (Fig. 6.5b). Assuming affine behaviour and incompressibility (𝜆𝑥𝜆𝑦𝜆𝑧 = 1), the 

updated coordinates of the free end of chains are given as 

 𝑥𝑑𝑒𝑓,𝑖 =
𝑥0,𝑖

√𝜆
, 𝑦𝑑𝑒𝑓,𝑖 =

𝑦0,𝑖

√𝜆
, 𝑧𝑑𝑒𝑓,𝑖 = 𝜆𝑧0,𝑖 (6.10) 

where (𝑥0,𝑖, 𝑦0,𝑖 , 𝑧0,𝑖) are the initial coordinates of chain 𝑖. The updated end-to-end length 

for chain 𝑖, 𝑟𝑑𝑒𝑓,𝑖, is calculated as the square root of 

 𝑟𝑑𝑒𝑓,𝑖
2 = 𝑥𝑑𝑒𝑓,𝑖

2 + 𝑦𝑑𝑒𝑓,𝑖
2 + 𝑧𝑑𝑒𝑓,𝑖

2  (6.11) 

Returning to the more general description of entropy in Eq. (6.2) and combining this with Eq. 

(6.6), the change in entropy for this system is 

 
Δ𝑆 =∑Δ𝑠

𝑁

1

=∑𝑘 ln (
𝑃𝑔𝑒𝑛,𝑑𝑒𝑓(𝑟𝑑𝑒𝑓,𝑖)

𝑃𝑔𝑒𝑛,0(𝑟0,𝑖)

𝑟0,𝑖
2

𝑟𝑑𝑒𝑓,𝑖
2 )

𝑁

𝑖=1

 (6.12) 

where 𝑝(𝑟) = 𝑃(𝑟)/4𝜋𝑟2 (Eq. (6.1)) and 𝑃𝑔𝑒𝑛,0 and 𝑃𝑔𝑒𝑛,𝑑𝑒𝑓 are the generated end-to-end 

distance distributions in the initial and deformed state. From Eq. (6.7), the average change 

in Helmholtz free energy per chain is then given as 

 Δ𝐴

𝑁𝑘𝑇
=
1

𝑁
∑ln(

𝑃𝑔𝑒𝑛,0(𝑟𝑑𝑒𝑓,𝑖)

𝑃𝑔𝑒𝑛,𝑑𝑒𝑓(𝑟0,𝑖)

𝑟𝑑𝑒𝑓,𝑖
2

𝑟0,𝑖
2 )

𝑁

𝑖=1

 (6.13) 

6.3.1 Solution approach 

In order to simulate a uniaxial stretch on a network of polymer chains, the procedure 

outlined above was implemented in MATLAB® (R2020b, The MathWorks, Inc., MA, USA). Fig. 
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6.8 contains a flowchart detailing the solution method used. In the current section, the steps 

in blue are ignored, with a uniform network of chains considered, i.e., all chains are assumed 

to be of length 𝑀𝑛, and no restriction on the final length of chains during stretching is 

implemented. The blue boldfaced text accounts for modifications introduced in Section 6.4 

and are included in the flowchart for completeness. A more detailed description of the 

method can be found in the pseudocode included in Appendix 6B Pseudocode. 

 

Fig. 6.8. Flowchart detailing the solution approach. The elements of the flowchart in blue 

relate to the further developments of the model described below in Section 6.4 and are 

included here for completeness. In the current section, 𝑛𝑖𝑛𝑡 = 1. 

6.3.2 Results 

The experimental study of Vieira et al. (2011) was used to initialise the simulation, with the 

evolving 𝑀𝑛 of PLA-PCL fibres during degradation used to investigate the simultaneous 
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change in mechanical properties (Fig. 6.9a). PLA and PCL chains were first described as 

equivalent freely jointed chains using the polymer characteristics detailed in Table 6.2. A 

homopolymer approximation was then obtained using the approach of Fischel et al. (1997) 

outlined in Section 6.2.2.2. 

Each value of 𝑀𝑛 corresponds to a specific 𝑛 and, consequently, 𝑟𝑚𝑎𝑥. The simulation 

considered each timepoint individually, where 𝑃(𝑟0) was calculated using Eq. (6.1) for a given 

value of 𝑀𝑛 (Fig. 6.9b) and used to create a sufficiently large system (𝑁 = 106), resulting in 

the generated end-to-end distance distribution, 𝑃𝑔𝑒𝑛,0(𝑟0). An incremental stretch was then 

applied to the network of chains, as described above. 

In this section, affine behaviour is simulated as detailed in Eq. (6.10), with no restrictions 

imposed on the maximum extensibility of chains. Eq. (6.13) was used to calculate the average 

change in Helmholtz free energy per chain at each increment of stretch. Fig. 6.9c compares 

the simulated results for the network of chains with a straightforward calculation of the neo-

Hookean relationship using Eq. (6.8), which describes the affine, incompressible stretching 

of a Gaussian system of freely jointed chains. The 𝑥-axis is chosen to produce a linear neo-

Hookean relationship. An initial agreement is observed, with a deviation beginning when 𝜆 ≈

1.2 (𝜆2 +
2

𝜆
− 3 ≈ 0.1), expected due to the removal of assumptions such as a Gaussian 

distribution of freely jointed chains. For smaller values of 𝑁, the simulated behaviour 

resulted in noisy results, while larger values of 𝑁 agreed with that shown (see Appendix 6A 

Sensitivity analysis for a more in-depth sensitivity analysis).  

As degradation progresses, chains are broken down, resulting in increasingly shorter chains 

in the system. It is expected that these short chains could fully extend at modest strains and 

consequently, no longer contribute to the changing energy in the system (Edwards and Vilgis, 

1986; Stepto and Taylor, 1995a). Thus, simulations corresponding to progressive points of 

degradation are expected to have increasing departures from affine, neo-Hookean 

behaviour. On comparison of the system prior to degradation (Week 0) with degraded 

systems (Week 4 and Week 16 of the experimental study) this was observed, with a slight 

departure beginning when 𝜆 ≈ 2.5 (𝜆2 +
2

𝜆
− 3 ≈ 4) for Week 16 and further deviating for 

larger strains (Fig. 6.9c). 

The resulting percentage of chains with 𝑟 ≥ 𝑟𝑚𝑎𝑥 caused by the simulated stretch indicate 

that very large stretches are needed before this occurs when a uniform system of polymer 

chains, each with 𝑟𝑚𝑎𝑥 proportional to 𝑀𝑛, is considered (Fig. 6.9d), however, to a gradually 

lesser extent for degraded systems. Fig. 6.7 indicates that the peak of 𝑃(𝑟0) tends closer 
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towards 𝑟𝑚𝑎𝑥 for decreasing values of 𝑛; thus, it is expected that short chains could reach 

𝑟𝑚𝑎𝑥 at much lower stretches. Hence, this indicates that simulating a system of chains where 

𝑛 ∝ 𝑀𝑛 may fail to accurately capture the full extent of finite extensibility during stretching. 

Rather, the effect of the entire molecular weight distribution should be considered to fully 

explore the effect of finite chain extensibility at physical stretches for this material. 

 

Fig. 6.9. In Section 6.3, a uniform polymer system containing 𝑁 chains was generated, 

with each chain containing 𝑛 ∝ 𝑀𝑛 links. (a) Values of 𝑀𝑛 corresponding to PLA-PCL 

(90:10) at Week 0, Week 4 and Week 16 of degradation were considered using 

experimental data of Vieira et al. (2011). (b) The end-to-end distance distributions were 

calculated using Eq. (6.1) for each of the systems and subsequently scaled to generate a 

system of 𝑁 chains, each with 𝑟𝑚𝑎𝑥 ∝ 𝑀𝑛, with a distribution of initial end-to-end 

lengths, 𝑟0. (c) Simulating a stretch on the networks of chains and determining the 

average change in Helmholtz free energy per chain, Δ𝐴/𝑁𝑘𝑇, using Eq. (6.13) indicated 

a deviation from neo-Hookean behaviour (calculated using Eq. (6.8) without a simulated 

stretch, describing the behaviour of affine, Gaussian freely jointed chains) at modest 

strains. However, large simulated stretches were necessary before differences in the 

undegraded and degraded systems were evident. (d) The percentage of chains with 𝑟 ≥

𝑟𝑚𝑎𝑥 were tracked during the simulation, although these were not present at physical 

stretches for this material (𝜆𝑚𝑎𝑥 ≈ 1.6, according to Vieira et al. (2011)). 
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6.4 Simulated stretching of MWD – departure from affine behaviour 

The previous section suggested the possible importance of considering the entire molecular 

weight distribution (MWD) when modelling the mechanical response of these materials to a 

simulated stretch. Additionally, a departure from the affine behaviour assumption enforced 

by Eq. (6.11) is needed in the simulation to consider the contribution of fully extended chains 

in the system. Thus, the model is updated to account for both modifications. These model 

developments correspond to the blue elements of the solution approach shown in Fig. 6.8, 

with the entire flowchart now implemented. 

On considering a MWD, generated using 𝑀𝑛0 and 𝑀𝑤0/𝑀𝑛0 detailed by Vieira et al. (2011), 

it is divided into equally spaced intervals along the 𝑥-axis, with the intervals successively 

labelled as 𝑀1,𝑀2,𝑀3, etc. A distribution of 𝑟𝑚𝑎𝑥 now exists, in addition to the distribution 

of end-to-end lengths, 𝑟, with each 𝑀𝑗 having a unique distribution 𝑃(𝑟), found using Eq. 

(6.1) (Fig. 6.10). For each 𝑀𝑗, a sufficient number of chains 𝑁 are considered (𝑁 ≥ 106), as 

before, while being held proportionally consistent with the MWD. 

 

Fig. 6.10. (a) A representative polymer molecular weight distribution is considered, 

generated using 𝑀𝑛0 and 𝑀𝑤0/𝑀𝑛0 detailed by Vieira et al. (2011). The MWD is divided 

into 𝑗 equally spaced intervals along the 𝑥-axis, with the intervals successively labelled 

as 𝑀1,𝑀2,𝑀3, etc. Each interval has a unique maximum possible extension, with 𝑟𝑚𝑎𝑥 ∝

𝑀𝑗. (b) The initial end-to-end distance distributions, 𝑃(𝑟0), corresponding to each 

coloured bar in (a) (i.e., every second 𝑀𝑗) are shown, alongside the values of 𝑟𝑚𝑎𝑥 for a 

selection of the distributions. 

Each system of chains corresponding to an 𝑀𝑗 is then subjected to a simulated stretch, as 

previously described (Fig. 6.8), before the results are finally combined for the entire MWD 

system. A restriction is added to account for the finite extensibility of chains such that if the 

incremental stretch results in 𝑟𝑑𝑒𝑓,𝑖 > 𝑟𝑚𝑎𝑥,𝑗, this is updated as 𝑟𝑑𝑒𝑓,𝑖 = 𝑟𝑚𝑎𝑥,𝑗 (Fig. 6.11). 
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These chains are not permitted to lengthen further alongside any additional extension of the 

bulk material, thus removing the assumption of complete affine deformation imposed by Eq. 

(6.11). This is achieved by modifying Eq. (6.11) as follows: 

 𝑟𝑑𝑒𝑓,𝑖
2 = min(𝑥𝑑𝑒𝑓,𝑖

2 + 𝑦𝑑𝑒𝑓,𝑖
2 + 𝑧𝑑𝑒𝑓,𝑖

2 , 𝑟𝑚𝑎𝑥,𝑗) (6.14) 

This modification removes the affine assumption of Eq. (6.11) once a chain reaches maximum 

extension and directly affects the generated deformed end-to-end distance distribution, 

𝑃𝑔𝑒𝑛,𝑑𝑒𝑓(𝑟𝑑𝑒𝑓,𝑖), that is used when calculating the changing entropy and energy using Eq. 

(6.12) and Eq. (6.13), respectively. The number of fully extended chains are simultaneously 

tracked based on the outcome of Eq. (6.14). 

 

Fig. 6.11. Prior to deformation, the polymer sample, 𝑆, has length 𝐿𝑆0 , and chain 𝑖 has 

length 𝑟0. Originally, affine deformation is assumed, with a stretch 𝜆 changing 

components of the vector length of each chain in the same ratio as the corresponding 

dimensions of the bulk material (i.e., 𝐿𝑆𝑑𝑒𝑓 = 𝜆𝐿𝑆0 , 𝑟𝑑𝑒𝑓 = 𝜆𝑟0). As the stretch increases, 

𝜆′ > 𝜆, some chains become fully extended and cannot lengthen further alongside 

additional extension in the bulk material, thus removing the assumption of complete 

affine behaviour (i.e., 𝐿𝑆𝑑𝑒𝑓 = 𝜆′𝐿𝑆0 but 𝑟𝑑𝑒𝑓 ≠ 𝜆′𝑟0). 

6.4.1 Results 

Molecular weight distributions corresponding to various points of degradation were 

subjected to a simulated stretch while accounting for finite chain extensibility. The average 

change in Helmholtz free energy per chain and the percentage of fully extended chains were 

explored and compared with the results of the previous section, where an average molecular 

weight and affine behaviour were considered. 
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The experimental study of Vieira et al. (2011) did not report the MWD and, so, for the initial 

timepoint a MWD was generated with 𝑀𝑛0 = 28 kg mol
−1 and 𝑀𝑤0/𝑀𝑛0 = 3.3, as reported 

in that study. Inputting this initial MWD into the kinetic scission model (introduced in Chapter 

4) provided evolving MWDs for different stages of degradation (Fig. 6.12a). The KSM was 

calibrated such that the simulated 𝑀𝑛 agreed with experimental observations (𝑟2 > 0.99). 

 

Fig. 6.12. (a) Evolving molecular weight distributions used to generate the polymer 

systems were obtained using the kinetic scission model (introduced in Chapter 4) using 

initial information on PLA-PCL (90:10) (Vieira et al., 2011). (b,c) The average change in 

Helmholtz free energy per chain, Δ𝐴/𝑁𝑘𝑇, caused by a simulated stretch, 𝜆, was found 

for each representative timepoint. A deviation from neo-Hookean behaviour (calculated 

using Eq. (6.8) without a simulated stretch, describing the behaviour of affine, Gaussian 

freely jointed chains) was observed at modest strains. Week 0 behaviour agreed with 

that found in the previous section for the stretch range considered here. A deviation from 

Week 0 was found at much lower stretches than that needed in the previous section as 

degradation progressed (e.g., 𝜆 ≈ 1.08 vs 𝜆 ≈ 3.5 for Week 4). (d) The percentage of fully 

extended chains were tracked during the simulation and indicated that very modest 

stretches could produce these, and this was increasingly evident for more degraded 

systems, as expected. 



6 Modelling finite chain extensibility in a degrading polymer network 

181 

Beginning with the MWD representative of the material prior to degradation (Week 0), 

Δ𝐴/𝑁𝑘𝑇 was found to agree with the previous predictions obtained for Δ𝐴/𝑁𝑘𝑇 when 

considering 𝑀𝑛 for this timepoint at physically relevant stretches. As degradation 

progressed, deviations from Week 0 behaviour were found for much lower stretches than 

that observed for undegraded and degraded systems in the previous section (e.g., 𝜆 ≈ 1.08 

vs 𝜆 ≈ 3.5 for Week 4) (Fig. 6.12b,c). This coincided with increasing numbers of fully 

extended chains at low stretches due to the build up of shorter chains in the systems that 

had experienced more degradation (Fig. 6.12d). Hence, considering all chains in the system, 

especially short ones, suggests that finite chain extensibility has relevance at physical 

stretches, particularly for degraded systems. Thus, while considering this concept is less 

significant for a polymer system in its original state, it becomes increasingly important when 

considering the evolving mechanical response of these materials as they experience 

degradation. 

Fig. 6.13 presents an overview and comparison of Section 6.3 (left of the vertical black line), 

where uniform systems of polymer chains were considered corresponding to 𝑀𝑛, with the 

current section, where entire MWDs of chains were simulated. Intuitively, one may question 

why a short chain is more likely to reach its finite extensibility at lower stretches than a long 

chain, with both chains subjected to the same stretch ratio, 𝜆. From Fig. 6.13(b,d,f), it is 

evident that the Langevin distribution described by Eq. (6.1) suggests increasingly small 

distances between the peak of the distribution and 𝑟𝑚𝑎𝑥 for smaller values of 𝑛. Taking three 

approximately equivalent points on each of the end-to-end distance distribution curves and 

applying a stretch 𝜆, it is observed that the chain with the largest value of 𝑟0 reaches 𝑟𝑚𝑎𝑥 

first and this occurs at lower values of 𝜆 for increasingly degraded systems, i.e., smaller 

values of 𝑛 (Fig. 6.13(c,e,g)). Note that while these are not physical stretches, with values of 

𝜆 explored in the range [1,5], it illustrates the point that shorter chains are likely to reach full 

extension at lower values of 𝜆 than for larger 𝑛. It should also be noted that the chains chosen 

to illustrate this concept lie approximately parallel to the stretch direction, with 𝜆 ≈ 𝑟/𝑟0 

and hence 𝑟𝑑𝑒𝑓 > 𝑟0 for each chain shown. Nevertheless, the other simulations did not 

restrict their focus to this case, with a spherical distribution of chain ends considered. 

Therefore, during stretching, chains may lengthen, as indicated in Fig. 6.13(c), for example, 

or shorten, depending on where they lie with respect to the stretch direction. 

Once the entire MWD is used to generate a system of chains, and breaking them into 

intervals 𝑀𝑗 as described in Fig. 6.10, it is observed that the intervals corresponding to the 

smallest values of 𝑛, i.e., the lowest 𝑀𝑗, reach full extension when restricting the focus to 
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physically relevant stretches (1 < 𝜆 < 1.6) (Fig. 6.13(i-n)). Note that additional intervals 𝑀𝑗 

exist at each timepoint, with only the smallest ones shown here due to their increased 

likelihood of reaching full extensibility. The extension from considering a uniform system of 

chains corresponding to 𝑀𝑛 to an entire MWD is necessary to capture the finite extensibility 

of short chains in these degrading systems at physically relevant stretches. Consequently, 

the restriction preventing 𝑟𝑑𝑒𝑓 > 𝑟𝑚𝑎𝑥 is necessary to capture the subsequent effect this may 

have on the material. 

6.5 Stress response 

The results of the simulated stretch and, in particular, predictions for the change in the 

Helmholtz free energy, 𝛥𝐴, may be related to the stress-strain behaviour, as described by 

Ward (1971); further details are presented in Section 2.2. Firstly, the work done per unit 

undeformed volume in an infinitesimal displacement from 𝜆𝑥, 𝜆𝑦, 𝜆𝑧 → 𝜆𝑥 + d𝜆𝑥, 𝜆𝑦 +

d𝜆𝑦, 𝜆𝑧 + d𝜆𝑧 is related to the strain-energy potential, 𝑈, as 

 d𝑈 = 𝜎𝑥𝑥d𝜆𝑥 + 𝜎𝑦𝑦d𝜆𝑦 + 𝜎𝑧𝑧d𝜆𝑧 (6.15) 

where 𝜎𝑖𝑖 is the nominal stress, i.e., the force per unit undeformed cross-section. In the case 

of uniaxial stress in the 𝑧 direction, 𝜎𝑥𝑥 = 𝜎𝑦𝑦 = 0. Incorporating this into Eq. (6.15), the 

stress 𝜎 = 𝜎𝑧𝑧 is found as follows: 

 
𝜎 =

𝜕𝑈

𝜕𝜆
=
𝜕Δ𝐴

𝜕𝜆
 (6.16) 

where 𝜆 = 𝜆𝑧. The Lagrangian approach to strain is taken, wherein the reference state is the 

undeformed state of material, to enable comparison with the experimental nominal stress 

versus strain of Vieira et al. (2011). A transformation, where the reference state is the 

deformed state of material, could be facilitated as described by, for example, Belytschko et 

al. (2014). 

In order to extract results using the output from the simulation detailed above, where the 

average change in Helmholtz free energy per chain, 
Δ𝐴

𝑁𝑘𝑇
, is obtained as a function of the 

stretch, 𝜆, Eq. (6.16) is presented as follows: 

 
�̅� =

𝜕

𝜕𝜆

Δ𝐴

𝑁𝑘𝑇
  (6.17) 

where �̅� is the normalised nominal stress, �̅� = 𝜎/𝑁𝑘𝑇. 
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Fig. 6.13. Comparison between Section 6.3 (a-g), where all simulated chains had weight 𝑀𝑛, i.e., 𝑛 units (a), and Section 6.4 
(h-n), where molecular weight distributions (MWDs) of chains were generated, resulting in systems of chains with 
distributions of 𝑛 units (h). An initial probability distribution of chain end-to-end lengths, 𝑃(𝑟0) (Eq. (6.1)), and maximum 
end-to-end length, 𝑟𝑚𝑎𝑥 , exists for each value of 𝑛. Thus, for each 𝑀𝑛 a single 𝑃(𝑟0) and 𝑟𝑚𝑎𝑥  exist (b,d,f), while multiple 𝑃(𝑟0) 
and 𝑟𝑚𝑎𝑥  exist for each MWD, some of which are shown in (i,k,m). In (c), three representative chains are considered, 
corresponding to the three points shown in (b). Solely to illustrate this concept, it is assumed that each chain lies 
approximately parallel to the stretch direction, with 𝜆 ≈ 𝑟/𝑟0. Large stretches (𝜆 > 4) are needed before chains reach 𝑟𝑚𝑎𝑥 . 
While smaller values of 𝑀𝑛 (e,g) reach (and exceed) full extension for lower values of 𝜆 than in (c), it nevertheless occurs 
past the physical stretching limit for this material (𝜆 ≈ 1.6 (Vieira et al., 2011)). In (j,l,n), several values of 𝑟𝑚𝑎𝑥  exist (many 
of which are beyond the limit of the 𝑦-axis shown) and due to the shorter tails of 𝑃(𝑟0) for decreasing values of 𝑛, shorter 
chains, corresponding to the lowest 𝑀𝑗 , are more likely to reach 𝑟𝑚𝑎𝑥  at physically relevant stretches (𝜆 < 1.6). The updated 

model prevents any additional extension of chains once they reach 𝑟𝑚𝑎𝑥 , denoted by square markers. This thus validates the 
importance of considering the entire MWD alongside finite-extensibility for degrading polymer systems, with short chains 
particularly relevant and the number of these growing as degradation progresses. 
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Knowledge of the relationship between Δ𝐴/𝑁𝑘𝑇 and 𝜆 (shown in Fig. 6.12c), which is 

evaluated numerically by considering the contribution of each individual chain to the elastic 

properties via the evolving network chain end-to-end distance distributions, as already 

described, allows the gradient to be calculated using a central difference operator (facilitated 

using the in-built gradient function in MATLAB® (R2020b, The MathWorks, Inc., MA, USA), 

outlined in Section 2.4.3). 

6.5.1 Results 

Using the predictions for Δ𝐴/𝑁𝑘𝑇 obtained in the previous section (Fig. 6.12c), the 

normalised nominal stress, �̅�, was calculated using Eq. (6.17) via the in-built gradient 

function in MATLAB® (R2020b, The MathWorks, Inc., MA, USA). This provided predictions for 

the stress-strain behaviour for different stages of degradation (accounted for with different 

molecular weight distributions). Fig. 6.14a-b presents the behaviour found in the 

experimental study of Vieira et al. (2011) for PLA:PCL (90:10) alongside the simulated 

behaviour for the same polymer. Without access to the experimental evolving MWD, 

predictions had to be made for these and thus limit the value of a quantitative comparison 

here. Instead, we focus on a qualitative comparison. It is observed that the simulated 

behaviour follows a similar trend to the experimental data, with increased timepoints of 

degradation having gradual reductions in gradient for larger values of stretch; however, this 

was more pronounced for the simulated behaviour compared with the experimental 

observations. The linear elastic stage remained constant for each simulated timepoint, 

suggesting no significant variation in Young’s modulus occurred during degradation, in 

agreement with the experimental observations. The onset of yield was less pronounced for 

the simulated behaviour. Additionally, this approach cannot predict when failure occurs. 

Nevertheless, the simulation reasonably captures the general trend of the stress-strain 

behaviour during degradation of PLA-PCL fibres and may be further improved by considering 

experimental MWD rather than simulated ones, as done here. 

Further simulations explored pure PLA and pure PCL polymers using the same MWD as in Fig. 

6.12a, with the stress-strain predictions shown in Fig. 6.14c-d. While PLA followed similar 

behaviour to the PLA-PCL (90:10) system simulated, albeit with a slightly greater decline in �̅� 

for the former, PCL indicated a much less significant difference between Week 0 and Week 

8 behaviour. The chemical structure of both polymers impacts this, with their respective 

chain dimensions resulting in 𝑟𝑚𝑎𝑥(PLA) < 𝑟𝑚𝑎𝑥(PCL) (Fig. 6.4). Thus, a more significant 
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loss in tensile strength as degradation proceeds was predicted for PLA compared with PCL, 

in agreement with experimental observations (Målberg et al., 2011). 

 

Fig. 6.14. (a) Experimental data of Vieira et al. (2011) showing stress-strain behaviour 

of PLA-PCL (90:10) undergoing degradation. (b) Simulated stress-strain behaviour of 

PLA-PCL (90:10) obtained using Eq. (6.17) for normalised stress, �̅� =
𝜎

𝑁𝑘𝑇
. A qualitative 

comparison between the experimental behaviour in (a) and simulated predictions in (b) 

indicates similarities, with gradual reductions in the maximum stress for increasing 

degradation for both, albeit comparatively to a greater extent for the predicted 

behaviour. The onset of yield is less prominent for the simulated behaviour and the onset 

of failure is not estimated using this technique. (c) Simulated stress-strain behaviour of 

pure PLA using the same MWD shown in Fig. 6.12. A slightly larger decline in �̅� is 

observed than in (b), with PLA reaching 𝑟𝑚𝑎𝑥 more readily than PCL due to their 

respective chemical structures. (d) The simulated stress-strain behaviour of pure PCL 

indicates that finite extensibility is less evident for this material at moderate strains, with 

less difference observed between Week 0 and Week 8 than previous simulations, as 

expected (Fig. 6.4). 



Coupling model for finite chain extensibility with failure criteria 

186 

6.6 Coupling model for finite chain extensibility with failure criteria 

Several failure criteria to describe the relationship between average molecular weight, 𝑀𝑊, 

and failure strain, 𝜀𝑓, were previously introduced (Chapter 5). These criteria are now used 

alongside the predictions for the stress-strain behaviour shown in Fig. 6.14 to estimate the 

onset of failure. 

As an exponential decline in 𝜀𝑓 was not seen in the experimental study of Vieira et al. (2011), 

𝜀𝑓
𝑒𝑥𝑝

 has not been considered here. Thus, focus is restricted to the remaining two criteria 

previously introduced, 𝜀𝑓
𝑀𝑊 = 𝐴1√𝑀𝑊, where 𝑀𝑊 is an average molecular weight, and 

𝜀𝑓
𝑁 = 𝐴4√𝑁𝑐, where 𝑁𝑐 is the number of chain groups above a threshold molecular weight, 

𝑀𝑛
𝑐𝑟𝑖𝑡. The parameters 𝐴1 and 𝐴4 were selected to ensure the initial failure strain agreed 

with the experimental observations, 𝜀𝑓0 = 0.6, (i.e., 𝐴1 = 0.6/√𝑀𝑛0, 𝐴4 = 0.6/√𝑁𝑐0) while 

𝑀𝑛
𝑐𝑟𝑖𝑡  was selected to ensure 𝜀𝑓 at Week 8 agreed by trialling several values. The results are 

presented in Fig. 6.15 for both failure criteria alongside comparison with the experimental 

findings (Vieira et al., 2011). 

 

Fig. 6.15. Using the failure criteria introduced in Chapter 5, the points corresponding to 

failure strain, 𝜀𝑓 , are denoted (×) on the simulated stress-strain curves for PLA-PCL 

(90:10) from Fig. 6.14b. In (a), the experimental data of Vieira et al. (2011) is reproduced 

for comparison, where little change in 𝜀𝑓 was observed from Week 0 to Week 4 and 𝜀𝑓 ≈ 

0.4 at Week 8. (b) The failure criterion related to average molecular weight, 𝜀𝑓
𝑀𝑊 =

𝐴1√𝑀𝑊, is shown where experimental values of 𝑀𝑛 have been used for 𝑀𝑊 and 𝐴1 was 

chosen to give 𝜀𝑓0 = 0.6. Week 2 and Week 4 predictions suggest a decline in 𝜀𝑓 that was 

not observed experimentally, while the Week 8 prediction is not pronounced enough. (c) 

The failure criterion that considers the entire molecular weight distribution via a 

threshold parameter, 𝜀𝑓
𝑁 = 𝐴4√𝑁𝑐 , is shown, where 𝐴4 was chosen such that 𝜀𝑓0 = 0.6 

and 𝑀𝑛
𝑐𝑟𝑖𝑡  was selected to give 𝜀𝑓 = 0.4 at Week 8. Again, a decline in 𝜀𝑓 is seen for Week 

2 and Week 4, but to a lesser extent than for 𝜀𝑓
𝑀𝑊. 

Both criteria suggested gradual declines in 𝜀𝑓 that were not apparent in the initial four weeks 

of the experimental study, with this decline more pronounced for 𝜀𝑓
𝑀𝑊. Despite this, 𝜀𝑓

𝑀𝑊 
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predicted a slightly more modest decline in 𝜀𝑓 by Week 8 than observed experimentally. 

Although 𝜀𝑓
𝑁 relies on additional parameter calibration for 𝑀𝑛

𝑐𝑟𝑖𝑡, it does allow for improved 

predictions throughout the degradation scale considered. Coupling the models in this way 

allows for more robust predictions, providing insight into the point of failure alongside the 

evolution of the stress-strain behaviour. As detailed in Chapter 5, while these criteria can 

offer a reasonable prediction, further investigation into the mechanisms behind failure 

should be carried out. 

6.7 Extending to alternative modes of deformation 

The above implementation of the incremental uniaxial stretch of a network of polymer 

chains can readily be extended to consider alternative forms of mechanical testing. Here, we 

explore equibiaxial tension and pure shear. 

To simulate equibiaxial tension 𝜎𝑦 = 𝜎𝑧 = 𝜎, 𝜎𝑥 = 0, the extension ratios in the 𝑦- and 𝑧-

directions are 𝜆𝑦 = 𝜆𝑧 = 𝜆. Continuing the assumption of incompressibility, 𝜆𝑥 =
1

𝜆2
. Eq. 

(6.10) is updated as 

 𝑥𝑑𝑒𝑓,𝑖 =
𝑥0,𝑖
𝜆2
, 𝑦𝑑𝑒𝑓,𝑖 = 𝜆𝑦0,𝑖, 𝑧𝑑𝑒𝑓,𝑖 = 𝜆𝑧0,𝑖 (6.18) 

and the rest of the simulation is carried out as before. From Eqs. (6.15) and (6.16), the 

nominal stress is found to be 

 
𝜎 =

1

2

𝜕Δ𝐴

𝜕𝜆
 (6.19) 

which is half of the relation for the uniaxial case in Eq. (6.16) and evaluated numerically as 

before. 

Similarly, simple shear may be simulated by setting 𝜆𝑧 = 𝜆, 𝜆𝑦 = 1 and 𝜆𝑥 = 1/𝜆, which 

gives a purely deviatoric stretch, i.e., with no volume change (𝜆𝑥𝜆𝑦𝜆𝑧 = 1) (Treloar, 1975a). 

Consequently, Eq. (6.10) becomes 

 𝑥𝑑𝑒𝑓,𝑖 =
𝑥0,𝑖
𝜆
, 𝑦𝑑𝑒𝑓,𝑖 = 𝑦0,𝑖 , 𝑧𝑑𝑒𝑓,𝑖 = 𝜆𝑧0,𝑖 (6.20) 

with the simulation otherwise proceeding as before. Assuming the work done on the body is 

due entirely to the shear stress 𝜏 = 𝜏𝑦𝑧, it follows that 

 d𝑈 = 𝜏d𝛾 (6.21) 
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where 𝛾 = 𝛾𝑦𝑧 is the shear strain and here 𝛾 may be related to the principal extension ratios 

as follows (Love, 1944): 

 
γ = λ −

1

λ
 (6.22) 

Thus, combining Eqs. (6.21) and (6.22), 

 
𝜏 =

𝜕𝑈

𝜕𝛾
=
𝜕Δ𝐴

𝜕𝜆

𝜕𝜆

𝜕𝛾
=
𝜕Δ𝐴

𝜕𝜆

𝜆2

𝜆2 + 1
  (6.23) 

which provides the relationship between 𝜏 and 𝛾 in a form that can easily be extracted from 

the results of the simulation using the same numerical techniques as before. Comparing to 

the purely affine case for simple shear, the equivalent shear response for the neo-Hookean 

(Eq. (6.8)) is of the following form: 

 
𝑈 = Δ𝐴 =

1

2
𝑁𝑘𝑇 (𝜆2 +

1

𝜆2
− 2) =

1

2
𝑁𝑘𝑇𝛾2 (6.24) 

and from Eq.(6.21), 

 𝜏 = 𝑁𝑘𝑇𝛾 (6.25) 

with the shear stress proportional to the shear strain. 

Continuing in this way, alternative modes of deformation can be simulated by appropriately 

altering Eq. (6.10) and determining the relevant stresses. The correct form for these may be 

obtained from Treloar (1975a), where an outline of the principal extension ratios and the 

general stress relationship for some additional classic modes of deformation is provided. 

Once these are updated, the simulation may proceed as previously detailed. 

6.7.1 Results 

The finite extensibility of polymer chains during simulated equibiaxial tension and simple 

shear and the effect of this on the stress-strain behaviour was considered as outlined above. 

Fig. 6.16 presents the stress-strain predictions for both cases alongside the uniaxial 

behaviour found above in Fig. 6.14b. The corresponding neo-Hookean affine behaviour, 

determined as the gradient of Eq. (6.8) with respect to 𝜆 for the uniaxial and equibiaxial cases 

and as Eq. (6.25) in the case of simple shear, is also shown in each case. For each mode of 

testing, a gradual departure from Week 0 behaviour is observed for increasing points of 

degradation. An initial agreement with neo-Hookean behaviour is observed in each case, 
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with equibiaxial tension showing the greatest departure by approximately a multiple of two 

greater than the other deformations at the final strain considered. Simulating deformation 

in this way captures increasing declines in the rate of change of free energy and, 

consequently, lower stresses are observed for increasing macroscopic strain in all cases, as 

expected. As in previous sections, 𝜎 and 𝜏 are normalised as in Eq. (6.17). Due to a lack of 

experimental data to compare with, these simulations are exploratory in nature. 

  

Fig. 6.16. Simulated stress-strain curves are obtained for various points of degradation 

using the same MWD as throughout this study for different modes of deformation. In (a), 

the uniaxial tension results from Fig. 6.14b are reproduced for comparison with (b) 

equibiaxial tension and (c) simple shear. In (a) and (b), affine Gaussian behaviour (black 

line) is plotted by taking the gradient of Eq. (6.8) with respect to 𝜆, while in (c) Eq. (6.25) 

is used. Similar trends are seen for each mode of deformation, with increasing 

departures from both affine and Week 0 behaviour for more advanced points of 

degradation and increasing strain. At the final strain considered for Week 0, the 

equibiaxial case shows a departure from affine behaviour approximately twice that of 

the other modes of deformation. 

6.8 Discussion 

A finite chain extensibility model has been developed for degrading polymers to predict the 

evolution of the stress-strain response during degradation. While this concept has ordinarily 

not been considered when modelling biodegradable polymers (Hayman et al., 2014; Soares 

et al., 2010; Vieira et al., 2014), it has been explored when modelling non-degrading 

polymers (under typical conditions) (Arruda and Boyce, 1993; Edwards and Vilgis, 1986; 

Stepto and Taylor, 1995b). In particular, Stepto and Taylor (1995b) considered the effect of 

finite chain extensibility on the mechanical behaviour of polydimethylsiloxane by first 

generating a large network of chain conformations (5 × 106) and then simulating a uniaxial 

stretch on those chains, which reproduced experimentally observed deviations from affine 

Gaussian network behaviour. Motivated by that work, we explore the effect of finite chain 

extensibility in a degrading PLA-PCL (90:10) copolymer. While the same general approach is 

taken, the main modifications chosen here are detailed in Table 6.3. 
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A Langevin distribution of chain end-to-end lengths was chosen in this work. A simpler 

alternative often used, the Gaussian distribution, an approximation of the Langevin 

distribution, is appropriate for long chains (>100 units), but the solutions deviate for short 

chains. Here, an approximation of the Langevin distribution containing four terms was 

deemed acceptable (Fig. 6.6); improved approximations may be obtained using the method 

of, for example, Morovati et al. (2019). Alternatively, the rotational isomeric state statistics 

method may be used in conjunction with a Monte Carlo method to build chain conformations 

bond-by-bond, as was done by Stepto and Taylor (1995b); ultimately, this was deemed to be 

too computationally expensive in the current study, with each length of chain in the 

molecular weight distribution having to be considered individually. 

Table 6.3. With this work following a similar approach to Stepto and Taylor (1995b), the 

main modifications are listed below. 

Current model Stepto and Taylor (1995b) Comments 

Langevin chain 
end-to-end 
distributions 
used to 
generate system 
of chains 

Rotational isomeric state 
(RIS) statistics combined 
with Monte Carlo method to 
generate system of chains 

The RIS approach is more computationally 
expensive than using a Langevin distribution, 
with chain conformations built bond-by-bond 
for the former. While the former is more 
accurate, the latter allows focus to be shifted to 
non-uniform polymer systems and remain 
computationally feasible for the current work. 

Molecular 
weight 
distribution 
considered 

Uniform polymer system 
considered (analogous with 
an average molecular 
weight) 

By considering a MWD, the effect of short 
chains in the system (and their finite 
extensibility) can be better captured than when 
considering a uniform polymer system. 

Degrading 
polymer system 
considered at 
multiple 
timepoints 

Non-degrading polymers 
(under typical conditions) 
considered at one timepoint 

By running the simulation at multiple 
timepoints for variously degraded MWDs, the 
effect of the build-up of short chains during 
degradation on the stress-strain response may 
be obtained, as shown in this study. 

Coupled with 
failure criteria 

No insight into failure Coupling the finite chain extensibility model 
with the failure criteria introduced in Chapter 5 
allows the predicted point of failure to be noted 
on the simulated stress-strain curves. 

Various modes 
of deformation 
considered 

Uniaxial tension and 
compression considered 

While the main results presented here are for 
simulated uniaxial tension, modifications to 
consider alternative modes of deformation 
have been included. 

While various polymer chain models exist, the equivalent freely jointed chain model was 

selected here. As shown in Fig. 6.7, the benefit of this over the standard freely jointed chain 

model lies with the inclusion of 𝐶∞ for the equivalent freely jointed chain model, a local 

stiffness parameter that considers restrictions on bond angles and other conformational 

properties. The chosen model ensures a broader distribution of chain end-to-end lengths, as 

expected, with many condensed conformations not possible due to local interactions within 

the chains. Additionally, the maximum end-to-end length, 𝑟𝑚𝑎𝑥, is shorter for the chosen 



6 Modelling finite chain extensibility in a degrading polymer network 

191 

model, again expected, with a fully extended straight chain not feasible due to bond angle 

restrictions (Fig. 6.3c). Both of these factors contribute to the peak of the distribution being 

closer to 𝑟𝑚𝑎𝑥 than with the freely jointed chain model, which consequently ensures the 

effect of finite chain extensibility is better captured. 

As discussed in Section 3.1.3, sourcing experimental data that detailed all properties of 

relevance to the models introduced herein proved a difficult task. The ideal experimental 

study would agree with assumptions made in this thesis, i.e., be amorphous throughout the 

study and experience little mass loss, while reporting on the evolution of MWD and stress-

strain curves for a material such as PLA or PGA. The PLA-PCL degradation study of Vieira et 

al. (2011) reported little mass loss over the first eight weeks of the study and provided stress-

strain curves over a long degradation duration. Although MWDs were not included, 𝑀𝑛 was 

reported as a function of degradation duration, alongside information on the initial 

dispersity, 𝑀𝑤0/𝑀𝑛0. With this information, an initial representative polymer chain 

distribution can be generated and the kinetic scission model introduced in Chapter 4 can be 

used to estimate evolving MWDs, as was carried out here. As the kinetic scission model does 

not consider mass loss, this approach was restricted to the first 8 weeks of the study of Vieira 

et al. (2011), prior to the point of more pronounced mass loss (Fig. 6.1). Crystallinity was not 

measured in their study, and it is unclear as to whether it was amorphous: reports of both 

amorphous and semi-crystalline PLA-PCL copolymers exist (Hiljanen-Vainio et al., 1996). 

Nevertheless, it is assumed to be amorphous here, with any contributions from or changes 

in the crystalline regions not considered in the current work. 

The first polymer system modelled here (Section 6.3) assumed a uniform polymer system, 

with all chains having equal molecular weight, analogous to an average molecular weight 

such as 𝑀𝑛. In this case, a single end-to-end distance distribution exists at each timepoint of 

degradation, with 𝑟𝑚𝑎𝑥 ∝ 𝑀𝑛. A large uniaxial stretch was required before any chains with 

𝑟 ≥ 𝑟𝑚𝑎𝑥 were observed, with no such chains existing when 𝜆 = 1.6 (Fig. 6.9d), the 

maximum extension prior to failure in the study of Vieira et al. (2011) for the same material 

modelled here. Although this uniform system of chains suggests finite chain extensibility is 

irrelevant at physical strains, a further exploration considers a more representative system 

of polymer chains. 

The solution approach used in Section 6.3 was updated as outlined in the flowchart 

presented in Fig. 6.8 for use in Section 6.4, with a molecular weight distribution of chains 

now considered and removal of the affine deformation assumption to ensure chains are not 

extended past their respective 𝑟𝑚𝑎𝑥. In doing so, the effect of shorter in the system was 
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explored. This time, the simulated uniaxial stretch indicated that very low strains resulted in 

chains becoming fully extended, with more degraded systems exhibiting more fully extended 

chains (Fig. 6.12d). 

Despite all chains being subjected to the same stretch, 𝜆, shorter chains reach their 

respective 𝑟𝑚𝑎𝑥 at lower stretches than required for longer chains. This is explained by Fig. 

6.13, which compares the polymer systems from both Sections 6.3 and 6.4 in terms of the 

relevant end-to-end distance distributions of chains and the respective 𝑟𝑚𝑎𝑥, and considers 

comparable points of the distribution, 𝑟0, simulating a stretch on each of the points. The 

stretch considered for the purpose of illustrating this concept,  𝜆 ≈ 𝑟/𝑟0, is simplistic and 

assumes that each chain lies approximately parallel to the stretch direction; in the rest of the 

simulations in this study, no such assumption exists. Nevertheless, it helps illustrate the point 

that the peak of the distribution of end-to-end lengths becomes increasingly close to 𝑟𝑚𝑎𝑥 

for shorter chains and consequently means less stretch is needed for such short chains to 

approach their respective 𝑟𝑚𝑎𝑥. Ultimately, Section 6.4 indicates that considering finite chain 

extensibility, in conjunction with MWDs, becomes increasingly important as polymer 

systems degrade and contain a higher number of short chains. 

The results of Section 6.4 were used to predict the stress-strain response of the material 

(Section 6.5). A qualitative comparison between the experimental behaviour (Vieira et al., 

2011) and simulated predictions indicates similarities, with (i) gradual reductions in the 

maximum stress for increasing degradation and (ii) no change to the linear elastic stage 

throughout degradation for both (Fig. 6.14). Focus was restricted to qualitative comparisons 

due to not having robust experimental data including both evolving MWDs and stress-strain 

curves. Consequently, molecular weight distributions had to be generated, where agreement 

between simulated and experimental 𝑀𝑛 was ensured (𝑟2 > 0.99). However, as was 

discussed in Section 2.1.2.2, chains with low molecular weight may be poorly captured 

experimentally; if this is the case, the simulated MWDs should include more short chains, 

which would subsequently readily reach finite extensibility during the simulated stretch 

applied here. While this approach may be used going forward, it is advised that improved 

verification of the model is first carried out using a complete set of experimental data. 

Nevertheless, we compare the simulated predictions with the experimental data (Vieira et 

al., 2011) by fitting the linear elastic phase of the experimental curves shown in Fig. 6.14a to 

that of the predicted linear elastic phase (Fig. 6.14b), presented in Fig. 6.17. Predictions for 

Weeks 0, 2 and 4 agree very well with the experimental data up to a 30% strain. After this 

point, the predicted behaviour shows further decline in the slope that was not observed 
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experimentally. Additionally, predictions for the Week 8 behaviour show a higher maximum 

stress than that seen experimentally. These discrepancies may be due to factors such as 

possible deviations in the predicted and experimental MWDs, potential crystalline effects in 

the experimental behaviour, or, perhaps, further extension causing rupture of the fully 

extended chains and subsequent retraction or reorientation of chains in the experimental 

study. Still, the finite extensibility model not only captures experimental behaviour up to 

approximately 10%, as with the neo-Hookean model, but also captures an additional 20% for 

the initial 4 weeks of degradation. In doing so, the results suggest that finite chain 

extensibility may be responsible for the stress response in that region of strain. 

 

Fig. 6.17. A graphic fitting of the linear elastic phase of the experimental curves (Fig. 

6.14a, (Vieira et al., 2011)) to the simulated predictions (Fig. 6.14b) for the normalised 

stress-strain response. Predictions for Weeks 0, 2 and 4 show good agreement with the 

experimental curves up to a strain of 30%, while Week 8 predictions show a higher 

stress than observed experimentally after approximately 10% strain. While the neo-

Hookean model shows agreement with both the simulated and experimental 

observations initially, deviations are apparent after approximately 10% strain. 

The normalised relationships considered, for example normalised nominal stress, �̅� =

𝜎/𝑁𝑘𝑇, follows the approach of Stepto and Taylor (1995b) and allows relationships to be 

readily extracted from the simulation without the need for parameter calibration. Note that 

for progressive points of degradation the number of chains in the system, 𝑁, increases, which 

the normalisation fails to consider. Previous reports have suggested that an increase in 𝑁 

due to chain scission does not contribute to entropy in the usual way, with a “no-rise” rule 

suggested (Wang et al., 2010). Interestingly, for low stretches, �̅� for each timepoint was in 

agreement with each other, which was also observed for the non-normalised stress 

experimentally (Fig. 6.17). Going forward, a more complete understanding of how evolving 



Discussion 

194 

𝑁 contributes to entropy is needed to provide an appropriate calculation of the non-

normalised behaviour. 

The predicted stress-strain curves corresponding to PLA-PCL (90:10) (Fig. 6.14b) are similar 

to the Mooney-Rivlin predictions presented by Vieira et al. (2011). Although the Mooney-

Rivlin model may be implemented more simply, it is phenomenological in nature. As detailed 

by Ward and Sweeney (2013), molecular network models can provide greater insight into 

the network behaviour and offer a more physical description and understanding than 

phenomenological models. To date, the relationship between deformation at macroscopic 

and molecular levels is not fully understood. The method implemented here allows the 

mechanisms behind the behaviour to be investigated. The results obtained suggest that the 

finite extensibility of polymer chains is an important feature that contributes to the evolving 

mechanical properties during degradation. Going forward, it may be possible to directly link 

the evolving molecular weight distribution, specifically the fraction of chains below some 

weight where the probability of them fully extending at physical strains is high, to changes in 

mechanical properties. 

A comparison between PLA-PCL (90:10), pure PLA and pure PCL (Fig. 6.14) indicates chains 

with equal molecular weight are more likely to fully extend in PLA, with the entropy of such 

chains tending towards zero as they approach full extension and consequently their 

contribution towards free energy, and subsequently stress, minimises towards zero. This is 

due to the chemical structure of PLA compared with PCL, as shown in Fig. 6.4, and is 

supported by the experimental study of Målberg et al. (2011) wherein PCL was extended 

twice as much as PLA prior to failure (reproduced in Fig. 6.4e). By incorporating just 10% PCL 

with PLA, a slightly higher value of maximum stress was predicted at each timepoint than for 

pure PLA. Increasing the PCL content is expected to further reduce the degradation of 

mechanical properties; however, this should be verified with experimental data. 

By coupling the methods detailed in this chapter (Fig. 6.8) with the preceding chapters, 

evolving stress-strain curves may be modelled as degradation proceeds in a polymer material 

(Fig. 6.15). Specifically, amorphous polymers with little mass loss have been considered 

herein. The input parameters for (i) the kinetic scission model were evolving 𝑀𝑛, initial 

dispersity and molar mass, (ii) the failure criteria model were 𝜀𝑓0 (for 𝜀𝑓
𝑀𝑊 and 𝜀𝑓

𝑁), 𝜀𝑓 at 

Week 8 (for 𝜀𝑓
𝑁) and KSM outputs, and (iii) the finite extensibility model were KSM outputs 

and polymer chain characteristics for PLA and PCL. While the KSM requires several 

parameters to be calibrated, the follow-up studies depend on those but require limited 
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additional calibration aside from a sensitivity analysis to ensure appropriate step-sizes have 

been used. As already mentioned, further investigations are needed to determine how best 

to obtain non-normalised solutions for this study using a physical understanding of the 

contribution of 𝑁 where possible. 

While the focus was on uniaxial tension, extending to alternative modes of deformation 

simply required modification of Eq. (6.10) using the correct principal stretch ratios and 

reanalysis of the stress response. The results (Fig. 6.16) showed agreement between 

predictions and neo-Hookean behaviour for uniaxial tension, equibiaxial tension and simple 

shear up to at least 10% strain at Week 0 prior to a decline in slope for the simulated 

behaviour, while additional timepoints of degradation further deviated for increasingly lower 

strains. This deviation is expected due to an increased number of short chains for increasingly 

degraded systems reaching full extension at modest strains and thus contributing to less 

affine behaviour. At 60% strain, the deviation between neo-Hookean and simulated 

behaviour at Week 0 for biaxial tension was twice that of uniaxial tension. This is expected 

due to the chain orientation effect, where chains in the undeformed network whose end-to-

end vectors lie close to the extension axes reach full extension at relatively low strains 

(Stepto and Taylor, 1995b); as there are two axes of extension in the biaxial tension case and 

only one axis of extension for uniaxial tension, approximately twice as many chains will 

become fully extended in the biaxial case (Fig. 6.18). 

 

Fig. 6.18. Comparison between the percentage of fully extended chains in the case of 

uniaxial (left axis, solid lines) and biaxial (right axis, dashed lines), highlighting the 

importance of chain orientation with respect to the axes of deformation. 

The finite extensibility model introduced here has been validated using both experimental 

data (Vieira et al., 2011) and the existing neo-Hookean model. Agreement between the neo-

Hookean model and both the simulated and experimental observations was found up to 
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approximately 10% strain (Fig. 6.17). Additional agreement between the simulated curves 

and the experimental data was seen up to approximately 30% strain, halfway to the point of 

failure, for Weeks 0, 2 and 4. For Week 8, the simulated behaviour predicted a slightly higher 

stress response than the experimental data. Including additional short chains in the MWD 

would solve this discrepancy; however, as mentioned, further experimental verification 

should be carried out using a complete set of data. Furthermore, the model has been verified 

as shown in Appendix 6A Sensitivity analysis. Thus, from the validation and verification, it is 

apparent that finite chain extensibility plays a role in the deviation from affine behaviour of 

polymer systems up to at least 30% strain. The finite extensibility model simulation 

corresponding to one timepoint from the main results completed in approximately 1 h on an 

Intel(R) Core(TM) i7-8565U CPU @ 1.80GHz 1.99 GHz computer with 16GB RAM and a 64-bit 

operating system; this is a stark improvement compared to the eight-week experimental 

study considered here. 

6.9 Conclusion 

In summary, statistical mechanics methods for rubber-like materials have been applied to 

understand how elasticity changes during degradation in a polymer, where the molecular 

weight distribution is evolving. The elastic properties were related to network chain end-to-

end distance distributions and assumed to arise solely as a result of conformational changes 

in the network chains. The total deformation of the end-to-end vectors of individual chains 

were considered, rather than the deformation of an average chain. 

We found realistic polymer chain distributions provided improved predictions compared 

with average molecular weights, with deviations from affine behaviour observed at 

physically relevant stretches with the former. By removing the affine Gaussian assumption 

during stretching of a polymer network, we observed that proper treatment of fully extended 

chains, especially shorter chains in the distribution, is necessary to capture departures from 

Week 0 behaviour for degraded systems when considering the stress response. 

This framework provides a foundation for further investigation of degrading materials. Other 

aspects to consider include plasticity, unloading behaviour, entanglements, and fracture. We 

see in experimental data that degraded polymers are substantially more brittle (Polak-Kraśna 

et al., 2021; Tsuji, 2002). This work offers insight into the evolution of mechanical properties 

as the system degrades. Going forward, detailed experimental testing where the MWD is 

known for different load deformations is needed to further validate the model. Once this has 

been suitably achieved, an analytical description of the behaviour in terms of the strain 
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invariants may be sought. Ideally, this would allow for the introduction of a new strain energy 

potential that takes the deviation from affine deformation into account. This may then be 

input into finite element software such as Abaqus, providing wide-spread usability and 

enabling realistic geometries to be considered. 

Appendix 6A Sensitivity analysis 

A sensitivity analysis was carried out for uniform polymer systems to determine a suitable 

value for the number of chains in the simulation, 𝑁, and increment values for the stretch, 𝜆, 

and the end-to-end length, 𝑟 (Fig. 6A. 1). This was investigated with respect to values of 𝑛, 

the number of units per chain, and the resulting stress-strain predictions obtained. 

Incremental values of 𝜆, 𝜆𝑖𝑛𝑐, are reported as the magnitude of the stretch between 

incremental points of the simulation, while incremental values of 𝑟 are taken as 𝑟𝑖𝑛𝑐 =

𝑟𝑚𝑎𝑥/𝐶𝑛, for constant 𝐶 for improved efficiency. The latter parameter, 𝑟𝑖𝑛𝑐, is comparable 

with the width of histogram bins for the end-to-end distance distribution rather than the 

smooth formula distribution and this was a necessary requirement for computational 

reasons (i.e., having a finite sample size) to ensure the change in Helmholtz free energy could 

be calculated using Eq. (6.12). 

For decreasing values of 𝑛, the system is more sensitive to each of the parameters 

investigated. A deviation from the origin (0,0) is evident to varying degrees and it is seen 

that this is primarily controlled by both 𝜆𝑖𝑛𝑐 (Fig. 6A. 1d-f), with larger values not capturing 

the initial behaviour, and 𝑟𝑖𝑛𝑐 (Fig. 6A. 1g-i), with larger values (corresponding to less refined 

histogram approximations) resulting in unsmooth distributions (𝑃𝑔𝑒𝑛,0(𝑟0) and 

𝑃𝑔𝑒𝑛,𝑑𝑒𝑓(𝑟𝑑𝑒𝑓)) and, thus, relatively large changes in Δ𝐴 as chains are stretched from one 

interval to the next. Further refinement of these properties, particularly at low levels of 

strain, would lessen this deviation further. However, uniform grids were chosen and 𝑁 =

1 × 107, 𝜆𝑖𝑛𝑐 = 0.01, and 𝑟𝑖𝑛𝑐 = 𝑟𝑚𝑎𝑥/5𝑛 were deemed sufficient to balance computational 

efficiency with convergence, with excellent convergence found when 𝜀 > 𝜆𝑖𝑛𝑐. 
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Fig. 6A. 1. A sensitivity analysis was carried out to determine optimal values for the (a-

c) number of chains in the simulation, 𝑁, (d-f) increment values for the stretch, 𝜆, 𝜆𝑖𝑛𝑐, 

and (g-i) increment values for the end-to-end length, 𝑟, defined as 𝑟𝑖𝑛𝑐 = 𝑟𝑚𝑎𝑥/𝐶𝑛, for 

constant 𝐶. Refinement towards the origin (0,0) is possible for further refined 

parameters; however, 𝑁 = 1 × 107, 𝜆𝑖𝑛𝑐 = 0.01 and 𝑟𝑖𝑛𝑐 = 𝑟𝑚𝑎𝑥/5𝑛 were deemed 

sufficient to balance computational efficiency and provided excellent convergence when 

𝜀 > 𝜆𝑖𝑛𝑐. 
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Appendix 6B Pseudocode 

The pseudocode below outlines the code used to simulate stretching on a system of polymer chains in this chapter. 

The elements in blue correspond with the modifications introduced in Section 6.4, while without these elements, the 

simulations in Section 6.3 are described.

Input: (co)polymer characteristics for polymer 𝑝𝑘 (𝑝𝑘 = 𝑝1, 𝑝2, … at percentage 𝑋1: 𝑋2: …): average backbone bond 1 

lengths, 𝑙𝑝𝑘, average backbone bond angles, 𝜃𝑝𝑘, and characteristic ratio, 𝐶∞,𝑝𝑘 2 

for degradation time 3 

Input: molecular weight distribution containing 𝑛𝑖𝑛𝑡 intervals with 𝑁𝑗  chains of weight 𝑀𝑗 for a total of 𝑁 4 

chains 5 

for 𝑗 in 1:𝑛𝑖𝑛𝑡 6 

Generate system of polymer chains: 7 

For polymer 𝑝𝑘, set the mean-squared end-to-end distance ⟨𝑟2⟩0,𝑗,𝑝𝑘 = 𝐶∞,𝑝𝑘
𝑛𝑛𝑏𝑀𝑗

𝑀0,𝑝𝑘
𝑙𝑝𝑘
2  and the 8 

maximum end-to-end length 𝑟𝑚𝑎𝑥,𝑗,𝑝𝑘 =
𝑛𝑛𝑏𝑀𝑗

𝑀0,𝑝𝑘
𝑙𝑝𝑗 cos (

𝜃𝑝𝑘
2
) for a monomer with molar mass 𝑀0,𝑝𝑘 9 

containing 𝑛𝑛𝑏 backbone bonds 10 

Calculate the Kuhn length as 𝑙𝐾,𝑗 =
∑

𝑋𝑘
100
⟨𝑟2⟩

0,𝑗,𝑝𝑘
𝑘

∑
𝑋𝑘
100
𝑟𝑚𝑎𝑥,𝑗,𝑝𝑘𝑘

 and the number of Kuhn monomers as 𝑛𝐾,𝑗 =11 

(∑
𝑋𝑘
100
𝑟𝑚𝑎𝑥,𝑗,𝑝𝑘𝑘 )

2

∑
𝑋𝑘
100
⟨𝑟2⟩0,𝑗,𝑝𝑘𝑘

 for the homopolymer approximation 12 

Calculate 𝑟𝑚𝑎𝑥,𝑗 = 𝑛𝐾,𝑗𝑙𝐾,𝑗  to obtain the maximum end-to-end distance for the polymer 13 

Using the Langevin distribution function, generate a histogram approximation of end-to-end distances, 14 

determining the number of chains to be generated in an interval of size 𝑟𝑖𝑛𝑐 for a total of 𝑁𝑗  chains 15 

with an end-to-end length between 0 and 𝑟𝑚𝑎𝑥,𝑗 16 

for 𝑖 in 1:𝑁𝑗  17 

Assign chain 𝑖 an initial end-to-end length, 𝑟0,𝑖, at random within their interval 18 

Randomly select coordinates for the free chain ends consistent with 𝑟0,𝑖 assuming isotropy 19 

end 20 

Set 𝑃𝑔𝑒𝑛,0,𝑗 to be the generated end-to-end distance distribution 21 

for 𝜆 in 1:𝜆𝑚𝑎𝑥 22 
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Simulate incremental uniaxial stretch 𝜆 on the network with one end of each chain remaining 23 

fixed at the origin: 24 

Calculate the updated coordinates for the free chain ends and determine the updated end-to-25 

end length, 𝑟𝑢𝑝𝑑,𝑖, of each chain 26 

if 𝑟𝑢𝑝𝑑,𝑖 > 𝑟𝑚𝑎𝑥,𝑗 27 

Set 𝑟𝑢𝑝𝑑,𝑖 = 𝑟𝑚𝑎𝑥,𝑗 28 

Track the number of fully extended chains, 𝑛𝑓𝑒𝑐,𝑗 29 

end 30 

Set 𝑃𝑔𝑒𝑛,𝑢𝑝𝑑,𝑗 as the updated end-to-end distance distribution 31 

Calculate the normalised average change in Helmholtz free energy for each chain as 
Δ𝐴𝑗

𝑁𝑗𝑘𝑇
=32 

1

𝑁𝑗
∑ log (

𝑃𝑔𝑒𝑛,0,𝑗(𝑟0,𝑖)

𝑟0,𝑖
2 ) − log (

𝑃𝑔𝑒𝑛,𝑢𝑝𝑑,𝑗(𝑟𝑢𝑝𝑑,𝑖)

𝑟𝑢𝑝𝑑,𝑖
2 )

𝑁𝑗
𝑖=1

 where 𝑘 is the Boltzmann constant and 𝑇 is 33 

temperature 34 

end 35 

end 36 

Calculate the overall percentage of fully extended chains for the system, 𝑝𝑐𝑓𝑒𝑐 =
∑
𝑛𝑓𝑒𝑐,𝑗

𝑁𝑗
𝑗

𝑛𝑖𝑛𝑡
× 100 37 

Calculate the overall average change in Helmholtz free energy per chain for the system, 
Δ𝐴

𝑁𝑘𝐵𝑇
=
∑

Δ𝐴𝑗

𝑁𝑗𝑘𝐵𝑇
𝑗

𝑛𝑖𝑛𝑡
 38 

Calculate the normalised stress as the gradient of the average change in Helmholtz free energy per chain for 39 

the system, 
𝜎

𝑁𝑘𝐵𝑇
= ∇(

Δ𝐴

𝑁𝑘𝐵𝑇
) 40 

end 41 

Output: 𝑝𝑐𝑓𝑒𝑐(𝜆, 𝑡), Δ�̅�(𝜆, 𝑡), �̅�(𝜆, 𝑡) 42 
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Appendix 6C MATLAB live script for simulated stretching of a network 

Generation and simulated stretching of a polymer network 

Stretch PLA-PCL (90:10) at various stages of degradation and compare with experimental 

data from Vieira et al., 2011, doi.org/10.1016/j.jmbbm.2010.12.006 

Set-up 

Input molecular weight distribution containing n_int intervals with rep repeat chains 

containing UPC units per chain. Make rep large enough for each value of UPC to ensure 

appropriate randomness as the simulation proceeds. 

UPC = [100,200]; rep = [1E6,1E7];  % test values - replace with 

respresentative molecular weight distribution data 

Choose number of stretching increments and maximum stretch: 

inc = 60;  % number of increments for lambda; 

lambda_f = 1.6; 

Generate struct for storing results: 

for i = 1:length(UPC) 

    St(i).Nm = struct('UPC', cell(1), 'chains', cell(1), 'r2', 

cell(1,inc+1), 'dASys', cell(1,inc+1), 'fully_ext', cell(1,inc+1)); 

end 

Generate end-to-end distance distribution of chains 

For each individual value of UPC, set-up system by generating initial chain lengths. 

for N = 1:length(UPC) 

Input chain parameters for equivalent freely jointed chains. Use the method of Fischel et al., 

1997, doi.org/10.1039/a705898e to obtain a homopolymer approximation from copolymer 

parameters. Determine the maximum possible end-to-end distance, r_max, for chains with 

a given value of UPC. 

    n = UPC(N); % number of units 

    linkL_PCL = 0.149;  % 7 skeletal bonds per unit 

    theta_PCL = 71; % valence bond angle 

    C_inf_PCL = 4.9; % characteristic ratio 

    r_msd_PCL = C_inf_PCL*7*n*linkL_PCL^2; % mean-square end-to-end 

distance 

    r_max_PCL = 7*n*linkL_PCL*cosd(theta_PCL/2); 

    linkL_PLA = 0.143;  % 3 skeletal bonds per unit 
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    theta_PLA = 68; 

    C_inf_PLA = 7.68;    

    r_msd_PLA = C_inf_PLA*3*n*linkL_PLA^2; 

    r_max_PLA = 3*n*linkL_PLA*cosd(theta_PLA/2); 

    Kuhn_l = (0.1*r_msd_PCL+0.9*r_msd_PLA)/(0.1*r_max_PCL + 

0.9*r_max_PLA); 

    Kuhn_n = (0.1*r_max_PCL + 

0.9*r_max_PLA)^2/(0.1*r_msd_PCL+0.9*r_msd_PLA); 

    r_max = Kuhn_n * Kuhn_l; % maximum end-to-end distance of 

homopolymer approximation 

End-to-end distance distributions will be created using histogram approximations. Choose 

increment size for r (i.e., the width of histogram bins): 

    r_inc = r_max/(5*n); 

Calculate volumetric Langevin probability distribution, assuming a spherical distribution of 

chain end-to-end lengths: 

    LPV = zeros(1, ceil(r_max/r_inc)+1);     

    for i = 0:ceil(r_max/r_inc) 

        LPV(i+1) = 

4*pi*(i*r_inc)^2*((3/(2*Kuhn_n*Kuhn_l^2*pi))^(3/2))*exp(-

Kuhn_n*((3/2*((i*r_inc)/(Kuhn_n*Kuhn_l))^2)+(9/20*((i*r_inc)/(Kuhn_n*K

uhn_l))^4)+(99/350*((i*r_inc)/(Kuhn_n*Kuhn_l))^6)+(1539/9000*((i*r_inc

)/(Kuhn_n*Kuhn_l))^8))); 

    end 

Generate distribution of chain end-to-end lengths using LPV: 

    numch = LPV*rep(N)*r_inc;    % determine no. of chains of each 

length 

    r0 = []; 

    for i = 1:ceil(r_max/r_inc)+1 

        if (i-1)*r_inc > r_max 

            break 

        end 

        for j = 1:round(numch(i)) 

            temp = ((i-1) + rand)*r_inc; 

            if temp > r_max     % prevent chains from having r > 

r_max 

                continue 

            end 

            r0(numel(r0)+1) = temp; 

        end 

    end  

    r02 = sum(r0.^2)/numel(r0); % mean-square end-to-end distance 

Determine initial generated radial end-to-end distance distribution: 
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    Pgen0 = (1/r_inc)/numel(r0)*histcounts(r0, 

(0:ceil(r_max/r_inc)+1)*r_inc); 

Assuming one end of each chain is fixed at the origin, determine coordinates of the other 

end consistent with r0: 

    x0 = rand(1, numel(r0))*2 - 1; % choose random number between (-

1,1) 

    y0 = rand(1, numel(r0))*2 - 1; 

    z0 = rand(1, numel(r0))*2 - 1; 

    xyz = sqrt(x0.^2 + y0.^2 + z0.^2); % find the norm of the vector 

    x0 = x0./xyz.*r0; % scale each coordinate with r0 and the vector 

norm for isotropy 

    y0 = y0./xyz.*r0; 

    z0 = z0./xyz.*r0; 

    xyz=[]; 

Simulate stretch on network of chains 

Apply uniaxial stretch incrementally in z-direction, assuming incompressibility. Determine 

updated coordinates of chain ends (assuming one end remains fixed at the origin). 

Initialise: 

    St(N).Nm(1).UPC = n; 

    St(N).Nm(1).chains = numel(r0); 

    St(N).Nm(1).r2 = r02; 

    St(N).Nm(1).dASys = 0; 

    St(N).Nm(1).fully_ext = 0; 

    it = 1; % iteration number 

    for lambda = linspace(1+(lambda_f-1)/inc, lambda_f, inc) 

        it = it + 1; 

Determine updated end-to-end lengths, where chains are stretched only until they reach full 

extension. 

        r_upd = min((sqrt((x0./sqrt(lambda)).^2 + 

(y0./sqrt(lambda)).^2 + (z0.*lambda).^2)), r_max); 

        St(N).Nm(it).r2 = sum(r_upd.^2)/numel(r_upd); 

Determine updated end-to-end distance distribution: 

        Pgen_upd = (1/r_inc)/numel(r0)*histcounts(r_upd, 

(0:ceil(r_max/r_inc)+1)*r_inc); 

        Pgen_upd(Pgen_upd==0) = eps; % prevent numerical errors as 

the simulation proceeds by removing zeros from array (unnecessary for 

large enough systems/well chosen parameters) 
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Calculate the change in Helmholtz free energy per chain, and the average change in 

Helmholtz free energy per chain for the system: 

        dApCh = log(Pgen0(ceil(r0/r_inc))./r0.^2) - 

log(Pgen_upd(ceil(r_upd/r_inc))./r_upd.^2); % per chain 

        St(N).Nm(it).dASys = sum(dApCh)/numel(r0); % average change 

in Helmholtz free energy per chain for the system 

        St(N).Nm(it).fully_ext = sum(r_upd==r_max); % track the 

number of fully extended chains 

    end  

end 

Compile results 

Compile results for each value of UPC to determine values for entire system. 

lambda = linspace(1,lambda_f,inc+1); 

Helm = zeros(1, inc + 1); 

f_ext_pc = zeros(1, inc + 1); 

for ii = 1:max(size(St)) 

    for i = 1:inc + 1 

        Helm(i) = St(ii).Nm(i).dASys + Helm(i); 

        f_ext_pc(i) = St(ii).Nm(i).fully_ext/St(ii).Nm(1).chains*100 

+ f_ext_pc(i); 

    end 

end 

Helm = Helm/max(size(St)); 

f_ext_pc = f_ext_pc/max(size(St)); 

stress = gradient(Helm, lambda(2)-lambda(1)); 

Calculate affine, Gaussian behaviour (for uniaxial stretch): 

nH = lambda.^2 + 2./lambda - 3; 

stress_aff = gradient(0.5*nH, lambda(2)-lambda(1)); 
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7 Discussion and conclusion 

While previous chapters contain in-depth discussions and analyses directly relevant to the 

contents of the respective individual chapters, we now present an overview of the entire 

body of work. The novelty and challenges of modelling biodegradable polymers in the 

context of the evolving (i) molecular weight and (ii) mechanical properties are summarised. 

The following key findings are also discussed: 

• A refined, new kinetic ODE model (NKOM) was developed, accounting for four key 

degradation mechanisms: mid- and end-chain scissions via both hydrolysis and 

autocatalysis (Fig. 7.1a). The NKOM ODEs are readily solved and may be used to 

calibrate parameters with experimental data; however, that model is restricted to 

calculating the evolving number average molecular weight as a function of time. 

Implementing these degradation kinetics directly into a scission model to create a 

kinetic scission model (KSM) provided excellent agreement with the NKOM while 

also offering more in-depth predictions, tracking the entire evolving molecular 

weight distribution as a function of degradation duration (Chapter 4). 

• The development of the NKOM and, consequently, the KSM ensures carboxylic acid 

ends are correctly accounted for throughout degradation and allows the effect of 

initial polymer end group to be investigated. Simulations indicate that the polymer 

end group plays an important role in the degradation behaviour of polymers and 

particularly affects the initial evolution of average molecular weight (Chapter 4). 

• A literature review indicated that rather than a unique relationship existing between 

average molecular weight, 𝑀𝑊, and failure strain, 𝜀𝑓, two distinct trends emerge: (i) 

a lagged decline in 𝜀𝑓 compared with the reduction in 𝑀𝑊; and (ii) a relatively rapid 

decline in 𝜀𝑓. Introducing failure criteria that (i) consider the finite chain extensibility 

of an average chain and (ii) consider exponential decline via an empirical relationship 

reasonably captured the respective trends. A third criterion, based on the entire 

evolving molecular weight distribution (MWD), was shown to successfully capture 

both trends (Chapter 5). 

• Simulating deformation on a polymer network while considering the finite 

extensibility of polymer chains highlighted the importance of considering an entire 

MWD, rather than an average value. Taking MWD corresponding to various points 

of degradation indicated an increase in the proportion of fully extended chains for 

more degraded systems, with the short chains created by degradation more 
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susceptible to becoming fully extended. Good agreement was found with 

experimental observations (Vieira et al., 2011) up to 30% strain. This is indicative that 

finite chain extensibility may be responsible for deviations from affine, Gaussian 

behaviour at moderate strains and, thus, suggests the importance that shorter 

chains may have on mechanical properties (Chapter 6). 

Additionally, several future directions are discussed, prior to some concluding remarks that 

summarise the findings and implications of the thesis. 

 

Fig. 7.1. (a) When placed in aqueous medium, hydrolysis causes bond scissions 

throughout polymer chains to break, creating an alcohol chain end and an acid chain end, 

which can then accelerate the reaction. The kinetic equations introduced in Chapter 4 

describe this reaction and consider the rates of mid- and end-chain scissions via simple 

hydrolysis and autocatalysis, thus allowing the number of scissions to be performed in a 

time step in the scission model to be calculated. (b) The initial MWD of Shirazi (2014) 

was input into the KSM and subjected to simulated scissions according to the rate 

equations introduced, providing predictions for the evolving MWD. These reasonably 

captured experimental trends, which were further improved by removing short chains 

from calculations, representing those that are poorly captured experimentally. 

7.1 Discussion 

Many of the previous models for the molecular weight evolution of biodegradable polymers 

can be characterised into two groups that either considered the degradation kinetics or 

simulated scissions on a representative network in isolation (Gleadall and Pan, 2013; Wang 

et al., 2008). While a scission model provides more in-depth predictions of the evolving 

MWD, relating results to time had been a challenge, with the scission process typically being 

non-linear. Although a coupled model which integrated both approaches was previously 

introduced (Shirazi et al., 2016b), simplifying assumptions were made about the MWD and 

the concentration of carboxylic acid ends. The kinetics in the work of Shirazi et al. (2016) and 

related studies (Gleadall et al., 2014; Wang et al., 2008) have successfully predicted changes 

in properties such as number average molecular weight; however, extending this to 
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predictions for the entire MWD proved challenging. Gleadall et al. (2014) reported mid-chain 

scissions are responsible for more abrupt changes in the polymer properties, emphasizing 

the importance of correctly considering these in the kinetics. Where molecular weight 

distributions have been simulated (Han and Pan, 2011; Zhang et al., 2019, 2017), 

autocatalysis was assumed to arise solely from the acid ends of oligomers. Experimental 

observations have indicated the importance of the MWD on mechanical properties of 

polymers (Merz et al., 1951), with narrow MWD having improved mechanical properties 

compared with a sample with equal weight average molecular weight and a broader MWD 

(Thomas and Hagan, 1969). 

Modelling of mechanical properties has typically been restricted to empirical models that 

relate an average molecular weight to a mechanical property (Deng et al., 2005; Wang et al., 

2010). Although these can provide good agreement with experimental data, they offer 

limited insight into why these relationships exist in terms of physical mechanisms. 

Furthermore, different trends have been found for different polymers (Deng et al., 2005; 

Weir et al., 2004b). Damage and constitutive models have also been developed, providing 

predictions for evolving properties as a function of strain (Hayman et al., 2014; Soares et al., 

2010; Vieira et al., 2014), but they require extensive experimental calibration throughout 

degradation and do not provide an understanding of the evolving physical behaviour. 

In Chapter 4, a new kinetic ODE model (NKOM) was introduced, representing the change in 

concentration of both ester bonds and carboxylic acid ends, and incorporated into a novel 

kinetic scission model (KSM). Four reaction rates are included in the model, allowing the 

rates of end- and mid-chain scissions via both simple hydrolysis and acid accelerated 

autocatalysis to be varied (Fig. 7.1a). A representative initial polymer chain ensemble was 

generated and subjected to simulated scissions according to the rate equations providing 

evolving MWD as a function of degradation duration. Zhang et al. (2017) previously 

simulated evolving MWD using a multi-scale approach; however, the reaction kinetics 

described an end-chain scission degradation mechanism. Consequently, the initially 

monomodal distribution formed a peak at low molecular weights and had no visual change 

to the right-hand limit as degradation was simulated. This is in contrast to experimental 

observations, where a gradual shift to the left occurs throughout degradation (Tsuji, 2002; 

Vey et al., 2008). Simulating mid- and end-chain scissions on bonds at random using the KSM 

resulted in MWD that gradually shifted to lower molecular weights, retaining a relatively 

similar distribution shape throughout the simulation (Chapter 4). This was broadly in 

agreement with experimental observations (Shirazi et al., 2014), where the simulated initial 
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distribution matched the experimental data (Fig. 7.1b). The simulation tracks all chains, 

including very short ones that may not be captured experimentally due to limitations of 

techniques such as GPC (Alex et al., 2018). We found that by removing short chains below 

some set value (e.g., 𝐿𝑜𝑙 = 15) improved predictions. Once a better experimental 

understanding of where preferential degradation occurs and the sensitivity of measurement 

equipment is obtained this may be reflected in the parameters and will allow variances in 

the width of the distributions to be captured. This will also allow unique reaction rates to be 

calibrated for each homopolymer and provide insight into the effect of different copolymer 

ratios on the evolving MWD. 

Once the evolving MWD predictions were obtained as a function of time, they were extended 

to consider Young’s modulus following the method introduced by Wang et al. (2010). 

Previously, Young’s modulus predictions were obtained as a function of molecular weight 

(Shirazi et al., 2016b; Wang et al., 2010). To obtain the evolution as a function of degradation 

duration, a coupling procedure was employed in those works; however, simplifying 

assumptions in the coupling framework did not utilise the valuable simulated evolving MWD. 

Incorporating kinetic rate equations directly into the scission model, which allows scissions 

to be simulated non-linearly, ensures a more complete time description is considered 

(Chapter 4). Taking a binary count of parent chains and their sub-chains created via scissions 

based on whether they lie above or below a threshold molecular weight now provides 

Young’s modulus as a function of degradation duration. While the relationship between 

Young’s modulus and average molecular weights was well captured, predictions for Young’s 

modulus versus time were unable to fully capture the very abrupt decline seen 

experimentally (Shirazi et al., 2014). Thus, obtaining Young’s modulus predictions using this 

simplistic consideration of entropy does not appear to sufficiently describe the behaviour. 

The formulation of the NKOM describes the hydrolysis mechanism, where every bond 

scission splits a polymer chain, reducing the bond concentration and creating an alcohol 

chain end and a carboxylic acid chain end. Each carboxylic acid chain end then contributes to 

the accelerated autocatalytic reaction, according to reaction rates. Although this describes 

the well-established kinetics of ester hydrolysis (March, 1992), previous models accounted 

only for the acid ends of monomers (Shirazi et al., 2016b; Wang et al., 2008; Zhang et al., 

2017). This is despite the findings of Tracy et al. (1999), where uncapped PLGA was observed 

to degrade faster than ester-capped from the beginning of degradation, suggesting all 

carboxylic acid ends can act as catalysts. Depending on the polymer used and the processing 

technique, carboxylic acid ends may be present initially, or they may only be formed during 
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degradation (Antheunis et al., 2009). By varying the initial acid concentration, 𝐶𝑎0, in the 

simulation, we found that as 𝐶𝑎0 increases, the curves gradually change from S-shaped to 

experiencing a more abrupt initial decline due to the increased number of carboxylic acid-

ends available to catalyse the reaction, in agreement with the observations of Antheunis et 

al. (2009) and Göpferich (1997). 

The modification in this work to consider acid ends of both monomers and longer chains 

provides an improved picture of autocatalysis, ensuring late-stage autocatalysis may be 

described even when accompanied with diffusion of monomers and associated acid ends. 

Although diffusion is not considered in this work, it may be facilitated by incorporating a 

diffusive flux term, similar to Wang et al. (2008). Grizzi et al. (1995) previously described 

homogenous degradation in PLA samples below 200 μm, while, in contrast, larger samples 

degraded heterogeneously. This was attributed to differences in the acid concentration at 

the core, where all carboxylic acid ends remain trapped, versus the surface, where oligomers 

and associated acid ends can diffuse from the material, with only acid ends of long chains 

remaining. It should be noted that even homogenous degradation may see a non-linear 

decrease in molecular weight; this change in kinetics is indicative that simple hydrolysis is 

always accompanied by accelerative autocatalysis due to carboxylic acids. However, the 

effect of autocatalysis is dependent on the diffusion length scale compared with the sample 

size and the resulting competition of the carboxylic acids associated with monomers and 

oligomers. The changes made here, whereby acid ends (which would contribute to 

autocatalysis) occurring both on longer chains created by mid-chain scissions and on short, 

diffusible monomers are both counted, should improve the prediction of late-stage 

autocatalysis even in small samples where diffusion removes monomers. 

A key issue examined in Chapter 5 is the relationship between average molecular weight, 

𝑀𝑊, and failure strain, 𝜀𝑓. Golden et al. (1964) investigated the degradation of 

polycarbonate via irradiation and observed a rapid decline in failure strain below a critical 

molecular weight. Fayolle et al. (2004) observed similar behaviour for thermally oxidised 

polypropylene, again suggesting a critical molecular weight separates ductile and brittle 

behaviour. Although these degradation mechanisms vary from the hydrolysis reaction 

focused on in this thesis, they ultimately have the same effect on polymer materials, i.e., 

initiating chain scissions throughout the material. This is supported by the similar trend 

observed for PLA as degradation occurs, again showing a lag in the decline of failure strain 

with reducing molecular weight until a critical point coincides with a more rapid decline 

(Deng et al., 2005; Tsuji, 2002). Ultimately, this suggests that it is the molecular weight that 
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impacts these properties rather than being directly controlled by degradation. Thus, in 

theory, the initial molecular weight may be tailored to ensure the ductile-brittle transition 

occurs only when suitable for the intended application, designed such that the critical 

molecular weight is reached only after a specified degradation duration. Nevertheless, a 

predictive tool does not appear to have been introduced. 

In Chapter 5, a wide selection of datasets from literature were examined, encompassing PLA 

and copolymers experiencing hydrolytic degradation, focusing on the relationship between 

𝑀𝑊 and 𝜀𝑓. The datasets examined exhibited two distinct trends: (i) a lagged decline in 𝜀𝑓 

with reducing 𝑀𝑊, similar to that mentioned above (Fig. 7.2a); and (ii) an exponential-like 

decline in 𝜀𝑓 from the onset of degradation (Fig. 7.2b). It was speculated that these 

differences may be due to key components of the molecular weight distribution, such as 

short chains, or local imperfections, but limited experimental data prevented a definitive 

reason from being obtained. Failure criteria were introduced and examined alongside the 

datasets, with varying degrees of success. The first, 𝜀𝑓
𝑀𝑊, is a physically based model that 

assumes failure occurs when an average chain becomes fully extended. The lagged decline 

in 𝜀𝑓 with reducing 𝑀𝑊 was reasonably captured with this criterion; however, the 

exponential-like decline in 𝜀𝑓 was not. Instead, an empirical relationship, 𝜀𝑓
𝑒𝑥𝑝

, was 

introduced and successfully captured those datasets. While these two criteria capture the 

experimental trends, insight into which trend a material would exhibit could not be identified 

based on the information provided in the experimental studies considered, with overlapping 

features across both trends. The third failure criterion introduced, 𝜀𝑓
𝑁, describes a modified 

finite chain extensibility criterion and considers changes in failure strain based on the entire 

molecular weight distribution, with a build-up of short chains causing a reduction in 𝜀𝑓
𝑁. This 

is captured using a critical molecular weight parameter; varying this allows a wide range of 

behaviour to be described (Fig. 7.2c), reasonably qualitatively capturing each of the datasets 

considered. Although each criterion provides good predictions when used in the right setting, 

clarification of why the two degradation trends identified emerge should be explored as this 

may provide greater insight into the degradation mechanism and in turn allow for improved 

predictions of these materials. While the first two criteria use an average molecular weight 

in their calculation, the improved predictions provided by 𝜀𝑓
𝑁 may be accredited to this 

criterion considering the complete molecular weight distribution, with an emphasis on the 

effect short chains have on ductility due to their limited extensibility compared with long 

chains. This was captured using a critical molecular weight threshold, with increasing values 
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causing more abrupt declines in ductility, with this allowing increasingly long chains to impact 

the ductility. 

 

Fig. 7.2. Analysis of the experimental relationship between failure strain, 𝜀𝑓 , and average 

molecular weight, 𝑀𝑊, for PLA and copolymers as degradation proceeded revealed two 

trends: (a) a lagged decline in 𝜀𝑓 with reducing 𝑀𝑊 (Trend 1); and (b) an exponential-

like decline (Trend 2). Both quantities have been normalised by their initial values. (c) 

The third failure criterion introduced, 𝜀𝑓
𝑁, can capture a wide range of trends by altering 

the critical molecular weight parameter, 𝑀𝑛
𝑐𝑟𝑖𝑡 , encompassing both Trend 1 and 2. 

Previous reports describe polymer specific critical molecular weights to denote the transition 

from ductile to brittle behaviour; for example, it is reported as being 210 ± 10 kg mol−1 for 

polypropylene (Fayolle et al., 2004) and 90 kg mol−1 for polyethylene (Fayolle et al., 2007). 

Factors affecting this parameter is unclear. Thomas and Hagan (1969) considered different 

forms of polystyrene with equal weight average molecular weight and different molar mass 

dispersity. They found the width of the distribution impacted mechanical properties, with 

narrow distributions having improved tensile strength, elongation at break and tensile creep 

properties. Thus, the critical molecular weight mentioned above may be coincidental in 

nature, instead capturing a change in the MWD that subsequently impacts the mechanical 

properties. For example, as a polymer material is subjected to tension, the chains within the 

material respond to this and change from their default, coiled state, gradually straightening 

out. Chains with high molecular weight are very long and thus would require very large 

stretches to ever straighten fully; on the other hand, low molecular weight chains may fully 

extend at moderate stretches. As degradation proceeds, gradually creating a build-up of 

short chains in the polymer network, the effect of these short chains may eventually 

dominate the behaviour and cause brittle fracture if a significant proportion of fully extended 

chains occurs during stretching. Although many experimental studies on PLA displayed a 

lagged decline in failure strain with reducing molecular weight, a handful had a more rapid 

decline in failure strain as degradation proceeded and the molecular weight declined (Duek 

et al., 1999; Tsuji et al., 2000). This may be caused by a broader MWD with a higher 
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proportion of short chains in the initial state, or perhaps a different failure mechanism than 

finite extensibility; for example, local imperfections may lead to crazing, ultimately causing a 

crack fracture. Further experimental investigations should be carried out to explore the 

effect of MWD on the failure of PLA and copolymers before a more widespread predictive 

tool can be introduced. 

Chapter 6 took a more rigorous consideration of entropy and free energy than previous 

chapters. A simplistic consideration of entropy was previously assumed, with a binary count 

of chains contributing to entropy based on whether they were above or below a critical 

molecular weight based on the work of Wang et al. (2010). While more rigorous 

considerations of entropy and free energy throughout the polymer network have been 

considered previously when modelling the mechanical behaviour of polymers, focus has 

been restricted to polymers such as polyethylene and polydimethylsiloxane that do not 

experience degradation under typical conditions (Stepto and Taylor, 1995b, 1995a). 

Computational limitations previously restricted investigations from considering MWD. 

Nevertheless, simulated results did suggest that a small but significant proportion of chains 

become fully extended during stretching and, subsequently, contribute nothing more to the 

change in entropy. As polymer deformation is primarily controlled by changes in entropy 

rather than internal energy, the rate of stress also declines with the finite extensibility of 

chains. Although this approach is based on the theory of rubber-like elasticity and PLA and 

PGA are typically below their glass transition temperature, 𝑇𝑔, at operable temperatures, 

they do exhibit ductile behaviour prior to and during the initial stages of degradation (Polak-

Kraśna et al., 2021; Vieira et al., 2011). Furthermore, large changes in 𝑇𝑔 have been observed 

throughout degradation (Vey et al., 2008). While molecular dynamics models can consider 

behaviour below 𝑇𝑔, the timescales associated with degradation are prohibitive for complex 

chemical structures like PLA. Thus, Chapter 6 expanded on the work of Stepto and Taylor 

(1995a, 1995b), considering an evolving MWD throughout degradation and simulating 

stretching on the network of chains. The finite extensibility model introduced was validated 

using both experimental data (Vieira et al., 2011) and the existing neo-Hookean model. 

Agreement between the neo-Hookean model and both the simulated and experimental 

observations was found up to approximately 10% strain. Additional agreement between the 

simulated curves and the experimental data was seen up to approximately 30% strain, 

halfway to the point of failure (Fig. 7.3). Going forward, detailed experimental testing where 

the MWD is known for different load deformations is needed to further validate the model 

and allow for a full quantitative comparison. Nevertheless, our results indicated that finite 
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chain extensibility is at least partially responsible for the deviation from affine behaviour of 

polymer systems up to at least 30% strain. 

 

Fig. 7.3. Model predictions (dashed lines) showed excellent agreement with 

experimental stress-strain curves (Vieira et al., 2011) up to 30% strain. This suggests 

that the finite chain extensibility modelled in the simulated stretching plays an 

important role in the mechanical properties of the polymer. 

Although in silico models do offer great benefit over both in vitro and in vivo trials for 

biodegradable polymer materials, reducing time and cost, a robust understanding of all 

aspects controlling and interfering with degradation of the material is required and needs to 

be captured by the model. A strong body of consistent experimental work is needed to 

determine the effect of aspects such as molecular weight distribution, sample size and 

surface area, fluid volume, fluid flow, etc., to ensure these are correctly captured by a model. 

However, inconsistencies in in vitro experiments (Table 5.1) and difficulties in capturing 

biological effects in in vivo settings (Buchanan, 2008) have made it challenging to determine 

the extent of the effect of various aspects on the behaviour observed. Furthermore, these 

materials can be sensitive to minor imperfections that occur during processing. The success 

of in silico models in this area is dependent on a more thorough understanding of these 

aspects to ensure reproducibility and translatability in the required setting. 

7.2 Future directions 

In the current work, a kinetic scission model was developed to predict the evolution of the 

molecular weight distribution of biodegradable polymers during degradation. As formulated, 

the model is appropriate for amorphous polymers (or amorphous regions of semi-crystalline 

polymers) that experience bulk degradation and have little mass loss during the degradation 

period modelled. Going forward, considering crystalline regions and incorporating the 
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diffusion of water into and oligomers from the material will allow a greater range of polymers 

to be considered. Some of these aspects have been previously considered (Gleadall et al., 

2014b; Han and Pan, 2011) and when incorporated into the KSM, which better accounts for 

the accelerative effect of carboxylic acid ends and the entire MWD evolution than previous 

models, a more complete framework may be obtained. 

Predictions for the temporal evolution of 𝜀𝑓 obtained using the kinetic scission model 

alongside the failure criteria introduced were found to agree reasonably with experimental 

data provided appropriate selection of criteria. This can be used to predict the time taken for 

half ductility, for example, and provide an estimated timeline for end-of-use. While each of 

the criterion introduced has shown good predictive capability in certain settings, prior 

knowledge of which is most appropriate may be challenging without further insight into why 

the two identified trends emerge. Thus, the immediate priority should be experimental in 

nature and explore the effects of various factors on these trends, for example, acid 

concentration, changes in crystallinity, width of the MWD, etc. In the meantime, multiple 

failure criteria may be used in parallel with one another, offering a failure envelope with 

predictions for an upper and lower value of 𝜀𝑓. 

The framework for the simulated stretching of a polymer network introduced here captures 

the deviation from affine, Gaussian behaviour and provides predictions for the evolving 

stress-strain curves of the material. A qualitative comparison between predictions and 

experimental data showed excellent agreement up to halfway through the simulation. Going 

forward, detailed experimental testing where the MWD is known for different load 

deformations is needed to further validate the model. Once this has been suitably achieved, 

an analytical description of the behaviour in terms of the strain invariants may be sought. 

Ideally, this would allow for the introduction of a new strain energy potential that takes the 

deviation from affine deformation into account. This may then be input into finite element 

software such as Abaqus, providing wide-spread usability and enabling realistic geometries 

to be considered. Other aspects to consider are viscoelasticity and plasticity, unloading 

behaviour, entanglements, and fracture. 

While the work presented has a wide range of applications, additional factors must be 

considered for the chosen application. For example, in the case of biodegradable implants, 

the interaction between the host and the material is of great importance. Furthermore, 

when used as drug delivery devices, understanding how the polymer and drug interact is 

necessary to ensure correct drug transport into the surrounding tissue. This has been given 

a lot of attention in recent years, particularly in the context of drug-eluting stents (McGinty 
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et al., 2011; Vo et al., 2017), and further details are presented in the review by McGinty 

(2014). Additionally, fluid flow may affect the degradation rate, with reaction products 

dispersing more readily and, thus, reducing the autocatalytic effect (Agrawal et al., 2000). 

The effect of environmental conditions, such as dynamic or static degradation and the 

frequency of medium replacement, on degradation behaviour have previously been 

investigated with a kinetic model (Heljak et al., 2014); adapting that work to consider the 

updated kinetics presented herein may be valuable and allow a greater range of 

experimental studies to be modelled. 

7.3 Conclusion 

This thesis has introduced a novel kinetic scission model that simulates degradation on a 

representative polymer chain distribution, accounting for hydrolysis and autocatalysis via 

both mid- and end-chain scissions, predicting evolving molecular weight distributions. In 

conjunction, newly developed failure criteria and a statistical mechanics method to simulate 

stretching of the polymer network provide predictions for stress-strain curves. 

• The new kinetic ODE model predicts the evolving number average molecular weight 

as degradation takes place, showing good agreement with experimental data (Shirazi 

et al., 2014). The effect of varying reaction rates and initial concentrations may be 

readily explored using this easily solved system. 

• Further to this, incorporating these kinetics directly into a scission model offers 

predictions for evolving molecular weight distributions as a function of degradation 

duration. This is fundamental in a modelling framework, with the MWD linked to the 

mechanical properties (Merz et al., 1951; Thomas and Hagan, 1969). 

• Varying the initial concentration of acid ends, 𝐶𝑎0, captured changes in the early 

stages of degradation. As 𝐶𝑎0 increases, the curves gradually change from S-shaped 

to experiencing a more abrupt initial decline due to the increased number of 

carboxylic acid-ends available to catalyse the reaction, in agreement with 

experimental observations (Antheunis et al., 2009; Göpferich, 1997). 

• Failure criteria have been presented, describing the relationship between failure 

strain and evolving molecular weight as degradation proceeds and capturing a range 

of experimental data (Deng et al., 2005; Duek et al., 1999; Kranz et al., 2000; Polak-

Kraśna et al., 2021; Tsuji, 2002; Tsuji et al., 2000; Tsuji and Del Carpio, 2003; Weir et 

al., 2004a, 2004b). 

• Simulated stretching of polymer networks that considered the finite extensibility of 

polymer chains provided excellent predictions for experimental stress-strain curves 
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(Vieira et al., 2011) up to 30% strain, thus indicating the important impact that short 

chains and, consequently, the molecular weight distribution has on mechanical 

properties. 

The framework presented in this thesis allows the evolving mechanical properties and 

complete MWD to be predicted as a function of degradation duration, offering a powerful 

predictive tool for biodegradable materials which provides valuable insight into degradation 

behaviour and may be extended for a variety of applications. 
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